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Abstract

In this paper we formulate a numerical structural stability result for delay equations
with small delay under Euler discretization. The main ingrediences of our approach are the
existence and smoothness of small delay inertial manifolds, the C'-closeness of the small
delay inertial manifolds and their numerical approximation and M.-C. Li’s recent result on
numerical structural stability of ordinary differential equations under the Euler method.

1 Introduction

In recent years, there has been an increased interest in understanding the behavior of numerical
discretizations of differential equations. One key problem is to determine how well the dynamics
of the underlying equation is captured by the discretization, see e.g. [11], [14], [21], [22], [24].

It is well known that conjugacies play a fundamental role in the qualitative theory of ordinary
differential equations. Indeed, when a conjugacy exists between two dynamical systems then
the dynamical systems have the same orbit structure, they are qualitatively the same. We
want to claim that under certain conditions the dynamics of the discretization considered as a
discrete dynamical system and of the original system are the same. Thus it is natural to seek
for conjugacies between the dynamical system and its numerical approximation. This yields us
the concept of numerical structural stability.

Numerical structural stability results for ordinary differential equations can be found in [10],
[17], [18]. Conjugacies can also be constructed near a fold bifurcation point, see [8].
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However, when one wants to prove similar results for infinite dimensional dynamical systems
one has to face several difficulties. First of all, in general, structural stability fails even for the
continuous problem. (A simple example showing that there is no Hartman-Grobman theorem
for delay equations on a neighborhood of a hyperbolic equilibrium point can be found in [7].)
On the other hand, in general (esp. for delay equations), there are no error bounds between the
continuous dynamical system and its discretization on a fized neighborhood of the phase space.
This makes standard perturbation results unapplicable.

The usual method to overcome these difficulties is to reduce the original problem to a finite
dimensional invariant manifold and apply existing results for ordinary differential equations.
The aim of the present paper is to show that such a process works for delay equations with
sufficiently small delay.

The outline of our proof is as follows. First we construct exponentially attractive n-dimension-
al invariant manifolds (small delay inertial manifolds) of class C'2. (The construction is based
merely on the method of [5].) The C? norms of these manifolds tend to zero as the time delay
goes to zero. (This allows us to obtain structural stability with respect to delay.) Secondly (via
the same construction) we prove that the small delay inertial manifolds are well approximated
under the Euler method. Finally we apply a recent result of [18], where a numerical structural
stability result was proved for C? dynamical systems under the Euler discretization.

We note that for all sufficiently small fized delay time the existence of small delay inertial
manifolds would follow by applying the abstract result of [3]. The use of our own construction
is twofold. First, we need (at least) C? smoothness in order to apply the main result of [18].
Secondly, we have to control the C? norms of the constructed manifolds as well. (It is also true,
see Theorem 2 below, that the rate of the exponential attractivity can be choosen independently
of the delay time.)

Recently in [2] a numerical structural stability result was proved for scalar parabolic partial
differential equations under spatial discretization. Roughly speaking their method was to con-
struct a family of inertial manifolds on which the errors tend to zero in the C'' norm. To the
contrary the dimension is fixed in our construction. It is not clear how one can prove numer-
ical structural stability on a fized inertial manifold since (at least) C'? smoothness is crucial in
deriving error estimates, but inertial manifold may loose smoothness, see [6].

Our result says that when the delay is small the delay equation is close to the “limiting
ODE?, i.e. when the delay time is zero. A similar result was proved in [20] under the condition
that the function acting on the delayed argument is small and has small Lipschitz constant. In
this paper we do not assume this smallness condition.

Small delay inertial manifolds were used in [19] to study the behavior of the attractor of
the sunflower equation with small delay. Similarly, in [1] inertial manifolds were constructed for
retarded semilinear parabolic partial differential equations. In order to prove the existence of
the inertial manifold the delay time must satisfy some sort of smallness condition, see Thm 3.1
in [1]. The results can be applied to ordinary functional differential equations as well. They
also studied the continuity properties of the inertial manifolds with respect to the delay time.



Although smoothness is very important in applications neither [19] nor [1] contain smoothness
results.

We admit that our result works only for delay equations close to ODE’s. It is known that
even scalar delay equations may possess very reach dynamical behavior (when the delay time is
sufficiently large). In recent works, see [15], [16], the complete characterization of the attractor
of a scalar delay equation was presented. (Unfortunately, we cannot obtain such a complete
description of the attractor of the discretization, the results in [9] shows lower semicontinuous
convergence of the approximating attractors to the true one. Upper semicontinuity of the Morse
decomposition of the attractor of a scalar delay equation under a “spatial-like” discretization,
i.e. the delay equation was approximated by a family of ODE’s with increasing dimension, was
proved in [12]. The results of [9] work for the Euler method, which is a “full” discretization, i.e.
the delay equation is approximated by a family of finite dimensional mappings with increasing
dimension.) Although our result says something for systems in arbitrary dimension (provided
the delay is small enough) for higher dimensional systems very little is known, see e.g. [4].

The rest of the paper is as follows. After a preliminary section, in Section 3 we prove the
existence and smoothness of small delay inertial manifolds. In Section 4 we study the existence
of asymptotic phases. We show that the small delay inertial manifolds are well approximated
under the Euler method in Section 5. Finally, we show the desired numerical structural stability
in Section 6.

2 Preliminaries

Consider the following delay differential equation

@(t) = Ax(t) + f(2(t) + g(x(t —€)), (1)
where e > 0, A € R"™" and f, g € C>(R",R") are bounded functions with bounded derivatives.
Our standard reference is [13].

Set C¢ := C([—¢,0],R™) endowed with the usual sup norm || - ||. Denote the Cy-semigroup on
C. generated by the linear ordinary differential equation @(t) = Az (t) by {T:(t)}+>0. Decompose
C: by o(A) (the spectrum of A) as C. = P. ® Q., where P. = nC;, Q. = (id — 7)C;, and 7 is
defined as (7¢)(0) := e4?$(0), ¢ € C., 6 € [~¢,0]. Observe that there exists a positive constant
M independent of € such that ||7|| < M and ||(id — 7)|| < M. Thus we have

(HO) for all & > 0 there is a T.-invariant splitting C. = P. @ Q. and a positive constant
M independent of ¢ such that the norms of the associated projections w : C. — P.,
id — w : C: — Q. are bounded by M. Moreover, subspaces P. have e-independent finite
dimension.

Note that [(id — 7)¢](0) = 0 for all ¢ € C. and thus T.(¢)(id — )¢ = 0 for all t > . We get
that for all 3 > 0 and for all ¢ € C.

IT-(t)(id — )| < MePe™Pt|g||, t> 0.



Set g = % Thus we have

(H1) for all § > 0 there exists g > 0 such that for all 0 < e < eg

I () (id — m)¢|| < 3Me™™|g], ¢ > 0.

Set Fe(¢) := f((0)) + g(¢(—¢€)), ¢ € Ce. Then

(H2) F. € C?*(C.,R") is bounded with bounded derivatives. Moreover, the bounds are inde-
pendent of ¢, i.e. ||F||c2 < K for all € > 0.

Finally,

(H3) there exists an w > 0 independent of £ such that for all € > 0

IT-(D)mgl| < MeM|g]l, ¢ € R.

These properties will be frequently used in later sections. Finally, the Banach space of
bounded linear, resp. bilinear operators between Banach spaces Ei, Ey (endowed with the
induced operator norm) will be denoted by L(E1, Es), resp. L?(Ey, E3).

3 Existence and smoothness of small delay inertial manifolds

The main result of this section is the following theorem.

Theorem 1 For all € > 0 small enough there exists a ®. € C%(P.,Q.) such that graph(®.) =
{p+D(p) : ¢ € P.} is an exponentially attractive invariant manifold for (1). Moreover,
|®cllc2(B,g.y) — 0 as € — 0+ for all closed bounded sets B C P.

Before we turn to the proof of Theorem 1, which is the content of the following subsections,
we make some remarks.
Remark 1. Our proof works for equations of the form

.17(t) = Laﬂj‘t + FE(J?t)

possessing properties (H0)-(H3), where T is the Cjy semigroup generated by #(t) = L.x;.
Remark 2. If we assume instead of (H2) that F. € C* with e-independent C* norm then the
manifold will be C* as well. In this case a larger spectral gap is required and an induction step
is inserted.

Remark 3. For the largest value of ¢* for which the theorem is still true can be estimated as
e* < (T2NMK)™L, see the proof below.



3.1 Existence

Choose a natural number N € N such that w < NMK holds. Set 8 > T2NMK, o :=8NMK,
o =NMK,w:=a—w>0,wy:=0F—a>0and e € [0,eg].
The fundamental matrix solution X of

i(t) = Ax(t) (2)

on C; is defined to be the (unique) matrix solution of (2) with initial value X at zero, where
Xy is the n x n matrix function on [—¢,0] defined by X¢(0) = 0 for — < 0 < 0 and X(0) = I.
Let XéD e = e and Xg')s = Xo — X °. Then we have the following exponential estimates

e T (t)md] < Me[lo] t <0,
le™ T2 (t)(id — m)p|| < 3Me™**|¢]| ¢ >0,

e T () X7 || < Me*'t ¢ <0,

and
||e°‘tT5(t)X0 | < 3Me=“2t ¢ > 0.

Define the Banach space

Sy :={Y : Y:R™ — C. is continuous and sup ™ ||Y (t)|| < oo}
teR™

with norm

Yy = sup e"[[Y (2]
teR~

Fix an arbitrary ¢ € P. and for Y € S;, we define
t ¢
T.(Y)(t) :=T.(t)o +/ T.(t — S)XéDEFE(Y(S))dS + / T.(t — s)X(?EFE(Y(s))ds, t<O0.
0 —00

Lemma 1 For all ¢ € P. and 6 € [0,9p] operator T. maps So_s into itself and is a uniform
1/3-contraction.

Proof of Lemma 1. Let ¢ € P. and Y € S,_; be given. Then

t
DTV YOIl < Melr ] + MK [ eI oDegs
0

+3MK / b @at0) i) oo g

which shows that |7:(Y)|a—s < 00.



Let Y1,Y5 € S,_s5 be given. Then

t
e~ (T00) = TR < M [ el 0e0=0%3; 5) — va(s) s

t
L3MK / e~ (@2+0)(t=5) (@=0)s |y} (5) — Yy (s)||ds

1 3
< MK Y1 — Yala-
S MK(C =5+ o/~ Yela-s

which implies that
3

|Tc (Y1) — To(Y2)|a—s < MK( 5)|Y1 —Y|a—s.

w1 — ) +
Note that wy — 0 > 6NMK and we + 6 > 1I8NMK whenever 6 € [0,00], and the desired
contraction property follows. QED

Denote the fixed point of 7; by Ye‘s(qzb). Since S,_s C S, we have by uniqueness that
the YO(¢) = Y2(¢). Set Y.(¢) = YO(¢). Now we can define a mapping ®. : P. — Q. by
O.(¢) := [(id — 7)Yz(¢)](0). This mapping defines our small delay inertial manifold. In what
follows we prove that ®. € C?(P.,Q.). In order to do so we prove that Y. € C?(P., Sa,).

Choose an arbitrary bounded closed ball B C P.. Redefine operator 7. on the space
C (B, Sa—s) by setting for Y € C(B,S,—s5), ¢ € B

(L0680 = T+ [ Tt )X RV 6, 00ds+ [ Tot— ) XS RV (9,)ds, £ <0,

The proof of the following lemma goes along the same line as the proof of Lemma 1 and thus it
is omitted. (The extra continuity of 7:(Y") can be seen from the definition.)

Lemma 2 For all 6 € [0,dp] operator T. maps C(B,Sy—s5) into itself and is a uniform 1/3
contraction.

Moreover, the fixed points are independent of d, and equal to Y.|g. Thus we obtain that our
manifold is continuous. Moreover,

0
sup [2<(0) = Sup||/ To(—8) X F(Ya(d, 5))ds]| < 3MK/ ¢%ds = 3MKes — 0.
—00

3.2 Smoothness

Choose an arbitrary sequence dg > 01 > 09 > --- > 0. With the help of suitably chosen sequences
we prove that the C'! property is preserved under a certain loss of exponential weights when we
apply Z.. Similar result holds for the second derivative, see Lemma 4 below. When we apply
these results in the proof of Lemma 7 we have to be able to control the exponential weights.
This motivates the introduction of some constant 0 < A < §g after the proof of Lemma 4.



Lemma 3 IfY € CY(P.,S,_s,) then T.(Y) € CY(P:, Sa_s fori=0,1,....

¢+1))

Proof of Lemma 3. Let Y € C1(P.,S,_5,) be fixed. Then DY € C(P-, L(P-, Sa_s,)), where
DY denotes the Fréchet derivative of Y. Differentiate formally 7.(Y) to obtain

(DT(DY) - 1) (t,6) = T + [ Tt = ) X DE(Y (6,9) - [DY (6) - W]} ()ds

+ [Tt - )X DRV (6.5 - DY () [](5)as.

We claim that D(7:(Y)) = D7.(DY).
Let ¢1, ¢o € P. be given. Define

= [l * P HINTY ) (1, 1) — Te(Y)(¢2, 1) — DTDY ) - [d1 — 2] (62, 1))]]-

Since D7.(DY) is linear and continuous in ¢ € P; it suffices to show that

sup I = o(/[¢1 — ¢2l])

teR~

as ||¢1 — ¢2]| — 0. To this end let n > 0 be given and write I < I1 + I where

= el [t~ )X (Y (91,9) — BV (62:5)
~DE(Y(62,5)) - [DY (62) - [61 — 2]} (5))ds)]

and
t
b= e [Tt = )X (FLAY (61,5)) ~ PV (62,9))
—DF(Y(¢2,5)) - [DY (¢2) - [¢1 — ¢2](s))ds)]].
We prove that I; = o(||¢1 — ¢2]|) as ||¢1 — ¢2|| — 0. Choose T' < 0 so that

w1 — 5i+1

There are two cases.
Caset>T.
Write

Iy = [l 0t /Ot Te(t - <'>’)Xos(/01 DFe(uY (¢1,5) + (1 —uw)Y (2, ))
[Y(¢1,8), Y (¢2,5)]du — DF(Y (92, 5)) - [DY (92) - [d1 — ¢2](s))ds]|

7



< et [ 2= )X ([ (DR (61,5) + (1= )Y (62,5)
—DF.(Y(¢2,5))) - [DY (¢2) - [¢1 — ¢2]](s)du)ds||
sleese [Tt - X[ DR (91,9) + (1~ w)Y (62,9)
Y (61,5) — Y(é2,5) — DY (62) - [ér — dul(s)]du)ds].

Now we choose k > 0 such that if ||¢1 — ¢2| < K then

IDF-(uY (¢1, ) + (1 — w)Y (6, 5)) — DFL(Y (2, 5))|| < o w1 —dit1)

2MI)Y [[en
for all uw € [0,1] and s € [T, 0], and
(a—6;)s _ ( 51—}-1)
S (T ONY (61,5) = V(62,9) = DY (60) - [on = l(5)]} < "5 o —

hold. It is easy to see that in this case

I <l — o2l

Caset <T.
Write I; = I} + I? where

= e [Tt )X (FY (61,9) — BV (62,5)
T
~DE(Y (62,9) - [DY(62) - [61 ~ 62)(5))ds)|

and

2 _ (a—d2)t T _ P- _
17 = et [Tt = )X (P (61,9) = Po(Y (62.9))

—DF.(Y(d2,5)) - [DY (¢2) - [¢1 — ¢2]](s))ds)]-

We have
2MKHY||01 o(61-52)

< 5,

A similar argument as in Case t > T shows that

I < g1 = g2l <n/2]é1 — 2.

I7 < n/2||¢1 — ¢2||

and thus in both cases I1 < n||¢1 — ¢2|| whenever [|[¢1 — ¢2]| is small enough.
The proof of Iy = o(||¢1 — ¢2||) is similar and is omitted. QED
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Lemma 4 IfY € CY(P.,So_s,)NC%(P-, So0_s,) then T.(Y) € C1(Px, Sa—541) N C?*(P., Soa—6i41)
fori=0,1,....

Proof of Lemma 4. Let Y € CY(P.,S,_s,) NC?(P-, Saa_s,) be fixed. Then DY € C(P-, L(P-,
Sa_s.)) and D*Y € C(P.,L?*(P:, So_s,)), where D?Y is the Fréchet derivative of DY. The
previous lemma shows that 7.(Y) € C*(P., Sa—s,,,) and the derivative D(T.(Y)) = DT.(DY)
where

(DT(DY) - [$])(t ¢+/ T.(t - 5)Xg* DF-(Y (¢,9)) - [DY (9) - [¢])(s)ds

- / Tt = )X DE(Y(6.5)) - [DY(6) - ] (5)ds.
Differentiate D7.(DY’) to obtain

(D*T(D?Y) - [v1, %)) (t, )

= [ 7= ) XE DRV (6,9 DY () - [60)(5), DY () 02105
+DE(Y(6,5)) - [D?Y(9) - [hr, ()]} ds
[ Tt = )XFDRYV(6,9) - [DY(6) - W1](5), DY (6) - [al(s)

+DF(Y (¢,5)) - [D*Y (9) - [t1,42](5)])ds
We claim that D?(7:(Y)) = D?*T.(D?Y). Let ¢1,¢2 € P- be given. Define

I := ||e® 0 (DT(DY) - [])(¢1,t) — (DT(DY) - [Y])(¢2, )

—(D*TA(D?Y) - [$1 — ¢2,9]) (2, 1)) -
Since D?7.(D?Y) is bilinear and continuous in 1,1, € P. it suffices to show that

sup ~ sup I = o([|l¢1 — ¢al])
VEP. |[wl|<1 teR -

as ||¢1 — ¢2|| — 0. To this end let n > 0 be given and write I = I} + Iy where

= 20 [ Tt = ) XP (DEY (61,9) - [DY (61) - 1)

—DF.(Y(¢2,5)) - [DY (¢2) - [¢](s)]
—D*F.(Y (¢2,9)) - [DY (2) - [61 — 2] (s), DY (¢p2) - [](s)]
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~DFE.(Y(¢2,5)) - [D?Y (62) - [91 — 62, ¥)(s)]))ds]
and
b= [0 [ Tt = )X (DEY (601,9) - [DY (91) - [6](5)
—DF.(Y(¢2,5)) - [DY (¢2) - [¢](s)]
—D?F.(Y (¢2,5)) - [DY (¢2) - [¢1 — ¢2](5), DY (62) - [¢](s)]
~DF.(Y (¢2,5)) - [D*Y (¢2) - [é1 — b2, ¥](s)]))ds].
We prove that I; = o(||¢1 — ¢2l|) as ||¢1 — ¢2|| — 0. Choose T' < 0 so that

2ME([Y llor + 1Y lew) s, -sesnrr < s,

w1 +a—9;

There are two cases.
Caset>T.
Write

B < et [T X DE(Y (62,9)
(DY (¢1) - [¥](s) = DY (¢2) - [¢](5) — D*Y (¢h2) - [¢1 — o2, ¥](s)]ds]|
et 5 "L ([ DRy (61,5) + (1= )Y (62,5)
DY (61) - [01(5) — DY (¢a) - [41(5), Y (91,5) — Y (62, 5) — DY (62)  [én — a)(s)]du)ds]
et [Tl ([ DR (61,9) + (1~ )Y (62,9) ~ DE(Y (6, 9)
0 0

(DY (¢2) - [¥](s), DY (¢2) - [p1 — ¢2](s)]du)ds.

Now choose k > 0 such that if ||¢1 — ¢2|| < K then

Sup. 12 (DY (¢1) — DY (¢2)) - (3|l < |19,

ID2E.(uY (61,5) + (1 = w)Y (62,5)) = D*F.(Y (62,5))]| < W

for all w € [0,1] and s € [T, 0],

sup [ (Y (d1,5) = Y(¢2,5) — DY (¢2) - [$1 = ¢2](s))

seR~

(w1 +a — 0;) B
< T L g1 —
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and

sup [[e®* (DY (¢1) - [$)(s) = DY (¢2) - [¢](s) — DY (¢2) - [61 — 62, 9](5))]

seR~
n(wi + o — 0;) B
PALL 24 g -
hold. Then we have that
I <l - [|¢r — @al|-

Caset <T.
Write I; = I{ + I? where
t
I = ||€(2a_5”1)t(/T T.(t — $)X§* (DF-(Y (¢1,9)) - [DY (¢1) - [¢](5)]

—DF.(Y(¢2,5)) - [DY (¢2) - [](s)]
~D?F.(Y(¢2,5)) - [DY (¢2) - [é1 — ¢2](5), DY (¢2) - [¥](s)]
~DF.(Y (¢2,5)) - [D*Y (¢2) - [é1 — ¢2,¢](5)]))ds]|

and
17 = e [ Tt = ) X DRV (91,9) (DY (60) - 415
—DF.(Y(¢2,5)) - [DY (¢2) - [¥](s)]
—D?*F.(Y (¢2,9)) - [DY (2) - [61 — 2] (), DY (¢2) - [](s)]
—DF.(Y (¢2,5)) - [D?Y (¢2) - [¢1 — 2, ¥](s)]))ds]|.
We have

2MK(|[Yller + [Yle2)
w1 +a—9;

A similar argument as in Case ¢ > T shows that

¥ <0/2019] - 61 — ¢2|

and thus sup,cg- 11 < Y| - [[¢1 — ¢2|| whenever ||¢p1 — ¢2|| is small enough. The proof for Iy
is similar and is omitted. QED

Let B C P- be a closed bounded ball and fix 0 < A < §p. For Y € C(B, So—a) define the
operator D7.y on C(B, L(P:, S4—s)), 6 € [0,A] by setting

Il < =0t )T ||| - (| p1 — pall < /20|l - |1 — oll-

(DT.y ) [0(t:0) = T+ [ Tt = )X DEY(6,5) - V() - [W)(5)]ds

+ / Tt = )X DE(Y(9,9) - [V(9) - [¥)(s)]ds.

It is easy to see (e.g. Lemma 2) that D7.y maps C(B, L(P:, Sq—s)) into C(B, L(P:, Sa—5))
for all § € [0,A] and is a uniform 1/3-contraction. Denote the fixed points by V9.
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Lemma 5 The fized points y@ are independent of 0 and their norms are uniformly bounded,
i.e. there exists a constant Q1 independent of Y, § and £ such that
1PV llos,Lp.sas) < .

Proof of Lemma 5. Since C(B, L(P-,S,_s)) C C(B, L(P:,S,)) by uniqueness we have that
the fixed points are independent of 9.

With norm || - || = || - lo(B,(P.,5._5)) We have that

a—0

1P = IDTy (%)l < sup  sup  sup I,
PEB YePe [[P||<1teR~

where
I = et ()

L fela—or /0 "Lt — ) XEDE(Y(6,5)) - V(@) - [e)(s)]ds |

et /_too To(t — $)XG* DF(Y (6,5)) - V() - [¢](s)]ds].

By a simple calculation

I< Myl + VA 1l < Mol + (L/3) IV - (1]

MK | _; 3MK
S+ S

Hence
IV < M+ (1/3)]| V7]

and the Lemma is proved by setting Q; = (3/2)M. QED
Set Yy = y)O/
Similarly, for Y € C'(B,S,_a/2) define the operator D*7;y on C(B, L*(P., S3q—s5)), 6 €
[0, A] by setting
(D*Tey () - [91,92)) (8, ¢) =

[ 7t = ) XE (D EY (6,9) - (DY (0) - Bn](s), DY (6) - [62](9)
+DE(Y (6,9) - [8(6) - [, va)(s))ds
[ T XD (6,9) DY () [01)(5), DY (8)- [

+DF(Y(9,5)) - [W(@) - [¢1, 92](s)])ds.

It is easy to see (e.g. Lemma 2) that D27,y maps C (B, L?(P:, Saq_s)) into C(B, L?(Px, Saa—s))
for all § € [0,A] and is a uniform 1/3-contraction. Denote the fixed points by ¥9..
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Lemma 6 The fized points are independent of 6 and there is constant 2o independent of § and
€ such that
é 2
195 [lc(B,L2(P. S50 _5)) < Dol YNE1 (8,5, _a )

Proof of Lemma 6. Since C(B, L*(P., S24_5)) C C(B,L?*(P:,S24)) by uniqueness we have
that the fixed points are independent of 4.
With norm || - || = || - [|¢(B,22(P. S5, _5)) We have that

13| = ID* T2y (%) < sup sup sup 1,
GEB 1 2 €Pe W I <1 1R~

where
I =P /0 Tt - )X (DPEY(6,5)) - [DY(@) - [91](5), DY (6) - [6)(9)
+DF.Y (¢,5)) - [¥3(9) - [to1, 2] (s)])ds|
a0 /_t Tt = 5)XG(DPEY (6,5)) - DY (8) - [1](s), DY (6) - [9](s)]
+DF(Y(9,5)) - [¥5(0) - [1,v2](s)])ds] -

By a simple calculation

MK 3MK )
1< (gt eIV s, wlltal - [0l
MK 3MK 5 ) s
Horos + DIV Il [l < (/Y 1335,y o+ D] - ]

Hence
193 < (1/3)(”Y||%’1(B,SQ_A/2) +1%3)

and the lemma is proved by setting Q9 = 1/2. QED
Set Uy = \Ilgf. Now we are in a position to prove the C? smoothness of the small delay

inertial manifold.

Lemma 7 The small delay inertial manifold is C? smooth, i.e. Y. € CY(B,Ss) N C?(B, Soq).
Moreover, DY, = Yy, and D2y, = Uy, .

Proof of Lemma 7. Set Y = 0 and Y"*! := 7.(Y"). Fix a sequence §g > 01 > dy > --- >

A > 0. By Lemma 2, Y™ — Y, in C(B, S,_a). Moreover, by Lemma 3, Y™ € CY(B, S,_s, ) and
DY" ! = DT. yn (DY™). Thus {Y"},>0 C C1(B, Sa—a). In what follows we show that {Y"},,>¢
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is a Cauchy sequence in C'!(B, Sa—ns2)- Clearly, it is enough to prove that { DY ™ },,>¢ is Cauchy
in C(B, L(P:,Sqa—a/2))- In the estimates below || - || stands for the norm of C'(B, L(P:, Sq—a/2)):

IDY™ = Yy < 1/3IDY" ™ = Yy || + [Py = Pyn-al.

With L € N we set ey, := sup,, ,,>r, [[Vy» — Yym=||. By an inductive application of the above
estimate we have
IDY™ = Yyal| < (1/3)"E DY = Py | +3/2ep

and thus for m >n > L
|DY™ — DY™|| < 2(1/3)" || DYL — Yy || + 3er.
It remains to prove that e, — 0 as L — oo. Since
[Vyn = Vym|| < 1/3||Vyn = Yym| + |DTeyn (Vyn) — DI ym Py )|
it is enough to prove that

sup [[DZzyn(Yyn) — DT ym(Yyn)|| — 0

n,m>L

as L — co. By a simple calculation we have

|DTzyn(Vyn) — DT, ym(Yyn)|| <sup  sup  sup (I1 + o),
PEBYEL: |Y[I<1teR™

where
B = 820 [T = ) XE(DEY(6,5)) = DELY™(6,)) - D (9) - [0 (5)]ds]
and
b= 82 1 T2t ) XPDEY"(6,5) — DE(Y™(9,9) - Dy (&) [ ()]ds].

Consider I;. Let n > 0 be given. Choose T' < 0 so that

2KM,
w1 —A/Q

A/2)T

el <n/2.

There are two cases.
Caset>T.
Choose L so large such that
w1 — A/Q)

. . n(
|IDF.(Y™(¢,s)) — DF.(Y™(¢,3))|| < RViel
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holds for n,m > L, ¢ € B and s € [T,0]. Then

I <n/2(¢].
Caset <T.
Write I} = I} + I? where

I = He(“_A/?)t/TtTa(t —8) X (DE(Y"(¢,8)) = DE(Y™(0,9))) - [V (9) - [¥)(s)]ds]

and
I3 = ||e(e=a/2 /OT T.(t - )X (DF.(Y"(6, 5)) — DE.(Y™(6,5))) - Dyn(6) - [0](5)]ds]].

It is easy to see that
I <n/2|y|

while I? can be handled as I; in Case t > T, so we have that I1 < |||

The proof for Iy < n||1|| is similar and is omitted. Hence e, — 0 as L — oo and {Y"},>0 C
Cl(B, Sa—ny2) is a Cauchy sequence and DY, = Vy..

Let us turn to the C? property. By Lemma 4, Y" € CY(B,S,_5,) N C*(B, S2q_s,) and
D2Y" ! = D27_ v (DY™). We prove that {Y"},,>0 is a Cauchy sequence in C%(B, Sa,). Clearly,
it is enough to prove that {D?Y"},>¢ is Cauchy in C(B, L?(P-, S2,)). Note that {Y"},>¢ is
bounded in C*(B, Sa—ny2), i.e. there exist a constant {23 such that

HY”|]01(373%A/2) <Qzforn=0,1,2,....
By Lemma 6 there exists a constant {24 independent of § € [0, A], n > 0 and ¢ such that
1Oy lloB,L2(P., 50 5) < 4
With norm || - || = [| - [l¢(B,2(P.,8..)) We have that
[D?Y™ = Wyn|| < 1/3[| DY = yna ||+ [[Tyn — Ty

For L € N we set ef, := sup,, ,,>1, [[¥y» — Yym||. By an inductive application of the estimate
above we have that

|D*Y™ — Wya| < (1/3)" 2| D?YL — Wy || + 3/2er,
and thus for m >n > L

|D2Y™ — D2Y™|| < 2(1/3)" | D*YL — Wy || + 3er.
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It remains to prove that e, — 0 as L — oo. Since
[y — Uy < 1/3[yn — Ty + [|D*Teyn (Fyn) — DTy (Tyn)|
it is enough to prove that

sup ||D*Tcyn(Uyn) — D*T. ym(Uyn)|| — 0

n,m>L
as L — oo. Write
”D27-E7Yn(\llyn) — D2z’ym(\l’yn)” < sup sup sup (I1 + Io + Is + Iy + I5 + I),
PEB 1,2 € P, |91 ||, || 92| <1 teR~
where
= 2 / 7.( PE(Y"(0.9))

{(DY"(¢) = DY"(6)) - [](). (DY () = DY"(6)) - [al()])ds|
b=l [ T5<t—s>X05<DQFg<Y"<¢,s>> DEEL(Y™(6,5))
(DY™(9) - [1](s). DY"™(6) - [l ()]s
= [ Tt = ) XP(DEY"(6,) = DE(Y™(6,9)) - [Byn(6) - [, va)(5)]ds]

L= [ L= ) XE (DR (6.5)
((DY™(¢) — DY™(¢)) - [¥n](s), (DY (¢) = DY™(¢)) - [tha](s)])ds||
b=l [ Tt = )X (DR (6,5) ~ DPR(Y"(5,5))
(DY () - [41](s), DY™(9) - [02] ()] ds]|
and
o= [ Tt = )X (DEY"(8,5) = DE(Y™(6,5)) - [0y () - 1,0 )]ds].

Let n > 0 be given. Consider first I. Since {Y"},,>¢ is Cauchy in C1(B, Sa—ny2) we can choose
L so large such that for n,m > L

n(wi + «)
SMK

IDY™ = DY™ | ¢(B,1(P. 50)) <

holds and thus
It < /3|1 - (2]
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Let us estimate Is. Choose T' < 0 so that

There are two cases.
Case t > T. Choose L so large such that

+ )
D2F. (Y™ —DXR(Y™ n(wr
D2 ("(6,3)) = DRy (6,))] < et )
holds for all n,m > L, ¢ € B and s € [T,0]. Then
Iy < /3ol - [[¥2ll
Caset <T.
Write Iy = I3 + I3 where
= et [ Teft - )X (DR (6,5) ~ DRV (5,5))

(DY™ (@) - [in](s), DY ™ (9) - [1h2](s)]ds||

and

= 1 [ Tt = XD RV (6,9) ~ DRV (6,5))

[DY™(¢) - [Yn](s), DY™ () - [2] (s)]ds]-
We have
I < /3¢l - 12|

and a similar estimate for I3 goes along the same line as in Case t > T.
Now we turn to I3. Recall that

Uy lloB,L2(p. Son—a)) < Sl
Choose T' < 0 so that IMKQ
2MAR AT < /3.
w1 + &

There are two cases.
Caset>T.
Choose L so large such that

n(wi + a)

IDE(Y™(,8)) = DE(Y™ (¢, 9))|| < SITKQ,
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holds for n,m > L, ¢ € B and s € [T,0]. Then

Iy <n/3|¢] - Il
Caset <T.
Write I3 = I3 + I3 where

||e2at/ T.(t — 8) X (DE-(Y™ (¢, 8)) — DE.(Y™ (¢, 8))) - [$yn(9) - [t1,102](s)]ds||

and

I3 = |le* /OT Te(t — 8) X" (DF(Y" (9, 5)) — DF(Y™(,5))) - [Wyn (o) - [¥1, 2] (s)]ds]|.
We have

13 < /3|l - 12|l

and I3 < n/3|¢1l - 42 as in Case t > T.
The proof of 1456 < n||t1] - ||¢b2| is similar and is omitted. Hence e;, — 0 as L — oo and
{Y"™},>0 is a Cauchy sequence in C?(B, S5,) and D?Y. = Wy, and the lemma is proved. QED
Note that by Lemmata 6 and 7, there exists a constant 25 independent of € such that

1Yzllc2(B,500) < O

We have

ID@:lm i =5 swp | [ T8 XS DEY:(0,9) - [DY-(6) - u])ds]
¢€Bw€PE,II¢II<1

< 3MK Qs 0
w2 — &
as 3 — oo (or eg — 0). Similarly,
ID0 e an=sw s | [ L)X D R0.)
PEB 1,12 € Pe, |91, ]192]I<1

[DY(¢) - [¢1](s), DY=(9) - [102)(5)] + DF-(Yz(9, 5)) - [D?Y=(6) - [1h1, 2] ()])ls||
_ BMEK(Q2+5)

w2 — &

—0

as  — oco. QED
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We end this section with estimating the C? norm of the small delay inertial manifolds. For
wvwlva € PE) ||¢||7 ”d]lH? ||¢2|| < 17 ¢ € B we have that

0
Do) il <3k [ IDviie) ielas < PR g

as 8 — oo and

ID?®(6) - [11, 92] <3MK/ *(IDYz(9) - [n](s)]] - | DY=(¢) - [¢a] (s)

3SMK(Q2+Q
HID?Yo(9) - [, el (s)])ds < = — = s

as 3 — oo. It remains to prove the invariance and the exponential attractivity of the small delay
inertial manifolds.

— 0

3.3 Invariance

Denote the solution of (1) starting from ¢ = x¢ € C: by x4, t > 0. Observe that Y.(7xo,s),
s < 0 is a backward (in time) solution of (1) on the small delay inertial manifold starting from
mxo + Pe(mxg). Thus

c(mxy) / T.( Xo “F.(mxsyt + Po(masse))ds
t
:/ T.(t —u)Xg')EFE(mru + O (7xy))du
/ T.(—s) X F.(may + @ (m,))ds) +/ T.(t — 8) X3 Fo(nzy + ®c(mzy))ds

— TL(8)®. (r0) + /0 To(t — )X F (s + @ () ds.

Now let 2y € graph®,, i.e. (id — w)xg = P.(7wxp). By the variation of constants formula we
have that

(id — m)axy = To(t) P (mmo) + /Ot T.(t — s)X(?EFg(a:s)ds.

Hence
(id — )2y — D (m2y) = /0 To(t — $) XS (F(2s) — Fo(mas + o(may)))ds

and
l(id — m)xy — P (may)|| < 3MK/ Blt—s) |(id — m)zs — Pe(mxs)||ds

from which it follows that ||(id — 7))z — P (7way)| = 0.
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3.4 Exponential attractivity

Let x; be an arbitrary solution of (1). Define
v(t) := (id — m)xy — P (mxy).

By a simple calculation
¢
v(t) = T (t)v(0) —I—/O T:(t — s) X (Fe(zs) — Fo(mzs — O (mz5)))ds,

hence
t
o(t)]] < 3Me™||o(0)]] +3MK/ e P |lu(s)|ds
0

from which it follows (by using the Gronwall inequality) that
[o(®)]| < 3Me™|[v(0)]
where up = 6 — 3M K > 0. This proves exponential attractivity and the proof of the theorem is
now complete. QED
4 Existence of asymptotic phases

In this section we prove that our small delay inertial manifolds have asymptotic phases. Namely,
we have the following

Theorem 2 For all solution xy of (1) there exists a solution Ty of (1) on the small delay inertial
manifold such that
s — T < const - e,

where p =0 —3MK.

Proof. Let x;, t > 0 be an arbitrary solution of (1). Let Z; be the unknown solution of (1) on
the small delay inertial manifold, i.e.

t
R T [ Tt )X )

Recall that v(t) = (id — m)xs + . (7wx) and
lv(®)|l < 3Me™"||v(0)]

by the exponential attractivity. Set w(t) = Z; — mx;. A simple calculation yields that
¢
w(t) = To(Ouw(0) + [ Tt = )X (Folr, + w(s) + Belma, + w(s))
0
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—F.(mxs +v(s) + P (mzs)))ds.
Define the Banach space

St:={w:R* — P. : wis continuous and sg{p+ lw(t)]|e’ < oo}
te

with norm

wly == sup [lw(t)]le™.
teR*

Define operator F on Sf[ by setting
Flw)(t) == / To(t — 8) X (F(mzs + w(s) + Bo(may + w(s))
t

—F.(mxs +v(s) + P (mzs)))ds.
It is easy to see that
ME((1+ |[Pc||c1)|w]u + 3M|Jv(0)]])

<
Fw), < "

< o0

and
MK+ [|®c]lcr)

U= w
Denote the fixed point of F by w*. Then

| F(w1) — Flwz)], < lwy — weal, < 1/2[wy — waly,.

w*(t) = /too T:(t — 5) Xy (Fe(mzs + w*(s) + Pc(mzs + w*(s))) — Fe(mzs +v(s) + P (mas)))ds

= TE(t)(/OOO Te(—9) Xy (Fe(mzs + w*(s) + Po(mzs + w*(s))) — Fe(mzs + v(s) + ®o(mxs)))ds)
+ /Ot T:(t — 5) Xy (Fe(mzs +w*(s) + Co(mzs + w*(s))) — Fe(mzs + v(s) + Po(mas)))ds

=T.(t)w*(0) + /Ot T.(t — S)XéDE(FE(ﬂ':ES + w*(s) + P (mxs + w*(3)))

—F(mxs + v(s) + Pc(mas)))ds.
Hence @7 := mxy + w*(t) is a solution on the small delay inertial manifold such that
177 — mae| < e
Finally, the result follows by observing that
[77 = o]l < (|7 — wel| + [Jo(@)]] + || Pe(mr) — Pe(mT7)]].

QED
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5 Discretization of small delay inertial manifolds

For N € N set h = ¢/N and consider the Euler-discretization of (1) with set-size h, i.e. we
consider the map on R defined by

Yrr1 = (I + hA)y, + h(f (yr) + 9(yr—n)), (3)

where y; is the approximating value of the exact solution z(kh). An initial value ¢ € C. of
(1) gives rise to an initial value ¢y := (yo,...,y_n) € RN+ of (3) by setting y; := ¢(ih),
i=20,...,—N.

Identify the space R™*(N+1) (endowed with the usual max norm) with a subspace of C. con-
sisting of piecewise linear continuous funtions defined on the mesh-points {ih : i =0,...,—N}.
Denote this subspace by C". Define the projection 7/ : C. — C? by 7/¢ = piecewise linear
continuous extension from the values on the mesh points. The map (3) gives rise to a map on

Ch

Tpy1 = Thexr, + hEgFp o (1), (4)
where
I+hA O 0
I 0 --- 0
The = 0 0 0|’
0 I 0
Ey = F?XO and Fj, . = f(xr(0) + g(zr(—¢)).

From now on we assume that £ > 0 is so small such that (I 4+ ¢A) is invertible. Let us
decompose the space C" by o(I + hA) as Ch = P! @ Q" where P = m,Ch, Q" = (id — m,)Ch
and the projection 7, is defined by setting ¢y, (ih) := (I + hA)?¢(0) for i = 0,...,—N. Note
that the above splitting is T}, .-invariant for all € and h.

The proof of the properties below is straightforward and thus is omitted.

(HO);, For all € and h we have that dimP” = n, there exists a constant M independent of ¢
and h such that |72, ||mp ||, [lid — 7| < M,

(H1)p, for all 5 > 0 there exists €3 > 0 such that for all € € (0,e] and for all

IT5 (id — mp)z || < 3Me™ ||z, k>0,

(H2)}, for all h the function F,. € C?(C, R") is bounded with bounded derivatives. Moreover,
the bounds are independent of € and h, i.e. ||[Fjc||c2 < K for all € and h,

(H3)}, there exists an w > 0 independent of € and & such that for all € and h

T ]| < MeFM 2|, & € Z.
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The following theorems can be proved exactly the same way as Theorem 1. Details are left
to the reader.

Theorem 3 For all ¢ small enough and for all h there exists a ®" € C?(P! Q") such that
graph(®") = {z + ®(x) : = € P!} is an exponentially attractive invariant manifold for (4)
with an asymptotic phase.

Note that there exists an approximating small delay inertial manifold for all step-sizes. This
is due to the fact that € is small, and thus the ODE part alone is well approximated by the
Euler method.

In what follows we study the behavior of ®" with fixed ¢ as h — 0+.

Let {f1,..., fn} be the usual orthonormal basis in R™. Then {¢1,...,¢,} and {¢%,... ¢!}
are bases of P. and Peh, respectively, where ¢;(0) = eA0f, for 6 € [—£,0], 2 = 1,...,n and
PM(jh) = (I +hA) fifor j=0,...,—N,i=1,...,n. For sake of simplicity we write ¢; = e f;
and ¢l = (I + hA) f;. Let us define the linear bijection P}, : P. — P! by setting Py¢ :=
Sl whenever ¢ = S a;id;.

Lemma 8 (i) There exist a constant My independent of € and h such that ||Pp|| < My for all
g and h,

(ii) there exists a continuous function I : Rt — R™ such that 1(0) = 0 and
IPhTe(=h) — T;, 1 Pullp(p. pry < U(R)A,

(iii) for all T >0

sup |75 T (kh) X5 — TF (id — m) Eo| — 0
khe[0,T) ’

as h — 0+,
IPr — 7kl Lep.,cny — 0
F.(¢) = Fye(nl9),

DF.(¢) - [¢)) = DFy o(wl¢) - [x4)),

(vi) for all h
TR Eg = PhXo c.
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Proof of Lemma 8. Let ¢ € P, ||¢|| < 1. By definition 1 > ||¢|| = supye[_. €49 S0 i fill >
| 2, csfil] which shows that Y2 Jas] < n. Thus [[Pag] = || S0y s < nmasiy,. o 681
Observe that (I + hA) — e uniformly on the interval [—¢,0] and e?" is uniformly bounded in
e € [0,e5]. Thus there exists a constant K independent of h, e such that max;—1, |ph| < K.
This proves (i).

Let us prove (ii). Let, as before, ¢ € P, ||¢|| < 1. Then ¢ = e Y7, o f; and T.(—h)¢ =
ete M q;fi. On the other hand T; 'Pné = (I + hA) (I + hA)"L " a;f;. Combining
these formulas we get that 7

IPrT(~h)p — T, 2 Pugll < o max I+ hAY | - e — (I +hA)7.

s — Ly, —

Since ||(I4hA)7|| is uniformly bounded with some constant K5 (independent of h, ) and ||e =4 —
(I+hA)~Y| < K3h? with some constant K3 (independent of h, ) the desired result follows with
l(h) = anth.

Recall that X(?E (0) = —eA? if —e <0 < 0 and X7°(0) = 0. Then

» 0 if —kh<jh<0
T.(kh)X$* (jh) = { _ eA(jh+kh) if jh < —kh

for j =0,—1,...,—N which shows that T, (kh)Xy® = 0 if kh > e. Similarily, (id —mp,)Eo(jh) =
—(I+ hAY,if j =—1,...,—N and (id — 7;,) Eg(0) = 0. Then
k(g N 0 if —k<j5<0
Thﬁ(ld Wh)EO(]) - { —(I+ hA)]-i—k lf] < —k

for j =0,—1,...,—N which shows that T}’f’6 (id—mp)Eg = 0if k > N. Without loss of generality
we assume that T < e. Then

sup |75 T (kh) X$: —TF (id—mp)Eol| = sup sup  ||—eAUMHRN (T4 p AYHR| < Ky
khe[0,T] ’ khe[0,T) =0,—1,...,—N

with some constant K4 (independent of h,e) which proves (iii).
Let ¢ € P, ||¢|| < 1. Then

[Prg — il <n  sup [|(I+hA)Y — b < nKsh
j=0,—1,...,—N

with some suitable constant K5 (independent of h,e) and (iv) follows.
Finally, it is straightforward to check (v)-(vi) and the lemma is proved. QED
Now we are in a position to formulate the main result of this section.
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Theorem 4 Let € be fired such that (1) has a small delay inertial manifold ®. and (4) has an
approximating small delay inertial manifold <I>?. Then for all B C P. closed ball we have that

75 ®e — @ 0 Phllor(p,cny — 0
as h — 0+.

Proof. Without loss of generality we assume that constants M,w,a, 3, K, N,dy, A have the
same value as in Section 2.
Define the Banach space

SZ ={Y}, : Y, :Z" — C" is continuous and ksuzp M|y, (K)|| < oo}
c7—

with norm

|Yaly = kSUZR ™ [Y7, (k)]

Let B C P! be an arbitrary bounded closed ball. We define operator 7" on C(B, Sf;) by
setting

k
(TP (b, k) = T con — > T ' mph B Fy e (YVi(, 1))

i=—1
k—1 ]
+ > TV id — ) hEo P (Yi(6n.4)), ¢n € B, k€ Z7.

Then for all § € [0,d0), 7" : C(B,S" ;) — C(B,S" ;) is a uniform 1/3 contraction.
Then the approximating small delay inertial manifold is defined as

(I)? = (Zd - 7Th)Y:€h(0),

where Y/ is the fixed point of 7.
We define the operator DT, on C(B, L(P!, S"_;)), 6 € [0, A] by setting

1T €

(DTl n (Vn)) - [n]) (@, k) == T

k
+ > TR T R hEgDFy (Y (60, 1)) - [Va(n) - [Wn] (0)]

1=—1
k—1
+ > TR T T hEg Dy (Y (61, 1)) - [Va(en) - [¥n)(3)]-

Then DT",,, maps C(B, L(P!, S!_)) into C(B, L(P!, S"_)) for all § € [0, A] and is a uniform
1/3 contraction. Its fixed point is DY, the derivative of Y.
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Define the bounded linear operator IIj, : C(B,S,) — C(Ph(B),SZ) by setting for Y €
C(B,Su)
(LY ) (Pro) (k) = 7Y (6)(kh).

Lemma 9 For allY € C(B,S,—5), 6 € (0,A]

MW Y = T LY || op, (5).51) — O
as h — 0+.
Proof of Lemma 9. Let Y € C(B, S,—5) be fixed. We have that

LY — TMILY || op, ),y < sup sup (I + Iz + 1),
¢EB k€Z~

where
I = MM 7 T (k) — T Pro|,

kh k )
Iy = ™|zl /0 T.(kh — $) X0 F(Y (¢, 8))ds — > T ' 'mnhEoFy o (xlY (¢, ih))||

i=—1
and
kh k—1
I3 = el / To(kh — $)XF F.(Y (¢, 8))ds — Y TFE 17 (id — m)hEoFy (7Y (¢,ih))]|.

We estimate each component separately. First we estimate I; as

Iy < e (|PyTL(kh)¢ — 7l To(kh)p|| + | T5 . Prd — PrT=(kh)¢|)

- |
< MM Py —welp |- 6] + e 30 1T PaTe(=ih)é = Ty VPTG + D)o
=0
|k[—1 ' '
< (1P = |+ e S0 Mem GO TDy, P (), M) o]
=0
h
< (VP = w1l + MR < 1Py — ] + 2022 o)

which shows that supyep supgcz- 1 — 0 as h — 0+.
Now we estimate I as

k
I < ™| N TR By — PR X0 )hFy o (7Y (¢, ih))]|

i=—1
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k
e M S (TR PR — PRTe((k — 1 — i)h) X{F)RFL(Y (4, ih))]|

i=—1

k
HPh = 72 |p e || 3T Te(k = 1 = )h) Xg*hE(Y (9, ih) |

1=—1
k kh
el || Te((k =1 = 0)h) X hF(Y (¢,ih)) — ; T.(kh — ) X3 F-(Y (¢, 5))ds|
i=—1
=L+ +I5+15

Further, we have that

k 2 2
o M2I(h) M2KI(h)h
- ._Z c w1 ~ wi(l —e k)’

(here we used the estimates obtained for I; previously)

k k
I3 < | Py —wl|p)|le™ Y~ MEhe W70 < ||Py —xl|p |MKR Y~ e 1700

1=—1 1=—1

_ [Pa= e I MKh
- 1 —e—wih '

It is clear form these estimates that supgep supgez- (I3 + I2 + I3) — 0 as h — 0+. It remains
to check this property for I. %. To this end et n > 0 be given. We choose T' < 0 such that

MK
w1

et < n/2.

There are two cases.
Case kh > T.

Since the integral is now on a compact interval it follows simply that I3 < 1/2 for all h small
enough.

Case kh < T.
Write

[T/h] b [T/h]h b

Iy < +Me®™|| 3" To((k — 1= i)h) Xg*hFL(Y (¢, ih)) — / Te(kh — 5)Xo" Fe(Y (6, 5))ds]|
i=—1 0
k P, kh P,

FMe™ | YT Te((k =1 —i)h) Xg*hFL(Y (4,ih)) — / T.(kh — 8) X = Fo(Y (¢, 5))ds|
i=[T/h]—1 [7/h1h
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RS
As in Case kh > T the desired result follows for I. ;1 ! while

k kh
151,2 < Z Mewl(k—l—i)hKhea(i—i-l)h + Mewl(kh—s)Keasds
i=[L/h]—1 [T/h]h
MKh — MK -
< ot
< (1 Ep— + o )e
Let us turn to estimating I3 as
k—1 ) k—1
I3 < ™M ( S0 TR id — mp)Eo — Y, wlT((k — 1 —i)h) X5 )hFy o (xlY (¢,ih))]|
k—1 kh
ST AT (k-1 — iR XFhEL(Y (¢, k) — / T (kh — 8) X3 FL.(Y (6, 5))ds||
=13+ I3.

First we note that I3 can be handled as I3 and thus we omit the details. It remains to prove
that I3 tends to 0 as h tends to 0. To this end let > 0 be given. We choose a T' < 0 such that

6M(1+ MK

T <n/2.
w2
There are two cases.
Case kh < T.
In this case
k-1 k—1
[?} < 3M Z e—w2(k=1=i)h prp cai+h | 3M M, Z o~ w2(k=1=i)h prp a(i+1)h
1=—00 i=—00

SMKh SMM;Kh

oT
S G ear T o gaan)e <12
for all h sufficiently small.
Case kh > T'. In this case
, (T'/h] ' '
<7 sup |1 (id—mp)Bo—m"To(jR)XT e K+ 3" 3M(14+My )e 2 b-1=0h e peoi+ i
ghefo|T) = —oo

3M(1+ M)Kh
1—ewh ¢

<|T| sup ||} (id — my) Eo — wlTL(jh) X5 | K +
jhelo,|T|]

<n
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for all h small enough. The proof of the Lemma is now complete. QED
With norm || - || = || - l¢(p, (B),sn) We have that

T, Yz — Y| < T, 7e(Y2) — T (Y2 || + (1/3)|T1, Y — Y2

which shows that ||TI,Y: — Y| — 0 as h — 0+.

Since the derivatives of Y. and Yah have a similar integral representation, the same type of
argument can be used to finish the proof of the Theorem. We only sketch the main ideas, the
rest is left to the reader.

Redefine the bounded linear operator IIj, : C(B, L(P:, So_s)) — C(Py(B), L(P!, S §)) by
setting

(V) (Pag) - [Patp)(k) := w2 V(9) - [W](kh).

Lemma 10 For all Y € C(B, L(P:,Sa—s)), 6 € (0,A/2]

IDTLy (MY) = W DTy D)l e, sy, Lipr sty — 0
as h — 0+.
Proof of Lemma 10. Let Y € C(B, L(P:, So—5)) be fixed. We have that

IDTy 1 (MY) = W DTy Dl e, sy.Liprsey < sup  sup sup (I + Io + I3),
: YEP: ||[Y|<1 ¢EB keZ~

where

Iy = ™| 7l T (kh)y — Ty Pu],

kh

I = e ||l /O T.(kh — 8)X§* DF-(Ye(o,5)) - [V(9) - [)(s)]ds
k
— > TR T mphEyDFy (Y (Pro, i) - [72Y(9) - [¢)(ih)]]|
1=—1

and

kh
I3 = et /_ _ Telkh = $)XF DF-(Ye(9,9)) - [V(9) - [](5)]ds

k—1
— > Ty i(id — mp)hEyDEFy (Y (Pug,d)) - [EV(9) - [1](ih)]]].

1=—00
Notice that I; was already treated in the previous lemma.
For I, we write

k
I < | Y T T i Boh(DFy o (Y (Pug, i) — DFpo(Ye(9,ih))) - (72 V(6) - [](ih)]]

i=—1
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k
e N T i EghD By o (Ya(6,h)) - [7EV(9) - [¥](iR)]
1=—1

kh
—nl | Te(kh - $) X3 DF(Yo(6,5)) - [V(9) - [¢](s)]ds]|
=L +15
The second term can be estimated as I in the previous lemma. Let us estimate the first term.
Let 7 > 0 be given. We choose T' < 0 so that

MER|Y|| g
Toeem® ST

There are two cases.
Case kh > T.
If h is sufficiently small then

|DE o (VAP i) — Do (Ya(onih))]) < L=
h,E £ h 7Z h,E S 7Z — 2MKthH
holds for all ¢ € B, ih € [T,0]. Hence
I3 <n/2
Case kh < T.
Write
L <+ 1%
where
1,1 b 1
Lt =e| Y T i Egh(DEFy (Y (Pr, i) — DFyc(Y(g,ih))) - [7LV(0) - [¢](ih)]|
i=[T/h]—1
and
L [T/h] ,
Iy = e N T i Eoh(DFy (Y (Pr, ) — DFy o(Ye(6,h))) - [72(6) - [¥](iR)]])-
1=—1

The second term can be estimated as I3 in Case kh > T while
L' <n/2.

By putting an extra term in the estimate of I3 as well we have

k
Iy < e Y7 Ty 1T (id — mn) Eoh(DFy e (Y2 (P, ) — DFpe(Ye(6,ih))) - 2 V(9) - [W](iR)]]|

1=—00
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k
+e SN TE T id — ) EohDFy, (Y (9, ih)) - [7EV(6) - [¥](ih)]

1=—00

kh
—l [ Telkh = )X DE(Y2(6,5)) - [V(6) - [¥](s)]ds]

and the proof can be finished in a similar way. QED

We end this section with two remarks concerning the rate of the convergence of approximating
small delay inertial manifolds and the convergence of higher order derivatives.
Remark 4. In the proof of (iii) we observed that T(t)X(?E =0, resp. Ty _(id — mp)Eo = 0 if
t > e, resp. k> N. Moreover, the proof of Lemma 8 shows that [(h) and the convergences in
(iii) and (iv) are bounded by O(h). Thus our manifolds have the form

0
Oo(¢) = [ Te(—5)XF F.(Ye(0,5))ds

—&
and .
OLPhe) = D Tyl (id — m) EoFy e (Y (Prg, 1))
i=—N-1
and the speed of the convergence can be estimated by O(h) if the speed of the convergence of
Y/ (Pp, ) to Yo(¢,-) can be estimated by O(h) on the compact interval [—¢,0]. It is easy to see
that in this case every term of the estimates in the proof of Lemma 9 are bounded by O(h).
Similar convergence result holds true for the derivatives as well.
Remark 5. Since the second derivatives of Y. and Y* have similar integral /sum representations
the same type of arguments used in Lemmata 9 and 10 can be repeated. Moreover, if f, g are of
class C*¥ with bounded derivatives then (via the same procedure) the convergence of the higher
order derivatives can be proved as well. Since our application requires only C? smoothness and
C! closeness we omit the (largely technical) details.

6 A numerical structural stability result

The solution flow of equation (1) on the small delay inertial manifold is given by the ordinary
differenatial equation
y(t) = Ay(t) + f(y(t)) + H(y(t)), (5)
where y(t) € R™ and H(y) = g(y + ®.(e*'y)(—¢)). The solution flow of (5) is denoted by o -
On the other hand, the Euler method on the approximating small delay inertial form takes
the form

Yk+1 = (I + hA)ye + h(f(yr) + Hr(yr)) = En(y), (6)
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where y, € R"™ and Hy(y) = g(y + ®P((I + hA)y)(—N)). Observe that (6) is the Euler
discretization of

y(t) = Ay(t) + f(y(t) + Ha(y(t)). (7)

The solution flow of (7) is denoted by ¢} .
Finally, denote the solution flow of the “limiting ODE”, i.e.

y(t) = Ay(t) + f(y(t) + g(y(t))

by ¢t

Assume that (! flows into a bounded closed ball B along the boundary. Assume further that
the chain recurrent set of ¢! is hyperbolic and ! satisfies the strong transversality condition.
(For definitions we refer to [23]).

It is known that there is an > 0 such that if [|[H — g|lc1(p) < 7 then there exist a
homeomorphism GG; on B and a continuous function 7, : B — R such that for all y € B

G1o¢"W(y) = o 0 Gi(y).

Since [[H — gllc1(gy — 0 as € — 0 by Theorem 1, we can choose an & > 0 such that
|H — gllcr(p) < n/2. (Structural stability with respect to delay.)

Moreover, for all h small enough we find (by Theorem 3) that ||H — Hyllc1(p) < n/2 and
thus a similar result holds for goéﬁ, i.e. there exist a homeomorphism G2 on B and a continuous
function 79 : B — R such that for all y € B

G0 W (y) = @b 0 Gal(y).
Finally, by using that Hy, is C? we can apply the main result of [18].

Corollary 1 For all h small enough there is a homeomorphism Gy on B and a continuous
function 1, : B — R such that for ally € B

Gpo wé’fh(y) (y) = B} 0 Guly)
and Gp(y) — y.

Combining these result we obtain conjugacies between the Euler method and the “limiting
ODE” as well as between the Euler method and the solutions of (1) on the small delay inertial
manifold.

We note that similar results are valid when we assume that ¢! is Morse-Smale gradient-like,
however in this case there is no reparameterization needed, see [18].

Finally we mention that beyond numerical structural stability results one may apply results
concerning the persistence of invariant sets under discretization studied for finite-dimensional
systems directly to delay equations with small delay.

32



References

1]

2]

[3]

[4]

L. Boutet de Monvel, I1.D. Chusov, A.V. Rezounenko, Inertial manifolds for retarded semi-
linear parabolic equations, Nonlin. Anal. TMA 34 (1998), 907-925.

S.M. Bruschi, A.N. Carvalho, J.G. Ruas-Filho, The dynamics of a one-dimensional parabolic
problem versus the dynamics of its discretization, J. Diff. Eqs. 168 (2000), 67-92.

X.-Y. Chen, J.K. Hale, B. Tan, Invariant foliations for C'! semigroups in Banach spaces, J.
Diff. Eqs. 139 (1997), 283-318.

Y. Chen, J. Wu, T. Krisztin, Connecting orbits from periodic solutions to phase-locked
periodic solutions in a delay differential system, J. Diff. Eqs. 163 (2000), 130-173.

S.-N. Chow, K. Lu, Invariant manifolds for flows in Banach spaces, J. Diff. Fgs. 74 (1988),
285-317.

S.-N. Chow, K. Lu, G.R. Sell, Smoothness of inertial manifolds, J. Math. Anal. Appl. 169
(1992), 283-321.

G. Farkas, A Hartman-Grobman result for retarded functional differential equations with
an application to the numerics around hyperbolic equilibria, Z. angew. Math. Phys. 52
(2001), 421-432.

G. Farkas, Conjugacy in the discretized fold bifurcation, Comp. Math. Appl. (in press)

G. Farkas, On Cl-approximation of center-unstable manifolds for retarded functional dif-
ferential equations (submitted)

B.M. Garay, On structural stability of ordinary differential equations with respect to dis-
cretization methods, Numer. Math. 72 (1996), 449-479.

B.M. Garay, Estimates in discretizing normally hyperbolic compact invariant manifolds of
ordinary differential equations, Comp. Math. Appl. (in press)

T. Gedeon, G. Hines, Upper semicontinuity of Morse sets of a discretization of a delay-
differential equation, J. Diff, Egs. 151 (1999), 36-78.

J.K. Hale, S.M. Verduyn Lunel, Introduction to Functional Differential Equations, Springer,
New York, 1993.

D.A. Jones, A.M. Stuart, E.S. Titi, Persistence of invariant sets for dissipative evolution
equations, J. Math. Anal. Appl. (1998), 479-502.

33



[15]

T. Krisztin, H.-O. Walther, J. Wu, Shape, Smoothness and Invariant Stratification of an
Attracting Set for Delayed Monotone Positive Feedback, AMS, Providence, Rhode Island,
1999.

T. Krisztin, H.-0. Walther, Unique periodic orbits for delayed positive feedback and the
global attractor, J. Dynam. Diff. Eqs. 13 (2001), 1-57.

M.-C. Li, Structural stability of flows under numerics, J. Diff. Fgqs. 141 (1997), 1-12.

M.-C. Li, Structural stability for the Euler method, STAM J. Math. Anal. 30 (1999), 747—
755.

M. Lizana, Global analysis of the sunflower equation with small delay, Nonlin. Anal. TMA
36 (1999), 697-706.

L.T. Magalhaes, Invariant manifolds for functional differential equations close to ordinary
differential equations, Funkcial. Ekvac. 28 (1985), 57-82.

V.A. Pliss, G.R. Sell, Perturbations of normally hyperbolic manifolds with applications to
the Navier-Stokes equations, J. Diff. Egqs. 169 (2001), 396-492.

V.A. Pliss, G.R. Sell, Approximation dynamics and the stability of invariant sets, J. Diff.
Egs. 149 (1998), 1-51.

C. Robinson, Dynamical Systems: Stability, Symbolic Dynamics, and Chaos, CRC Press,
Boca Raton, FL, 1995.

A.M. Stuart, A.R. Humphries, Dynamical Systems and Numerical Analysis, Cambridge
University Press, Cambridge, 1996.

34



