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Abstract

This paper contains a survey of numerical methods for connecting
orbits in discrete dynamical systems. Special emphasis is put on de-
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endpoints looses hyperbolicity. Numerical methods that approximate
the connecting orbits by finite orbit sequences are described in detail
and theoretical results on the error analysis are provided. For most of
the degenerate cases we present examples and numerical results that
illustrate the applicability of the methods and the validity of the error
estimates.
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1 Introduction

1.1 Outline of problems

In this paper we survey several papers of our work on the numerical analysis
and simulation of degenerate connecting orbits (homoclinic and heteroclinic)
for discrete-time dynamical systems. Homoclinic orbits appear in many ap-
plications, e.g. in models for economical, physical and biological phenomena,
and they may generate rich dynamics. A well-known example occurs near
a hyperbolic transversal homoclinic orbit of a diffeomorphism, where the
dynamics is equivalent to a horseshoe, and the corresponding map has a
chaotic invariant set [Smale, 1963; Palmer, 1988] called a homoclinic tan-
gle [Kuznetsov, 1998|. Transversal homoclinic orbits of ordinary differential
equations (ODEs) can lead to chaos under small time-periodic perturbations
[Mel’'nikov, 1963; Wiggins, 1988]. Homoclinic tangencies are another source
of complicated behavior and they are accumulation points of transversal ho-
moclinic and even of other homoclinic tangencies. More precisely, from a
quadratic homoclinic tangency of a map there may bifurcate a family of
transversal homoclinic orbits and a family of homoclinic tangencies [Palis &
Takens, 1993; Arnold et al., 1994].



Mappings arise naturally in the study of continuous time systems. We
mention the most frequently occurring examples: the time-T map for an ODE
with T-periodic right hand side [Wiggins, 1990], the return map (Poincaré
map) associated with a periodic orbit of a flow of an ODE [Hale & Kogak,
1991]. Another source is discretization of an ODE which leads to a family
of discrete dynamical systems. It has been proved that hyperbolic homo-
clinic orbits ([Beyn, 1987; Fiedler & Scheurle, 1996; Zou & Beyn, 2003]) and
saddle-node homoclinic orbits ([Zou & Beyn, 1996]), that occur in a continu-
ous system at a specific parameter value, persist in a one-step discretization in
a very specific way. They lead to a closed curve of homoclinic orbits on which
both transversal and tangential homoclinic orbits occur. Non-diffeomorphism
maps are usually induced by the semi-flow of a partial differential equation
(PDE) or of a functional differential equation (FDE). In this case the corre-
sponding phase space is an infinite dimensional Banach space. Restricting to
center manifolds or inertial manifolds [Mallet-Paret & Sell, 1987], such maps
can be reduced to a diffeomorphism on a finite dimensional space.

In the following we describe our terminology and introduce regularity
conditions on connecting orbits for maps. This will help in understanding
the mechanism that creates the various types of degenerate connecting orbits.
In general, a discrete-time dynamical system is characterized by an iteration

Tni1 = f(zn,)), =, €RF, neZ, (1.1)

where A € RP is a parameter.
We introduce the assumptions used in this paper.

(H1) f:RF*xRP — R”is C"-smooth (r > 2) and f(-, \) is a diffeomorphism
for all A € R”.

(H2) &4 are fixed points of the map f(-,A) at A = A, i.e. &L = f(Ex, N).

Let kiw, k € {u,c,s,sc,uct be the numbers of unstable, center, sta-
ble, center-stable and center-unstable eigenvalues (counting multiplicity) of
the matrix f,(¢4, ), and let Ef, k € {u,c,s, sc,uc} be the corresponding
eigenspaces. By W¥, k € {u,c, s, sc,uc} we denote the corresponding unsta-
ble, center, stable, center-stable and center-unstable manifolds of the fixed
points &4 at A. Notice that the manifolds are generally non-unique if the
spectrum contains a center direction. The notations &4 (\) and E% () etc.
are used whenever the dependence on parameter \ is important.

We consider only bounded orbits of (1.1), so it is useful to work with the
Banach space of bounded sequences given by

Sy = {2z = (Ta)nen : |72]|oe = sup ||z,]| < 00}.
nez
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A sequence Ty = (T, )nez is called a connecting orbit of the map f(-, A) at
A = \if (Zg, \) solves the Eq. (1.1) and satisfies lim,, 4o Z,, = 4. It is called
homoclinic if £, = £_ and heteroclinic otherwise. From the geometrical point
of view, the connecting orbit lies in the intersection of the unstable manifold
W and the stable manifold W7 if the endpoints {+ are hyperbolic, see Fig.
1.1 for an illustration of a transversal heteroclinic orbit.

Figure 1.1: Hlustration of a transversal heteroclinic orbit.

We call a connecting orbit Z; regular at parameter value \ if it satisfies
(H1), (H2) and the following two conditions.

(H3) ke =0, ko +kpy = k.

(H4) The unstable manifold W* and the stable manifold W have transver-
sal intersections at Z,, for all n € Z.

By the diffeomorphic property the transversality at one point zj is equiva-
lent to transversality at all points Z,, for n € 7Z (see Fig. 1.1 for an illustration
of transversality).

If k+. =0, we call the number defined by

ind(zz) = k — k_y — ks

index of a hyperbolic connecting orbit zz. If k_. + k. > 0, the modified
index is defined as

k —k_c, — kys, if the orbit connects center-unstable
and stable manifold,

k —k_, — kies, if the orbit connects unstable and
center-stable manifold.

indm(ﬂfz) =
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By this definition a regular connecting orbit has index = 0.
Any violation of conditions (H1), (H3), (H4) produces degenerate con-
necting orbits. In this paper we discuss various possibilities, see Tab. 1.1.

violated condition | degenerate connecting orbit
(H1) connecting orbit of a non-diffeomorphism
(H3) connecting orbit with
e hyperbolic endpoints (ki. = 0)
* ind(zz) >0
* ind(zz) <0
e a singular endpoint (ind,,(zz) = 0)
* saddle-fold
* saddle-flip
* saddle-Neimark-Sacker
(H4) hyperbolic tangential connecting orbit
(H3), (H4) higher degenerate connecting orbit, e.g. a tangen-
tial fold-fold connecting orbit.

Table 1.1: Various degenerate connecting orbits.

Violating (H1) leads to connecting orbits of non-diffeomorphisms.
There are at least two ways to violate condition (H1). One possibility occurs
when the matrix-valued function f,(-,\) is not invertible at & or at some
points Z, along the connecting orbit. Another possibility is that the map
f(-,A) is a non-diffeomorphism defined on an infinite dimensional Banach
space. For example, the map f(-,\) is defined in terms of a time-T map or
a return map of the semi-flow of a FDE or a parabolic PDE. In this case the
phase space is infinite dimensional and the corresponding map is typically
compact and so it cannot have a continuous inverse, even if it is one-to-one.
For a detailed discussion of homoclinic orbits of such maps we refer to [Hale
& Lin, 1986; Steinlein & Walther, 1990; Lani-Wayda, 1995].

We consider two cases of violating (H3): either ki, = 0 and ind(zz) # 0
which generates hyperbolic connecting orbits with nonzero index or
kic.+ k_. > 0 and ind,,(zz) = 0 which creates connecting orbits with
singular endpoints.

Case I: k1. = 0 and ind(zz) > 0. The intersection of the manifolds W*
and W? may be destroyed by any small perturbation and then the connecting
orbit disappears. Such connecting orbits only appear generically in systems
with p = ind(zz) extra parameters. The numerical computation and error
analysis was first discussed in [Beyn & Kleinkauf, 1997; Kleinkauf, 1998c¢]




and was studied in details in [Hiils, 1998]. A hyperbolic heteroclinic orbit of
index = 1 will be considered in Sec. 4.

Case II: ki, = 0 and ind(zz) < 0. The intersection of the manifolds W*
and W3 produces a nontrivial submanifold of dimension —ind(zz). Any point
in this submanifold determines a connecting orbit of map (1.1). Therefore,
all the corresponding connecting orbits form a continuum.

Some methods for computing high dimensional invariant manifolds can
be found in [Krauskopf & Osinga, 1998]. The numerical computation of
manifolds of connecting orbits for ODEs discretized from PDEs is presented
in [Bai et al., 1993].

Case III: k_. + k. > 0 and ind,,(zz) = 0. In this case the unstable (resp.
center-unstable) and center-stable (resp. stable) manifolds have a transversal
intersection, which produces a connecting orbit with singular endpoint. In
this situation some eigenvalues of the Jacobian matrix f,(£4,\) are on the
unit circle. In the simplest case there is precisely one eigenvalue 1 or —1, or
there is exactly one pair of complex eigenvalues with unit norm. This gives
us the saddle-fold, saddle-flip and saddle-Neimark-Sacker connecting
orbits, respectively. Our approximation theory in Sec. 2.1 so far only applies
to the first two cases, but in Sec. 2.4 we will treat a numerical example for
the last case. For the theory of the first two cases the assumptions (H3) and
(H4) are modified to:

(H3") k=0, ko =1and k_y + kys = k.

(H4’) The invariant manifolds W* and W3¢ have a transversal intersection
at o € Wi\ W3,

As an example of a connecting orbit with a singular endpoint, we illustrate a
saddle-flip connection in Fig. 1.2, where the unstable manifold W* intersects
transversally a center-stable manifold W$°. In fact, one can show that the
transversality is independent of the choice of local center-stable manifolds
which are usually not unique.

Violating (H4) provides a hyperbolic tangential connecting orbit,
which means that the invariant manifolds W* and W7 intersect tangentially
at the connecting orbit xz, cf. Fig. 1.3. In other words, the tangent spaces of
the stable and of the unstable manifolds at Z,, have at least a one dimensional
subspace in common. A detailed error analysis and numerical computations

can be found in [Kleinkauf, 1998a; Kleinkauf, 1998b; Kleinkauf, 1998c].



Figure 1.2: An illustration of a saddle-flip heteroclinic for maps.

Figure 1.3: Ilustration of a tangential heteroclinic orbit.

Violating (H3) and (H4) simultaneously gives a higher order degener-
ate connecting orbits. As an example we mention a fold-fold heteroclinic
tangency which will be investigated by numerical computations and simu-
lations in Sec. 3.2.

In this paper, we focus our attention on numerical computation of degen-
erate connecting orbits and we provide results from an error analysis (without
giving proofs for this part). More precisely, we study hyperbolic heteroclinic
orbit with index 1, saddle-fold, saddle-flip and saddle-Neimark-Sacker con-
necting orbits, hyperbolic heteroclinic tangencies and fold-fold heteroclinic
tangencies, respectively.



1.2 Numerical approaches

In this subsection we present the numerical method and corresponding error
estimates for a regular connecting orbit of a system

Tpi1 = f(xn), =, € R*, neZ. (1.2)
Guided by the fact that a connecting orbit Zz is a zero of the operator

SZHSZ

vy — T(zz) = (T — [(T0))nez,

T:

one can express assumptions (H1)—(H4) in terms of the analytical property
that the Frechét derivative

F/(fz) : SZ — SZ

is a linear homeomorphism. In fact, it is shown in [Beyn & Kleinkauf, 1997]
that a connecting orbit of the map f(-) that satisfies (H1)—(H3) is regular if
and only if this orbit is a regular solution of I'(zz) = 0.

The fundamentals of numerical methods and of an error analysis for a
regular homoclinic orbit in a continuous-time dynamical system were de-
veloped in [Beyn, 1990; Doedel & Friedman, 1989; Friedman & Doedel,
1991]. The corresponding results were extended to maps in [Kleinkauf, 1994;
Beyn & Kleinkauf, 1997; Hiils, 1998]. For continuous time systems [Schecter,
1993; Sandstede, 1997] consider saddle-node homoclinic orbits and [Champ-
neys & Kuznetsov, 1994] present a systematic approach for approximating
codimension-two homoclinic orbits.

In this introduction we summarize some basic results for computing a
regular connecting orbit for maps. This will be generalized for degenerate
connecting orbits in forthcoming sections.

Let J = [n_,n4|NZ be a discrete interval and denote by Z; the restriction
of the connecting orbit Z; to J. We consider spaces of sequences of finite
length

Sy = {xJ = (*rn)nEJ : ||xJ||oo = sup ||xn|| < OO}
neJ
For |n.| large the restriction Z|; satisfies

xn-l—l_f(xn):()? n:n—>"'an+_1a

v, € W4 . and x,, € W3 (1.3)

loc loc»

where W,5° represents local invariant manifolds. Our numerical approxima-
tion for a connecting orbit will be a finite length orbit z; € S; that satisfies

xn-l—l_f(xn):O? n:n—>"'an+_1a

z, € W% and r,, € W3 (1.4)

loc loc»
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where W15 is some computable approximation of the manifold W2;° . An-
alytically, Eq. (1.4) can be rewritten as

x"+1_f(xn) = 07 n:n—a'”an-i-_l?

b($n7,$n+) - 0, (15)

where b(z,y) = 0 represents a boundary condition such that its zeroes satisfy
ze W, andy € leoc, respectively. A well-known choice for the function
b is the so-called projection boundary condition [Beyn, 1990; Kleinkauf,
1994] where the eigenspace E{* is used to approximate the local stable and
local unstable manifolds, see Fig. 1.4 for a geometrical illustration of the
projection boundary condition.

Two problems will be considered

1. Solving the nonlinear system (1.5).
2. Analyzing the solvability of (1.5) and error estimates as ny — 0.

Equation (1.5) is embedded into a more general parameter-dependent
system

xn-{—l_f(xna)\) = 0, n:n—>"'an+_1a
b(zn_ ,xn,,A) = 0, (1.6)
CID(xJ,)\) = 0,

where ® is a constraint function which is used to locate some degenerate
connecting orbit [Kleinkauf, 1998a; Kleinkauf, 1998b].

To solve Eq. (1.6) we use a Newton type method. During the iteration
we have to solve linear equations with the following block structure

My M, Ms
M; M, M;

M, M, My
M My Ms
My My . . My My M

where matrix M; with the same index ¢ have the same dimension. M; is a
k x k matrix determined by the derivatives of the map f with respect to the
connecting orbit x;, My is a k x k matrix determined by the derivatives of
the boundary condition b with respect to (z,_,z,,), Ms is a k X p matrix
determined by the derivatives of the map f with respect to the parameter A,



My is a p x k matrix and M5 is a p X p matrix determined by derivatives of
& with respect to (x, \).

A Gaussian elimination method with partly pivoting is used to decompose
the matrix M into an LU-form and keep the block structure unchanged, see
[Hager, 1988].

Next we impose a condition on the function b to assure that Eq. (1.5) has
a regular solution. For this purpose we assume:

(H5) The function b(-,-) is C"-smooth (7 > 2) and satisfies b(¢_,&,) = 0.
The map B : E* @ EY — R* defined by

B(xs,xy) = Dib(§-, &4 )xs+Dob(E, & )y, x€E 2, €Y (1.8)

is nonsingular, where D;b denotes the derivative of b with respect to
the i-th variable.

-~ Wﬂ
|
EE “ Tn_ xn+ E)i
%/ E.Ne . .. ’ﬂ' §+ \\V
W_ ﬁf xT—q T I W_f_
we 0 "
- E° EY

Figure 1.4: Illustration of the projection boundary condition.

Notice that the index=0 condition (H3) guarantees that E* & E* and R*
have equal dimension. Now we state the approximation theorem for regular
connecting orbits (cf. [Beyn & Kleinkauf, 1997; Hiils, 1998]). This theorem
provides us with a precise estimate of the approximation error.

Theorem 1.1 [Beyn & Kleinkauf, 1997, Theorem 3.8] Assume (H1)—(H5).
Then there exist constants 0,C, N > 0 such that the defining system (1.5)
has a unique solution x; in the ball ||x; — | j||c0 < & for all J = [n_,ny|NZ,
|nt| > N and the approximation error satisfies

27 = Zjsllee < ClO(En_, Tn, ). (1.9)

There is an extension that states: if k = k_, + k,, + p and an additional
nondegeneracy condition with respect to the parameter A holds, then Theo-
rem 1.1 generalizes to a parameterized system, see [Beyn & Kleinkauf, 1997;
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Hiils, 1998]. Assume Zz(\) is a regular connecting orbit of the map f(-, \)
at a parameter \ = \, it follows from the Implicit Function Theorem that a
family of A\-dependent regular connecting orbits Zz(\) passes through X. Ap-
plying continuation techniques [Allgower & Georg, 1990] to the system (1.5)
allows to trace a family of regular connecting orbits and detect bifurcation
points.

It is always a sensitive task to find a starting orbit for solving the defining
Eq. (1.5) by an iterative process. In order to approximate a homoclinic orbit,
sometimes a simple starting orbit that sets all elements equal to the endpoint
but one is sufficient (see [Beyn & Kleinkauf, 1997; Kleinkauf, 1998c|). More
sophisticated continuation methods for finding an initial orbit in the continu-
ous time case have been developed in [Friedman & Doedel, 1991]. In general,
one can use numerical techniques [Krauskopf & Osinga, 1998] to simulate the
invariant manifolds with varying parameter. Then one can try to construct
a good starting orbit via the information extracted from these manifolds.

1.3 Structure of the paper

The organization of this paper is as follows. In Sec. 2, we first describe the
numerical methods for calculating connecting orbits with singular endpoints
and present an error estimate due to [Hiils, 2003]. Then we apply this result
to investigate degenerate saddle-fold, saddle-flip and saddle-Neimark-Sacker
connecting orbits in three subsections of Sec. 2. In Sec. 3, we study tan-
gential connecting orbits. Examples and error estimates of the numerical
method will be presented for a hyperbolic heteroclinic tangency and a fold-
fold heteroclinic tangency. Finally, we show some numerical calculations for
a hyperbolic heteroclinic orbit with index 1 in Sec. 4.

2 Connecting orbits with singular endpoint

In this section we study the connecting orbits with singular endpoint for a
discrete dynamical system

Top1 = f(Tn, ), z, ER*, NERP, neZ (2.1)

We consider numerical methods and error estimates for saddle-fold, saddle-
flip connecting orbits and present some numerical experiments for the saddle-
Neimark-Sacker case.

11



2.1 A general approximation result

In order to approximate a connecting orbit with singular endpoint we need to
compute the connecting orbit, the singular fixed point and the corresponding
parameter simultaneously.

First of all, we introduce the numerical method for computing a simple
singular fixed point. Assume that the map f(-,\) at A = A has a simple fold,
flip or Neimark-Sacker fixed point [Kuznetsov, 1998; Govaerts, 2000; Beyn
et al., 2002]. We use some defining equation for a singular fixed point &, and
the corresponding parameter A (cf. [Seydel, 1979; Seydel, 1988]):

f(x?)\)_x = 07
¢(x7 A) 07

where ¢ is a real valued test function for detecting singularities. Detailed
definitions and discussions of various test functions can be found in [Beyn
et al., 2002, Sec. 3.3].

If the pair (£,,)) is known we apply the following defining equation to
approximate a transversal connecting orbit Zy with singular endpoint at the
parameter \ = \

(2.2)

xn-{—l_f(xna)\) = 0, n:n—>"'an+_1a

b(xn_,2n,,A) = 0, (2:3)

where the boundary condition b is properly chosen due to different singular-
ities at £, (see the following sections).

If the pair (£,, A) is unknown, we solve the coupled system (2.3) and (2.2)
for the combinations (Z;,&,, ).

For simplicity we assume in the following that the fixed point £_, the
singular fixed point &, and the parameter \ are known.

The linearization of Eq. (2.3) with respect to x; has the structure of the
matrix M in (1.7) without the matrices Mz, My, M5. Then a Newton type
method is implemented to solve the nonlinear Eq. (2.3) at the parameter
A=A

In the case that the singular fixed point £, has a simple eigenvalue 1
or —1, there exists a one-dimensional center manifold of the map f(-, \) at
¢4. Applying center manifold reduction theory to f(-,A) we can obtain a
one-dimensional reduced system u,, 11 = g(u,). Without loss of generality we
assume &, = 0. We make the following assumption.

(H6) The function g of the reduced system has a Taylor expansion
g(u) = syu+ spdut™ + O(wi*?), d>0, weR, (2.4)

where |s1 2| = 1 and in addition s; = 1 if ¢ is odd.
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For ¢ = 1, s; = 1 we have a fold which attracts points on one side and
repels points to the other side.

In case ¢ = 2, s1 = —1, s = 1 we have a flip point and in case ¢ = 2,
s1 =1, s5 = —1 a pitchfork point occurs. In both cases the origin is stable.

A boundary condition b is of order (p_,p,) at parameter A = ) if there
exists an integer N such that

16(Zn_, Znyy A) = b(E=, £, M| < C1Zns — €I + |Tny — E4lIP*)  (25)

for all =n_,n, > N.
The orders p_ and p; measure the order of contact between the local
manifolds W,5° and W}’ in Sec. 1.2.

(H7) The boundary condition b is of order (p_,py) with p, > g+ 1.

For approximating hyperbolic connecting orbits we do not need any as-
sumption on the order of the boundary condition, see Theorem 1.1. When
analyzing the connecting orbit with a singular endpoint, (H6) and (H7) are
needed to obtain the following approximation theorems which are taken from
[Hiils, 2003].

Theorem 2.1 [Hiils, 2003, Theorem 4.3] Assume (H1), (H2), (H3"), (H4"),
(H5)-(H7). Then there exist constants 6,C, N > 0 such that the defining
system (2.3) possesses a unique solution x; at A = X in the ball ||x;—Z |00 <
d/ny for all J = [n_,ny] NZ with |ng| > N. The approzimation error is
given by

|27 = Z)1lloe < Cl0(Zn_, Ty, M- (2.6)

Corollary 2.2 [Hiils, 2003, Lemma 4.6] Let the assumptions of Theorem
2.1 be satisfied and let 0 > 1 be a number less than the smallest unstable
eigenvalue at £ in absolute value, then the following estimate holds

lzs — Zslloo < c(ap” + (p_)).
q

ny

Theorem 2.1 applies to transversal saddle-fold and saddle-flip connecting
orbits which will be discussed separately in Sec. 2.2 and 2.3. The saddle-
Neimark-Sacker connecting orbit is more complicated and so far we do not
know of any error estimates. We present some numerical experiments for
such a connecting orbit in Sec. 2.4.
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2.2 Saddle-fold connecting orbit

In this subsection we illustrate the estimate given in Corollary 2.2 by nu-
merical computations of saddle-fold connecting orbits for several maps. For
the continuous time dynamical system, the associated numerical computa-
tions and error estimates for saddle-node homoclinic orbits can be found in
[Schecter, 1993; Schecter, 1995; Sandstede, 1997].

Assume &, is a simple fold point [Govaerts, 2000; Beyn et al., 2002] then
we obtain ¢ = 1 in Eq. (2.4). Using a projection boundary condition to
define the function b in Eq. (2.3) it follows p; > 2. Then Theorem 2.1 can
be applied to approximate a transversal saddle-fold connecting orbit by a
finite segment, for more details see [Hiils, 2003].

We fix some abbreviations which are used to describe singular points in
the following bifurcation diagrams obtained with the program CONTENT, cf.
[Kuznetsov & Levitin, 1998]. BP: branch point, Flip: flip point, FP: fold
point, NS: Neimark-Sacker point, dashed arrow: connecting orbit.

Example 1. Consider a Hénon-like map

- 23?2
@, 2) = (xl — X — 21y + 422 — 895%) '

As the parameter A varies bifurcation phenomena of fixed points appear,
see Fig. 2.1. We have indicated the eigenvalues of the Jacobians by small
diagrams. At the parameter value A\ ~ —0.06475733358165706 a transversal
saddle-fold connecting orbit exists. A numerical connecting orbit together
with the corresponding invariant manifolds is plotted in Fig. 2.2. Obviously,
the two manifolds intersect transversally.

To approximate the corresponding manifolds numerically, we apply a sim-
ple shooting method. We choose a segment of the unstable (stable) subspace
in a small neighborhood of the fixed point and iterate with the map f in
forward (backward) time to obtain points on the unstable (stable) manifold,
respectively. For the center manifold, we apply the same method where the
direction of the iteration depends on its stability.

According to [Hiils & Zou, 2001; Hiils, 2003], as n — —oo the orbit z,
converges to £_ with an exponential rate and as n — 400 it tends to £, with
a polynomial rate O(1/n). Noticing py = 2 in this example and applying
Corollary 2.2 we obtain

1 1
nhHe ny

|2y = Z)slle < C (2.7)

Since exact connecting orbit Tz is unknown, we calculate a very long orbit as
a reference connecting orbit Ty, ,) by choosing n_ = —10% and n, = 10°.

14
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Figure 2.1: Bifurcation diagram of fixed points of f, projected to
the (\, z1)-space.

Fixing n_ = —10? and varying n, < 10° we compute a family of numerical
saddle-fold connecting orbits wy,_,,) depending on n,. The approximation
error ||z —Z|s ||« versus n4 is shown in Fig. 2.3 with both axes in logarithmic
scale. According to estimate (2.7) the logarithmic error log,o(||z; — Z| /o)

should depend linearly on log;y(ny). The ratios _logll(;g‘z{;f)‘ﬂ‘w) tend to 2
as ny — +00, as demonstrated in the table in Fig. 2.3. :

Fig. 2.4 shows the continuation of a hyperbolic heteroclinic orbit towards
the saddle-fold heteroclinic orbit. For A > X there is a family of hyperbolic
heteroclinic orbits xz(\) and that terminates at the saddle-fold heteroclinic

orbit as A approaches A (see also Fig. 2.1).
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Figure 2.2: A heteroclinic orbit connecting the saddle £ (unstable
manifold in blue) to the fold £, (center manifold in red).
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Figure 2.3: Global approximation errors as a function of n,
(bi-logarithmic scale) and estimated polynomial rates.
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Figure 2.4: Continuation of connecting orbits (red) of length n_ =
—10, ny = 30 for f(-,A) starting at A = 5. The initial and final
orbits are shown in blue and a projection onto the (z1, A) space is

displayed.

Example 2. In this example we study transversal fold-fold connecting
orbits of maps determined by discretizing the so called DC Josephson Junc-
tion equation [Friedman & Doedel, 1993]

T = h(l’, )\1, )\2) = (—l’g, %2(1’2 + Sin(l’l) - >\1))T. (28)
Note that the orbit to be calculated converges with an exponential rate to
one fixed point while the convergence towards the other fixed point has a
polynomial rate. In fact, Theorem 2.1 can be modified to apply to this case
as well.
First consider the explicit Euler method with step-size

Tpnt1 = Tp — 8h(l’n, )\1, )\2) (29)

This map has two families of fixed points {_ = (arcsin(A;),0) and £, =
(m — arcsin(A;),0) which are independent of the parameters ¢ and Ag. At
A1 = —1 these fixed points have a simple eigenvalue 1, thus they are fold
points. Fixing Ay ~ 0.8337412881 and varying \;, the bifurcation diagram
of these fixed points is shown in Fig. 2.5. At the parameter e = 0.5, \; = —1
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we find a connecting orbit lying on the intersection of the unstable manifold
W and the center manifold W¢, see Fig. 2.6. Parts of the connecting orbit
and parts of the invariant manifolds W*, W¢ are plotted in Fig. 2.7 to show
the transversality of this fold-fold connecting orbit.

° T FP
K@" —

=

FP

0
FP (
_2 [
Ny
N @%@* FP
| | | | | | Al
_§l.2 -0.9 -0.6 -0.3 0 0.3 0.6 09 1.2

Figure 2.5: Bifurcation diagram of fixed points of the explicit Euler
map (2.9), projected in the (x1, \1)-space.

0.2

Ot %5_
02t % £+ ]

041l
061L
2 -0.8}
KR
1216

141

165 1 0 1 2 3 ] 5
T

Figure 2.6: An approximation of a fold-fold heteroclinic orbit.
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Figure 2.7: Transversal intersection of W¢ (red) and W* (blue) and
parts of the fold-fold heteroclinic orbit.

Second, consider the implicit midpoint Euler method

Tpnt+1 — Tp Tn41 + Ty
Tl T (Il Ty )
: (255 0 )

This equation is equivalent to

Tn+1 + L,

F(Zpi1,Tn, M,y Ao, €) i= Tpyy — xp — €D ( 5

,)\1,/\2) =0. (2.10)

We obtained a discrete fold-fold connecting orbit at ¢ = 0.5, \; = 1 and
at 5\2 ~ 0.684819342789787. This heteroclinic orbit connects the two fold
points at the right side of Fig. 2.5.

We plot the whole branch of connecting orbits in an (x1, 2, A\y)-diagram
(see Fig. 2.8) and obtain a so called heteroclinic crown. The initial orbit has
been marked in blue. Moving Ay up and down yields the single orbits. In the
hyperbolic case this phenomenon is proved in [Zou & Beyn, 2003] but we do
not know of any proof in the current situation.

Remark 2.3 In order to approximate a discrete degenerate heteroclinic orbit
for the implicit Eq. (2.10), we set up a defining equation directly in terms
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of the function F without computing the map f(-, A1, A2, €) in a preliminary
step. Then we get the system

F(zpi1,Tn, M, A0,6) = 0, n=n_,--- ,ng—1,
b(zp ,xn,, A1, Aoe) = 0 (2.11)

9 IERANERAVE )
where b represents a boundary condition. The linearization of Eq. (2.11) with
respect to xy has the form of the matrix M in (1.7) without the matrices
Ms 45 and Newton’s iterative method can be applied to solve the nonlinear
Eq. (2.11).

Dealing with implicit equations is a general problem and could have eas-
ily been done throughout the whole paper for all cases of degenerate orbits.
Howewver, for ease of reading we did not rewrite all the methods for implicitly
defined mappings.

T

Figure 2.8: Continuation of the fold-fold connecting orbits (red) for
the implicit midpoint Euler method with respect to the parameter
Ao (heteroclinic crown). Initial orbit marked in blue.

2.3 Saddle-flip connecting orbit

In this subsection we present some numerical results on computing saddle-
flip connecting orbits for maps. Error estimates for this case are provided in
Theorem 2.1. The restriction to a center manifold of a system having a flip
fixed point at 0 is of the form (2.4) where s; = —1 and ¢ = 2. Therefore,
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condition (H7) requires p; > 3 for the order of the boundary condition. This
means we need a high order boundary condition to approximate a saddle-flip
connecting orbit.

Consider a Hénon-like map

) = ((%—)\) ) —EZE?“—%.T%“—.Z'Q) ‘ (2.12)

2711

For any A € (—0.5,0.5) there are two families of fixed points £, (\) = 0
and £_(N\). At A = 0 the fixed point &; undergoes a flip bifurcation and a
family of period-2 orbits appears for A > 0. See Fig. 2.9 for a bifurcation
diagram.

N
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A

Y \

4 \ \ \ \ \ \ \
-05 04 -03 02 -01 O 01 02 03 04 05

Figure 2.9: Detail of bifurcation diagram of fixed points of f, pro-
jected to the (A, z1)-space.

We can show that in this example the tangent space S approximates
the center manifold W¢ to the second order due to the missing 27 term.
Therefore, the projection boundary condition has the order p, = 3 and
Theorem 2.1 applies also to this example.
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Implementing the numerical method (2.3) we obtain a transversal saddle-
flip connecting orbit at the parameter A = 0. This is shown in Fig. 2.10
together with the corresponding unstable and center manifolds. From this
picture, we clearly see the transversal intersection of the invariant manifolds
and also observe the polynomial rate of convergence of the connecting orbit
towards the flip point £,. An explicit formula for this transition of rates is
derived for a model function in [Hiils, 2003].

Figure 2.10: Transversal intersection of W$ (red) and W* (blue)
and a saddle-flip heteroclinic orbit.

We start the continuation towards the saddle-flip connection at a saddle-
saddle connecting orbit at A = —0.5. This orbit becomes singular at A = 0
and the rate of convergence becomes polynomial. For A > 0 we get an orbit
converging towards the period-2 orbit with an exponential rate, see Fig. 2.11

In order to illustrate the estimate for the approximation error

1 1

|27 =2l <C = : (2.13)

| nzi+/q ni/2
we compute a very long connecting orbit Zj; with J = [—10?,10°] as a refer-
ence orbit. Fixing n_ = —10? and varying n, < 10° we obtain a family of

numerical saddle-flip connecting orbits xp,_ ;) depending on n,. The errors
between x; and z|; is shown in Fig. 2.12 with both axes plotted in logarith-
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mic scale. It follows from the estimate (2.13) that the ratios —ogw /2l
converge to p;/q = 3/2 as shown in the table in Fig. 2.12.

logy(n+)

Figure 2.11: Continuation of connecting orbits (red) from saddle-
saddle type to saddle-period-2 type via a saddle-flip type (blue).

8 n —1logyg (llzs — Zs]l)
— +
~ 0% logyg(n4)
IS
oot 10T 1.768373
~ | , 102 1.691385
B et ] 103 1.647903
107 1.616169
e o a0 wwo woow | 107 1.594269

ny

Figure 2.12: Global approximation errors as a function of n
(bi-logarithmic scale) and estimated polynomial rates.
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2.4 Saddle-Neimark-Sacker connecting orbit

In this subsection we show numerical computations of a transversal saddle-
Neimark-Sacker connecting orbit. For differential equations this corresponds
to the so called Shilnikov-Hopf case for which numerical experiments are
presented in [Champneys & Kuznetsov, 1994]. To our knowledge, there are
no theoretical results on error estimates for these connecting orbits in both
continuous and discrete time dynamical systems.

Consider an extended Hénon map

M(y+ 2) <y+z—2+ﬁ)
flx,y,2) = iz2 + %z . M2 #F 0 (2.14)
Yoz +9%) (2= 1+ (y = 1)° + 51 )

which has two families of fixed points independent of A\; and As:
6— = (070a0) and S-i— = (1a171)

This map exhibits rich bifurcation phenomena of fixed points. For Ay =
0.1 fixed and A; varying, we obtain the bifurcation diagram shown in Fig.
2.13.
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03
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-01 =
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Figure 2.13: Bifurcation diagram of fixed points of f, projected to
the (A1, z)-space.
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At A\ ~ —1.016928 we find a saddle-Neimark-Sacker connecting orbit
by numerical computation, see Fig. 2.14. This connecting orbit locates at
the intersection of the one-dimensional unstable manifold W* and a two-
dimensional center manifold W$. We project parts of the numerical connect-
ing orbit together with parts of the one-dimensional unstable manifold W*
to the (z,z)-plane (Fig. 2.15). The picture clearly shows the transversality
of this saddle-Neimark-Sacker orbit.

0.4
06 53 -
x 1.20

Figure 2.14: A numerical computed saddle-Neimark-Sacker con-
necting orbit.

13

12

11

0.9

08 1 1 1 1
0.7 0.8 09 1 11 12

Figure 2.15: Illustration of the transversality of a saddle-Neimark-
Sacker connecting orbit projected to (x, z)-plane.
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For \; > \; there exists a family of hyperbolic heteroclinic orbits and
they converge to the saddle-Neimark-Sacker heteroclinic orbit as A\; — X
(cf. Fig. 2.13). The continuation of a hyperbolic connecting orbit towards
a saddle-Neimark-Sacker connecting orbit with respect to the parameter \;
is shown in Fig. 2.16. When \; decreases to \;, the rate of convergence of
the connecting orbit towards the fixed point &, changes gradually from an
exponential rate to a polynomial rate.

Figure 2.16: Continuation of connecting orbits (red) of length n_ =
—1000, ny = 30 with respect to the parameter A\;. Initial and final
orbits are shown as open circles (blue).

Theorem 2.1 does not apply to saddle-Neimark-Sacker connecting orbits
and we do not have error estimate for approximating such orbits. But our
numerical computations illustrate the approximation error and lead to some
conjecture.

At the Neimark-Sacker fixed point &, a pair of complex eigenvalues e
with 0 ~ 0.83515485242439 exists. Applying center manifold theory, the
system (2.14) can be reduced to a planar system with variable (zy,z;) € R
According to [Kuznetsov, 1998, Theorem 4.5] this reduced system can be
transformed into normal form written in polar coordinates (p, ) as

_(p—dp*+ p*q1(p, ©)
flo o) = ( 0+ ¢+ p°g2(p. ©) ) ’ (215)

+1i0

where d > 0 is a constant and g, » are smooth bounded functions for p small
and all ¢ € R.
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Eq. (2.15) shows that all Neimark-Sacker connecting orbits (Z;,)nez con-
verge in a spiral manner to the fixed point £, with a polynomial rate O(1/nz)
as n — +00. We use projection boundary condition to approximate the
saddle-Neimark-Sacker connecting orbit which gives p, = 2 for Eq. (2.5).

To illustrate the errors we use again a very long reference orbit with
J = [-10%,10%]. Fixing n_ = —10? and varying n, < 10* we obtain a family
of numerical saddle-Neimark-Sacker connecting orbits xf,_ ., depending on
ny. The error between x; and Z|; is shown in Fig. 2.17 with both axes plotted
in logarithmic scale. The behaviors of the global approximation errors plotted

in Fig. 2.17 suggests that also in this case an error estimate of the following
form holds

_ _ 1
HxJ - x\JHoo < |b(xn77xn+>| < Canr/q.
+

A look at the ratios _logf(fg”mé:c)””m suggest that this estimate holds with
ng =q=2. b

However, in contrast to Figs. 2.3 and 2.12 oscillations occur in Fig. 2.17.
These oscillations observed in Fig. 2.17 are probably due to the errors caused
by the ¢ iteration of (2.15).
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Figure 2.17: Global approximation errors as a function of n, plot-
ted in bi-logarithmic scale.

3 Tangential connecting orbits
In this section we study tangential connecting orbits for parameter-dependent
maps

T = [(20,N), 2, €ERF, NERP, neZ (3.1)
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In Sec. 3.1 we consider hyperbolic heteroclinic tangencies and in Sec. 3.2 a
fold-fold heteroclinic tangency.

3.1 Tangential hyperbolic connecting orbit

In this subsection we introduce numerical methods and error estimates for
a nondegenerate hyperbolic heteroclinic tangency of Eq. (3.1) and present
some numerical experiments. For a detailed analysis of this case we refer to
[Kleinkauf, 1998a; Kleinkauf, 1998b; Kleinkauf, 1998c¢].

At a fixed parameter A = \ we call a connecting orbit Z; t-tangential
if the tangent spaces to the manifolds W* and W7 at ¥, have a common
subspace of dimension ¢, see Fig. 1.3 for an illustration of a 1-tangential
heteroclinic orbit. In case t = 0 we have a transversal connecting orbit (cf.
Fig. 1.1). If in addition the assumptions (H1)—-(H3) hold, the ¢-tangential
connecting orbit is called nondegenerate. A 1-tangential connecting orbit
is called quadratic if the manifolds W* and W3 have a quadratic contact
at Zo (see [Newhouse et al., 1983] for this notion).

The geometrical notion of a t-tangency can be equivalently expressed in
terms of the operator

SZ x RP — SZ
(xZ7 )‘> = F(IZ7 )‘> - (xn+1 - f(*rm )‘))nGZ-

In [Kleinkauf, 1998a] it is shown that Tz is t-tangential at \ = X if and only
if the Frechét derivative of I with respect to xz at (Tz, \)

I': (3.2)

F;Z(fz,)\) : SZ — SZ

has a t-dimensional nullspace. Moreover a quadratic 1-tangential connecting
orbit Zz corresponds exactly to a quadratic turning point of the map I'(-, A)
at the parameter A = \.

In order to approximate a t-tangential connecting orbit, one needs exactly
p = t extra parameters in the system. In [Kleinkauf, 1998a; Kleinkauf,
1998b] the following defining system is used to approximate a nondegenerate
t-tangential connecting orbit

$n+1—f($n,)\) = 07 n:n—7”'7n+_17
b(]}'n7 9 'rn+7 )‘) - 07 (33)
(I)J(.TJ,)\) = O,

where ®;: S; x R? — R! is a family of constraint functions.
A family of functions ® is called regular at (Zz, A) if the following three
conditions are satisfied for some constants C, N, > O and all J = [n_, ny|NZ

28



(1> limmin{—n,,n+}—>oo @J(i"], 5\) =0.

(ii) The ¢ x t-matrix [D,®;(zs, )\)(Q‘IJ), o D@57y, )\)(ﬂfJ)] is nonsin-
gular with uniformly bounded inverse

H [D,@,(25, N(al), . .., Dby (@, N(a)] || < .

Here {7y, ..., 1y} denotes some fixed basis of the ¢-dimensional null-
space N (T'x(Zz, \)).

(iii) The derivatives ®; and ®; are bounded in the closed ball [|(zs, A) —
(%17, A)||lse < ¥ uniformly in J.

To approximate quadratic nondegenerate 1-tangential connecting orbits
we compute turning points of Eq. (2.3), which is equivalent to solve Eq. (3.3)
with ®; defined as follows. Let

SJ x R! — SJ
(.Z'J, )\) = ((xn'f‘l - f(xn? A))nEj? b(xn_wrru.a )\))a

where J = [n_,n, — 1] N7Z. Then a suitable constraint function ®; is

FJZ

(I)J(JIJ,)\) = det <iFJ(xJ,>\> — ]),
ox J
where [ is the identity matrix. For more details on defining equations and on
test functions that are scalar but avoid determinants, see the surveys [Seydel,
1988; Govaerts, 2000; Beyn et al., 2002].

The linearization of Eq. (3.3) with respect to (z;, A) has the form of the
matrix M in (1.7) and Newton’s method can be implemented to solve the
nonlinear Eq. (3.3).

Here we present a general approximation theorem for nondegenerate t-
tangential connecting orbits that provides us with precise error estimates.

The proofs are quite involved and carried out in [Kleinkauf, 1998a; Kleinkauf,
1998b).

Theorem 3.1 [Kleinkauf, 1998a, Theorem 3.5] Assume Ty is a nondegener-
ate t-tangential connecting orbit. The boundary condition b of order (p_, p4)
satisfies (H5) and ®; is reqular. Then there ezist constants 6,C, N > 0 such
that for every J = [n_,ny] N7Z with |ny| > N, the Eq. (3.3) has a unique
solution (x5, \;) in the ball |z; — Z|;|le + |X — A| < 8. The approzimation
error satisfies

N As) = (s Moo < cmax{nb@,%,x), an(zu,nn}. (3.4)
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Corollary 3.2 [Kleinkauf, 1998a, Corollary 3.7], [Kleinkauf, 1998¢, Theo-
rem 2.3] Under the assumptions of Theorem 3.1 the following refined esti-
mates hold:

125, A0) = (#, M]loe < C'max {e ePHo @y (3, A)H}, (3.5)

A=A < C’(e”*S”* + 6_‘””"*) (ep*”*“”* + e_p“’“”*), (3.6)

where o1, > 1 is less than the smallest unstable eigenvalue at &4 in absolutely
value and 0 < o4y < 1 is greater than the largest stable eigenvalue at &4+ in
absolutely value.

The estimate (3.6) shows that superconvergence occurs with respect to the
parameter, a phenomenon that has been shown for ODE case in [Sandstede,
1997].

To illustrate the results numerically we compute 1-tangential connecting
orbits for the Hénon map

f(x7y7 )\la)\Q) = (1+y— )\1.73'2,)\2:17)- (37)

For Ay # 0 the map f(-,-, A1, A2) is C—diffeomorphism and for (A — 1) >
41 # 0 it has two families of fixed points {4 (A1, A\2) = (24, y+) where

. :)\2—1:F\/()\2—1)2+4>\1
+ 2)\1 )

Y+ = )\Q.Ti. (38)

Homoclinic tangency. We consider tangential homoclinic orbits asso-
ciated to the fixed point & (A1, A2).

Fixing \; = 1.4 and varying A, near A\, = 0.3, we get a branch of ap-
proximating homoclinic orbits. For the interval J = [—25,25] this branch of
homoclinic orbits is shown in Fig. 3.1, where the amplitude of a numerical
homoclinic orbit is defined as

amp(z) = \/Z P

neJ

There are four turning points which correspond to quadratic 1-tangential
homoclinic orbits. At these points the corresponding 1-tangential homoclinic
orbits and at Ay ~ 0.3 a transversal homoclinic orbit are sketched by the
relatively position and the shape of the unstable and stable manifolds.

We approximate a l-tangential homoclinic orbit x(_10,100) at the para-
meter Ay &~ 0.464527 with amp(x;) ~ 2.2446. Parts of the numerical orbit
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x; together with parts of the corresponding invariant manifolds are shown
in Fig. 3.2. This figure illustrates the tangential intersection of the invariant
manifolds W* and W? along the homoclinic orbit x ;.

3| amp ()

15}

A2
-0.1 0 01 02 03 04 05 06 07

Figure 3.1: Branch of homoclinic orbits with a qualitative sketch
of the unstable and the stable manifolds for the Hénon map.

2 15 1 05, 0 05 1 15

Figure 3.2: Parts of the numerical 1-tangential homoclinic orbit Z|_;09,100]
together with the corresponding unstable (blue) and stable (green) man-
ifolds.
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Heteroclinic tangency Fixing A\; = 1.4 we calculate a quadratic 1-
tangential heteroclinic orbit x_ip01009) at Xy &~ 0.31479, which is shown in
Fig. 3.3 together with the invariant manifolds W* and W3. This figure
indicates the tangential intersection of the invariant manifolds W* and W3
along the heteroclinic orbit x;.

0.6

04+

02}

-0.6 L L
-15 -1 -0.5 0 , 05 1 15

Figure 3.3: Parts of the numerical tangential heteroclinic orbit Z_109,100]
together with unstable (blue) and stable (green) manifolds.

3.2 Tangential fold-fold connecting orbit

In this subsection we show some numerical computations on 1-tangential
fold-fold heteroclinic orbits for the implicit Euler method (2.10). In order
to detect turning points, we use continuation techniques [Allgower & Georg,
1990] to trace a curve of transversal fold-fold heteroclinic orbits with respect
to the parameter \y. In this way we locate 1-tangential fold-fold heteroclinic
orbits. Define an amplitude of a numerical heteroclinic orbit as

amp(z,) = min max { 0 — &, 0 5+||}.
neJ

Then the continuation picture shown in Fig. 2.8 is redisplayed in Fig. 3.4 in
the coordinates of amplitude versus parameter \y (the two corners appear

due to the choice of a nonsmooth functional). Two turning points along this
curve are obtained at A} ~ 0.68481924468 and A3 ~ 0.68481934446 and they
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correspond to the two extremal A-values in Fig. 2.8, respectively. At these
two turning points, the fold-fold heteroclinic orbits are 1-tangential.

A numerical 1-tangential heteroclinic orbit at Ay = A2 is shown in Fig. 3.5
and the tangential intersection of the corresponding manifolds is illustrated
in Fig. 3.6 by numerical simulations.

3.55 ‘
amp (z)
345 | |
335 | |
325 | |
Al (A2 — 0.684819) x 107 3
315 L2, ‘ ‘ ‘ —

2.35 2.55 2.75 2.95 3.15 3.35 3.55

Figure 3.4: Continuation of a fold-fold heteroclinic orbit. With A
and A2 we denote the corresponding turning points.
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T
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-0.5
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Figure 3.5: A numerical 1-tangential fold-fold heteroclinic orbit.
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Figure 3.6: Tangential intersections of the unstable manifold W™*
(blue) and the center manifold W (red) at the 1-tangential hete-

roclinic orbit z ;.

4 Connecting orbit with positive index

In this section we study hyperbolic transversal connecting orbits with positive
index. According to [Kleinkauf, 1998a; Kleinkauf, 1998b; Kleinkauf, 1998c]
the algorithm (3.3) and error estimates in Theorem 3.1 apply to hyperbolic
transversal connecting orbits with index 1.

For an illustration, we consider an extended Hénon map [Kleinkauf, 1998b;
Kleinkauf, 1998¢]|

1+ Yy — )\1.732
f(x7y7za )\17)\27)\37)\4) = )\21’ . (41)
A3zy + Ay + ze”®

(e A1, Aoy A, Ag) is a C*°—diffeomorphism for Ay # 0. For (A — 1)% >
4\; # 0 it has two fixed points (z4,y4, 2+) where (z4,y+) is defined in Eq.

(3.8) and
. )\2)\3£Ej: + )\2)\4xi

1 —er+
It follows from the construction of the map f that each heteroclinic orbit
(Zn, Yn)nez of the Hénon map (3.7) leads to a heteroclinic orbit (Z,,, Jn, 0)nez

Z+
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of the extended Hénon map in case A3 = Ay = 0. Suppose an orbit (Z,,, Jn)nez
connects two fixed points (z_,y-) and (z4,y;) of the Hénon map (3.7)
where each Jacobian at (r4,y+) has one stable eigenvalue. Then the or-
bit (Z,, Un, 0)nez connects the fixed points (x_,y_,0) and (., yy,0) of the
extended Hénon map, and the Jacobian at (z_,y_,0) has two stable eigen-
values while the Jacobian at (z,y,,0) still has one stable eigenvalue. This
means that the orbit has index 1 and we need p = 1 extra parameter to
approximate such a heteroclinic orbit.

Our goal is to compute an index 1 connection with A3 the parameter to
be determined and the values Ay = 1, A\; = 1.4, Ay = 0.4 fixed. We start at
A4 = 0 where we have A\3 = 0 and the heteroclinic orbit form the Hénon map
completed by an extra zero in the z-component. Then we employ continu-
ation with respect to Ay and arrive at a solution (z;, A3) for the extended
Hénon map at A3 =~ 1.1818. Parts of the orbit x; and parts of the unstable
manifold W* and stable manifold W3 are shown in Fig. 4.1.

10}

Figure 4.1: Parts of the one-dimensional manifolds W* (blue) and
W2 (green) and the orbit x[_109,1009) for the extended Hénon map.
The orthogonal projection onto the (x,y)-plane is also shown.
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