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Abstract. In this paper we study spectra and Fredholm properties of Ornstein-Uhlenbeck operators
Lo(z) := AAv(z) + (Sz, Vu(z)) + Df (ve(z))v(z), z € RY, d > 2,

where v, : R? — R™ is the profile of a rotating wave satisfying v, (z) — veo € R™ as |z| — oo, the
map f : R™ — R™ is smooth, the matrix A € R™™ has eigenvalues with positive real parts and
commutes with the limit matrix Df(veo). The matrix S € R% is assumed to be skew-symmetric
with eigenvalues (A1,...,Aq) = (fio1,...,+i0%,0,...,0). The spectra of these linearized operators
are crucial for the nonlinear stability of rotating waves in reaction diffusion systems. We prove under
appropriate conditions that every A € C satisfying the dispersion relation

det ()Jm + 1A — Df(veo) —I—i(n,aﬂm) =0 forsomeneRandneZ' o= (0o1,...,04) €R"

belongs to the essential spectrum oess(£) in LP. For values Re A to the right of the spectral bound for
D f(vs) we show that the operator AI — L is Fredholm of index 0, solve the identification problem for
the adjoint operator (AI — £)*, and formulate the Fredholm alternative. Moreover, we show that the
set

J(S)U{)\l—f—)v Aiy Aj EO’(S), 1§’L<]<d}

belongs to the point spectrum op(L£) in LP. We determine the associated eigenfunctions and show
that they decay exponentially in space. As an application we analyze spinning soliton solutions which
occur in the Ginzburg-Landau equation and compute their numerical spectra as well as associated
eigenfunctions. Our results form the basis for investigating nonlinear stability of rotating waves in
higher space dimensions and truncations to bounded domains.
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1. Introduction

In the present paper we study operators obtained from linearizing reaction-diffusion systems
uy(z,t) = ADu(z, t) + f(u(z,t)), t>0 zeR d>2,

1.1
1) u(z,0) = up(x), t=0,z R,

where A € R™™ has eigenvalues with positive real part, f : R™ — R™ is sufficiently smooth, 1 : R¢ — R™
are initial data and u : R? x [0, 00) — R™ denotes a vector-valued solution.
Our main interest is in rotating wave solutions of (1.1) of the form

(1.2) Uy (7, 1) = vo(ex), t >0, 2 € R, d > 2

with space-dependent profile v, : R? — R™ and skew-symmetric matrix S € R%?. The term e~
describes rotations in R?, and hence u, is a solution rotating at constant velocity while maintaining
its shape determined by wv,. In general, this motion will be periodic only if the eigenvalues of S are
rationally dependent but quasiperiodic otherwise. The profile v, is called (exponentially) localized, if it
tends (exponentially) to some constant vector vo, € R™ as |z| — cc.

Transforming (1.1) via u(x,t) = v(e”**x,t) into a co-rotating frame yields the evolution equation

ve(x,t) =AAv(2,t) + (S, Vo(z,t)) + f(v(x,t), t>0, 2R d>2,

tS

(1-3) v(x,0) =up(z), t=0,z R
The diffusion and drift term are given by
4 52, d d
(1.4) ANv(z) = A; a—x?(x) and (Sz,Vou(z gg 1T 89&1
The pattern v, itself appears as a stationary solution of (1.3), i.e. v, solves the rotating wave equation
(1.5) AN, (x) + (Sx, Vo (2)) + fue(z) =0, 2 € R, d > 2.
We write (1.5) as [Lovi)(x) + f(vs(x)) = 0 with the Ornstein-Uhlenbeck operator defined by
(1.6) [Lov] (z) := AAv(z) + (Sz, Vu(z)), € R
When proving nonlinear stability of the rotating wave, a crucial role is played by the linearized operator
(1.7) [Lv] (z) := [Lov] (z) + Df (vi(z)) v(z), = € R

The aim of this paper is to analyze Fredholm properties and spectra of the LP-eigenvalue problem associated
with the linearization L,

(1.8) (M — L)v] (z) =0, z € R%

As usual, the LP-spectrum o(L) of £ is decomposed into the disjoint union of point spectrum op(£) and
essential spectrum oegs(L), cf. Definition 2.6,

(1.9) 0(L) = 0ess (L) Uopi (L).
In Section 3 we evaluate the dispersion relation associated with the limit operator,
(1.10) Loo = Lo+ Df(veo)

and show that its solutions belong to cess(L). For every A € C with Re\ larger than Reo (D f(vs))
we prove in Section 4 that the operator Al — L is Fredholm of index 0 in LP-spaces. Finally, in Section
5 we compute those eigenvalues on the imaginary axis which are caused by Euclidean equivariance of
the underlying equation, and we prove exponential decay in space for the corresponding eigenfunctions.
The whole approach makes extensive use of our previous results on the identification problem and on
exponential decay estimates for the wave itself and for solutions of the linearized equation, see |5, 30, 31].
While there is a well-developed theory of stability of closed operators and their spectra under small and
relatively compact perturbations [24, Ch.4], [15, Ch. IX], the main work in this paper is to identify suitable
perturbations of the Ornstein-Uhlenbeck operator (1.6) which allow to determine parts of the essential
spectrum and of the point spectrum for the general linear operator (1.7). Let us finally note that the
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results of the paper are extensions of the PhD thesis [29], in particular concerning the Fredholm properties
of the linearized operator in Section 4.

2. Assumptions and main results

2.1. Assumptions. The following conditions will be needed in this paper and relations among them will
be discussed below. The conditions are essential for applying previous results from [5, 29, 30, 31].

Assumption 2.1. For A € K™™ with K € {R,C}, 1 <p< oo and ¢ = p’%l consider the conditions
(A1) A is diagonalizable (over C),

(A2) Reo(A4) >0,

(A3) Re (w, Aw) > Ba|w|? Yw € K™, for some 4 > 0,

(Ad,)  |2|°Re (w, Aw) + (p — 2)Re (w, 2)Re (2, Aw) > ya|z|*|w|* Yw, z € K™, for some y4 > 0,
(Ad,)  |2|°Re (w, AMw) + (¢ — 2)Re (w, 2)Re (2, AMw) > 54|2||w|? Yw, z € K™, for some 54 > 0,

Assumption (A1) is a system condition and ensures that all results for scalar equations can be extended
to system cases. This condition is independent of all other conditions and is used in [29, 30] to derive
an explicit formula for the heat kernel of Ly. A typical case where (Al) holds, is a scalar complex-
valued equation when transformed into a real-valued system of dimension 2. The positivity condition (A2)
guarantees that the diffusion part AA is an elliptic operator. The strict accretivity condition (A3) is more
restrictive than (A2). In (A3) we use (u,v) := uMv with u" := @' to denote the standard inner product
on K™. Recall that condition (A2) is satisfied iff there exists an inner product [-,-] and some 4 > 0
such that Re [w, Aw] > 84 for all w € K™ with [w,w] = 1. Condition (A3) ensures that the differential
operator L is closed on its (local) domain DP(Ly), see [29, 31]. The LP-dissipativity condition (A4,) is
more restrictive than (A3) and imposes additional requirements on the spectrum of A. This condition
originating from [11, 12], is used in [29, 31| to prove LP-resolvent estimates for £y. A geometric meaning
of (A4,) can be given in terms of the first antieigenvalue of A (see [21, 22]), defined by

u1(A) = inf{Re<’w,Az1)> cw e K™ w# 0, Aw # 0}.
|w||Awl

It is shown in [29, 32] that conditions (A4,), (A4,) are equivalent to lower bounds for 1 (A)
(A5)) A is invertible and ppuq (A) > |p — 2| (to be read as A > 0 in case m = 1, K = R),
(Ab5y) A is invertible and qui (A™) > |¢ — 2| (to be read as A" > 0 in case m = 1, K = R).

The first antieigenvalue 7 (A) can be considered as the cosine of the maximal (real) turning angle of vectors
mapped by the matrix A. Some special cases in which the first antieigenvalue can be given explicitly are
treated in [29, 32]. However, we emphasize that LP-dissipativity (A4,) and L?-dissipativity (A4,) for the
conjugate index g are generally unrelated except in case p = ¢ = 2 and A = AH.

We continue with the rotational condition (A6) and a smoothness condition (A7).

Assumption 2.2. The matrix S € R%? satisfies

(A6) S is skew-symmetric, i.e. S = —S7T.

Assumption 2.3. The function f : R™ — R™ satisfies

(A7) f € C*(R™,R™).

Later on in Section 6 we apply our results to complex-valued nonlinearities of the form
(2.1) f:Cm=Cm o flu) =g (Jul?) u,

where g : R — C™"™ is a sufficiently smooth function. Such nonlinearities arise for example in Ginzburg-
Landau equations, Schrédinger equations, A —w systems and many other equations from physical sciences,
see [29] and references therein. Note, that the real-valued version of f in R?*™ satisfies (A7) if g is in C2.
For differentiable functions f : R™ — R™ we denote by Df the Jacobian matriz in the real sense.
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Assumption 2.4. For vy, € R™ consider the following conditions:

(A8)  f(vs) =0,

(A9) A, Df(ve) € R™™ are simultaneously diagonalizable (over C),
(A10) Reo (Df(vso)) <0,

(A11) Re (w, Df(voo)w) < —foc Vw € K™, |w| =1 for some S > 0.

Condition (A8) requires v, to be a steady state of the nonlinear equation while condition (A9) extends
Assumption (Al). As above, the coercivity condition (A1l) is more restrictive than the spectral condition
(A10).

For matrices C' € K™™ with spectrum ¢(C') we denote by p(C) := maxyeq(cy || its spectral radius and
by s5(C) := maxye,(c) Re A its spectral abscissa (or spectral bound). With this notation, we define the
following constants which appear in the linear theory from [5, 29, 30, 31]:

d
a2 2

(2.2) Amin = (p (A*l))_l , Gmax = p(A), ag = —s(—A4), a1 = (ﬁ)) , bp = —38(Df(veo))-

Recall the relations 0 < ag < f4 and 0 < by < P to the coercivity constants from (A3) and (All).
The theory in this paper is partially developed for more general differential operators, see (2.7) below.
For this purpose we transfer Assumption 2.4 to general matrices B.,. Later on, we apply the results to

By = —Df(v0).

Assumption 2.5. For B,, € K™™ consider the conditions

(A9p_) A, Bo € K™™ are simultaneously diagonalizable (over C) with transformation Y € C™™,
(A10p_..) Reo(By) >0,

(Allp_) Re (w, Boow) = oo Yw € K™, |w| = 1 for some S > 0.

Let us recall for closed, densely defined operators A : D(A) C X — X on a complex Banach space X
the standard notions of resolvent set res(./A) and spectrum o(A) := C\res(.A), see [24, Ch.II1.6]. For the
essential spectrum there is quite a variety of definitions, see [24, 23, 15]. From the hierarchy of 5 versions

studied in [15, Ch.I1.4,IX.1], we choose 0. 4(A) which refers to the complement of the set of values where
the operator is Fredholm of index 0.

Definition 2.6. The point spectrum of A is defined by
opt(A) :={\ € (A) | \I — Ais Fredholm of index 0},
and the essential spectrum of A by
Oess(A) = C\ (opt(A) Ures(A)) .

In Theorem 3.2 we will identify points A € oess(A) by constructing a singular sequence v,, € D(A) , i.e.
lonll = 1, (M — A)v, — 0 and v, has no convergent subsequence, see [15, Ch.IX, Def.1.2]. According to
[15, Ch.IX, Thm.1.3| this information guarantees A to be even in oe 2(A) which is a subset of our gess(A).
However, this is not sufficient to conclude that A belongs to oe1(A) in the terminology [15, Ch.IX]| which
agrees with the essential spectrum used in [24, Ch.IV.6].

2.2. Outline and main results. In Section 3 we investigate the essential spectrum oess(L) of £ from
(1.7), which is determined by the limiting behavior of v, at infinity. By a far-field linearization and
an angular Fourier decomposition, bounded eigenfunctions of the problem (1.8) are obtained from the
m-dimensional eigenvalue problem (Section 3.1)

(2.3) ()\Im +n?A+i(n, o), — Df(fuoo)>z =0 forsomen€RandneZr o= (01,...,0%)"

where £ioy, ..., %oy are the nonzero eigenvalues of S and 1 < k < [4]. Obviously, (2.3) has a solution
0 # z € C™ if and only if A € C satisfies the dispersion relation for localized rotating waves

(2.4) det (Mm F2A — Df(vse) +iln, o—>1m) =0, o=(01,...,00)"



for some € R, n € ZF. Therefore, we define the dispersion set as follows:
(2.5) Odisp(L) := {\ € C: X satisfies (2.4) for some n € R and n € Z*}.

Theorem 2.7 (Essential spectrum at localized rotating waves). Let f € C™a{2r=1}(R™ R™) for some
r € N and let the assumptions (Ad,), (A6), (A8), (A9) and (All) be satisfied for K = C and for some

1 < p < oo with % <rifr<2and % < 2 4f r = 3. Moreover, let tioy,...,Lioy denote the nonzero

eigenvalues of S. Then there is a constant K1 = K1(A, f,vs0,d,p) > 0 with the following property: For
every classical solution v, € C"™TH(R4 R™) of

ANv(z) + (Sz,Vo(z)) + f(v(z)) =0, z € RY,
satisfying

sup |vi(x) — voo| < K1 for some Ry > 0,
|z|=Ro

the dispersion set ogisp(L) from (2.5) belongs to the essential spectrum oess(L) of the linearized operator
L from (1.7) in LP(RY,C™).

For the proof of Theorem 2.7, we consider differential operators

(26) ‘CQ : (Dp(‘co)v ”'HLO) - (Lp(Rd’Cm)’ H”Lp) ) 1< p <o
of the form
(2.7) [Lou](z) = ADv(x) + (Sz, Vo(z)) — Boov(x) + Q(z)v(z), 2 € RY, d > 2,

where @ € L>®(R?, C™™) and DP(Ly), 1 < p < 0o is the domain of the Ornstein-Uhlenbeck operator L
from (1.6)

(2.8) DP(Ly) = {v e W2P(RY,C™) N LP(RY,C™) : Lov € LP(RY, cm)} .
which becomes a Banach space with respect to the graph norm

(2.9) lollz, = HﬁoU”LD(Rd,CM) + HU”LP(Rd,Cm) ;v € DP(Lo).

If @ vanishes at infinity, i.e.

(2.10) esssup |Q(z)] — 0 as R — oo,

|z| >R
then [31, Thm. 5.1] asserts that £ has the same maximal domain DP(Ly). According to [31, Thm. 6.1])
it even agrees with

(Lo) = {v e W?P(R%,C™): (S-,Vv) € LP(RY,C™)},

and the graph norm ||-|[, is equivalent to ||z, + [[(S -, V)[|1,, see [29, Cor. 5.26]. Such a strong
characterization of the domain is rather involved to prove, but will not be needed here. The differential
operator Lg is a variable coefficient perturbation of the (complex-valued) Ornstein-Uhlenbeck operator
Loy, which is studied in depth in [5, Sec. 3] and [29, Sec. 7]. In Section 3.2 we continue this study and
determine the essential spectrum oess(L£g) in LP (see Theorem 3.2). An application of Theorem 3.2 to
—Boo = Df(veo) and Q(z) = Df(vi(x)) — D f(vs) completes the proof of Theorem 2.7. For the proof of
the decay (2.10) we use [5, Cor. 4.3] to deduce that v, (z) = v as |z| — .

In Section 4 we analyze Fredholm properties of the linearized operator

max

(2.11) M — L2 (DP(Lo), [l ) — (LP(RE,C™), |1l ,0)
with £ given by (1.7), and of its adjoint operator

* * m p
(2.12) (AL = L) = (DULY), 1l g5) — (LIREC™), [l pa), = ST

defined by
(2.13) (L] () = AP Av(z) — (Sz, Vu(a)) + Df (v,(2) v(z), 2 € RY, d > 2,
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For values Re A > —by, with by the spectral bound from (2.2), we show that the operator AI — L is Fredholm
of index 0. Moreover, we prove that its formal adjoint operator (A — £)* from (2.13) and its abstract
adoint operator (see Definition A.1), coincide on their common domain

(2.14) DI(LY) = {v e W2URY,C™) N LIRL,C™) : Liv e Lq(Rd,Cm)} .

loc

Then the Fredholm alternative applies and leads to the following result.

Theorem 2.8 (Fredholm properties of the linearization £). Let the assumptions (A4,) and (A6)—(A9)
be satisfied for K = C and for some 1 < p < oo. Moreover, let A € C with Re\ > —bg + v for
some v > 0, where —by = s(Df(vs)) denotes the spectral bound of Df(vs). Then there is a constant
K1 = Ki(A, f,v50,7,d,p) > 0 such that for every classical solution v, € C%(R%, R™) of

(2.15) AAv(z) + (Sz, Vo(z)) + f(v(z)) =0, € RY,

satisfying

(2.16) sup |ve(x) — veo| < K1 for some Ry > 0,
|z|>Ro

the following statements hold:

a) (Fredholm properties of L). The linearized operator
M =L (DP(Lo), |1l ) = (LPREC™), || )
is Fredholm of index 0.
b) (Eigenvalues of L). In addition to a), let Assumption (Ad,) be satisfied for ¢ = pfl, and let A € o (L)
with geometric multiplicity 1 < n := dimN (A — L) < co. Then N((M — £)*) C DY(L}) also has
dimension n and the inhomogenous equation

(2.17) (M — L) =g € LP(RY,C™)

has at least one (not necessarily unique) solution v € DP(Ly) iff g € (N((M — L)*))*, i.e.
(2.18) (V,9)qp =0, for allyp € N(M — L)").

If the orthogonality condition (2.18) is satisfied, then one can select a solution v of (2.17) with
(2.19) [0llz, < Cllgllee s ollwrr < Cllgllipe

where C' denotes a generic constant which does not depend on g.

An extension of Theorem 2.8 shows exponential decay of eigenfunctions and of adjoint eigenfunctions for
eigenvalues A € C with Re A > —bg + v (Theorem 4.6), cf. [5, Thm. 3.5] for the case of eigenfunctions.
The idea of proof for Theorem 2.8 is to write A = Ay + Ao with Ay := —bg + 7, A1 := A — A9, and
to decompose the variable coefficient Q = Qg + Q. into the sum of a function ()5 which is small with
respect to [|-|| « and a function Q. which is compactly supported on R%. This allows us to decompose the
differential operator A\I — Lg as follows

(2.20) M= Lo = =Qc()(MI— L) M(MI—Ly),

where ES := Lg — Ao and Lg denotes a small variable coefficient perturbation, defined by

(2.21) [Lv)(x) = AAv(z) + (Sz, Vo(z)) — Boov(z) + Qs(x)v(x), = € RY.

For a similar decomposition under more restrictive assumptions on By, see [4, 5, 29]. Then we show that
Qc(-)(MI—Ls)™! is compact and A1 I — L is Fredholm of index 0, which implies AI —Lq to be Fredholm of
index 0. A crucial ingredient for the proof of these two statements is the inclusion D?(Ly) € WP (R?, C™),
proved in [29, Thm. 5.8 & 6.8], [30, Thm. 5.7]. Further, it is essential to solve the identification problem
for the adjoint operator of Lg in L4(R%, C™) along the lines of [31] (Lemma A.2). We show the existence
and uniqueness of a solution & € DI(L) of the resolvent equation (A — Lg)*d = g € LI(R?,C™), using
the corresponding result from [5, Thm. 3.1]. For this we employ the L?-dissipativity condition (A4,) for

the adjoint operator. Finally, the Fredholm alternative is applied to A — Lg and (A — Lg)* (Theorem
4.3) and exponential decay of (adojoint) eigenfunctions is shown (Theorem 4.4). These results hold for
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—Bo = Df(ve) and Q(z) = Df(vs(z)) — Df(veo) and thus complete the proof of Theorem 2.8 (and
Theorem 4.6). Note that a similar reasoning is used in [5, 29] to prove exponential decay of the wave
profile v, itself.

In Section 5 we investigate the point spectrum op (L) of £, which is determined by the symmetries of

the underlying SE(d)-group action of dimension @. By the ansatz v = (Dv,)(Ex +b) for E € C%4,
ET = —F and b € C?, eigenfunctions of the problem (1.8) (in the classical sense) are obtained from the
d(dT“'l)-dimensional eigenvalue problem (Section 5.1)

AE =[E,S], Moo= —-5b,
which is to be solved for (), E,b) with A € C, E € C%¢ ET = —F and b € C?. Let )\f,j =1,...,d be
the eigenvalues of S repeated according to their multiplicity. Then we define the symmetry set
(2.22) Tsym(L) = a(S)U{N +AF 1 1<i<j<d},
and show that ogym (L) belongs to the point spectrum o (L) of £ in LP. We determine their associated

eigenfunctions and show that they decay exponentially in space.

Theorem 2.9 (Eigenvalues on the imaginary axis and the shape of eigenfunctions). Let f € C1(R™ R™),
S € R4 be skew-symmetric, and let U € C*¢ denote the unitary matriz satisfying Ag = UNSU with

diagonal matriz Ag = diag(A\7,...,\3) and eigenvalues A7, ..., \5 € o(S). Moreover, let v, € C3(R4,R™)
be a classical solution of (1.5), then the function v : R4 — C™ given by

(2.23) v(x) = (Ex+b, Vo, (z)) = (Dus(x))(Ex +b)

is a classical solution of the eigenvalue problem (1.8) if E € C%9 and b € C? either satisfy

(2.24) A=-)\, E=0, b=Ug

for somel=1,....,d, or

(2.25) A=—(\+X)), E=U;-L)U", b=0
forsomei=1,...,.d=1andj=1i+1,...,d. Here, I;; € R%4 denotes the matriz having the entries 1 at

the i-th row and j-th column and 0 otherwise. All the eigenvalues above lie on the imaginary axis.

Theorem 2.10 (Point spectrum at localized rotating waves). Let f € C"~1(R™,R™) for some r € N with
r > 3 and let the assumptions (A4,), (A6), (A8), (A9) and (All) be satisfied for K = C and for some
1 <p < oo with % < 2. Then, for every 0 < e < 1 there is a constant K1 = K1(A4, f,vVo0,d,p,€) > 0 with

the following property: For every classical solution v, € C"™+1(RY R™) of
ANv(z) + (Sz,Vo(z)) + f(v(z)) =0, z € RY,

satisfying

sup |vs(x) — veo| < K1 for some Ry > 0,

|z|>Ro

the symmetry set osym(L) from (2.22) belongs to the point spectrum op(L) of the linearized operator L
from (1.7) in LP(RY,C™).
The eigenvalue problem for the commutator generated by a skew-symmetric matrix, is analyzed for example
in [10, Lem. 4 & 5] and [40, Thm. 2]. Further, we mention that the asymptotic behavior of adjoint
eigenfunctions plays a role in the study of response functions, see [9].
For the proof of Theorem 2.10, we apply Theorem 2.8a) to eigenvalues A\ € ogym(L). Here, exponential
decay of the rotating wave v, proved in [5, Cor. 4.1], implies that v from (2.23) belongs to DP(Ly), and
hence is an eigenfunction of £ in LP. The Fredholm property of A\I — L follows from the spectral stability

of Df(vs) assured by (All) and Theorem 2.8a).
In Section 6 we apply our results to the cubic-quintic complex Ginzburg-Landau equation

(2.26) uy = alu+u (8 + Blul® + ylul*)

which is known to exhibit spinning soliton solutions. We rewrite (2.26) as a 2-dimensional real-valued
system and formulate the eigenvalue problem for the associated linearization at the spinning soliton. We
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then compute numerical spectra and eigenfunctions using the freezing method from [6, 8] and the software
CoMsoL, [1]. This allows to compare exact and numerical spectra as well as their associated eigenfunctions.
Let us finally discuss some related results from the literature. Spectra of Ornstein-Uhlenbeck operators in
various function spaces are studied in [14, 25, 27, 28, 42|, spectra at localized rotating waves in [4, 29], and
spectra at spiral waves (nonlocalized rotating waves) in [18, 29, 36, 37, 38, 45]. For scroll waves we refer to
[2, 19]. Exponential decay is proved in [5, 29| for solutions of nonlinear problems for Ornstein-Uhlenbeck
operators (with unbounded coefficients of Vu), while [20, 35] treat solutions of real-valued quasilinear
second-order equations (with bounded coefficients of Vu). We also refer to [20, 33, 44] for various results
on Fredholm properties of elliptic partial differential on unbounded domains in settings different from ours.
Nonlinear stability of rotating waves is investigated in [4, 39]. For numerical approximations of rotating
waves (including wave profiles, velocities and spectra), based on the freezing method from [6, 8], we refer
to [5, 29]. Numerical results on rotating waves are studied in [17] for scalar excitable media, and in [7] for
second order evolution equations. Interactions of several rotating waves is analyzed numerically in [6, 29].

3. Essential spectrum and dispersion relation

3.1. Formal derivation of the dispersion relation. In this section we discuss the essential spectrum
Oess(L) of the linearization £ from (1.7). We compute eigenvalues and bounded eigenfunctions of (1.8)
with £ replaced by its far-field limit. These eigenvalues are determined by the dispersion relation (2.4).
By a standard truncation procedure we then show that bounded eigenfunctions lead to singular sequences
in LP and hence belong to values in the essential spectrum. We proceed in several steps:

1. The far-field operator. Let v,, € R™ denote the constant asymptotic state of the wave profile v,.
ie. f(vs) =0 and v, () = Voo € R™ as |x| — co. Assuming f € C! and introducing Q(z) € R™™ via

Q(z) := Df(vi(z)) — Df(vs), x€RY,
allows us to write (1.8) as
(3.1) (M — Lg)v =0, z € R?
with Lo = L + Q(x) and far-field operator
Loov = ANV + (Sz, Vv) + D f(veo)v.

Obviously, f € C! and v, (x) — vs imply Q(x) — 0 as |z| — 0o, i.e. @ vanishes at infinity.

2. Orthogonal transformation. We next transfer the skew-symmetric matrix S into quasi-diagonal
real form which allows us to separate the axes of rotations in (3.1). Let S € R%? be skew-symmetric, then
o(S) C iR with nonzero eigenvalues +ioq,...,+io, and semisimple eigenvalue 0 of multiplicity d — 2k.
Here, o; denotes the angular velocity in the (y2;—1, y2;)-plane in one of the k different planes of rotation.
Moreover, there is an orthogonal matrix P € R%? such that

S =PAP"T with A=diag(A,...,Ax,0), AJ-:(?I ‘BJ) 0 € RI-2kd=2k
—Y

The orthogonal transformation 9(y) := v(Ty(y)) with x = Ty (y) := Py for y € R? transfers (3.1) into
(3.2) (M — Lg)o =0,y € R?
with Lo = Lo + Q(T1(y)) and

d k
‘Cooﬁ = AZ aqii} + Z gl (y2l8y2l—1 - y2l—1ay21) v+ Df(’l)oo)ﬁ
Jj=1 =1

3. Transformation into several planar polar coordinates. Since we have k angular derivatives in k
different planes it is advisable to transform each plane into planar polar coordinates via

<y211> — T(ri, ) = (n cos¢l> , >0, ¢ €[-mm),l=1,...k

Y21 77 8in ¢



All further coordinates, yogy1,- - -, ¥4, remain fixed. The multiple planar polar coordinates transformation

’D(w) = 5(T2(1/1)) with TQ(’L/J) = (T<T17 ¢1)7 oo aT(rka ¢k>7y2k+17 LR yd)7 w = (T17 ¢17 sy Tk, ¢k>y2k+1; v 7yd)
in the domain Q := ((0,00) x [—, 7)) x R4=2* transfers (3.2) into

(3.3) (M = Lg)o=0,1€Q

with £ = Lo + Q(T1(T2(1))) and

k d k
A 1 1
N § : 2 2 Z 2 | A~ Z ~ ~
EOOU = A |: £ (3” =+ ;lam —+ r?a(bl) + o 8yl] v — £ 015‘¢lv —+ Df(UOO)'U

4. Simplified operator (limit operator, far-field operator). Since the essential spectrum depends
on the limiting equation for |z| — oo, we formally let r; — oo for any 1 < < k. This turns (3.3) into

(3.4) (M — L5 =0, e
with the simplified far-field operator
4 k d k
£5mp — A[Zafl + Y a;l} b= 01040 + Df (v00)0.
1=1 1=2k+1 1=1

Note that we used the property |Q(z)| — 0 as |z| — oo which was established in step 1.

5. Angular Fourier transform. Finally, we solve for eigenvalues and eigenfunctions of £5™ by an
angular Fourier decomposition (separation of variables) with w € R*, p,y € R¥=2k n ¢ ZF » € C™,
|z =1, 7 € (0,00)k, ¢ € [-m,m)":

(3.5) () = exp (z’éwm) exp (iémq&l) exp <z’l_§;+lplyl>z = exp (i(w,r> +i(n, @) +ilp, y))z.

Inserting (3.5) into (3.4) leads to the m-dimensional eigenvalue problem
(3'6) (/\Im+(|w|2+|p|2)A+i<n,a>Im—Df(voo))z:O, g = (0‘1,...,0'k.)T.

6. Dispersion relation and dispersion set. The dispersion relation for localized rotating waves of
(1.1) now states that every A € C satisfying

(3.7) det (M, + (lw]* + [p[*)A +i(n,0) I, — Df(vs)) =0

for some w € R¥, p € R¥2% and n € Z* belongs to the essential spectrum of £, i.e. A\ € ges(L). Of
course, one can replace |w|? + |p|? by any nonnegative real number, so that the set of A-values satisfying
(3.7) agrees with the dispersion set from (2.4). A rigorous proof of cgisp(L) C ess(£) Will be given in the
next section (see Theorem 2.7).

Remark 3.1. a) (Several axes of rotation). While the axis of rotation is unique in dimension d = 3, the
pattern can rotate about several axes simultaneously in dimension d > 4. The orientation of these axes
is determined by the similarity transformatiom in step 2.

b) (Dispersion relation for spiral waves). The dispersion relation for nonlocalized rotating waves, such
as spiral waves and scroll waves, is harder to derive and differs from (3.7). A dispersion relation for
spiral waves is developed in [18, 36, 37]. Their approach is based on a Bloch wave transformation and
on an application of Floquet theory. A summary of these results, which is structured similar to the
derivation above, can be found in [29, Sec. 9.5]. The angular Fourier decomposition is also used in
[18] for investigating essential spectra of spiral waves. For spectra of spiral waves in the FitzHugh-
Nagumo system we refer to [38, 45]. Results on essential spectra of nonlocalized rotating waves for
space dimensions d > 3, such as scroll waves, are quite rare in the literature and we refer to [18, 19]
and references therein.
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3.2. Essential spectrum in LP. Consider the general linear differential operator
Lov =AAv+ (Sz,Vv) — Boov + Q(z)v,

satisfying |Q(z)| — 0 as |x| — co. In this case the dispersion relation reads

(3.8) det (M, + (lw]* + [p|*)A +i(n,0) I, + Bs) =0

for some w € R*, p € R¥2F and n € Z* and the corresponding dispersion set is given by
(3.9) odisp(Lq) == {N € C: X satisfies (3.8) for some w € R¥, p € R*?" and n € Z*} .
Theorem 3.2 (Essential spectrum of Lg). Let the assumptions (A6), (A9p_ ) and

(3.10) Q € L= (R K™™)  with ng = elss‘sg%p |Q(z)] = 0 as R — ¢

be satisfied for 1 < p < oo and K = C. Moreover, let +ioy,...,xic, with o1,...,0p € R, 1 <k < L%J
denote the nonzero eigenvalues of S. Then the dispersion set oaisp(Lq) from (3.9) belongs to the essential
spectrum oess(Lg) of Lo in LP(R,C™).

Proof. Let xr € C(]0,00),R) be cut-off functions with uniformly bounded derivatives for R > 2 and
Xr(r)=0, re hUl;, xgr(r)=1 rel;, xgr(r)el0,1], relhUly,
L =[0,R—1), b =[R—1,R], Is = [R,2R], I = [2R,2R + 1], I; = [2R + 1, 00). With this define
k
wr = uR(TU(Ta())) = 0r(4),  Or(Y) = (HXR(W)>XR(|Z?|)@(1/J)7 b from (3.5),

~ Torll 11

for ¢ = (Tlad)lv cee 7rk7¢kvg)7 g = (y2k+17 cee 7yd)’ ¢ = (¢17 e 7¢k) S [_Wvﬂ)k7 r= (rla e ark) S (Oa oo)k7
and T1, T3 as in Section 3.1. Obviously, we have wr € DP(Ly) and ||wgrl||L = 1. We further claim that

(3.11) lvgll}, = CRY,  |[(M — Lg)vrl}, < CR* + CR%p.

Verifying these estimates is a somewhat lengthy but standard computation, which the reader may find in
the supplement 2. As a consequence of (3.11) we obtain ||(A — Lq) wgl}, < C(% +n1gr) — 0 as R — co.
In order for wg to be a singular sequence in the sense of [15, Ch.IX, Def.1.2] it is sufficient to show wg — 0
as R — oo since LP is reflexive ([15, Ch.IX (1.2)]. In fact, for u € LY(R4 K™), q = 527 we find from

1
Holder’s inequality with Sp = {r € RY: R — 1 < || < 2R+ 1}

[{u, wr)| = | g (u(@), wr(x))dz| < [lullLacsp) [wrllLr(sp) < [wllLasg) =0 as B — oo
R
An application of [15, Ch.IX, Thm.1.3] shows that AI — L is not semi-Fredholm with finite-dimensional
kernel, in particular A belongs to gess(Lg) according to Definition 2.6. O

Proof (of Theorem 2.7). We apply Theorem 3.2 with the matrices Boo = —D f(voo) and Q(z) = D f(ve(x))—
Df(vso) for z € R Since (A4,), (A6) and (A9) are satisfied, it remains to check (3.10). From Taylor’s
theorem we obtain

1
(3.12) |Q(x)]| < /0 |D2f(1)OO + 5(vi(2) = v0))| ds [vs () — V0| V€ RY.

Since f € C?(R™,R™) and v, € Cp(R4 R™), estimate (3.12) implies Q € L*°(R? R™™). Then an
application of [5, Cor. 4.3] for the trivial multi-index « = 0 yields a pointwise exponential estimate

vV aobo
AmaxP
where amax = p(A) denotes the spectral radius of A, —ag = s(—A) the spectral bound of —A, and
—by = $(Df(vs)) the spectral bound of D f(vs). Combining (3.12) and (3.13) yields

(3.14) |Q(z)| < Cexp (— py/|z2+1) Vo € RV € [0, ftmax)

(3.13) 0,(2) — Voo < Crexp (—py/[z2+1) Vo eR'VYu € [0, hmax) With  fimax =
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with C' = Cysupy,_,,_<c, |D*f(y)].- Take a fixed pu € (0, fimax) so that (3.14) implies

nr = esssup |Q(z)| < Cesssup exp <f,u\/ |x|? 4+ 1) = Cexp (f,u R? + 1) —0 as R — oo.

lz|ZR || >R

This proves the second condition in (3.10). O

Let us discuss some consequences of Theorem 3.2 for the position and the structure of the essential
spectrum.

From the dispersion relation (3.8) and conditions (A3), (A9p_) one infers oq4isp(Lg) C Cp,, where Cp, =
{AeC: ReA < —by} and —by = s(—Bx) is the spectral bound of —B.,. If in addition, the stability
condition (A10p_ ) holds, then —by = s(—Bx) < 0 and oqisp (L) is located in the left half-plane.

If there exist indices n,j € {1,...,k} such that o; # 0 and anajfl ¢ Q, then oaisp(Lg) is dense in the
half-plane Cy,, which implies oess(Lg) = Cp,. If on the other hand, anojl € Q for all n,j, then the
dispersion set oqisp(Lg) is a discrete subgroup of Cp, which is independent of p. The reason for this
conclusion is given by Metafune in [27, Thm. 2.6]. Therein it is proved that the essential spectrum of the
drift term v — (S-, Vv)), agrees with iR, if and only if there exists 0 # o, 0; € R such that (TnO'j_l ¢ Q.
Otherwise, the essential spectrum is a discrete subgroup of ¢{R which is independent of p.
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FIGURE 3.1. Dispersion set oaisp(Lo) of Lg from (2.7) for parameters A = 1 (14 1),
By = % and @ = 0.

Figure 3.1 illustrates the set oqisp(Lg) in the scalar complex case for A = 1 (1+1), B = % and @ = 0.
Figure 3.1(a) shows oqisp (L) for o1 = 1.027 and space dimension d = 2 and d = 3 (see the examples in
Section 6). In this case oqisp(Lg) forms a zig-zag curve, see [4] for d = 2, and is not dense in C_,. Note
that density of oqisp(L£g) can only occur for space dimensions d > 4. Figures 3.1(b)(c) show two such
cases for d = 4. In the first case 0y = 1, o9 = 1.5, hence 01051 € Q and o4isp(Lg) is not dense in C—%~
The second case belongs to o1 = 1, 02 = 1 exp(1) for which density occurs. This shows that oqis,(Lg)
may change dramatically with the eigenvalues of S.

For S # 0, Theorem 3.2 implies that the operator L¢ is not sectorial in LP (R%,C™), and the corresponding
semigroup is not analytic on LP(R¢, C™) for every 1 < p < oo, see [29, Cor. 7.10]. For the scalar real-valued
case we refer to [27, 34, 43].

4. Application of Fredholm theory in L?(RY,C™)

4.1. Fredholm operator of index 0. In this section we show that the differential operator
(41) Al — ‘CQ : (Dp(‘CO)? H'”LO) - (Lp(Rda(Cm)v ||||LP) ) 1< p < oo

from (2.7)—(2.9) is Fredholm of index 0 provided that ReA > —by. The matrix-valued function @ €
C(R4,C™™) is assumed to be asymptotically small, i.e. for |z| large it falls below a certain computable
threshold similar to (2.16). We further need the following Lemma (see [4, Lem.4.1]) which is a consequence
of Sobolev imbedding and the compactness criterion in LP-spaces.
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Lemma 4.1 (Compactness of multiplication operator). Let

(4.2) M e C(RY,C™™) with lim sup |[M(z)| — 0.

Then the operator of multiplication

M (WHPRE,C™), [ llyyiw) = (LPREC™), o)y ul() — Mu(e) := M(-)u(-),
is compact for any 1 < p < oco.
We are now ready to prove that A\ — Ly is Fredholm of index 0.

Theorem 4.2. Let the assumptions (A4,), (A6) and (A9p_) be satisfied for K = C and for some
1 < p < 0. Moreover, let A € C with ReX > —bg + v for some v > 0, let 0 < € < 1, and let
Q € C(RL,C™™) satisfy

ey . 1 1
4.3 sup |Q(x gmm{,} for some Ry > 0,
(4.3) Im\>Ro| (@)l < 5 rar o

where —bg = s(—Bw) denotes the spectral bound of —Boo, £ = cond(Y') the condition number of Y from
(A9p..), a1 the constant from (2.2), and Co. = Co.(d,p,€,k,a1) > 0 the constant from [5, Thm.2.10].
Then, the operator

M = Lq : (DP(Lo), |l o) = (LP(RE,C™), ||| )
is Fredholm of index 0. In particular, the operator \I — Lg has finite-dimensional kernel and cokernel.

Proof. The proof follows our outline in formulas (2.20), (2.21).

1. Let us write A = Ay + Ay with Ay := —byp + v and Ay := X\ — Ay. Further, take cut-off functions
Xr € C=(R%,[0,1]), R > 0 satisfying

T

(44) @ =x(F). a@=10d<). @) =0(>2.

With Ry from (4.3) we then write

Q) = Qs(z) + Qe(2),  Qs(x) = (1 = X, (2))Q(2), Qc(2) := X, (¢)Q()
and define £ as in (2.21). Then Q. has compact support in Bag,(0) and Qs satisfies due to (4.3)

ey . 1 1
4.5 Qsll o <11 = XRolloo sup |Q(z gmln{,}.
(45) 1@ul e <1 = il s [Q()] < S min oo o

Setting ZS = L — Aol we can factorize A\I — L as in (2.20),
M= Lo=MI— (Ls—Nol) — Qu(-) = (1 —Qu(Y(MI — Zs)—l) (T — Lo).

2. We verify the following two conditions
a) Ml —Ls: (DP(Lo), Il z,) — (LP(RE,C™), ||-||.») is a linear homeomorphism,
b) QT — L)' (P(RY,C™), |1 ,) = (LP(RY,C™), || ,) is a compact operator,
where (). denotes the operator of multiplication by Q. which is defined by
(4.6) Qc: (WHPRYC™), [ lywis) = (EP(RELC™), [l0),  [Qev](@) = Qe()v(w).
Then standard results from Fredholm theory [3, Satz 9.8|,[41, Thm.13.1] imply that both operators
T—Qc()(MI = L) (LPRE,C™), 1l o) = (LP(RE,C™), |1l )

and A\I — L are Fredholm of index 0. It remains to check whether the conditions a) and b) are satisfied.



13

a) The boundedness of A; ] — L, with respect to the graph norm [vllz, = 1Lov|l Lo + vl » follows from

(AT = Ls)vl[e <[[Lovll e + M + Bool [0l o + Qs e Wl e < Cllvll, Vv € DP(Lo).

The unique solvability of (\I — Ls)v = g and thus continuity of the inverse, is a consequece of
[5, Thm.3.2]. Note that [5, Thm.3.2] is formulated for (A — L5)v = ¢g and must be applied to
(MI — Ls)v = g, using the shifted data

(Ls = Ls — M, A\; = XA — A3, Boo = Boo + A1, by = by + Ay =) instead of (L, A, Boo, bo).

The assumptions of [5, Thm.3.2] are by := —s(—Baso — A2I) > 0 and ReA\; > —(1 — £)by, which in
our case follow from

Bo = —8(—300 - /\21) = —S(—BOO) — 8(—)\21) =by+Xo=7>0,
Redi =Red— Xy > —bg+7 - A =0>—(1—¢)y=—(1 —e)bp.

b) The operator @C(Al I—L,)~"is alinear bounded and compact operator. While linearity and bounded-
ness are clear, compactness follows by an application of Lemma 4.1 with M = Q.. The condition (4.2)
is obviously satisfied since Q. is continuous and has compact support. As shown in a), (A1 — Es)_l :
LP(R?,C™) — DP(Ly) is a linear bounded operator with dense range DP(Ly) C LP(R? C™). More-
over, a key result from [31, Sec.5| guarantees a continuous imbedding DP(Ly) € W1P(RY, C™).
Hence Lemma 4.1 shows that Q.(A I — £g)~! : LP(R?,C™) — LP(R%,C™) is compact.

O

4.2. Fredholm alternative. In order to apply the abstract Fredholm alternative to AI — Lg from (4.1)
we need to identify the abstract adjoint and its domain as a differential operator. As for the operator
itself, this can be done along the lines of [29, 30, 31, 32], and we refer to Appendix A for details.

Let A: D(A) C X — Y be a closed densely defined Fredholm operator of index 0 between Banach
spaces and let A* : Y* D D(A*) — X* be its adjoint. Then the Fredholm alternative states that
either the homogeneous equations Ax = 0 and A*z* = 0 have only the trivial solutions = 0 €
D(A) and z* = 0 € D(A*), (in which case the inhomogeneous equations Az = y and A*z* = y*
have unique solutions x € D(A) and a* € D(A*) for any y € Y and y* € X*), or the homogeneous
equations Az =0 and A*z* =0 have exactly 1 < n := dimN(A) < oo linearly independent solutions
Z1,...,Zn € D(A) and 27,..., 25 € D(A*) (in which case the inhomogeneous equation Az =y, y €Y
admits at least one solution z € D(A) if and only if y € (V(A*))1) Let us formulate this alternative to
the operator A = AI — B, and its adjoint A* = (A] — B,)* for A € C with Re A > —by.

Lemma 4.3. Let the assumptions (A4,), (A4,), (A6), (A9 ) be satisfied for K = C, for somel < p < oo
and for q = p%' Moreover, let A € C with ReX > —by + v for some v > 0, let 0 < ¢ < 1, and let
Q € C(RL,C™™) satisfy (4.3), where —by = s(—Bso) denotes the spectral bound of —Bs,. Then
e either the homogeneous equations

M —Lo)v=0 and (M —Lg)"y=0

have only the trivial solutions v =0 € DP(Ly) and ¢ = 0 € DI(LY), in which case the inhomogeneous
equations

(M~ Lo)v=h and (M — Lo)" =6
have unique solutions v € DP(Ly) and ¢ € DI(LE) for any h € LP(RY,C™) and ¢ € LI(R4,C™).

e or the homogeneous equations

M —Lo)v=0 and (M —Lg)"y=0
have ezactly 1 < n := dim N\ — Lg) < oo (nontrivial) linearly independent solutions vi,. .., v, €
DP(Ly) and Y1, ..., ¢, € DIU(LE), in which case the inhomogeneous equation

(M — Lo)v=nh, hecLP(RY,C™)

admits at least one (not necessarily unique) solution v € DP(Ly) if and only if h € (N((M — Lg)*))*.
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Proof. The assertion follows from Fredholm’s alternative applied to (A, D(A)) = (A — B,, D(A — Bp))
and its adjoint (A*, D(A*)) = (M — B,)*, D((AMI — B,)*)). For this purpose recall D(AI — B,) = D?(Ly)
and A — B, = M — Lg from above as well as D((A] — B,)*) = D(L§) and (M — By)* = (M — Lg)* from
Lemma A.2. Finally, Theorem 4.2 shows that A\I — B, = Al — L is Fredholm of index 0. O

4.3. Exponential decay. Next we prove that any solution v of (Al — Lg)v = 0 decays exponentially
in space. The proof is based on an application of [5, Theorem 3.5]. The result is formulated in terms of
radial weight functions

(4.7) 0(z, 1) = exp (,u\/ |z|? + 1) ,z€RY peR
and the associated exponentially weighted Lebesgue and Sobolev spaces for 1 < p < oo and k € Ny
LyRY,KY) :={u € Lioo (R, KN) : |lul|z = [|0ull 1 < 00},
War (R KN) i=(u € LRLEN) - Julle, = 3 D%l < oo},
IBI<k
The following theorem also uses the constants ag, a1, Gmax from (2.2), v4 from (A4,), d4 from (A4,), by, &

as in Theorem 4.2 and B4 € R such that Re (w, Boow) > Boo|w|? for all w € C™.

Theorem 4.4 (A-priori estimates in weighted LP-spaces). Let the assumptions (A4,), (Ad,), (A6),

(A9p_) be satisfied for K = C, for some 1 < p < oo and for q = %. Moreover, let A\ € C with

Re\ > —bg + for some vy >0, let 0 < e <1 and let Q € C(R?, C™™) satisfy
n

b) b)
Ray CO,E Y

(4.8) esssup |Q(x)] < <
/> Ro

+ 1} for some Ry > 0.

2
Consider weight functions 6;(x) = 6(x, u;),j = 1,2, 3,4 with exponents p; satisfying

YA (600 - bO + ")/) 3/ a0y
4. - Spr <0< e < ;
and

5A(ﬂoo - bO + ’)’) ap”y
4.1 - <ps <0< py <L

Then every solution v € W2P(R?,C™) N Ly (RY,C™) resp. 1) € W2IRE,C™) N Lj (R*,C™) of

(M —Lov=yg in L (RL,C™) resp. (M —Lo)Y=¢ in L{ (R C™)
with g € Ly, (R4, C™) resp. ¢ € Lj, (R4, C™) satisfies v € Walz’p(Rd,(Cm) resp. ¢ € W;;q(Rd,Cm).
Moreover, the following estimates hold:

iy
(4.11) [ollysr <Cr(Bed+b0) % (I0lly +lgllry ). k=01,

_k
(4.12) [46llys.o <Ca (Red+b0) ™% (g, +ll6lg ), k=0.1.

Remark 4.5. Due to the choice of exponents in (4.9), (4.10), the main effect is to show that solutions of
inhomogeneous equations lie in a small space of exponentially decaying solution, provided they come from
a large space exponentially growing solutions and provided the inhomogeneity belongs to the same small
space of exponentially decreasing functions.

Proof. Decompose A € C into A = A; + A2 with Ag := —bg+7, A1 := A=Ay, and write A\ —Lg = )q]—ZQ
with Lg := Lg — Aol. This implies

(4.13) 9= =Ly = (M — Lg)v.

Introducing the matrix EOC := Bo + A2l and the two quantities I;o =by+ Ay =17, Boo ‘= Boo + A2, which
satisfy 0 < by < foo, we now apply [5, Thm.3.5] to (4.13) with

(ZQ,)\l,EOO,BmBOO) instead of (Lg, A, Boo, b0, Boo)-
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For this purpose, one must check the following three properties

~ ~ C
> —(1- &), S o™ e o o
Boc >0, ReAr 2 —(1-¢)B, and ot Q@)] < 5 min { ray’ Co. g }

Using 0 < by < Boo, 0 < <1, ReA > —by+7, A=A + X and Ay = —bg + 7, we obtain

Boo = Boc —bo+7 =<0, Red; =ReA— Xy > 0> —(1 — €)fuo.

The Q-estimate follows from (4.8) using v = bo and Bs — by + v = Boo — by + v = Boo. Replacing
((A4)),p,v, g, 11, p2) by ((Ady), q, 9, ¢, ps, pa), the same approach yields the assertion for solutions 3 of
the adjoint problem (A — L))y = ¢. |

4.4. Fredholm properties of the linearized operator and exponential decay of eigenfunctions.
We now apply the previous results from Section 4 to

—Boo = Df(vee) and  Q(z) = Df(vs(2)) = Df(veo)

in which case the linearization £ from (1.7) coincides with the variable coefficient operator L from (2.7).
This allows us to transfer the Fredholm alternative (Lemma 4.3) and the exponential decay (Theorem 4.4)
to the linearized operator £ and its adjoint L£*.

In the following, let amax = p(A) denote the spectral radius of A, —ag = s(—A) the spectral bound of —A,
—by = $(Df(vs)) the spectral bound of D f(vs) and let S be from (A11).

Proof (of Theorem 2.8). With —Bo, = D f(vso) and Q(z) = D f(vi(x)) — D f(vss) We obtain £ = Lg.

a) An application of Theorem 4.2 proves that AI — £ is Fredholm of index 0 with finite-dimensional
kernel and cokernel. In order to apply Theorem 4.2, note that the assumptions (A4,) and (AG6) are
directly satisfied, and (A9p_) follows from (A9). The property @ € C(R%, C™™) follows from (A7)
and v, € C*(R% R™). Similarly, condition (4.3) follows for £ = 1 from (A7) and (2.16)

1
Q)| =D f(vi(x)) = Df(vo)] </0 |D? f (s + 5 (va(2) = vso)| ds s (@) — vec]
<K1( sup \D2f<z>\)<zmin{1 . }

"C
2€EBK; (Voo) ray Co,1/2

provided we choose K1 = K1 (A, f, v, 7,d,p) > 0 such that

(4.14) Kl( sup \DQf(z)\><Zmin{1 1 }

e
2€BK; (Voo) Kay Cop1/2

b) Since A € op(L) has geometric multiplicity n = dimN'(A — £) for some n € N, we deduce from
Lemma 4.3 that the homogeneous equations (Al — £L)v = 0 and (A — £)*y = 0 have exactly n linearly
independent solutions vy, ...,v, € DP(Ly) and ¥1,...,¢, € DI(LY). Further, Lemma 4.3 implies that
for any g € LP(R? C™) the inhomogeneous equation (Al — £)v = g has at least one (not necessarily
unique) solution v € DP(Ly) if and only if g € (M ((M — £)*))*, which corresponds (2.18). Finally, the
estimates from (2.19) follow from abstract results of Fredholm theory.

O

Theorem 4.6 (Exponential decay of eigenfunctions). Let all assumptions of Theorem 2.8 a)-b) hold.

a) (Ezponential decay of eigenfunctions in weighted LP-spaces). Consider weight functions 6;(x) = 6(x, u;),
j=1,...,4 with exponents that satisfy (4.9) and (4.10).
Then every classical solution v € C?(RY,C™) and 1 € C?(RY,C™) of the eigenvalue problems

(4.15) M-Lwv=0 and (M —L) =0,

such that v € Lj (RY,C™) and ¢ € Ly (R?,C™) satisfies v € Welz’p(Rd,Cm) and 1 € Weliq(Rd,Cm),
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b) (Pointwise exponential decay of eigenfunctions). In addition to a), let p > %, f € CHR™ R™),
v, € CKTHRY, R™) and v € CK1(RY,C™) for some k € N with k > 2. Then v belongs to Wéz’p(]Rd, c™)
and satisfies the pointwise estimate

(4.16) |D%(x)| < Cexp (—um/ |x|? 4+ 1) , zeR?
T

AmaxP

for every exponential decay rate 0 < o < € and for every multi-inder o € N4 satisfying d <

(k= laf)p-
¢) (Pointwise exponential decay of adjoint eigenfunctions). In addition to b) let min{p,q} > % and ¢ €
CFHL (R, C™). Then 1 belongs to Wéi"q(]Rd,(Cm) and satisfies the pointwise estimate

(4.17) ID*(z)| < Cexp (f,u4\/\x|2 n 1) , zeR

Va0
Amaxq

Proof. As in the proof of Theorem 2.8. let —By, = Df(vso), Q(z) = Df(vi(z)) — Df(voo). Assertion a)
follows directly from an application of Theorem 4.4 if K; from (4.14) is chosen such that

K1< sup |D2f(z)|><mmin{1 ! ﬂoo_bo—l—l}.

) )
2€Bx, (voo) 2 ka1 Co e vy

for every decay rate 0 < py < € and for every multi-index o € N& with d < (k — |a|)q.

The proof of b) works in quite an analogous fashion as in [5, Thm.5.1(2)] and will not be repeated here.
Similarly, assertion ¢) follows when applying the theory from [5] to the adjoint operator. O

5. Point spectrum on the imaginary axis

5.1. Eigenvalues and eigenvectors in LP. Let us first compute the eigenvalues A and associated
eigenfunctions v of (1.8) caused by the symmetriy w.r.t. the SE(d)-group action. These eigenvalues
belong to the point spectrum oy, (L) of the linearization £ (Theorem 2.9).Consider the equation

(5.1) 0= (M — L)v = v — AAv — (Dv)(Sz) + Df(vs)v, z € R%

Assume an eigenfunction v of the form

(5.2) v = (Dv,)(Ex + b) for some E € C** b C, E" = —F, v, € C}(RY,R™).
Plugging (5.2) into (5.1) and using the equalities

(5.3) A = (Dvy)(A(Ex + b)),

(5.4) ANv = (D(AA,))(Ez + b),

(5.5) (Dv)(Sz) = (D((Dv,)(Sx)))(Ex + b) + (Dv,)([E, S]lz — Sb),

(5.6) Df(vi)v = (D(f(v.))(Ex + ),

with Lie brackets [E, S] := ES — SE, we obtain

(5.7) 0= (Dvy) (AE — [E,S])x+ (Ab+ Sb)) — D (AAv, + (Dvy)(Sz) + f(vy)) (Ex + b).
Since v, satisfies the rotating wave equation

(5.8) 0 = AAv, + (Dv,)(Sz) + f(v,), z € RY,

the second term in (5.7) vanishes and we end up with

(5.9) 0= (Dv,) (AE — [E,S])x + (\b+ Sb)), = € R™.

Comparing coefficients in (5.9) yields the finite-dimensional eigenvalue problem

(5.10a) AE = [E, 5],

(5.10b) Ab = —Sb,

which is be solved for (A, E,b). Since E is required to be skew-symmetric, we expect % nontrivial

solutions. If (A, E) is a solution of (5.10a), then (A, E,0) solves (5.10). Similarly, if (X,b) is a solution of



17

(5.10b), then (A, 0,b) solves (5.10). We solve (5.10) by using that S is unitarily diagonalizable over C, i.e.
there is a unitary matrix U € C%? such that S = UAsU", where Ag = diag(\}, ..., )\g) and \7,..., )\5
denote the eigenvalues of S. In particular, this implies ST = UAgU T.

e Solving (5.10b): Multiplying (5.10b) from left by UH and defining b = UHb we obtain
(5.11) Ao = \UHp = —UMSh = —UMUASUMD = —Asb.

Equation (5.11) has solutions (\,b) = (=, e;), hence (5.10b) has solutions (\,b) = (=¥, Ue¢;), and
(5.10) has solutions (A, E,b) = (=A7,0,Ue;) for I =1,...,d.

e Solving (5.10a): Multiplying (5.10a) from left by U, from right by U, defining E = UNEU, and using
skew-symmetry of S and E, we obtain

(5.12) AE = \UMEU = UME, S|U = ~UNEUAsU U — UNUASUMEU = ETAg — AgE.

Equation (5.12) has solutions (A, E) = (—=(AY + AJ),I;; — I;;), hence (5.10a) has solutions (), E) =
(—(A +A9),U(Ii; — I;;)UT), and (5.10) has solutions (X, E,b) = (—=(Af + A§),U(I;; — I;;)UT,0) for
t=1,...,d—-1,j=1+1,...,d, where I;; has entry 1 in the 7th row and jth column and 0 otherwise.

Collecting these eigenvalues (and using skew-symmetry of S once more) we find the symmetry set
(5.13) Ooym(L) = a(S)U{N +AF 1 1<i<j<d}
A rigorous proof of the relation ggym (L) C opi (L) (see Theorem 2.10) is proved next.

Proof (of Theorem 2.10). For X\ € ogym(L) the function v from (2.23) is a classical solution of the eigenvalue
problem (1.8) by Theorem 2.9. An application of [5, Cor. 4.1] implies v, € W;?(R% R™). Thus we have
v € W2P(R? C™) and Lov € LP(R?,C™), and hence v € DP(Ly) solves (1.8) in LP. Therefore, v is an
eigenfunction of £ in L? with eigenvalue A € o(L). By Theorem 2.8a) spectral stability of D f(v) from
(A11) implies that A — £ is Fredholm of index 0, so that A € op(£) holds according to Definition 2.6. O

5.2. Multiplicities of eigenvalues. Let us discuss some consequences of Theorem 2.10. Since v, €
C3(R%,R™), the function v(z) = (Sz,Vu.(z)), 2 € R? containing angular derivatives is in C? and a
classical solution of Lv = 0, i.e. v is an eigenfunction of £ with eigenvalue A = 0. This can either be
shown directly by differentiating (1.5) (cf. [4] for d = 2) or it can be deduced from Theorem 2.9 with
(A ELb) = (0,5,0). Theorem 2.9 gives also information about the multiplicity of the isolated eigenvalues
of £. More precisely, for any fixed skew-symmetric S € R%¢, Theorem 2.9 yields a lower bound for
the geometric and hence for the algebraic multiplicities. In general, multiplicities will depend on the
eigenvalues of S and higher multiplicities may arise from resonances such as o1 + 09 = o3 or the like.
Figure 5.1 shows the eigenvalues A € ogym (L) from Theorem 2.9 and lower bounds of their multiplicities
for different space dimensions d = 2,3,4,5. In line with formula (5.13), the eigenvalues A € o(S) are
indicated by blue circles, the eigenvalues A € {A; +X; | A, Aj € 0(5), 1 <i < j <d} by green crosses.
The imaginary values to the right of the symbols denote the eigenvalues and the numbers to the left the
lower bounds for their corresponding multiplicities. We observe that for space dimension d there are %
eigenvalues on the imaginary axis that are caused by the symmetries of the SE(d)-group action.

Example 5.1 (Point spectrum of £ for d = 2). In case d = 2 the skew-symmetric matrix S € R*2, the
diagonal matrix Ag € C?? and the unitary matrix U € C>2, satisfying S = UAgU", are given by

_ 0 S12 [0y 0 1 /11
s= (g ) (0 ) v )

with o1 = Sy9, k = 1, \{ =01, AJ = —ioy. Therefore, using the relation U (12 — Io1)UT = —i(I12 — I1),
Theorem 2.9 implies the following eigenvalues and eigenfunctions of £, cf. [4, Lem. 2.3],
)\1 = O, v = D(l"z)’U*7

(5.14) , .
)\2,3 = :tZO'l7 V2,3 = D1’U* + ZDQU*
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1 () —i07 2 (::) —i01 1 () —io2 2 (::) —io2
1 —i(o1 — 02) 1 —i(o1 — 02)
1 () —i01 2 (::) —i01
1 —i(o1 + 02) 1 —i(o1 + 02)

(a) d=2 (b) d=3 (¢)d=14 (d) d=5

FIGURE 5.1. Point spectrum of the linearization £ on the imaginary axis iR for space
dimension d = 2,3,4,5 and group dimension %d(d + 1) as given by Theorem 2.9.

Example 5.2 (Point spectrum of £ for d = 3). In case d = 3 the skew-symmetric matrix S € R33,
the diagonal matrix Ag € C3>3 and the unitary matrix U € C>?3, satisfying S = UAgU"M, are given by
Ag = diag(io1, —io1,0) and

0 S22 Sis 1 01513 — 1512823 01513 + 1512523  ¢Sa3
S=|-52 0 Sys|,U= P 01523 + 1512513 01523 — 1512513 —¢S13 | ,
=813 —Sa3 0 190\ (S5 + S33) —i(Sts +53;) ¢S
with 01 = \/S% + S35 + 5%, ¢ = V/2(S33 + 52;), \{ = io1, A5 = —ioy and A§ = 0. From this one

calculates the matrices U (I1o — Io1)U”, U(I13 — I31)UT, U(Iy3 — I32)UT and finds from Theorem 2.9 the
following eigenvalues and eigenfunctions of L,

A1 =0, vy = S15 D8P0, + S13D v, + Sy DBy,
A2 =0, vy = Sa3D1vs — S13D204 + S12D30,,
(5.15) A3 = Fioy, vz = (01513 £iS12523) D10, + (015923 £ iS12513) Dav, £ (S5 + Sa3) D3y,
Xs6 = Fior, vse=—(5% + 5%5) DDy, — (=815813 & i01Sa3) DL,
+ (812593 £ i01 S13) Do,

6. Numerical spectra and eigenfunctions of spinning solitons
Consider the cubic-quintic complex Ginzburg-Landau equation (QCGL), [26],

(6.1) Uy :aAu+u(5+ﬁ|u|2+'y\u|4)
where u : R? x [0,00) = C, d € {2,3}, @, 3,7, € C with Rea > 0 and f : C — C given by
(6.2) F(w) = (54 Bluf +y]ul').
For the parameters, see [13],
1 1. 5 . 1 1
(6.3) a=g+55 Bf§+z, 77—1—1—01, =3

this equation exhibits so called spinning soliton solutions.
Figure 6 shows the isosurfaces of Re v, (z) = £0.5 (left), Im v, (z) = £0.5 (middle), and |v.(x)| = 0.5 (right)
of a spinning soliton profile v, for d = 3. The rotational velocity matrix S from Example 5.2 takes the
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FIGURE 6.1. Isosurfaces of spinning solitons of QCGL (6.1) for parameters (6.3) and
d = 3: Rev,(r) = £0.5 (left), Imv,(z) = £0.5 (middle), |v.(z)| = 0.5 (right).

values (S12, 513, 523) = (0.6888,—0.0043, —0.0043). Therefore, the eigenvalues of S are o(S) = {0, +ioy }
with o1 = \/S%, + SZ; + 52, = 0.6888. Moreover, the temporal period 7% that the soliton need for exact

one rotation is T3¢ = 271r| = 9.1216. The profile v, and the velocity matrix S of the spinning soliton are

‘T
computed simultaneously by the freezing method from [6, 8]. For more detailed information concerning
the computation of v, and S we refer to [29]. We suggest that there is no explicit formula for spinning
soliton solutions of (6.1), only implicit formulas and numerical approximations are available.

The real-valued version of (6.1) reads as follows
(6.4) w, = AAu+f(u) with A := (O‘l _0‘2> . u= (“1>
Q2 aq U2
and f : R2 — R? given by
(6.5) P <U1> — (w161 — u262) + (w181 — u2Ba) (Ui + ud) + (u1y1 — u2y2) (uf + ug)z
U2 (u1(52 + UQ51) + (ulﬁg + uzﬁl) (u% + u%) + (Ul’)’z + UZ’Yl) (u% + u%) s

where u = uy + itug, @ = a1 + iag, 8= P1 +if2, ¥ =71 +iy2, 6 = 61 + ida.
For the real-valued formulation (6.4) the constants from (2.2) are given by

d
5
ap =Req, amin = amax = |[A] =1a|, a1 = (a|> , by =P =—Red, vy =0.
Rea
They satisfy our assumptions (A1)-(A11) provided that
2 2
(6.6) Rea>0, Red<O0, pumn= o] o

— A cp< — T =
la| + Re o b |a| — Rea Pmax

In particular, (A5,) and (A5,) for 1 <p < oo and ¢ = % lead to the same restriction on p, namely

Rea _ lq — 2| lp — 2|
= mle)=mia)> T =T
which is equivalent to the latter condition in (6.6) and gmin := Pmin < ¢ < Pmax = Gmax. 10 particular, if

p approaches pmax (O pmin) then g approaches pmin (Or Pmax)- Note that the application of Theorem 2.7
additionally requires p > %. For our parameters (6.3) this allows us to choose p such that

4 d
= Pmin < P < Pmax = ~ 6.8284 and = =,
vz pep 2 -2 P=3

e.g. p=2,3,4,56. A more detailed discussion of the assumptions (Al)—(A1l) is worked out in [5, 29].
Linearizing at a rotating wave solution in a co-rotating frame leads to the operator

Lv(z) = AAv(x) + (Sz, Vv (z)) + DE(vy(z))v(2)

|

(6.7) 1.1716 ~

and its adjoint

Lrp(x) = AT AY(x) = (Sz, Vi (2)) + DE(v.(2)) ().
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We next numerically solve the eigenvalues problems (A — £)v = 0 and (Al — £)*¢ = 0, obtained from
the QCGL (6.4). We compare analytical and numerical spectrum, and compute eigenfunctions and their
adjoints numerically. For the computations below, realized by the CAE software Comsol Multiphysics
[1], we used continuous piecewise linear finite elements with maximal stepsize Az = 0.8 (if d = 3), and
homogeneous Neumann boundary conditions to compute 800 eigenvalues which are located near o = —by
(measured radially) and satisfy an eigenvalue tolerance of 10~7. The profile v, and the velocity matrix S
are determined from a simulation with the so-called freezing method, see [29] for a detailed discussion of
how to get these quantities numerically.
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FIGURE 6.2. Spectrum of QCGL linearized at a spinnig soliton for parameters (6.3) and
d=3.

Figure 6.2(a) shows the dispersion set cqisp(L) (red lines) and the symmetry set ogym(L) (blue circles).
Both of them belong to the analytical parts of the spectrum o(L) of £. The entries and the spectrum of
the velocity matrix S € R®?3 are given by

(6.8)
(S12, 513, S23) = (0.6888,—0.0043, —0.0043), o(S) = {0, +io1}, o1 = /5% + 5% + 52, = 0.6888.

Therefore, the symmetry set (5.13) reads as follows

(6.9) osym (L) = {0, +io1 },
and the dispersion set (2.4) is given by
(6.10) odgisp(L) ={A = —n?ay + 01 +i(En s F 6y —noy) :n ER, n € Z}.

As shown in Theorem 2.9, Example 5.2 and Figure 5.1(b), all eigenvalues from oy, (L) lie on the imaginary
axis have geometric multiplicity at least 2, and belong to the point spectrum op¢(£) in LP. Similarly, as
shown in Theorem 2.7 and Figure 3.1(a), the eigenvalues from og;sp (L) belong to the essential spectrum
Oess(L£) in LP and form a zig zag structure consisting of infinitely many copies of cones. The cones open to
the left and their tips are located at —bg + inoy1, n € Z, as can be seen from (6.10). The distance of two
neighboring tips of the cones equals 01 = 0.6888. Theorem 2.8 shows that AI — £ is Fredholm of index 0
for Re A > —bg, i.e. to the right of the dashed line, and hence there is no essential spectrum. We believe
that the operator AI — L is also Fredholm of index 0 for A-values between the dashed line Re A = —bg and
odisp(L), but we do not have a proof of this. Similarly, the Fredholm properties for A-values inside the
rhombic regions of og4isp (L) are unknown. To conclude, we suggest that both spectral subsets o (£) and
Oess (L) are generally strictly larger than ogym(£) and ogisp (L), respectively. Finally, the spectrum of the
adjoint L£* coincides with the spectrum of L.
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Figure 6.2(b) shows an approximation o®PP™* of the spectrum o (L) of L linearized about the spinning
soliton v, for d = 3. The numerical spectrum o?PP™* of L is divided into the approximation of the essential
spectrum gZPP™* (red dots) and the approximation of the point spectrum ohi” ** (blue circles and plus
signs). The set o2RP™* lies close to oqisp (£) which suggests that numerical computations seem to capture
this part of the essential spectrum oess(£). Similarly, the set oo™ is an approximation of oy, (£), which
contains approximate values from ogym (L) (blue circles) and 12 additional complex-conjugate pairs of
isolated eigenvalues satisfying Re A > —bg. In particular, one of these pairs lie between the black dashed
line and the essential spectrum. Further computations show that they seem to persist under spatial mesh
refinement and also when enlargeing the spatial domain. The case d = 2 is also treated in [4, Sec.8].

Let us briefly come back to Figure 6.2(a) to discuss analytical results on eigenfunctions and their adjoints.
In Theorem 2.9 we derived explicit formulas for the eigenfunctions associated to eigenvalues from the
symmetry set ogym(£). In case d = 3, the six eigenfunctions are those from Example 5.2. We recall that
each A which is located to the right of —by, either belongs to res(£) or to op(L£). In case A € op(L)
with Re A > —bg, Theorem 4.6 shows that the associated eigenfunction and adjoint eigenfunction decay

exponentially in space with exponential decay rates given by, see (4.10) with v = Re A + by,
vRea(Re X — Red) - vRea(ReX — Red)

(6.11) 0< s <e 7
|Oé|p |a|max{pmina g}

and

(6.12) Ogmgs\/Rea(Re)\fRed) - \/Rea(Re/\—Re(S)'

|oz\q |a|pmin
The upper bounds show that the decay rates are affected by the spectral gap Re A\ — Red between the
eigenvalue A € o, (L) and the spectral bound by = —Red (black dashed line) of Df(v.,). Therefore, the
decay rates are large for eigenvalues far away to the right of by, and they become smaller the closer Re X lies
to the spectral bound by = —Red. For the eigenvalues from the symmetry set ogym (L), parameters from
(6.3), and d = 3, we obtain the following upper bounds for the exponential decay rates of the eigenfunctions
and their adjoints

2
0</¢2<§z0.47l4 and 0<u4<1

4
~ 1.6569.
+2
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FIGURE 6.3. Isosurfaces of 4 eigenfunctions (top row) and 4 adjoint eigenfunctions (bot-
tom row) of QCGL linearized at a spinning soliton with d = 3
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In Figure 6.3 we visualize isosurfaces of numerical eigenfunctions v : R? — C? (upper row) which belong
to the eigenvalues A1, Az, Az, A5 from (5.15). The lower row shows the isosurfaces of adjoint eigenfunctions
¥ : R?® — C? for the same eigenvalues. More precisely, the red surfaces are given by Rev;(z) = —% and
Re;(z) = —3% while the blue surfaces are given by Rev;(z) = 2 and Re;(z) = 1. The corresponding
numerical eigenvalues are provided in the title of each subfigure. Instead of double eigenvalues at 0 and
101 as in the theory, one obtains two closely spaced simple eigenvalues in each case. The slight difference in
the values of the top and bottom row is due to the independent runs used for the original and the adjoint
eigenvalue problem. A detailed investigation of numerical decay rates of eigenfunctions and a comparison
with the theory can be found in [5, Sec.6.3].

Appendix A. Identification of adjoint operator

We analyze and identify the abstract adoint operator of L from (4.1). Let us first review some results from
[29, 30, 31, 32| for the complex-valued Ornstein-Uhlenbeck operator Ly in LP(R% C™) and its constant
coefficient perturbation L.,. Assuming (A2), (A6), (A9p_ ) for K = C it is shown in [29, Thm.4.4], [30,
Thm.3.1] that the function Hy, : R? x R? x (0, 00) — C™™ defined by

(1.13) Heoo(z,6,t) = (4mtA) ™% exp (—Boot — (4tA) ! [etS — 5\2) ,

is a heat kernel of the perturbed Ornstein-Uhlenbeck operator L. from (1.10). Under the same assump-
tions it is proved in [30, Thm.5.3] that the family of mappings

Jra Hoo(z, &, t)0(6)dE .t >0

,x e RY,
v(x) ,t=0

(1.14) [Teo (t)v] (z) := {
defines a strongly continuous semigroup 7o (t) : LP(R4,C™) — LP(R4,C™), t > 0, for each 1 < p < oo.
The semigroup (Too(t));> is called an Ornstein-Uhlenbeck semigroup. The infinitesimal generator of this
semigroup A, : LP(R¢,C™) D D(A,) — LP(R?, C™) has domain of definition

D(Ap) := {v € LP(RYL,C™) | Apv = lgfgt_l(Tm(t)v — v) exists in Lp(Rd,(Cm)} ,

and satisfies resovent estimates, see [29, Cor.6.7], [30, Cor.5.5]. The identification problem requires to
represent the maximal domain D(A,) in terms of Sobolev spaces, and to show that the generator A, and
the differential operator £, conincide on this domain. This problem is solved in [31]. Assuming (A4,),
(A6), (A9p_ ) for K = C and for some 1 < p < oo, it is shown in [31, Thm.5.1] that

(1.15) D(Ap) =DP(Ly) and Ayv =L for all v € D(A,).

Moreover, in [30, Thm.5.7] a-priori estimates are used to show DP(Lg) C WLP(RZ, C™).

Next consider the variable coefficient operator Lo and assumes (A2), (A6) and (A9p_). For Q €
L>°(R?,C™™) let Q denote the multiplication operator in LP(R?, C™) as in (4.6) and apply the bounded
perturbation theorem [16, II1.1.3] to conclude that B, := A, + Q with D(B,) := D(A,) generates a
strongly continuous semigroup (Tg(t));o in LP(RY,C™). If we restrict 1 < p < oo and assume the
stronger assumption (A4,) (or equivalently (A5,)) instead of (A2), an application of [31, Thm.5.1] solves
the identification problem for B, namely D(B,) = DP(Ly) and Byv = Loov+Qu = Lgu for all v € D(B)).
In particular, we obtain from [30, Thm.5.7] that D?(Lo) € WLP(RY, C™).

In the following we continue the process of identification for the adjoint differential operator and relate it
to its abstract definition [24, Ch.III.3].

Definition A.1 (Adjoint operator). Let X,Y be Banach spaces over C with dual spaces X*,Y* and
duality pairings (-, )y : Y* xY — C and (,-)x : X* x X — C. For a densely defined operator
A: X DD(A) = Y the abstract adjoint operator A* : Y* D D(A*) — X* is defined by

DA ={y*eY*| - e X" : (y*, Az); = (", )2 Vz € D(A)}, A'y* :=2z".
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Let us assume (A4,), (A6), (A95_), Q € C(R?, C™™), let 1 < p < co and apply Definition A.1 to the
infinitesimal generator A = B,, using the setting

1 1
X =Y =LPRL,C™), X*=Y*=LIYRL,C™), 1<pg<oo, -+-=1,
(1.16) boa
(w0, 0)ap = {w0)x = o)y = [ w@ole)ds, welt, veln
R4
The abstract adjoint operator A* = B, has maximal domain
(1.17) D(B;) ={ve LYRY,C™) | Jw € LIYRY,C™) : (v, Lou)yp = (w,u)gp Yu € DP(Lo)},

and is defined through
(1.18) B, : (D(By), |||

B ) - (Lq(Rdv Cm)a ”'”LQ) 5 B;U =w, w from (117)

Note that the element w € LY(RY,C™) from (1.17) is uniquely determined. We compare this with the
formal adjoint (differential) operator L7, : (D(L}), H||L3 ) = (LYR,C™), ||| 1.4 ), defined by

(1.19) [Lov](z) = AP Av(z) — (Sz, Vo(z)) — BLo(x) + Q(2)Mv(z), z € R?
on its domain

DI(LE) = {v e W2URE, C™) N LIRE, C™) : Liv = AP Av — (8-, Vo) € Lq(Rd,cm)} 1< q< oo

loc
Definition (1.19) is motivated by the following relation obtained via integration by parts
(1.20) (v, Lou)gp = (LHU, U qp Yu € DP(Ly) Vv € DI(Lp).

The following result solves the identification problem for the adjoint operator. The proof is based on an
application of [5, Thm.3.1] to (A", —S, B Q(2)H,q = ﬁ) instead of (A, S, Bs, Q(z),p). This requires
the matrix A" to additonally satisfy the Li-dissipativity condition (A4,) for the conjugate index q := p%

T
Lemma A.2 (Identification of adjoint operator). Let the assumptions (A4,), (Ad,), (A6), (A9p.) and
Q € L>®(R*, K™™) be satisfied for K = C, for some 1 < p < oo and ¢ = -2~. Then the formal adjoint

p—1
operator EZ? and the abstract adjoint operator By, coincide, i.e.

D(By) =D Ly) and B, = Lg,.
In particular, the corresponding graph norms are equivalent.

Proof. For the proof we abbreviate (-,-) = (-, -)q.p-
e DI(L) CD(By): Let v € DI(LE) and choose w = L{Hv € LR, C™), then (1.20) implies

(v, Lou) = (LGHv,u) = (w,u) Yu € DP(Ly),

which yields v € D(B}).
e DU(Ly) 2 D(B;): Let v € D(B;) and let w € LI(R?, C™) be defined according to (1.17). By an

application of [5, Theorem 3.1] we have a unique solution & € D(Lj) of (Al — L0 = Av — w in
LY(R%,C™) for any A € C with Re A > —bg + kay ||Q|| ;. Therefore, from (1.20) and (1.17) we obtain
(v, (A = Lo)u)y =(v, Au) — (v, Lou) = Mv,u) — (w,u) = (v —w,u) = (A — L5)0,u)

=M0,u) — (LHD,u) = N0, u) — (0, Lou) = (0, (M — Lg)u) Yu € DP(Ly).

Since AI — L is onto, this implies v = € DI(Ly) C LRI, C™).
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2.

In

Supplement

this supplement we provide a detailed proof of the estimate (3.11) needed to construct a singular

sequence for points in the essential spectrum of the linearized operator in Theorem 3.2.

Proof. 1. The property xgr(r) =0 for r € I; U I5 implies
(2.21) (A — L5™Yop(¢) =0, if || € L UTs or 7 € I; U I5 for some 1 <1< k.

Similarly, A € o4isp(Lg) and x%(r) = xz(r) = 0 for r € I3 imply

(2.22) (AT = L5™)op() =0, if |§] € Is and r € I for every 1 <1< k.

2.

Next compute the partial derivatives

02 on(v) = | BT+ 20 08 o), 1= 1,

XR(Tl) XR( )
2o ooy = [ 2 xRUID | (10P—wf o\ XR(ED ), _
O RW‘[WWD*( e ””m)xR(wl) ”l] R(W), I=2k+1,...d,

and consider the case |§| € I,UI3UI, and r € I,UI3UL for all 1 <1 < k. Then we use A € 0g4isp(Lg) and
the estimates [xa(r)| < 1, Xa(r) < Ixalloss Xa(r) < gl 1905)] = 1, [226] < 1, [ 2280 < 1,
L < 25 <1 to obtain

Wl SR
‘ k d k
|(M = £5m) wp(v)] = ‘(AI— A{Z@fl + Y a;] +) 010y, +Boo>@R(¢)’
=1

1=2k+1 =1
g 5r ()
| (A Qo+ 15?14 + i) + B om0 AZ () + 2ani(r) T2
~12 _ 2 )
2)  -a Z (Lt + (22 i) ) 22

=2k+1
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k d
<A (2wl lIxalles +141 Y B+ 2lo) Ixrles

=1 1=2k+1

<JA| (k+ 2|VE + 3(d - 2K) + 2|l VA — 2k) llxnllc = C

2. Transforming variables, setting (r) = Hle r; and using [0()| =1, xr(r) 20 (r € LU L), xr(r) =1

(r € I3) leads to

poally = [ ontorrde= [~ [ [T wentoras
/ N /_ / N /_ /R_Klﬂ oy T PRI Y
/mH /_: /QRH/_: /R_K'g<2R+1<P><f[1x%(m))x%(|zj)dw
:/Rl<|§|<2R+1 dyH/m+1 /7; rixg(ro)ddidr

< / i+ [ i+ [ x%<|y|>dg)
Ro1<IfI<R | R<|jI<2R 2R<|FI<2R+1

H < 2R+1
2w

R 2R
/ rixp(ro)dr +/ riXg () dry +/ TlX%(ﬁMﬁ)
P 1 2R

R— R

2 d - 2 2k+d d

></ 1dgj) . ( 27r/ rldrl> =CR 3nR? = (3n)*CR**+? = CRY,
RL|P|<2R 11;! R 11;[1

d¢p1dry and d:=d — 2k. In the trivial case d = 0 the

=

where C' is independent of R, dy := dgdoydry, - - - a
first integral is set to 1, while in case d > 1 the term CR? follows from the well-known formula

/ 1dg]:27rg(b‘ifad~) for0 <a <b < oo.
<lgl<b

dr’

—
e,
SN—

(2.24)

3. The transformation theorem and (2.21) imply
|7 =) onlfy, = [T = £ (e d

// /// |(AT = £3) op yd¢

—r — 7 JRd—2k

2R+1 2R+1

[ // (101 = £2) oo
—r -7 J R—1<|g|<2R+1

We distinguish the following cases for d=d—2k.

Case 1: (d = 0). From (2.23), (2.22), the multinomial theorem and
R 1 2R 1 2R+1 1
(2.25) / rydr; = 5(2R - 1), / ridr; = §3R2, / ridr; = 5(4R+ 1),
R-1 R 2R

we further obtain

/2R+1/_: /QRH/_: (r) | (AL = £3) bp(v)]” dppdry - - drdry
< Z (jl»]id:s) (/Ii)h </R2R>j2 (/;RH)“ CP () (2m)Edr - - - dry,

Jj1+i2+iz=k
Jjo#k
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P(21)F . . .
= ( ke ) M(QR— 1)1 (3R?)32(4R + 1)7* < CR.
o~ \J1,J2,J3 2

e

For the last inequality we estimate powers of R by j1 +2jo+js=k+jo <2k—1=d—1for jo #k

Case 2: (d > 1). Similarly, using (2.23) and (2.22), (2.24), the multinomial theorem gives (abbreviating
dr:=dry---drg )

R g1 2R g2 2R+1\ 7
CP(r)(2n)* djdr
hﬂ;?, k 9”“3 R L </2R ) /R—l<lﬂl<R
R R J2 2R+1\ 72
+ ) / / CP(r)(2r)*dydr
31+12+13 k ]1’12’13 R-1 2R R<[PI<2R
Jjo2#

R gl 2R J2 2R+1\ 73
Y / / CP(x) (27 dijdr
Ry 31732733 R 1 2R 2R<|F|<2R+1

- Z (jl,jg,]3) p(22k7r) <2R—1)31(3R2)32(4R+1 27 )

Ji+j2+iz=k (
d
2

+ > <,k.)c(m(2R—1)]1(3R2)J24R+1 2

71+72+73 k J1,J2, 73 2

| i ~ RY)
(3"

k CP(2m)k i i L ) ]
+hﬂ,§j3_k (jl,mg) —or (2R -1) (3R?)72 (4R + 1)73 dr( >((2R+1) (2R)%)

< Z < k . ) CRJ‘1+2j2+j3+ti*1 + Z < k ) ) CV]:ij1+2j2+j3er~
it jatgs—k J15J2,J3 s T J1:J2,J3

+ E . k ) ORI +2atistd-1 < CRL
= J1,J2,73
Ji+j2+jz=k

//\

v,

_1d>

(]I SW

I\D\&I

This shows that |[(A — £5™)ug|}, < ORI

4. For the operator Lo = Lo + Q(T1(Ta(1))), equation (2.21) and xg(r) = 0 for r € I; U I5 imply

(2.26) (A — Lo)og(¥) =0, if [§l € [, Uls or 1, € I, U I for some 1 < I < k.
Moreover, if |g| € I3 and r; € I3 for every 1 < I

[or(¢)] < 1, and - < 5 <1,

< k, then we obtain from (2.22), xz(r) < ||XR||c§v

k
(A = Lg)or(4)| = ‘ (M — L&) dr(v) =AY (:lam + 7};%) or(Y) — Q(Tl(Tz(%D)))@R(dJ)‘
=1

ay (B X001 )+ Qi)

rixr(ry) 7

w Ixrllcz  n? k 1 v
<ty (10 2 LI 4 o ml < (1415 (jal + Ixally +72) 5 +1m)
l

=1
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Similarly, from (2.23), [\r(r)] < 1, Xa(r) < [xales o) < 1. [2200] <1, 2 < ghy <1, & <
and @ € L* we find in case |g| € o U I3 U I, and 7y €I2U13UI4 for every 1 <1<k
(O La)onv)] = | (31 - £2) o AZ (700 + 0%, ) 5m0) ~ QUA(Ta())3m(0)

|- ey AZ( “ XR”)—’”‘;)@R<w>—Q<T1<T2<w>>>@R<w>\

TlXR(""l) ’r‘l

| I
| (- 2 one)| + 1415 (e 22 1)+ Jocr o)
1=1 !

<C+|Al(llVE + kllxrllcs + n?) + Q1 = C:
5. Finally, let us consider (A — Lg)vg in LP. From the transformation theorem and (2.26) we obtain

11 = Loyonllyy = [ 10 = Lo)un(a)Pda

[ [T wiern- Lontras
/mﬂ/: /2R+1/7; /R1<|7;<2R+1<r>|(M_ﬁQ)ﬁR(iﬂﬂpdd)-

Again we distinguish two cases for d:=d—2k:
Case 1: (d =0). From step 4, equation (2.25), and d = 2k we deduce

/2R [w /2R [F
R\ 2R\ 72 2R+1 .
+J1+]22:+13 <J17]2,J3) </Rl> </R ) (/m ) CF i) (@m) dry - dr
o) /QR /2R | Al (ﬁ: (H m) <|wz| + ||XR||C§ + n%) > + (r)nr
A|§; <|wl| + ”XRHC{:‘ +n12) /:R.,./R?R <£[1rj>dr+7m /}:R.../RQR@MI} L opit

J#l

k k  .2R
=(2m)*141 > (il + lxallog + ) (H/ rjdrj>
- e
k 3 k—1 3 k
—(2m)H|4] (Z (lal + Ixcall +7) 3) R?’H) + oo (5) %+ CR

=1
<CRY + CRYp.

For the first inequality we refer to case 1 of step 3.
Case 2: (d > 1). From the procedure used in case 2 of step 5 and in case 1 and (2.24) we obtain

2R ™ 2R ™
</\ / B '/ / /
R —T R —T R<\§|<2R

< (CR*™ 1 4 CR%1g) / dj + CRY < OR?*-1+d { oRd-1 y O R+,
R<|§|<2R

|A|Z\w\+||xR||c2+nl) + g | dordry -+ - dpydry

dr + CR*!

—(2m)*

2R k 2R
dr; + (27r)knR H / rjdr; + CRY1
1J/R

1
) ||A] Z il + IIxrllcz +ni)— I

=1

dy + CR!
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=CR"! + CR"g.

The constant CR*~! in the first inequality comes from an estimate of three sums, compare case 2 from
step 3. For the second inequality compare case 1. This shows that |[(A —Lg)vg|}, < CR*™1+CRYp.
0
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