Homework

Waves in Evolution Equations

Wolf-Jiirgen Beyn
Summer term 2017 Christian Doding

Due: Wed. June 14, 12:00, V3-128, mailbox 128 (Christian Doding)

Tutorial: Tue. 20.06 2017, 14-16, V5-148

Exercise 14: [The space Hy, ]
For the analysis of rotating waves we used the function space

HE (RER™) = {v € HY(RY,R™) : Lgv € L*(RY,R™) VS € so(R%)}

with norm

lolBy = [0l + sup{lCsvll3s < S € so(RY), IS, < 1, ()

where Lgv(x) = v,(x)Sz,r € RY S € so(R?). Using the Hilbert space property of H! prove
that H_,(RY, R™) is a Banach space with respect to the norm (1). Can you turn it into a Hilbert

space after replacing || - || 72 by a different but equivalent norm?
Hint: Consider a basis of so(R?).
( 6 points)
Exercise 15: [Self-similar solutions of Burgers’ equation]
(a) Show that G = (0, 00) x R is a Lie group with respect to the operation
gov=1(91,92) © (71,72) = (171, 92 + g172)-
(b) Asin Exercise 11 and 12 consider Burgers’ equation
1
ut:um—i[uﬂx = F(u), z€R, t>0 2)

(©)

Hint:

and the group action
1 T —
[a(g)qu) = —u ( 92) ) S Ra g = <g1>g2) eG
g1 g1

on sufficiently smooth functions « : R — R. Show that /" satisfies the generalized equi-
variance condition

Fla(gu) = ;—%a<g>F<u>7 gea.

For a relative equilibrium of (2) with respect to this group action use the ansatz
u(+,t) = a(g(7(t))v., t€[0,T)

for some smooth profile v, : R — R, some group orbit g € C*(]0, o), G) and some time
transformation 7 € C*([0,7T), [0, o)) satisfying 7(0) = 0 and 7/ > 0 in [0, 7). Which
differential equation is satisfied by the profile v, ?

It is enough to solve these problems in a formal sense.
(8 points)



