Numerical approximation of connecting orbits with asymptotic rate

Thorsten Pampel^∗

email: pampel@mathematik.uni-bielefeld.de

Department of Mathematics, University of Bielefeld P. O. Box 100131, D–33501 Bielefeld, Germany

Abstract

In this paper we set up and analyze a numerical method for so called connecting orbits with asymptotic rate in parameterized dynamical systems. A connecting orbit with asymptotic rate has its initial value in a given submanifold of the phase space (or its cross product with parameter space) and it converges with an exponential rate to a given orbit, e. g. a steady state or a periodic orbit. It is well known that orbits with asymptotic rate can be used to foliate stable or strong stable manifolds of invariant sets.

We show that the problem of determining a connecting orbit with asymptotic rate is well-posed if a certain transversality condition is made and a specific relation between the number of stable dimensions and the number of parameters holds. For the proof we employ the implicit function theorem in spaces of exponentially decaying functions.

Using asymptotic boundary conditions we truncate the original problem to a finite interval and show that the error decays exponentially.

Typically the asymptotic boundary conditions by themselves are the result of a boundary value problem, e. g. if the limiting orbit is periodic. Thus it is expensive to calculate them in a parameter dependent way during the approximation procedure. To avoid this we develop a boundary corrector method which turns out to be nearly optimal after very few steps.

Keywords: Numerical approximation, connecting orbits, asymptotic rate, asymptotic boundary condition

AMS subject classification: Primary 58F22, 65L10. Secondary 58F18, 34C37.

∗This paper is a condensed version of [19, Chapters 1-3]. Acknowledgments: This research was supported by DFG Schwerpunktprogramm “Ergodentheorie, Analysis und effiziente Simulation dynamischer Systeme”. I am very grateful to Prof. W.-J. Beyn for helpful comments and exciting discussions.

1

1 Introduction

Consider a parameterized dynamical system

ẋ = f(x, λ), x(t) ∈ R^m, λ ∈ Λ ⊂ R^p (1.1)

and a family {y(λ)(·)}_{λ∈Λ} of solutions of (1.1) on R_+.

Our aim is to approximate so called connecting orbits with asymptotic rate γ from W to y. These are pairs (x, λ) where x is a solution of (1.1) on R_+ converging asymptotically to a given y(λ) with an exponential rate γ < 0 and with initial value in a given manifold W ⊂ R^{m+p}, i. e. we require ( x(0), λ ) ∈ W and

||x(t) − y(λ)(t)|| ≤ C_xe^{γt} ∀ t ≥ 0 (1.2)

for some constant C_x > 0. More precisely, we say that x(t) is γ–asymptotic with y(λ)(t) if (1.2) holds.

For uniqueness of connecting orbits with asymptotic rate we need a transversality condition which will be seen to be equivalent to the regularity of a solution of an operator equation.

PSfrag replacements

Figure 1.1: The phase portrait of example 5.1. Here y(λ) is periodic and the manifold W is a hyperplane in R^3. The dotted line M^0(y) is the stable manifold of the periodic solution with initial value y(0) = y_0.

We are interested in that part of the stable manifold of an orbit y(λ) which intersects the given manifold W. Problems of this type occur as subproblems in the computation of connecting orbits of general type [6], [19] or in solving optimal control problems with infinite horizon [11], [22],[23].

We show how to extend a given γ–asymptotic solution to a smooth manifold of orbits that are γ–asymptotic with the family y(λ). We use the concept of shifted exponential dichotomy [15] and we employ the implicit function theorem in spaces of exponentially decaying functions.

In particular, we prove parameter dependent results even in the strong stable case. This includes the smoothness of the manifold in the parameter. The first derivative with respect to the parameter is used for our approximation result in Section 4.

In the parameter independent case a general theory of foliations of stable and unstable manifolds of invariant sets has been developed by Fenichel [12, 13, 14]. There the technique of the Hadamard graph transform is used.

A related result for foliations of generalized stable and unstable manifolds on infinite dimensional spaces and its smoothness is shown in Chow, Lin and Lu [9]. In order to obtain general foliations, additional gap condition are assumed.

For nonautonomous differential equations of Carathéodory type analogous foliations of integral manifolds are proved by Aulbach and Wanner [1, 2] and their smoothness is a recent result from the PhD-Thesis of Siegmund [24].

Smoothness in the parameter only appears in the case of generalized center unstable manifolds in [9] (and not in the (strong) stable case mentioned here). In Section 4 we use our previous results to study the approximations of connecting orbits with asymptotic rate. We truncate the original problem to a finite interval [0, T_+] and use an asymptotic boundary condition at T_+ as well as the initial condition ( x(0), λ ) ∈ W.

By a proper use of weighted norms on finite intervals we show that the error caused by truncation decays exponentially.

To get appropriate asymptotic boundary conditions we typically have to solve spectral problems for a linear boundary value problem, e. g. the variational equation in the periodic case, during the approximation. To avoid this we develop the boundary corrector method as follows: A first approximation is used to get a predictor for the unknown parameters. Then we update the asymptotic boundary condition at these parameters and we show that the second approximation has nearly optimal error estimates (Proposition 4.4). If the y(λ) are hyperbolic equilibria we establish a super-convergence result (Corollary 4.3) similar to those in [4], [5], [21].

We will apply our general results to orbits that converge to equilibria or periodic orbits and discuss the errors for an example where the solutions y(λ) of (1.1) are known explicitly. Orbits connecting steady states or periodic orbits to each other can be split into two orbits of the kind treated in this article. This will be used in the Lorenz system to find an initial approximation of a point to periodic connection (see [6]).

A numerical method and its error estimates for orbits connecting steady states or periodic orbits to each other is developed in [19].

2 Preliminaries on linear systems

An important tool for describing linearizations along solutions which converge with an exponential rate to another trajectory is the notion of shifted exponential dichotomy as defined in [15]. In particular, we apply different forms of roughness theorems to obtain “similar” behavior in a neighborhood of such trajectories.

We define Banach spaces of k times differentiable exponentially weighted functions from an interval J into a Banach space (X , | · |) by

BC^k_γ (J, X ) := { x ∈ C^k(J, X ) | | sup_{t∈J} (|x^{(j)}(t)|e^{−γt}) < ∞, j = 0, . . . , k } , where γ ∈ R. The norm on BC^k_γ (J, X ) is

||x||_{γ,k} = k∑ j=0 ||x^{(j)}||_γ , where ||x||_γ = sup_{t∈J} (|x(t)|e^{−γt}).

In case γ = 0 we obtain the Banach space of k times differentiable and bounded functions on J

BC^k(J, X ) := BC^k_0 (J, X ) with ||x||_{0,k} = k∑ j=0 ||x^{(j)}||_∞, ||x||_∞ := sup_{t∈J} (|x(t)|).

Consider a linear differential operator

Lx = ẋ − A(·)x

where A ∈ BC (J, R^{m,m}), x ∈ C^1(J, R^m) and J ⊂ R is some interval. Denote the solution operator of Lx = 0 by S(·, ·), i. e. LS(·, s) = 0 and S(s, s) = Id_Rm for all s ∈ J.

We define a shifted exponential dichotomy as in [15] and its smoothness in the parameter as in [20],[7].

Definition 2.1 (Shifted exponential dichotomy) L :=^d_{dt} −A(·) has a shifted exponential dichotomy on J with exponents α < β if there exist a constant K and projectors P_a(t), P_b(t), t ∈ J with P_b(t) = Id_Rm − P_a(t) such that

S(t, s)P_κ(s) = P_κ(t)S(t, s), for κ = a, b and all t, s ∈ J (2.1) and ||P_a(t)S(t, s)|| ≤ Ke^{α(t−s)}, ||P_b(s)S(s, t)|| ≤ Ke^{−β(t−s)} for t ≥ s. (2.2)

We call (K, α, β, P_a , P_b) the dichotomy data. The dichotomy data are of type C^l, l ≥ 0 with respect to λ ∈ Λ if A ∈ BC^l ( Λ, BC (J, R^{m,m}) ) and L(λ) =^d_{dt} − A(λ)(·) has a shifted exponential dichotomy with dichotomy data ( K, α, β, P_a (λ), P_b(λ) ) for all λ ∈ Λ, where P_a(·)(t), P_b(·)(t) ∈ C^l(Λ, R^{m,m}), and the data K, α, β are independent of λ.

Using this notion we define Green’s function on some interval J by

G(t, s) := { S(t, s)P_a(s), s ≤ t −S(t, s)P_b(s), t < s for s, t ∈ J (2.3)

and see that

s_J (v)(t) := ∫ J G(t, s)v(s)ds, (2.4)

solves Lx = v for v ∈ C (J, R^m), if the integral is well defined for each t ∈ J.

Thus the basic solution theorem in [7, Theorem A1] can easily be extended to shifted exponential dichotomies as follows

Theorem 2.2 Let L =^d_{dt} − A(·) have a shifted exponential dichotomy on J = [t_−, ∞) with data (K, α, β, P_a , P_b) and assume γ ∈ (α, β).

Then any solution z ∈ BC^1_γ ( [t_−, ∞), R^m ) of Lz = 0 satisfies z(t_−) ∈ R ( P_a(t_−) ) . For any v ∈ BC^0_γ (J, R^m) and ξ_a ∈ R ( P_a(t_−) ) the boundary value problem

Lz = v, t ∈ J (2.5) P_a(t_−)z(t_−) = ξ_a (2.6)

has a unique solution z ∈ BC^1_γ (J, R^m) namely z = s_J (v) + S(·, t_−)ξ_a. Furthermore the following estimates hold with C_γ =^1_{γ−α} +^1_{β−γ} :

||s_J (v)||_γ ≤ KC_γ ||v||_γ , (2.7) ||S(·, t_−)ξ_a||_γ ≤ Ke^{−γt−} |ξ_a|, (2.8) ||s_J (v)||_{γ,1} ≤ (K(1 + ||A||_∞)C_γ + 1)||v||_γ , (2.9) ||S(·, t_−)ξ_a||_{γ,1} ≤ K(1 + ||A||_∞)e^{−γt−} |ξ_a|. (2.10)

Proof: Let z ∈ BC^1_γ ( [t_−, ∞), R^m ) be a solution of the homogeneous equation Lz = 0 on J then z(t) = S(t, t_−)z(t_−), z(t_−) ∈ R^m and |z(t)|e^{−γt} ≤ ||z||_γ . Thus for any t ∈ [t_−, ∞) we see

|P_b(t_−)z(t_−)| = |S(t_−, t)P_b(t)S(t, t_−)z(t_−)| ≤ ||S(t_−, t)P_b(t)|| · |z(t)| ≤ Ke^{−β(t−t−)} · e^{γt}||z||_γ ≤ Ke^{βt−} ||z||_γ e^{(γ−β)t t→∞}−→ 0.

This implies z(t_−) ∈ R ( P_a(t_−) ) . On the other hand any solution z of Lz = 0 on J with z(t_−) ∈ R ( P_a(t_−) ) is in BC^1_γ ( [t_−, ∞), R^m ) , because from ż = A(·)z we see that ||z||_{γ,1} ≤ K(1 + ||A(·)||_∞)e^{−γt−} |z(t_−)| by the shifted exponential dichotomy.

To obtain z = s_J (v) + S(·, t_−)ξ_a ∈ BC^1_γ ( [t_−, ∞), R^m ) we prove (2.9), (2.10) by

|P_a(t)s_J (v)(t)| ≤

∫_t

t_−

|S(t, s)P_a(s)v(s)|ds ≤ K ∫_t

t_−

e^{α(t−s)} · e^{γs}|v(s)|e^{−γs}ds (2.11)

≤ Ke^{αt} 1 γ − α ( e^{(γ−α)t} − e^{(γ−α)t−} ) ||v||_γ ≤ K 1 γ − α e^{γt}||v||_γ

and analogously

|P_b(t)s_J (v)(t)| ≤

∫_∞ t |S(t, s)P_b(s)v(s)|ds ≤ K ∫_∞ t e^{β(t−s)}e^{γs}|v(s)|e^{−γs}ds (2.12)

≤ Ke^{βt} 1 β − γ e^{(γ−β)t}||v||_γ ≤ K 1 β − γ e^{γt}||v||_γ

and therefore (2.7). The dichotomy properties imply (2.8) directly. By (2.5) we see that |ż(t)| ≤ ||A(t)|| |z(t)|+|v(t)| holds and hence ||z||_{γ,1} ≤ (1+||A(·)||_∞ ) ||z||_γ +||v||_γ . This implies (2.9) and (2.10). Thus { s_J (v) + S(·, t_−)ξ_a|ξ_a ∈ R ( P_a(t_−) )} is the set of all solutions of (2.5) in BC^1_γ ( [t_−, ∞), R^m ) and by (2.6) z is unique. ■

For our later approximations we need corresponding estimates on a finite interval [t_−, t_+].

Theorem 2.3 Let L =^d_{dt} −A(·) have a shifted exponential dichotomy on J = [t_−, t_+] with data (K, α, β, P_a , P_b).

Then for any v ∈ C (J, R^m), ξ_a ∈ R ( P_a(t_−) ) and ξ_b ∈ R ( P_b(t_+) ) the boundary value problem

Lz = v, t ∈ J (2.13) P_a(t_−)z(t_−) = ξ_a, P_b(t_+)z(t_+) = ξ_b (2.14)

has a unique solution z ∈ C^1(J, R^m) namely z = s_J (v) + S(t, t_−)ξ_a + S(t, t_+)ξ_b.

For any γ ∈ (α, β) the following estimates hold with C_γ =^1_{γ−α} +^1_{β−γ}

||s_J (v)||_γ ≤ KC_γ ||v||_γ , (2.15)

and for γ ∈ [α, β] we can estimate

||s_J (v)||_γ ≤ K ∫ J |v(s)|e^{−γs}ds ≤ K|t_+ − t_−| ||v||_γ (2.16)

||S(t, t_−)ξ_a + S(t, t_+)ξ_b||_γ ≤ K ( e^{−γt−} |ξ_a| + e^{−γt+} |ξ_b| ) . (2.17)

Proof: Defining s_J (v) as in (2.3) and (2.4) implies, on a finite interval, that s_J (v) solves(2.13) with P_a(t_−)s_J (v)(t_−) = 0 and P_b(t_+)s_J (v)(t_+) = 0. Let x be any solution of the homogeneous equation Lz = 0 with (2.14), i. e. x(t) = S(t, t_−)x(t_−), then

x(t) = P_a(t)x(t) + P_b(t)x(t) = S(t, t_−)P_a(t_−)x(t_−) + S(t, t_+)P_b(t_+)S(t_+, t_−)x(t_−) = S(t, t_−)ξ_a + S(t, t_+)ξ_b.

Thus z = s_J (v) + S(t, t_−)ξ_a + S(t, t_+)ξ_b is the unique solution of (2.13), (2.14). The estimates (2.15) and (2.17) are proved analogously to (2.7), (2.8) in Theorem 2.2 and (2.16) is obtained from

|s_J (v)(t)|e^{−γt} ≤ K

∫_t

t_−

e^{α(t−s)}

≤e^{γ(t−s)}

·|v(s)|ds +

∫_{t+} t e^{β(t−s)}

≤e^{γ(t−s)}

·|v(s)|ds e^{−γt}

≤ K ∫_{t+}

t_−

|v(s)|e^{−γs}ds ≤ K|t_+ − t_−| ||v||_γ . ■

Another important tool is a quantitative version of the roughness theorem on finite and infinite intervals J ([10],[18],[20],[6],[7]).

Proposition 2.4 (Roughness theorem) Let L̄ have a shifted exponential dichotomy on J with dichotomy data (K̄, ᾱ, β̄, P̄_a, P̄_b) and let B ∈ C (J, R^{m,m}) satisfy

6K̄^2b_∞ < β̄ − ᾱ where b_∞ = sup_{t∈J} |B(t)|. (2.18)

Then the perturbed operator L = L̄ − B(·) has a shifted exponential dichotomy on J with data (K, α, β, P_a , P_b), where

K = K̄ ( 1 + 8b_∞K̄ β̄ − ᾱ − 6b_∞K̄ ) , α = ᾱ + 2b_∞K̄ < β = β̄ − 2b_∞K̄.

and the projectors P_a(t), P_b(t) , t ∈ J satisfy with κ = a, b

||P_κ(t) − P̄_κ(t)|| ≤ K̄K ∫ J e^{−(β−ᾱ)|t−s|}||B(s)||ds ≤ 2K̄K b_∞ β − ᾱ

, (2.19)

||P̄_a(t)P_b(t)|| ≤ K̄K

∫_t

t_−

e^{−(β−ᾱ)|t−s|}||B(s)||ds ≤ K̄K b_∞ β − ᾱ

, (2.20)

||P̄_b(t)P_a(t)|| ≤ K̄K

∫_{t+} t e^{−(β−ᾱ)|t−s|}||B(s)||ds ≤ K̄K b_∞ β − ᾱ

. (2.21)

If B ∈ BC^l ( Λ, BC (J, R^{m,m}) ) and (2.18) holds uniformly in Λ, then the dichotomy data are of type C^l and the estimates (2.19)–(2.21) hold uniformly in Λ.

Proof: In the case of an exponential dichotomy, i. e. α = −β ([10]), this is the same result as Theorem A.3 in [7]. Therefore we shift the exponents with^1_2 (α + β) using Lemma 2.2 in [6], apply Theorem A.3 in [7] and shift the exponents back with −^1_2 (α + β). ■

A result for exponentially decaying functions can be shown as in Proposition 2.4 in [6].

Proposition 2.5 (Asymptotic roughness theorem) Let L̄ have a shifted exponential dichotomy on J = [0, ∞) with dichotomy data (K̄, ᾱ, β̄, P̄_a, P̄_b) and let B ∈ C (J, R^{m,m}) satisfy |B(t)| ≤ C_Be^{−ϵt} for all t ≥ 0 and some ϵ ∈ (0, β̄ − ᾱ).

Then the perturbed operator L = L̄ − B(·) has a shifted exponential dichotomy on J with exponents α < β, which may be choosen arbitrarily close to ᾱ < β̄, a constant K and projectors P_a, P_b satisfying for some constant C > 0

||P_κ(t) − P̄_κ(t)|| ≤ Ce^{−ϵt}, κ = a, b, ||P̄_a(t)P_b(t)|| ≤ Ce^{−ϵt}, ||P̄_b(t)P_a(t)|| ≤ Ce^{−ϵt}.

3 Connecting orbits with asymptotic rate

Throughout this article we deal with solutions of (1.1) which are “γ–asymptotic” with a parameterized family {y(λ)}_{λ∈Λ} of solutions of (1.1).

For the function f and the family {y(λ)}_{λ∈Λ} we make the following assumptions: A1 (System properties) f ∈ C^k(R^{m+p}, R^m), k ≥ 2 and f^{(k)} is locally Lipschitz with respect to x.

A2 (Solution properties) y ∈ C^k ( Λ, BC^1(R_+, R^m) ) where Λ ⊂ R^p is an open, bounded set. Moreover, y(λ) is a solution of ẋ = f(x, λ) for each λ ∈ Λ and y is uniformly bounded in Λ.

A3 (Dichotomy condition) L̄(λ) :=^d_{dt} −^∂_{∂x} f ( y(λ), λ ) , λ ∈ Λ has a shifted exponential dichotomy with data (¯ K, ᾱ, β̄, P̄_a(λ), P̄_b(λ) ) , ᾱ < 0 which are continuous with respect to λ. The ranks of the projectors are independent of λ and given by m_a := dim R (¯ P_a(t)(λ) ) and m_b := dim R (¯ P_b(t)(λ) ) . Remark: The assumptionsA1 and A2 imply, that y(λ) ∈ C^{k+1}(R_+, R^m) and that y^{(j)}(λ) and f^{(j)} ( y(λ)(·), λ ) are uniformly bounded in Λ for 0 ≤ j ≤ k.

The dichotomy condition A3 can be weakened by the assumption that A3 holds for some λ̄ ∈ Λ. Then Proposition 2.4 implies the existence of some Λ_0 ⊂ Λ such that A3 holds on Λ_0.

In 4.1 we prove that these assumptions hold, if the y(λ) are either equilibria or scaled periodic orbits.

3.1 Asymptotic solutions

In this section we define “γ–asymptotic” solutions and derive a local parametrization of these solutions. Using this parametrization, we introduce the notion of a “local γ–stable manifold”.

In the parameter independent case results on stable and unstable manifolds have been developed by Fenichel [12, 13, 14]. Those results hold for overflowing invariant sets (and not only for the manifold of solutions converging to a single trajectory, discussed here). The proofs are based on the Hadamard graph transform and allow under additional assumptions to describe the dynamic on the (possibly higher-dimensional) overflowing invariant set.

A foliation of generalized stable and unstable manifolds of a steady state and its smoothness is also proved by Chow, Lin and Lu [9]. Their results are valid in infinite dimensional spaces but they need an additional gap condition on α, β to achieve smoothness. Moreover they need a global Lipschitz constant. Smoothness in the parameter is only achieved for the case where the center part belongs to the manifold and not in the strong stable case, handled here.

Related results on existence and smoothness of integral manifolds for nonautonomous differential equations of Carathéodory type are proved by Aulbach and Wanner [1, 2] (existence) and Siegmund [24] (smoothness).

We restrict to single bounded orbits. This allows to achieve smoothness with respect to parameters even in case of a strong stable manifold without additional global assumptions or conditions on α, β.

In [19] a C^{k−1}–structure on the set of solutions which are γ–asymptotic with y(λ) and hence a “global γ–stable manifold evaluated at a point” is defined. Moreover, smoothness with respect to time is obtained in [19] and hence a “global γ–stable manifold along a solution”, which can be foliated, is achieved there.

Definition 3.1 Two solutions x, y of ẋ = f(x, λ) on R_+ are called asymptotic if

lim_{t→∞} ||x(t) − y(t)|| = 0 (3.1)

and γ–asymptotic (γ < 0) if in addition there exists some C_x > 0 such that

||x(t) − y(t)|| ≤ C_xe^{γt} ∀ t ≥ 0. (3.2)

We call two points x and y ∈ R^m γ–asymptotic if the corresponding solutions u(·, 0, x, λ) and u(·, 0, y, λ) of ẋ = f(x, λ) with x(0) = x, y(0) = y are γ–asymptotic.

A local parametrization of γ–asymptotic solutions is established by our next proposition.

Proposition 3.2 (γ–asymptotic solutions) Let A1–A2 hold and let x̄ and ȳ = y(λ̄) be γ̄–asymptotic solutions (γ̄ < 0) of ẋ = f(x, λ̄) for some λ̄ ∈ Λ.

Furthermore assume that L :=^d_{dt} −^∂_{∂x} f(x̄(t), λ̄) has a shifted exponential dichotomy on [0, ∞) with dichotomy data (K, α, β, P_a , P_b) such that γ̄ ∈ [α, β). Then for any γ ∈ (γ̄, β) there exist open neighborhoods V × Ω ⊂ R ( P_a(0) ) × Λ of (0, λ̄) and U ⊂ BC^1(R_+, R^m) of x̄ and a function x ∈ C^{k−1}(V × Ω, U), such that

P1 x(0, λ̄) = x̄ P2 x(ξ, λ) ∈ U for all (ξ, λ) ∈ V × Ω P3 For (ξ, λ) ∈ V ×Ω the function x(ξ, λ) is the unique solution in U of the problem { x and y(λ) are γ–asymptotic solutions of ẋ = f(x, λ), P_a(0) ( x(0) − x̄(0) ) = ξ.

(A_γ (x̄, λ̄))

P4 The partial derivatives of x at (0, λ̄) are ∂ ∂ξ x(0, λ̄) = S(·, 0)P_a(0) (3.3) ∂ ∂λ x(0, λ̄) = s_{[0,∞)} ( Δ(·) ) − S(·, 0)P_a(0) ∂ ∂λ y(λ̄)(0) + ∂ ∂λ y(λ̄)(·) (3.4)

with s_{[0,∞)}(w)(t) =

∫_t 0 S(t, s)P_a(s)w(s)ds −

∫_∞ t S(t, s)P_b(s)w(s)ds and

Δ(s) := ( ∂ ∂x f ( x̄(s), λ̄ ) − ∂ ∂x f ( ȳ(s), λ̄ )) ∂ ∂λ y(λ̄)(s) (3.5) + ( ∂ ∂λ f ( x̄(s), λ̄ ) − ∂ ∂λ f ( ȳ(s), λ̄ ) ) .

Notations: For abbreviation let BC^κ_γ := BC^κ_γ (R_+, R^m), and X^κ_γ := BC^κ_γ × R ( P_a(0) ) , κ = 0, 1.

We denote the Lipschitz constant of some function g by L_g and for the j–th derivative by L^j_g. Analogously we denote the upper bounds by M_g respectively M^j_g .

Proof: The main idea is to apply the implicit function theorem to an appropriate operator F , such that the zeros of F define the γ–asymptotic solutions. To get smoothness results, in particular with respect to the parameter, we have to take some care and need the Lipschitz continuity of the k–th derivative of f.

Any function x which is γ–asymptotic with y(λ) can be written as

x = x̄ + y(λ) − ȳ + z for some z ∈ BC^1_γ (R_+, R^m). (3.6)

We find appropriate z ∈ BC^1_γ (R_+, R^m) and define neighborhoods V , Ω, U and a function x(ξ, λ) by the following steps:

Step: 1 We define suitable neighborhoods and an operator F such that any zero z of F defines a solution of (A_γ (x̄, λ̄)) by (3.6) (see Lemma 3.3).

Step: 2 In Lemma 3.4 we prove smoothness properties of the operator F which allows to apply the implicit function theorem and to get z(ξ, λ) with F (z(ξ, λ), ξ, λ) = 0.

Step: 3 We use (3.6) and Lemma 3.3 to define sets V , Ω, U and the function x(ξ, λ) with the properties of Proposition 3.2. To prove the uniqueness in Proposition 3.2 we apply the contraction mapping theorem.

Step 1: Let (x, ξ, λ) be a solution of (A_γ (x̄, λ̄)) and define

z = x − y(λ) − x̄ + ȳ. (3.7)

Then (z, ξ, λ) is a solution of the operator equation

F (z; ξ, λ) := ( ż − h(·, z(·), λ) P_a(0) ( z(0) + y(λ)(0) − ȳ(0) ) − ξ ) = 0 (3.8)

where h ∈ C^k(R_+ × R^{m+p}, R^m) is defined by

h(t, v, λ) := f ( v + x̄(t) + y(λ)(t) − ȳ(t), λ ) − f ( y(λ)(t), λ ) + f ( ȳ(t), λ̄ ) − f ( x̄(t), λ̄ ) . We relate γ–asymptotic solutions to regular solutions of the operator equation F = 0 as follows:

Lemma 3.3 Suppose that the assumptions of Proposition 3.2 hold, let (ξ, λ) ∈ V × Ω, where V × Ω is an open neighborhood of ( 0, λ̄ ) and define for δ > 0 the open set U_δ := { x ∈ BC^1(R_+, R^m) | ||x−x̄||_∞ < δ } . Then (x, ξ, λ) ∈ U_δ ×V ×Ω solves (A_γ (x̄, λ̄)) if and only if (z, ξ, λ) ∈ W^{V,Ω}_δ := { (z, ξ, λ) ∈ BC^1_γ × V × Ω | | ||z + y(λ) − ȳ||_∞ < δ} and (z, ξ, λ) solves the operator equation

F (z; ξ, λ) = 0

where z is defined as in (3.7).

Proof: “=⇒” Let (x, ξ, λ) ∈ U_δ × V × Ω be a solution of (A_γ (x̄, λ̄)). ¿From (3.7) and x ∈ U_δ we see z ∈ BC^1(R_+, R^m) and ||z + y(λ) − ȳ||_∞ < δ. Moreover

|z(t)|e^{−γt} ≤ |x(t) − y(λ)(t)|e^{−γt} + |x̄(t) − ȳ(t)|e^{−γt} ≤ C_x + C_{x̄} (3.9) |ż(t)|e^{−γt} = |h(t, z(t), λ)|e^{−γt} (3.10) ≤ |f(x(t), λ) − f(y(λ)(t), λ)|e^{−γt} + |f(x̄(t), λ̄) − f(ȳ(t), λ̄)|e^{−γt} ≤ L_f |x(t) − y(λ)(t)|e^{−γt} + L_f |x̄(t) − ȳ(t)|e^{−γt} ≤ L_f (C_x + C_{x̄}).

Therefore z ∈ BC^1_γ (R_+, R^m) and (z, ξ, λ) ∈ W^{V,Ω}_δ × V follow. Clearly, F (z; ξ, λ) = 0 is clear by definition of z and h.

“⇐=” Let (z, ξ, λ) ∈ W^{V,Ω}_δ be a solution of (3.8). Then x defined by (3.6) is in U_δ and solves ẋ = f(x, λ), P_a(0)(x(0) − x̄(0)) = ξ. x̄, ȳ are γ–asymptotic and z ∈ BC^1_γ (R_+, R^m) hence

|x(t) − y(λ)(t)| = |z(t) + x̄(t) − ȳ(t)| ≤ |z(t)| + |x̄(t) − ȳ(t)| ≤ (||z||_γ + C_{x̄})e^{γt}

and x, y(λ) are γ–asymptotic. ■

Step 2: In order to apply the implicit function theorem to F we prove

Lemma 3.4 The operator F has the following properties:

1. F ∈ C^{k−1}(X^1_γ × Λ, X^0_γ ) 2. F (0; 0, λ̄) = 0 3. Q :=^∂_{∂z} F (0; 0, λ̄) ∈ L ( BC^1_γ , X^0_γ ) is nonsingular with inverse

Q^{−1}(y, ξ) = S(·, 0)P_a(0)ξ + s_{[0,∞)}(y) = S(·, 0)P_a(0)ξ +

∫_∞ 0 G(t, s)y(s)ds.

Proof: 1. Some care is necessary when dealing with differentiability with respect to exponential weighted norms, so we display some of the details. By A2 we see that the second component F is in C^k ( X^1_γ × Λ, R(P_a(0)) ) . The first component of F is independent of ξ, thus we neglect ξ and define F_1(z, λ) = ż − h(·, z(·), λ). To see F_1(z, λ) ∈ BC^0_γ we notice (similar to (3.9)) that

||ż − h(·, z, λ)||_γ ≤ ||ż||_γ + L_f (||z||_γ + 2C_{x̄}).

We define a linear operator which will be shown to be the derivative of F_1 at (z, λ) by DF_1(z, λ) :

BC^1_γ × Λ → BC^0_γ ( v, μ ) → v̇ −^∂_{∂x} f ( z + x̄ + y(λ) − ȳ, λ ) v −^∂_{∂λ} h ( ·, z, λ ) μ To see DF_1(z, λ)(v, μ) ∈ BC^0_γ for any (v, μ) ∈ BC^1_γ × R^p we estimate at t ≥ 0

|^∂_{∂λ} h(t, z(t), λ)μ|e^{−γt} ≤ L^1_f ( ||z||_γ + C_{x̄} ) (1 + M_y) |μ| |^∂_{∂x} f ( z(t) + x̄(t) + y(λ)(t) − ȳ(t), λ ) v(t)|e^{−γt} ≤ M^1_f ||v||_γ

hence

||DF_1(z, λ)||_γ ≤ sup_{(v,μ)∈BC 1}

γ ×Λ ||(v,μ)||≤1

||DF_1(z, ξ, λ)[v, μ]||_γ

≤ sup

(v,μ)∈BC 1γ ×Λ ||(v,μ)||≤1 ( ||v̇||_γ + M^1_f ||v||_γ + L^1_f ( ||z||_γ + C_{x̄} ) (1 + M_y) |μ| )

≤ max ( 1, M^1_f , L^1_f ( ||z||_γ + C_{x̄} ) (1 + M_y) ) .

In fact, DF_1(z, λ) is the derivative of F_1 at (z, λ). This is seen by the following estimate where we use x̃ := z + x̄ + y(λ) − ȳ as abbreviation:

|F_1(z + v, λ + μ)(t) − F_1(z, λ)(t) − ( DF_1(z, λ)[v, μ] ) (t)|e^{−γt}

= |F_1(z + v, λ + μ)(t) − F_1(z + v, λ)(t) − ∂ ∂λ h(t, z(t) + v(t), λ) μ +f ( v(t) + x̃(t), λ ) − f ( x̃(t), λ ) − ∂ ∂x f ( x̃(t), λ ) v(t) + ∂ ∂λ h(t, z(t) + v(t), λ) μ − ∂ ∂λ h(t, z(t), λ) μ|e^{−γt}

≤ |μ|^2L^2_f ( 1 + 2M^1_y + (M^1_y )^2 ) |x̄(t) − ȳ(t)|e^{−γt} +|v(t)|^2L^1_f e^{−γt} + |μ|L^1_f ( 1 + M^1_y )|v(t)|e^{−γt} ≤ C ( |μ| + ||v||_γ

)_2 . Similarly we can define multi-linear operators D^jF_1(z, λ), j = 2, . . . , k and prove that ||D^jF_1(z, λ)||_γ exists and show that D^j F_1(z, ξ, λ) is the derivative of D^{j−1}F_1 at (z, ξ, λ) if j = 2, . . . , k − 1. For details see [19].

This implies that the first component of F_1 is in C^{k−1}(X^1_γ × Λ, BC^0_γ ).

Remark: The main argument for the exponential decay of the derivatives with respect to λ is the Lipschitz continuity of f^{(k)} which implies | | | ∂^l ∂λ^l h(t, z, λ) | | | ≤ C|z(t) + x̄(t) − ȳ(t)| ≤ C(||z||^γ + C^{x̄})e^{γt}.

To differentiate D^{k−2}F_1 with respect to λ we use the Lipschitz constant L^k_f of f^{(k)}. On the other hand D^{k−1}F_1 is once differentiable with respect to z.

2. F (0; 0, λ̄) = 0 is obvious by definition of F . 3. If we differentiate F at (0, 0, λ̄) we get

F^′(0, 0, λ̄) = ( L 0 −Δ(·) P_a(0)E_0 −Id_{R(Pa(0))} P_a(0)^∂_{∂λ} y(λ̄)(0) ) (3.11)

where E_0 is the evaluation operator E_0x := x(0). Note that

|Δ(t)| ≤ L_f (1 + M_y)C_{x̄}e^{γ̄t} ≤ L_f (1 + M_y)C_{x̄}e^{γt} (3.12)

implies Δ(·) ∈ BC^0_γ (R_+, R^m). Thus Theorem 2.2 implies 3. ■

Choose δ > 0 and a small neighborhood Ω̃ ⊂ Λ of λ̄ such that ||y(λ) − y(λ̄)||_∞ < δ for all λ ∈ Ω̃. Defining an open neighborhood of 0 ∈ BC^1_γ by W̃ = { (z, ξ, λ) ∈ X_γ × Ω̃ | |||z − y(λ) + ȳ||_∞ < δ} we can apply the implicit function theorem to F defined on W̃ . Thus we get some open neighborhood V × Ω ⊂ R(P_a(0)) × Ω of (0, λ̄) and a function z ∈ C^{k−1} ( V × Ω, BC^1_γ (R_+, R^m) ) with z(0, λ̄) = 0 and ( z(ξ, λ), ξ, λ ) ∈ W̃ ,

F (z(ξ, λ), ξ, λ) = 0 for all (ξ, λ) ∈ V ×Ω. In particular, ( z(ξ, λ), ξ, λ ) ∈ W^{V,Ω}_δ as defined in Lemma 3.3.

Furthermore the derivatives of z at (0, λ̄) are ∂ ∂ξ z(0, λ̄) = −Q^{−1} ∂ ∂ξ F (0, 0, λ̄) = S(·, 0)P_a(0) ∂ ∂λ z(0, λ̄) = −Q^{−1} ∂ ∂λ F (0, 0, λ̄) = s_{[0,∞)}(Δ(·)) − S(·, 0)P_a(0) ∂ ∂λ y(λ̄)(0).

Step 3: Define U = U_δ as in Lemma 3.3 and set x(ξ, λ) := z(ξ, λ) + x̄ + y(λ) − ȳ, then Lemma 3.3 implies that x ∈ C^{k−1}(V × Ω, U) has the properties P1–P4 claimed in Proposition 3.2 except for the uniqueness of P3.

For the proof of the uniqueness of P3 we give the idea and refer for details to [19]. For any solution (x̃, ξ, λ) of (A_γ (x̄, λ̄)) we define z = x̃−x(ξ, λ) and show that this must be a fixed point of an operator G defined on K_{2δ}(0) := { z ∈ BC^0_γ | ||z||_∞ < 2δ } and mapping to BC^0_γ . This operator has a Lipschitz constant of the form C_1δ + C_2|λ − λ̄|, thus for sufficiently small δ and Ω it is a contraction and has at most one fixed point in this ball. In particular, z = x̃ − x(ξ, λ) and 0 are fixed points in K_{2δ} (0), thus we conclude x̃ = x(ξ, λ). ■

In the later approximation part we only use the evaluation of γ–asymptotic solutions at 0. Hence, we define

b(ξ, λ) := ( x(ξ, λ)(0), λ ) , b ∈ C^{k−1}(V × Ω, R^{m+p}) (3.13)

and its image

W^0 := { b(ξ, λ) | (ξ, λ) ∈ V × Ω } ⊂ B_δ(x̄(0)) × Ω ⊂ R^{m+p}, (3.14)

where δ > 0 is as in Proposition 3.2. The derivative B(ξ, λ) of b is

B(ξ, λ) : R ( P_a(0) ) × R^p → R^{m+p}

(η, μ) →

(_∂

∂ξ x(ξ, λ)(0)η +^∂_{∂λ} x(ξ, λ)(0)μ μ ) . (3.15)

This implies for (x, λ) = ( x(ξ, λ)(0), λ ) ∈ W^0 that the tangent space at (x, λ) is

T_{(x,λ)}W^0 = R ( B(ξ, λ) ) . (3.16)

In particular, with B := B(0, λ̄) we obtain

B(η, μ) = ( η +^∂_{∂λ} x(0, λ̄)(0)μ μ ) . (3.17)

Hence b is immersive at (0, λ̄) and there exists an open neighborhood Ṽ × Ω̃ ⊂ V × Ω of (0, λ̄) such that im(b|_{Ṽ ×Ω̃}) is a C^{k−1} submanifold of R^{m+p} (see [16]). The results of Proposition 3.2 also hold on this (perhaps smaller) neighborhood, thus with V × Ω := Ṽ × Ω̃ and x := x|_{Ṽ ×Ω̃} we see that (U × V × Ω, x) satisfy P1–P4 and

P5 W^0 = im(b|_{V ×Ω}) is a C^{k−1} submanifold of R^{m+p}.

This leads to the definition of a “γ–parametrization” and a “local γ–stable manifold” of x̄ For the definition of a “global γ–stable manifold” or a “manifold along a solution” see [19].

Definition 3.5 Suppose that the assumptions of Proposition 3.2 hold, then we call a pair (U × V × Ω, x) with P1–P5 a local γ–parametrization of (x̄, λ̄) at 0 and

M^0_γ (x̄, λ̄) := { (z, λ) ∈ R^{m+p} | | z and y(λ)(0) are γ–asymptotic at λ ∈ Ω,

P_a(0) ( z − x̄(0)) ∈ V and u(·, 0, z, λ) ∈ U } . is called a local γ–stable manifold of (x̄, λ̄) evaluated at 0.

Proposition 3.2 yields the existence of a local γ–stable manifold for the y(λ) as well as for any x converging to it.

Corollary 3.6 Suppose that A1–A3 hold and let γ ∈ (ᾱ, β̄). Then there exists a local γ–stable manifold of ( y(λ), λ ) evaluated at 0 for all λ ∈ Λ.

For any (x̃, λ̃) ∈ BC^1(R_+, R^m) × Λ, where x̃ and y(λ̃) are γ–asymptotic, there exists a local γ–stable manifold of ( x̃, λ̃ ) evaluated at 0.

Proof: Each y(λ) is ᾱ–asymptotic with itself and A3 implies that we can apply Proposition 3.2 with x̄ = y(λ) and λ̄ = λ to get a local γ–stable manifold of ( y(λ), λ).

For the general case Proposition 2.5 implies that L :=^d_{dt} −^∂_{∂x} f(x̃(t), λ̃) has a shifted exponential dichotomy on [0, ∞) with exponents α < γ < β, α, β near ᾱ, β̄, a constant K and projectors P_a, P_b. Hence Proposition 3.2 yields the existence of a local γ–stable manifold. ■

3.2 Nondegenerate connecting orbits with asymptotic rate

In this section we define “connecting orbits with asymptotic rate γ”. These are solutions of the dynamical system which are γ–asymptotic with some y(λ) and with initial values in a given manifold W.

We define nondegeneracy of a connecting orbit with asymptotic rate and relate this to the non-singularity of a linear map and the regularity of an operator equation.

In addition to A1–A3 we assume that A4 (dimension condition) W is an m_b–dimensional manifold in R^{m+p} with representation W = {(x, μ) ∈ R^{m+p}|g(x, μ) = 0} where g ∈ C^{k−1}(R^{m+p}, R^{ma+p}) and g^′(x, μ) has full rank for all (x, μ) ∈ W.

A5 (transversality condition) T_{(x̄(0),}¯_{λ)}W + T_{(x̄(0),}¯_{λ)}M^0_γ = R^{m+p}.

Assumption A4 implies by m + p = (m_a + p) + m_b that A5 is equivalent to

T_{(x̄(0),}¯_{λ)}W ∩ T_{(x̄(0),}¯_{λ)}M^0_γ = {0}. (3.18)

Remark: The arbitrary choice of parameter space (in particular its dimension p) is hidden in the construction of the m_b–dimensional manifold W.

If A5 holds and W is (m_b + q)–dimensional then we add q extra conditions h(x, μ) = 0 to g(x, μ) = 0 such that the new manifold is m_b–dimensional and the assumptions A4 and A5 hold.

To approximate the set of connecting orbits with asymptotic rate in this case we may fix q initial values by using extra conditions x_{ij} (0) − x̄_{ij} , j = 1, . . . , q (such that A4 and A5 hold). Then we use the x̄_{ij} as continuation parameters.

If W is only (m_b − q)–dimensional and (3.18) holds then we may use q additional parameters μ ∈ R^q which have no influence on W such that W×R^q is an m_b–dimensional manifold and the assumptionsA4 and A5 hold.

In the periodic case typically the appropriate phase of the periodic orbit y(λ) is unknown and the dimension of W is m_b−1. Now we introduce the phase τ as additional parameter and define y(λ, τ) := y(λ)(· + τ). This method presumes that f(x̄(0), λ̄) /∈ T_{(x̄(0),}¯_{λ)}W.

Definition 3.7 (connecting orbit with asymptotic rate) Let A1–A4 hold.

We call (x̄, λ̄) an connecting orbit with asymptotic rate γ from W to y if x̄ and y(λ̄) are γ–asymptotic at λ̄ and (x̄(0), λ) ∈ W.

If in addition the transversality condition T_{(x̄(0),}¯_{λ)}W ∩ T_{(x̄(0),}¯_{λ)}M^0_γ = {0} holds then it is called a nondegenerate connecting orbit with asymptotic rate γ from W to y.

If we define for (x, λ) ∈ W

D(x, λ) := ( ∂g(x, λ) ∂x , ∂g(x, λ) ∂λ ) ∈ R^{ma+p,m+p} (3.19)

then T_{(x,λ)}W = N ( D(x, λ) ) follows from the definition of W.

This and (3.16) implies T_{(x(0),λ)}W∩T_{(x(0),λ)}M^0_γ = N ( D(x(0), λ) ) ∩R ( B(ξ, λ) ) for (x, λ) := (x(ξ, λ), λ) ∈ W ∩ W^0 and hence we obtain the following lemma:

Lemma 3.8 Let A1–A4 hold, let x̄ be γ–asymptotic with y(λ̄) at λ̄ and let (x, λ) := (x(ξ, λ), λ) ∈ W be a connecting orbit with asymptotic rate γ from W to y. Then (x, λ) is nondegenerate if and only if D ( x(0), λ ) ∘ B(ξ, λ) is nonsingular.

Proof: Let (x, λ) be a nondegenerate connecting orbit with asymptotic rate γ from W to y and let (η, μ) be a solution of D(x(0), λ)∘B(ξ, λ)(η, μ) = 0. Then we see B(ξ, λ)(η, μ) ∈ N ( D(x(0), λ) ) ∩ R ( B(ξ, λ) ) hence (η, μ) = 0 follows from definition of B (see (3.17)).

Let D ( x(0), λ ) ∘ B(ξ, λ) be nonsingular and let (y, μ) ∈ N ( D(x(0), λ) ) ∩ R ( B(ξ, λ) ) . Then there exists some (η, μ) ∈ R ( P_a(0) ) × R^p such that (y, μ) = B(ξ, λ)(η, μ) and 0 = D ( x(0), λ ) (y, μ) = D ( x(0), λ ) ∘ B(ξ, λ)(η, μ) hence (y, μ) = 0 and (x, λ) is a nondegenerate connecting orbit with asymptotic rate γ from W to y. ■

For a connecting orbit with asymptotic rate (x̄, λ̄) we define D := D(x̄(0), λ̄). Similar to Lemma 3.3 we relate connecting orbits with asymptotic rate (x, λ) to solutions of an operator equation and show that regular solutions of this operator correspond to nondegenerate connecting orbits with asymptotic rate.

Theorem 3.9 (Nondegenerate connecting orbit with asymptotic rate) Suppose that A1– A4 hold and let (x̄, λ̄) be an connecting orbit with asymptotic rate γ from W to y. Then the following conditions are equivalent:

1. (x̄, λ̄) is a nondegenerate connecting orbit with asymptotic rate γ from W to y.

2. D ∘ B ∈ L(R(P_a(0)) × R^p, R^{ma+p}), is nonsingular

3. (0, λ̄) is a regular solution of the operator equation

G_∞(z, λ) := ( ż − h(·, z, λ) g(z(0) + x̄(0) + y(λ)(0) − ȳ(0), λ) ) = 0, (3.20)

G_∞ : BC^1_γ (R_+, R^m) × Λ → BC^0_γ (R_+, R^m) × R^{ma+p}.

Proof: “1. ⇐⇒ 2.” This follows from Lemma 3.8.

“2. ⇒ 3.” By regular we mean that the operator G_∞ has a total derivative G^′_∞(0, λ̄) at (0, λ̄) which is a homeomorphism from BC^1_γ (R_+, R^m) × R^p to BC^0_γ (R_+, R^m) × R^{ma+p}. As in Lemma 3.3 we see that G_∞ ∈ C^{k−1}(BC^1_γ (R_+, R^m) × Λ, BC^0_γ (R_+, R^m) × R^{ma+p} and G^′_∞(0, λ̄) = ( L −Δ(·) ∂ ∂x g(x̄(0), λ̄)E_0^∂_{∂x} g(x̄(0), λ̄)^∂_{∂λ} y(λ̄)(0) +^∂_{∂λ} g(x̄(0)λ̄) )

= ( L −Δ(·) R_0E_0 Q_0 + R_0^∂_{∂λ} y(λ̄)(0) )

where (R_0, Q_0) := D =

(_∂ ∂x g(x̄(0), λ̄)^∂_{∂λ} g(x̄(0)λ̄) ) and L is Fredholm of index m_a.

Furthermore Δ, defined in (3.5), is in L(R^p, BC^0_γ (R_+, R^m)) and^∂_{∂x} g(x̄(0), λ̄)E_0 ∈ L(BC^1_γ (R_+, R^m), R^{ma+p}) and^∂_{∂x} g(x̄(0), λ̄)^∂_{∂λ} y(λ̄)(0) +^∂_{∂λ} g(x̄(0)λ̄) ∈ L(R^p, R^{ma+p}). By the bordering lemma [4] we see that G^′_∞(0, λ̄) is Fredholm of index 0.

Hence it is sufficient to show that G^′_∞(0, λ̄)(y, μ) = 0 has only the trivial solution. The equations Ly = Δ(·)μ and N (L) = { S(·, 0)ξ | |ξ ∈ R(P_a(0))} imply by Theorem 2.2 that y = s_{[0,∞)}(Δ(·)μ) + S(·, 0)ξ for some ξ ∈ R ( P_a(0) ) . Thus

0 = R_0E_0y + Q_0μ + R_0 ∂ ∂λ y(λ̄)(0)μ

= Q_0μ + R_0 ( ξ + ∂ ∂λ x(0, λ̄)(0)μ + P_a(0) ∂ ∂λ y(λ̄)(0)μ )

= (R_0 Q_0) ( ξ +^∂_{∂λ} x(0, λ̄)(0)μ + P_a(0)^∂_{∂λ} y(λ̄)(0)μ μ )

= (D ∘ B) ( ξ + P_a(0) ∂ ∂λ y(λ̄)(0)μ, μ ) . The non-singularity of D ∘ B implies (ξ + P_a(0)^∂_{∂λ} y(λ̄)(0)μ, μ) = 0 hence μ = 0, ξ = 0 and y = s_{[0,∞)}(Δ(·)μ) + S(·, 0)ξ = 0.

“3. ⇒ 2.” Let (ξ, μ) ∈ R ( P_a(0) ) × R^p be a solution of (D ∘ B)(ξ, μ) = 0. Define the function y := s_{[0,∞)} ( Δ(·)μ ) + S(·, 0) ( ξ − P_a(0)^∂_{∂λ} y(λ̄)(0)μ ) , then (y, μ) satisfies Ly − Δ(·)μ = 0 and

0 = (D ∘ B)(ξ, μ)

= Q_0μ + R_0 ( ξ + ∂ ∂λ x(0, λ̄)(0)μ ) (3.21)

= Q_0μ + R_0 ( s_{[0,∞)} ( Δ(·)μ ) (0) + S(0, 0)ξ + P_b(0) ∂ ∂λ y(λ̄)(0)μ )

= R_0E_0y + ( Q_0 + R_0 ∂ ∂λ y(λ̄)(0) ) μ. Thus (y, μ) solves G^′_∞(0, λ̄)(y, μ) = 0 hence by regularity (y, μ) = 0 and ξ = y(0) = 0. ■ 4 Numerical approximation of connecting orbits

In this section we approximate nondegenerate connecting orbits with asymptotic rate (x̄, λ̄), i. e.

(x̄(0), λ̄) ∈ W, (x̄(T_+), λ̄) ∈ M^{T+}_γ for some T_+ ∈ R_+.

where M^{T+}_γ is the γ–stable manifold of y(λ)(T_+ + ·) evaluated at 0. Thus we approximate (x̄, λ̄) by some (x_J , λ_J ) where x_J is a solution of ẋ = f(x, λ_J ) on J = [0, T_+] with initial value (x_J (0), λ_J ) ∈ W and an asymptotic boundary condition at T_+, i. e. we assume that (x̄(T_+), λ̄) is in the tangent space of M^{T+}_γ at (ŷ_J , λ_J ) := (y(λ_J )(T_+), λ_J ).

ẋ_J (t) − f(x_J (t), λ_J ) = 0, t ∈ J, (4.1)

g(x_J (0), λ_J ) = 0, (4.2)

(x_J (T_+), λ_J ) ∈ ( y(λ_J )(T_+), λ_J ) + T_{(ŷJ ,λJ )}M^{T+}_γ . (4.3)

Evaluating M^{T+}_γ at ( y(λ_J )(T_+ + ·), λ_J ) yields

T_{(ŷJ ,λJ )}M^{T+}_γ = {( η + P̄_b(λ_J )(T_+) ∂ ∂λ y(λ_J )(T_+)μ, μ )| |(η, μ) ∈ R (¯ P_a(λ_J )(T_+) ) × R^p }

as denoted in [19]. Thus the asymptotic boundary condition (4.3) is equivalent to ( x_J (T_+) − y(λ_J )(T_+) ) ∈ R (¯ P_a(λ_J )(T_+) ) = N (¯ P_b(λ_J )(T_+) ) . (4.4) N (¯ P_b(λ_J )(T_+) ) is m_a–dimensional, therefore (4.3) is equivalent to

M̄(T_+, λ_J )(x_J (T_+) − y(λ_J )(T_+)) = 0, (4.5)

where M̄(T_+, λ) ∈ R^{mb,m} is a matrix with N (¯ M(T_+, λ) ) = N (¯ P_b(λ)(T_+) ) for each λ.

In the equilibrium case and the periodic case it can be proved that for k ≥ 3 and T̄_+ sufficiently large there exists some constant C¯_M > 0 such that for all T_+ ≥ T̄_+

|M̄(T_+, λ) ( x(T_+) − y(λ)(T_+) ) | ≤ C¯_M |x(T_+) − y(λ)(T_+)|^2 (4.6)

holds for each (x, λ) ∈ M_γ (see [19]).

In general (e. g. the periodic case) it is expensive to compute such M̄(T_+, λ) depending on λ, thus for the approximation result in 4.2 we only assume M̂(T_+, λ) ∈ R^{mb,m} to be a matrix with N (^ M(T_+, λ) ) ∩ R (¯ P_b(λ)(T_+) ) = { 0 } (see A6 on page 22). In particular, we may choose M̂(T_+, λ_J ) constant in λ.

We apply our theory to the cases where the y(λ) are either equilibria or periodic orbits. In 4.1 we show how to compute y(λ) and M̄(T_+, λ_J ) in these cases.

In 4.2 set up and analyze an approximation method for connecting orbits with asymptotic rate and in 4.3 we develop a boundary corrector method which allows to use constant M̂ (T_+, λ_J ) and get estimates as in the case with M̄(T_+, λ_J ).

4.1 Equilibria and periodic solutions

For the numerical applications we restrict ourself to the cases where the y(λ) are equilibria or periodic orbits. In general it is difficult compute y(λ) and to ensure that A2 and A3 holds. We always assume f ∈ C^k(R^{m+p}, R^m) like in A1.

Equilibria

In this case we compute the intersection of W with the (strong) stable manifold of an equilibrium.

Consider a C^k-branch y(λ) of equilibria on Λ, i. e. f ( y(λ), λ ) = 0 for all λ ∈ Λ. Choose α < 0, β > α such that^∂_{∂x} f ( y(λ), λ ) has m_a ≥ 1 eigenvalues μ with Re(μ) < α < 0 and m_b = m − m_a ≥ 1 eigenvalues μ with Re(μ) > β for each λ ∈ Λ.

Then L :=^d_{dt} −^∂_{∂x} f ( y(λ), λ ) has a shifted exponential dichotomy with exponents α < β, α < 0 and A1–A3 hold.

Asymptotic boundary conditions for equilibria

To get a smooth matrix valued function M̄(λ) (independent of T_+) in a neighborhood of λ̂ we choose some γ ∈ (α, β) and solve V ∂ ∂x f(y(λ), λ) = U(λ)V, Re ( σ(U) ) > γ, U ∈ R^{mb,mb} , V ∈ R^{mb,m} (4.7) V̂^⊤V = V̂^⊤V̂ (4.8)

where V̂ , Û solves (4.7) at λ̂. Using this and (4.1), (4.2) and (4.5) we solve

G^e_J (z, ν, y, V, U) = f(y, ν) ż − f(z, ν) g ( z(0), ν ) V ( z(T_+) − y ) V^∂_{∂x} f(y, λ) − UV V̂ ⊤V − V̂ ⊤V̂

= 0. (4.9)

As alternative of adding (4.7) and (4.8) to the boundary value problem we may determine M̄ (λ) at each evaluation of (4.9) by an eigenvalue solver combined with a normalization procedure ([5],[8]) applied to^∂_{∂x} f(y_0(λ), λ) − γId_Rm which is hyperbolic.

Periodic Solutions

In the periodic case let (ŷ(·), λ̄) be a T̄ periodic orbit of ẋ = f̂(x, λ̄) where 1 is a simple Floquet multiplier.

Furthermore define ȳ(t) := ŷ(t·T̄ ) and a phase fixing function χ ∈ C^k(BC^1(R_+, R^m)×Λ, R) satisfying

χ(ȳ(·), λ̄) = 0, ∂ ∂x χ(ȳ, λ̄)ȳ^′ ≠ 0. (4.10)

Then (ȳ(·), T̄ , λ̄) is a solution of

F_p(y, T ; λ) = ẏ − T f̂(y, λ)

χ(y, λ) y(0) − y(1)

= 0, (4.11)

where F_p ∈ C^k ( BC^1(R_+, R^m) × R_+ \ {0} × R^p, BC^0(R_+, R^m) × R^{m+1} ) .

The implicit function theorem applied to (4.11) yields the existence of some neighborhood U × Ξ × Λ ⊂ BC^1(R_+, R^m) × R_+ \ {0} × R^p of (ȳ, T̄ , λ̄) and a function (y, T ) ∈ C^k(Λ; U, Ξ) with ( y(λ̄), T (λ̄) ) = (ȳ, T̄ ) (see Jepson and Keller [17]).

Therefore, y(λ) is a 1–periodic solution of

ẏ − f(y, λ), T (λ)f̂(y, λ) =: f(y, λ). (4.12)

Thus A1–A2 hold.

Furthermore, assume that all y(λ) have m_a ≥ 1 Floquet multipliers μ with |μ| < e^ᾱ, ᾱ < 0 and m_b = m − m_a ≥ 1 Floquet multipliers with |μ| ≥ e^{β̄}, ᾱ < β̄ ≤ 0. Then each L :=^d_{dt} −^∂_{∂x} f(y(λ)(·), λ) has a shifted exponential dichotomy and A3 holds. Remark: If the periodic orbit (ȳ(·), λ̄) is hyperbolic then L has an exponential trichotomy ([6]) with center exponent 0. In particular, L has shifted exponential dichotomy with α < 0 = β.

Asymptotic boundary conditions for periodic orbits

We choose M̂(T_+, λ) 1–periodic in T_+ on D = ∪_{N∈N}[N −τ_−, N +τ_+] for some τ_−, τ_+ ∈ [0, 1], such that N (^ M(T_+, λ̄) ) ∩ R (¯ P_b(T_+) ) = {0} holds on the interval [τ_−, τ_+].

A good choice for M̂(T_+, λ) ∈ R^{mb,m} is M̂ (T_+, λ) = V (0, λ) where V is a solution of the adjoint variational equation

V̇ = −V ∂ ∂x f(y(λ)(T_+ + ·), λ), (4.13) V (1, λ) = U(λ)V (0, λ) (4.14)

for some U(λ) ∈ R^{mb,mb} with |μ| ≤ e^{−γ} for all eigenvalues μ of U(λ) (see [6],[19]).

Adding this equations would blow up the dimensions of the boundary value problem from 2m to (2 + m_b)m. Computing it smoothly like in the equilibrium case would imply that in each evaluation step we have to solve an (m_bm)–dimensional boundary value problem.

To avoid this we develop the boundary corrector method (for detail see 4.3), 1. Compute M̂(T_+, μ_0) as solution of (4.13), (4.14) at μ_0, 2. Calculate ( x_J , μ_J , y(μ_J ), T (μ_J ) ) , the solution

G^p_J (z, ν, y, T ) = ẏ − T f̂(y, ν) χ(y, ν) y(0) − y(1) ż − T f̂(z, ν) g ( z(0), ν ) M̂(T_+, μ_0)(z(T_+) − y(T_+))

= 0, (4.15)

3. Repeat with 1. once if β = 0 or twice if β < 0 with μ_0 = μ_J .

We apply the approximation result to the scaled system. If (x̂, λ̄) is an connecting orbit with asymptotic rate of the unscaled system. Then (x̄, λ̄), x̄(t) := x̂(t · T̄ ) is a connecting orbit with asymptotic rate of the scaled system. Furthermore let (x_J , λ_J ) be a solution of (4.15), i. e. (x_J , λ_J ) is an approximation of (x̄, λ̄) in the scaled system. Then (x̂_J , λ_J ), x̂_J (t) := x_J (^t_{T (λJ )} ) is an approximation of (x̂, λ̄) in the unscaled system and we can estimate

||x̂_J − x̂||_∞ ≤ ||x_J − x̄||_∞ + C

T^′(λ̄) T (λ̄)

· T_+ · |λ_J − λ̄| where C ≈ M_f (4.16)

(see [19]). Thus the error estimates in the scaled system carried over to the unscaled system except for the factor T_+.

4.2 Approximation theorem

In this section we assume that y(λ) is known and that A1–A4 hold. Furthermore, let (x̄, λ̄) be a nondegenerate connecting orbit with asymptotic rate γ from W to y, where ᾱ < γ < min(0, 2β̄) (see A3). Proposition 2.5 implies that L :=^d_{dt} − Df_x(x̄, λ̄) has a shifted exponential dichotomy with projectors P_a and P_b and exponents α, β, (α < γ < 2β) near ᾱ, β̄.

To set up an appropriate approximation operator (see (4.19)), the boundary condition at T_+ has to be regular in the following sense: A6 (Regular boundary condition) Let M̂(T_+, ·) ∈ C^1 ( Λ, R^{mb,m}) ) be a matrix valued function with N (^ M(T_+, λ̄) ) ∩ R (¯ P_b(T_+) ) = {0} for all T_+ ∈ D where D ⊂ R_+ is a set and there exists a sequence {T_i}_{i∈N} ⊂ D with lim_{i→∞} T_i = ∞. Furthermore let M̂(T_+, λ),^∂_{∂λ}M̂(T_+, λ) be uniformly bounded by some M_{M̂} , M^1_{M̂} in T_+ ∈ D and λ ∈ Λ and Lipschitz continuous w. r. t. λ ∈ Λ with constants L_{M̂} , L^1_{M̂} . Let (M̂(T_+, λ̄)|_{R(}¯_{Pb (T+))})^{−1} be uniformly bounded by M̂^{−1} > 0 for all T_+ ∈ D.

Remark: Uniformity of upper bounds and Lipschitz constants M_M , M^1_M , L_M , L^1_M and N̄ in T_+ ∈ R_+ might be too strong an assumption. Thus we define D as in A6 and only require uniformity on D. In particular, in the case where the y(λ) are 1–periodic we choose D = {n + [−a, b] | n ∈ N}, a, b ∈ [0, 1] and in the case where the y(λ) are equilibria we choose D = R_+. N (^ M(T_+, λ̄) ) ∩ R (¯ P_b(T_+) ) = {0} implies the non-singularity of M̂(T_+, λ̄)|_{R(}¯_{Pb(T+))}.

Furthermore M̂(T_+, λ̄)|_{R(Pb(T+))} is a homeomorphism and its inverse is uniformly bounded by some M^{−1} := 4KM̂^{−1} > 0 for sufficiently large T_+ ∈ D (see [19]).

To get approximation results even for β < 0, we have to choose functions spaces where the solution properties will be anticipated. Thus, the main trick is to use, even on finite intervals, exponentially weighted norms. In addition the integral in (4.18) avoids to estimate (4.18) by (1 + T_+)||v||_β .

For some T_+ ∈ D, J := [0, T_+] we define Banach spaces Y = C^1(J, R^m) × R^p with

||(x, λ)||_Y = ||x||^∗_Y + |λ|, ||x||^∗_Y = sup_{t∈J} ( |x(t)|q(t) ) , q(t) = { e^{−βt} : β ≥ 0 1 : β < 0

(4.17)

and Z = C^0(J, R^m) × R^{ma+p} × R^{mb} with

||(v, r_0, r_+)||_Z = ||v||^∗_Z + |r_0| + e^{−βT+} |r_+|,

||v||^∗_Z = ||v||_β +

∫_{T+} 0 |v(s)|e^{−βs}ds, ||v||_β = sup(|v(t)|e^{−βt}) (4.18)

Theorem 4.1 Suppose that A1–A6 and let (x̄, λ̄) be a nondegenerate connecting orbit with asymptotic rate γ from W to y where L :=^d_{dt} − Df_x(x̄, λ̄) has a shifted exponential dichotomy with dichotomy data (K, α, β, P_a , P_b) and α < γ < min(0, 2β).

Then there exist some δ > 0, C > 0 and T̄_+ > 0 sufficiently large, such that for T_+ ∈ D, T_+ ≥ T̄_+ the operator equation

G_J (z, ν) = ż − f(z, ν) g ( z(0), ν ) M̂(T_+, ν)(z(T_+) − y(ν)(T_+))

= 0, (4.19)

has a unique solution (z_J , ν_J ) in the ball B δ_{r(β,T+)} (x̄|_J , λ̄) in Y where

r(β, T_+) := sup_{t∈J} ( e^{|β|t} ) + ∫_{T+} 0 e^{|β|t}dt = { e^{|β|T+} +^1_{|β|} ( e^{|β|T+} − 1 ) : β ≠ 0 1 + T_+ : β = 0.

Furthermore, the following piecewise estimates hold with d = 1

|ν_J − λ̄| ≤ Ce^{(dγ−β)T+} (4.20) |z_J (t) − x̄|_J (t)| ≤ Ce^{dγT+} · e^{−β(T+−t)} : β ≥ 0 (4.21) |z_J (t) − x̄|_J (t)| ≤ Ce^{(dγ−β)T+} : β < 0. (4.22)

If M̂(T_+) satisfies

|M̂(T_+, λ̄) ( x̄(T_+) − y(λ̄)(T_+) ) | ≤ C¯_M |x̄(T_+) − y(λ̄)(T_+)|^2 (4.23)

for a constant C¯_M > 0 and sufficiently large T_+ ∈ D then the estimates (4.20)–(4.22) hold for d = 2. In this case the assumption α < γ < min(0, 2β) can be weakened to α < γ < min(0, β).

Proof: For the proof of this theorem we apply the following lemma (see [5], [26]):

Lemma 4.2 (Perturbation lemma) Let F : K_δ(y_0) → Z be a C^1–function from a ball in Y into Z (Banach spaces). Assume that F^′(y_0) is a homeomorphism and there exist constants κ and σ, such that

||F^′(y) − F^′(y_0)|| ≤ κ < σ ≤ ||F^′(y_0)^{−1}||^{−1} (4.24) ||F (y_0)|| ≤ (σ − κ)δ. (4.25) holds for all y ∈ K_δ(y_0). Then F has a unique zero ȳ in K_δ(y_0) and

||ȳ − y_0|| ≤ (σ − κ)^{−1}||F (y_0)||, (4.26) ||y_1 − y_2|| ≤ (σ − κ)^{−1}||F (y_1) − F (y_2)|| (4.27)

for all y_1, y_2 ∈ K_δ (y_0).

Sketch of the proof of Theorem 4.1 Apply Lemma 4.2 with F = G_J and y_0 = (x̄|_J , λ̄).

S1 Let (v, μ) be a solution of G^′_J (x̄|_J , λ̄)(v, μ) = (w, r_0, r_+) then we can estimate ||(v, μ)||_Y ≤ C_{lin}||(w, r_0, r_+)||_Z .

S2 G^′_J (x̄|_J , λ̄) is a homeomorphism and σ ≤ ||G^′_J (x̄|_J , λ̄)^{−1}||^{−1} with σ :=^1_{Clin} > 0. S3 There exists some C_{Lip} > 0 such that for each 0 < δ ≤^σ_{2CLip} we have ||G^′_J (z, ν) − G^′_J (x̄|_J , λ̄)|| ≤ κ :=^σ_2 ∀(z, ν) ∈ B_{δ̃}(x̄|_J , λ̄) with δ̃ :=^δ_{r(β,T+)} S4 ||G_J (x̄|_J , λ̄)|| ≤ C_{tr}e^{(dγ−β)T+} ≤ (σ − κ)^δ_{r(β,T+)} = (σ − κ)δ̃ for some C_{tr} > 0 and T_+ ∈ D sufficiently large S5 Lemma 4.2 implies that (4.19) has a unique solution (z_J , ν_J ) in B_{δ̃}(x̄|_J , λ̄) with C := C_{lin}C_{tr}

||(z_J , ν_J ) − (x̄|_J , λ̄)||_Y ≤ Ce^{(dγ−β)T+}

S1 Let (w, r_0, r_+) ∈ Z and let (v, μ) ∈ Y be a solution of the inhomogeneous equation

G^′_J (x̄|_J , λ̄)(v, μ) = (w, r_0, r_+). (4.28)

This is equivalent to the variational equation

v̇ − A(·)v − V (·)μ = w (4.29) R_0v(0) + Q_0μ = r_0 (4.30) R_+v(T_+) + Q_+μ = r_+ (4.31)

where

A(·) =^∂_{∂x} f(x̄(·), λ̄), V (·) =^∂_{∂λ} f(x̄(·), λ̄), R_0 =^∂_{∂x} g(x̄(0), λ̄), Q_0 =^∂_{∂λ} g(x̄(0), λ̄), R_+ = M̂(T_+, λ̄), Q_+ =^∂_{∂λ}M̂(T_+, λ̄) ( x̄(T_+) − y(λ̄)(T_+) ) −M̂(T_+, λ̄)^∂_{∂λ} y(λ̄)(T_+).

If we define ξ_a = P_a(0)v(0) ∈ R(P_a(0)) and ξ_b = P_b(T_+) ( v(T_+) −^∂_{∂λ} y(λ̄)(T_+)μ ) ∈ R ( P_b(T_+) ) then v is the unique solution of

Lv = ( V (·)μ + w ) , t ∈ J P_a(0)v(0) = ξ_a, P_b(T_+)v(T_+) = ξ_b + P_b(T_+)^∂_{∂λ} y(λ̄)(T_+)μ .

Using Theorem 2.3 we obtain

v(t) = S(t, 0)ξ_a + S(t, T_+)ξ_b + s_J (w)(t) + s_J (V (·)μ)(t) (4.32)

+S(t, T_+)P_b(T_+) ∂ ∂λ y(λ̄)(T_+)μ.

Now we derive another representation of s_J (V (·)μ)(t) and hence v. ¿From (3.4) and ∂ ∂s ( S(t, s)^∂_{∂λ} y(λ̄)(s) ) = S(t, s) ( V (s) − Δ(s) ) we obtain by integration

s_J ( V (·) ) (t) − s_J ( Δ(·) ) (t) = ∂ ∂λ y(λ̄)(t) − S(t, 0)P_a(0) ∂ ∂λ y(λ̄)(0) − S(t, T_+)P_b(T_+) ∂ ∂λ y(λ̄)(T_+) (4.33) = ∂ ∂λ x(0, λ̄)(t) − s_{[0,∞)}(Δ(·))(t) − S(t, T_+)P_b(T_+) ∂ ∂λ y(λ̄)(T_+) (4.34) = ∂ ∂λ x(0, λ̄)(t) − S(t, T_+)P_b(T_+) ∂ ∂λ y(λ̄)(T_+) (4.35)

−s_J ( Δ(·) ) (t) + S(t, T_+)

∫_∞

T_+

S(T_+, s)P_b(s)Δ(s)ds.

This and (4.32) imply further representations of v. Forthcoming (4.36) follows from (4.33) and (4.37) follows from (4.35).

v(t) = S(t, 0)ξ_a + S(t, T_+)ξ_b + s_J (w)(t) (4.36) + ∂ ∂λ y(λ̄)(t)μ − S(t, 0)P_a(0) ∂ ∂λ y(λ̄)(0)μ + s_J ( Δ(·) ) (t)μ

= S(t, 0)ξ_a + S(t, T_+)ξ_b + s_J (w)(t) + ∂ ∂λ x(0, λ̄)(t)μ (4.37)

+S(t, T_+)

∫_∞

T_+

S(T_+, s)P_b(s)Δ(s)μds.

We use D ∘ B(ξ_a, μ) = R_0ξ_a + R_0^∂_{∂λ} x(0, λ̄)(0)μ + Q_0μ (see (3.17) and (3.19)) to get forthcoming (4.38). By R_0v(0)+Q_0μ = r_0 and (4.37) evaluated at 0 we arrive at (4.39).

(D ∘ B R_0S(0, T_+)|_{R(Pb(T+))}) ( (ξ_a, μ) ξ_b )

= D ∘ B(ξ_a, μ) + R_0S(0, T_+)ξ_b

= Q_0μ + R_0ξ_a + R_0 ∂ ∂λ x(0, λ̄)(0)μ + R_0S(0, T_+)ξ_b (4.38)

= r_0 − R_0S(0, T_+)

∫_∞

T_+

S(T_+, s)P_b(s)Δ(s)μds (4.39)

+R_0

∫_{T+} 0 S(0, s)P_b(s)w(s)ds =: R_a(T_+).

¿From P_a(T_+)v(T_+) = S(T_+, 0)ξ_a +s_J (w)(T_+)+P_a(T_+)^∂_{∂λ} x(0, λ̄)(T_+)μ (see (4.37)) and P_b(T_+)v(T_+) = ξ_b + P_b(T_+)^∂_{∂λ} y(λ̄)(T_+)μ (see (4.32) and P_b(T_+)s_J (w + V (·))(T_+) = 0) follows

M̂(T_+, λ̄) ( ξ_b + S(T_+, 0)ξ_a + s_J (w)(T_+)

+P_a(T_+) ∂ ∂λ x(0, λ̄)(T_+)μ + P_b(T_+) ∂ ∂λ y(λ̄)(T_+)μ ) = R_+v(T_+) = r_+ − Q_+μ = r_+ + M̂(T_+, λ̄) ∂ ∂λ y(λ̄)(T_+)μ − ∂ ∂λ M̂(T_+, λ̄)μ(x̄(T_+) − y(λ̄)(T_+)) and M̂(T_+, λ̄)ξ_b = r_+ − ∂ ∂λ M̂(T_+, λ̄)μ(x̄(T_+) − y(λ̄)(T_+))

+M̂(T_+, λ̄)P_a(T_+) ( ∂ ∂λ y(λ̄)(T_+) − ∂ ∂λ x(0, λ̄)(T_+) ) μ −M̂(T_+, λ̄)S(T_+, 0)ξ_a − M̂(T_+, λ̄)s_J (w)(T_+) =: R_b(T_+).

If we define ξ̂_b := ξ_be^{−βT+} we get the linear system ( D ∘ B R_0S(0, T_+)|_{R(Pb (T+))} · e^{βT+} 0 M̂(T_+, λ̄)|_{R(Pb (T+))} ) ( (ξ_a, μ)

ξ̂_b ) = ( R_a(T_+) R_b(T_+)e^{−βT+} ) . (4.40)

Using (2.11), (2.12) and (3.12) we can estimate ||s_{[T+,∞)}(Δ(·))(T_+)|| ≤ K^1_{β−γ} L^1_f (1 + M^1_y )C_{x̄}e^{γT+} and ||s_J (Δ(·))(T_+)|| ≤ K^1_{γ−α} L^1_f (1 + M^1_y )C_{x̄}e^{γT+} . Thus

|R_a(T_+)| ≤ |r_0| + ||R_0||

∫_{T+} 0 ||S(0, s)P_b(s)||

≤Ke^{−βs}

|w(s)|ds

+||R_0|| · ||S(0, T_+)P_b(T_+)||

≤Ke^{−βT+}

· ||s_{[T+,∞)}(Δ(·))(T_+)||

≤K^1_{β−γ} L^1_f (1+M^1_y )C_{x̄}e^{γT+} |μ|

≤ |r_0| + ||R_0||K||w||^∗_Z + ||R_0||K^2 1 β − γ

L^1_f (1 + M^1_y )C_{x̄}e^{(γ−β)T+} |μ|

≤ C^R_a (|r_0| + ||w||^∗_Z ) + c^R_a e^{(γ−β)T+} |μ|

for some constant C^R_a > 0 and c^R_a ≥ 0 and

|R_b(T_+)|e^{−βT+} ≤ |r_+|e^{−βT+} + M^1_{M̂} C_{x̄}e^{(γ−β)T+} |μ| +M_{M̂} ||S(T_+, 0)P_a(0)||

≤Ke^{αT+}

M^1_y |μ|e^{−βT+} + M_{M̂} ||s_J (Δ(·))(T_+)||

≤K^1_{γ−α} L^1_f (1+M^1_y )C_{x̄}e^{γT+}

|μ|e^{−βT+}

+M_{M̂} ||S(T_+, 0)P_a(0)||e^{−βT+} |ξ_a| + M_{M̂} e^{−βT+}

∫_{T+} 0 ||S(T_+, s)P_a(s)||

≤Ke^{α(T+−s)}≤Ke^{β(T+−s)}

|w(s)|ds

≤ |r_+|e^{−βT+} + M_{M̂} K||w||^∗_Z + M_{M̂} Ke^{(α−β)T+} |ξ_a| + ( M^1_{M̂} C_{x̄} + M_{M̂} KM^1_y e^{(α−γ)T+} + KM_{M̂} C_γ L^1_f (1 + M^1_y )C_{x̄} ) e^{(γ−β)T+} |μ| ≤ C^R_b (|r_+|e^{−βT+} + ||w||^∗_Z ) + c^R_b e^{(γ−β)T+} (|ξ_a| + |μ|).

for some constant C^R_b > 0 and c^R_b ≥ 0. Thus there exists some constants C_{μ,ξ} and T̄ such that for all T_+ ≥ T̄

|ξ_a| + |μ| + |ξ_b|e^{−βT+} ≤ C_{μ,ξ}||(w, r_0, r_+)||_Z . (4.41)

We estimate v(t) by using (4.36) and Theorem 2.3 as follows:

|v(t)| ≤ Ke^{αt}|ξ_a| + Ke^{−β(T+−t)}|ξ_b| + K||w||^∗_Z e^{βt} + (| s_J ( Δ(·) ) (t) | | + | | ∂ ∂λ y(λ̄)(t) | | + | |S(t, 0)P_a(0) ∂ ∂λ y(λ̄)(0) | |)|μ| ≤ max ( Ke^{αt}, KC_γ L^1_f (1 + M^1_y )C_{x̄}e^{γt} + (Ke^{αt} + 1)M^1_y )( |ξ_a| + |μ| ) +Ke^{−βT+} |ξ_b|e^{βt} + K||w||^∗_Z e^{βt} ≤ (C^1_v e^{βt} + C^2_v )||(w, r_0, r_+)||_Z

≤ C_v||(w, r_0, r_+)||_Z · { e^{βt} : β ≥ 0 1 : β < 0

= C_v||(w, r_0, r_+)||_Z q(t)^{−1}

and therefore ||v||^∗_Y = sup_{t∈J} ( ||v(t)||q(t) ) ≤ C_v||w, r_0, r_+||_Z .

Thus S1 ||(v, μ)||_Y ≤ C_{lin}||(w, r_0, r_+)||_Z holds with C_{lin} = C_{μ,ξ} + C_v.

S2 Assumption A4 implies that G^′_J (x̄|_J , λ̄)(v, μ) = (w, r_0, r_+) is a linear boundary value problem of dimension m_a + p + m_b = m + p for which the Fredholm alternative holds. Thus σ :=^1_{Clin} ≤ ||G^′_J (x̄|_J , λ̄)^{−1}||^{−1}. S3 For any (z, ν), (v, μ) ∈ Y we can estimate ‖ ‖ ‖ ( G^′_J (z, ν) − G^′_J (x̄|_J , λ̄) ) ( v μ )‖ ‖ ‖ Z = ‖( f_x(z, ν) − f_x(x̄|_J , λ̄) ) v + ( f_λ(z, ν) − f_λ(x̄|_J , λ̄) ) μ ‖_∗ Z (4.42) + | |(g_x(z(0), ν) − g_x(x̄(0), λ̄))v(0) + (g_λ(z(0), ν) − g_λ(x̄(0), λ̄))μ | | + |(^ M(T_+, ν) − M̂(T_+, λ̄) ) v(T_+) + ∂ ∂λ M̂(T_+, ν)μ(z(T_+) − y(ν)(T_+)) − ∂ ∂λ M̂(T_+, λ̄)μ(x̄(T_+) − y(λ̄)(T_+))

−M̂(T_+, ν) ∂ ∂λ y(ν)(T_+)μ + M̂(T_+, λ̄) ∂ ∂λ y(λ̄)(T_+)μ | e^{−βT+}

≤ C_{Lip}||(z − x̄|_J , ν − λ̄)||_Y · ||(v, μ)||_Y · r(β, T_+)

with some constant C_{Lip} and therefore with κ :=^σ_2 , δ ≤^σ_{2CLip} and δ̃ =^δ_{r(β,T+)} we see for any (z, ν) ∈ B_{δ̃}(x̄|_J , λ̄)

||G^′_J (z, ν) − G^′_J (x̄|_J , λ̄)||_{YZ} ≤ σ 2 = κ < σ ≤ ||G^′_J (x|_J , λ̄)^{−1}||^{−1}_{YZ} . (4.43)

For details of this estimate see [19], as example we estimate (4.42) with the functions p(t) =^{e−βt}_{q(t)} , ρ(t) =^{p(t)}_{q(t)} = e^{|β|t} and

sup_{t∈J} (ρ(t)) +

∫_{T+} 0 ρ(t)dt ≤ r(β, T_+) := { e^{|β|T+} +^1_{|β|} ( e^{|β|T+} − 1 ) : β ≠ 0 1 + T_+ : β = 0.

as follows: | | ( f_x(z, ν) − f_x(x̄|_J , λ̄) ) v + ( f_λ(z, ν) − f_λ(x̄|_J , λ̄) ) μ | |^∗_Z ≤ sup_{t∈J} (| f_x ( z(t), ν ) − f_x ( x̄(t), λ̄ )| · p(t) · |v(t)|q(t) )

+ ∫_{T+} 0 |(f_x(z(t), ν) − f_x(x̄(t), λ̄))v(t)|e^{−βt}dt

+ sup_{t∈J} (|(f_λ(z(t), ν) − f_λ(x̄(t), λ̄))|e^{−βt}|μ|) + ∫_{T+} 0 |(f_λ(z(t), ν) − f_λ(x̄(t), λ̄))|e^{−βt}|μ|dt

≤ L^1_f sup_{t∈J} ( |z(t) − x̄(t)|q(t) · ρ(t) + |ν − λ̄| · p(t) ) · ||v||^∗_Y

+L^1_f

(∫_{T+} 0 |z(t) − x̄(t)|q(t) · ρ(t)dt +

∫_{T+} 0 p(t)dt|ν − λ̄| ) · ||v||^∗_Y

+L^1_f sup_{t∈J} ( |z(t) − x̄(t)|q(t) · p(t) + |ν − λ̄|e^{−βt} ) |μ| +L^1_f

(∫_{T+} 0 |z(t) − x̄(t)|q(t) · p(t)dt +

∫_{T+} 0 e^{−βt}dt|ν − λ̄| ) |μ| ≤ L^1_f r(β, T_+)(||z − x̄|_J ||^∗_Y + |ν − λ̄|) · (||v||^∗_Y + |μ|)

On the other hand the truncation error is

||G_J (x̄|_J , λ̄)||_Z = ‖ ‖ ‖ ‖ 0 0 M̂(T_+)(λ̄)(x̄(T_+) − y(λ̄)(T_+))

‖ ‖ ‖ ‖ Z = | |M̂(T_+, λ̄)(x̄(T_+) − y(λ̄)(T_+)) | |e^{−βT}+

≤ C̃_{tr}||x̄(T_+) − y(λ̄)(T_+)||^de^{−βT+} ≤ C_{tr}e^{(dγ−β)T+}

for some C̃_{tr} > 0 and C_{tr} := C̃_{tr}C^d_{x̄}. In the cases (d = 1, γ < 2β) and (d = 2, γ < β) we achieve that C_{tr}e^{(dγ−β)T+} ≤ (σ − κ)^δ_{r(β,T+)} for T_+ ∈ D sufficiently large. Now we can apply Lemma 4.2 and there exists a unique solution (z_J , ν_J ) in K^Y_{δr(β,T+)} (x̄|_J , λ̄) with

||(z_J , ν_J ) − (x̄|_J , λ̄)||_Y ≤ Ce^{(dγ−β)T+}

where C = 2C_{lin}C_{tr}. This implies the estimates in Theorem 4.1 ■

As direct result of the estimates in Theorem 4.1 a super-convergence phenomenon in sup– norm as in the connecting orbit case [4], [5], [21] occurs for β > 0.

Corollary 4.3 Under the assumptions of Theorem 4.1 we have the sup–norm estimates |ν_J − λ̄| ≤ Ce^{(dγ−β)T+} ||z_J − x̄|_J ||_∞ ≤ Ce^{dγT+} : β > 0 ||z_J − x̄|_J ||_∞ ≤ Ce^{(dγ−β)T+} : β ≤ 0.

4.3 Boundary corrector method

The asymptotic boundary conditions with (4.6) yields “quadratic” estimates (see Theorem 4.1). On the other hand, e. g. in the periodic case, it can be cumbersome to compute M̄ (T_+, λ) at λ̄ since λ̄ is unknown (see section 4.1). But it is realistic to assume A7 There exists a neighborhood Λ_0 of λ̄ and a matrix valued function M̄(T_+, ·) ∈ C^1 ( Λ_0, R^{mb,m}) ) such that A6 and (4.6) holds for each λ ∈ Λ_0.

Using the boundary corrector method developed in this section we have to compute M̄ (T_+, λ) only twice (case β ≥ 0) or three times (case β < 0).

Boundary Corrector Method

1. Start with some μ_0 ∈ Λ_0, i = 0, 2. Calculate (z_{i+1}, μ_{i+1}), the solution of

G^{μi}_J (z, ν) = ż − f(z, ν) g ( z(0), ν ) M̄(T_+, μ_i)(z(T_+) − y(ν)(T_+))

= 0, (4.44)

3. Repeat with 2. once for β ≥ 0 or twice for β < 0 with “i = i + 1”.

The following proposition states that the error of the solution of the boundary corrector method has the same exponential rate (2γ − β) as the solution of Theorem 4.1 with d = 2.

Proposition 4.4 Let the assumptions of Theorem 4.1 and A7 hold and T̄_+ sufficiently large. Then there exists some C_{bcm} > 0 such that for T_+ ∈ D, T_+ ≥ T̄_+ and μ_0 ∈ Λ_0 the result (z_J , ν_J ) of the boundary corrector method can be estimated by

||(z_J , ν_J ) − (x̄|_J , λ̄)||_Y ≤ C_{bcm}e^{(2γ−β)T+} . (4.45)

Proof: For each μ_i ∈ Λ_0 we see that (4.44) is the same as (4.19) with the constant matrix M̂(T_+, ν) := M̄(T_+, μ_i) ∀ν ∈ Λ_0.

By inspection of the proof of Theorem 4.1 and the uniformity assumptions in A6 we see that we can choose δ > 0 and T̄_+ independent of ν such that G^ν_J has a unique solution (z^ν_J , μ^ν_J ) in K^Y_{δr(β,T+)} (x̄|_J , λ̄) for each ν ∈ Λ_0. Furthermore the estimates (4.20)–(4.22) hold with some constant C independent of ν. In particular the estimates hold with d = 2 if (z̄_J , μ̄_J ) ∈ K^Y_{δr(β,T+)} (x̄|_J , λ̄) is the (unknown) solution of G^{λ̄}_J = 0. Using this

and (4.27) we estimate for each μ ∈ Λ_0 the solution (z_J , μ_J ) ∈ K^Y_{δr(β,T+)} (x̄|_J , λ̄) of G^μ_J by ||(z_J , μ_J ) − (z̄_J , μ̄_J )||_Y ≤ 2 σ ||G^μ_J (z_J , μ_J ) − G^μ_J (z̄_J , μ̄_J )||_Z = | M̄(T_+, μ)(z_J (T_+) − y(μ_J )(T_+)) =0 −M̄(T_+, μ)(z̄_J (T_+) − y(μ̄_J )(T_+))| 2 σ e^{−βT+}

= | M̄(T_+, λ̄)(z̄_J (T_+) − y(μ̄_J )(T_+)) =0 −M̄(T_+, μ)(z̄_J (T_+) − y(μ̄_J )(T_+))| 2 σ e^{−βT+} = | (¯ M(T_+, λ̄) − M̄ (T_+, μ) )( z̄_J (T_+) − y(μ̄_J )(T_+) ) |2C_{lin}e^{−βT+} ≤ ||M̄ (T_+, λ̄) − M̄(T_+, μ)|| · ( |z̄_J (T_+) − x̄|_J (T_+)|

≤Ce^{(2γ−β)T+}

+ |x̄|_J (T_+)) − y(λ̄)(T_+)|

≤C_{x̄}e^{γT+}

+ |y(λ̄)(T_+) − y(μ̄_J )(T_+)|

≤L_yCe^{(2γ−β)T+} ) 2C_{lin}e^{−βT+}

≤ ||M̄ (T_+, λ̄) − M̄(T_+, μ)||2C_{lin}(C + CL_y + C_{x̄})e^{(γ−β)T+} ≤ |μ − λ̄|C_be^{(γ−β)T+} with C_b = L¯_M 2C_{lin}(C + CL_y + C_{x̄}).

If we apply this estimate to the boundary corrector method we get

||(z_2, μ_2) − (x̄|_J , λ̄)||_Y ≤ ||(z_2, μ_2) − (z̄_J , μ̄_J )||_Y + ||(z̄_J , μ̄_J ) − (x̄|_J , λ̄)||_Y ≤ |μ_1 − λ̄|C_be^{(γ−β)T+} + Ce^{(2γ−β)T+} ≤ CC_be^{2(γ−β)T+} + Ce^{(2γ−β)T+} .

Here we used |μ_1 − λ̄| ≤ Ce^{(γ−β)T+} from (4.20). In case β ≥ 0 this implies (4.45) with C_{bcm} = C(C_b + 1). Furthermore we see

||(z_3, μ_3) − (x̄|_J , λ̄)||_Y ≤ ||(z_3, μ_3) − (z̄_J , μ̄_J )||_Y + ||(z̄_J , μ̄_J ) − (x̄|_J , λ̄)||_Y ≤ |μ_2 − λ̄|C_be^{(γ−β)T+} + Ce^{(2γ−β)T+} ≤ CC^2_b e^{3(γ−β)T+} + (C_be^{(γ−β)T+} + 1)Ce^{(2γ−β)T+} .

Thus γ < 2β yields (4.45) with C_{bcm} = CC^2_b + C(1 + C_b) in case β < 0. ■

By the boundary corrector method we avoid the simultaneous computation of M̄(λ) and get “nearly optimal” estimation results.

5 Examples

In the examples we solve the boundary value problems of type (4.9) and (4.15). We use the collocation boundary value solver COLCON and its version for parameter continuation COLPAR from Bader and Kunkel [3].

5.1 A first example

This example can be studied analytically and it will be used to examine the behavior of the truncation error.

ẋ_1 ẋ_2 ẋ_3 = x_1(μ − ar^2) − x_2(1 + λr^2) x_1(1 + λr^2) + x_2(μ − ar^2) cx_3 + dμ − νr +^ν_c r(μ − ar^2)

=: f̂(x; λ, μ, a, c, d, ν) (5.1)

with x ∈ R^3, μ, a, c, d, ν > 0, λ > −^a_μ and r = √ x^2_1 + x^2. In polar coordinates with φ = arccos(^{x1}_r ) we get ṙ = r(μ − ar^2), φ̇ = (1 + λr^2).

We use χ(x, φ̃_0) := − sin(φ̃_0)x_1 + cos(φ̃_0)x_2 = 0 as phase condition for periodic orbits and φ̃_0 as the extra parameter to fix the phase of the periodic orbit.

For given φ̃_0 there exists a periodic solution with χ(x̃(0), φ̃_0) = 0 namely

x̃(t) = (√ μ a cos ( φ̃(t) ) , √ μ a sin ( φ̃(t) ) , − dμ c + ν c √ μ a )

with r̃(t) =

√_μ

a , φ̃(t) = t(1 + λ

√_μ a ) + φ̃_0. The period is T = T (μ, a, λ) :=^{2π}_{1+λ} μ_a . Scaling f̂ by f(x; λ, μ, a, c, d, ν) = T (λ, μ, a)f̂ (x; λ, μ, a, c, d, ν) we see that

y(t) = (√ μ a cos(2πt + φ̃_0), √ μ a sin(2πt + φ̃_0), − dμ c + ν c √ μ a )

is a 1–periodic solution of ẋ = f(x; λ, μ, a, c, d, ν) with χ ( x(0), φ̃_0 ) = 0.

The linearization at the periodic orbit y implies that

ζ(t) = y_1(t) +^λ_a y_2(t) −y_2(t) 0 y_2(t) −^λ_a y_1(t) y_1(t) 0 ν c √_μ

a 0 −^ν_c

√_a μ

e^{−2μT t} 0 0 0 1 0 0 0 e^{cT t}

solves ζ̇(t) =^∂_{∂x} f(y(t), λ)ζ(t) and

χ^T (t) = e^{2μT t} 0 0 0 1 0 0 0 e^{−cT t}

a μ y_1(t)^a_μ y_2(t) 0 1 μ (λy_1(t) − ay_2(t))^1_μ (λy_2(t) + ay_1(t)) 0 y_1(t) y_2(t) −^c_ν

√_μ a solves χ̇^T (t) = −χ^T (t)^∂_{∂x} f(y(t), λ) with χ^T (t)ζ(t) = Id_R3 .

Thus there are Floquet exponents −2μT < 0 < cT . Using the periodic solutions y depending on φ̃_0 we can define

M̄(φ̃_0)(t) = 1 μ (λy_1(t) − ay_2(t))^1_μ (λy_2(t) + ay_1(t)) 0 y_1(t) y_2(t) −^c_ν

√_μ a . (5.2)

PSfrag replacements

Figure 5.2: The phase portrait of the scaled system (5.1) with parameters μ = 0.25, a =^1_9 , λ = 0.1, c = 0.5, d = 1, ν = 4 and φ̃_0 = 0.

Thus we can apply Theorem 4.1 with d = 2. On the other hand the exact solution of ẋ = f(x; λ, μ, a, c, d, ν) with initial value x_0 ∈ R^3 and r_0 := √ x^2_{01} + x^2_{02} , φ_0 := arccos(^{x01}_{r0} ) is x(t) = ( r(t) cos ( φ(t) ) , r(t) sin ( φ(t) ) , e^{cT t} ( x_{03} + dμ c − ν c r_0 ) − dμ c + ν c r(t) ) , r(t) = r_0 √ e^{−2μT t}(1 −^{ar20}_μ ) +^{ar20}_μ ,

φ(t) = T t + λ 2a ln ( 1 + ar^2_0 μ (e^{2μT t} − 1) ) + φ_0.

The solution x̄ starting in W = {z ∈ R^3|z_3 = z̄_3}, z̄_3 > 0 which is −2μT –asymptotic with y has an initial value x̄_0 = (r̄_0 cos(φ̄_0), r̄_0 sin(φ̄_0), z̄_3) where r̄_0 =^c_ν ( z̄_3 +^{dμ}_c ) and φ̄_0 = φ̃_0 −^λ_{2a} ln

(_{ar̄20} μ ) . This yields the phase portrait in Figure 5.2 which is shown in the Introduction (see Figure 1.1). The connecting orbit x̄ starts in a plane W and converges to the periodic orbit y. It is indicated by (—). The stable manifold of y which is represented by a dashed line (- -), is approximated by using z̄_3 as continuation parameter in [1, 11.5]. The intersection of the connecting orbit x̄ with the stable manifold is x̄(N), N = 0, 1, . . . marked by the symbol □. The plane W is defined by {z ∈ R^3 | z̄_3 = 1.0} and the periodic orbit has an initial value y_0 = (1.5, 0, 11.5).

In typical applications the phase is not fixed, thus we will use φ̃_0 as free parameter. In this case the 2–dimensional manifold W in R^4 is given by {(z, φ̃_0) ∈ R^4|z_1 = z̄_1, z_3 = z̄_3} with elz̄_3 > 0. The solution has initial values x̄_0 = (z̄_1, r̄_0 sin(φ̄_0), z̄_3) where

r̄_0 = c ν ( z̄_3 + dμ c ) , φ̄_0 = arccos ( z̄_1 r̄_0 ) and φ̃_0 = φ̄_0 + λ 2a ln ( ar̄^2_0 μ ) .

For an approximation (x_J , μ_J ) we define the approximation errors by

e^J_{tr}(t) := |x_J (t) − x̄(t)|, e_{max}(T_+) := max_{t∈[0,T+]} ( e^J_{tr}(t) ) and e^J_{par}(T_+) := |μ_J − λ̄|.

Each curve in Figure 5.3 shows the natural logarithm of the error e^J_{tr}(t) for J = [0, T_+] with different T_+, when we use the boundary corrector method.

In Figure 5.4 we compare the natural logarithm of the errors in the first and the second step of the boundary corrector method.

- - first step □ e^J_{par} — second step × e_{max}(T_+)

In this example the period of the periodic orbit is T =^{2π}_{1+λ} μ_a = 5.129 and we apply Theorem 4.1 with α = −2μT , β = 0. Hence the theoretical exponential rate for the error estimates is dα − β = −d · 2μT = −d · 2.565 (see Corollary 4.3). The slopes in Figure 5.4 taken from T_+ = 4 to T_+ = 6 are approximatively 2.563 in the first step and 5.15 in the second step (nearly the same for e_{max}(T_+) and e^J_{par}).

Figure 5.3: The natural logarithm of the error e^J_{tr}(t), J = [0, T_+], T_+ = 1, . . . , 8, for the boundary corrector method. The first approximation with starting parameter φ̃_0 = 0 (to compute (5.2)) is represented by (- -). The result of the first step yields the parameter φ̃_1 = −0.3007. Using M̄(φ̃_1) from (5.2) we get the second approximation (—).

Figure 5.4: The natural logarithm of the errors e_{max}(T_+) (×) and e^J_{par} (□) for T_+ = 1, . . . , 8 in the first (- - -) and the second (—) step of the boundary corrector method.

5.2 Lorenz system

For the Lorenz system we use our techniques to approximate the stable manifold of the periodic orbit and the strong stable manifold of the non-trivial equilibrium. Moreover, we set up a procedure to find an initial approximation of a point to periodic connecting orbit (see [6], [19]).

For further details about the Lorenz system see [25].

ẋ_1 = σ(x_2 − x_1) ẋ_2 = rx_1 − x_2 − x_1x_3 ẋ_3 = x_1x_2 − bx_3

We use the parameter values σ = 10, b =^8_3 and r = 24.

Figure 5.5: Stable manifold of a periodic (- -) orbit and strong-stable manifold of a nontrivial equilibrium (—). The parameters are σ = 10, b =^8_3 and r = 24. All solutions have initial values with x_1(0) = 0.

First we approximate connecting orbits starting in the plane with x_1(0) = 0, which are either in the stable manifold of a periodic orbit or in the strong-stable manifold of a non-trivial equilibrium. This yields Figure 5.5.

To approximate the strong-stable manifold we apply Theorem 4.1 in an obvious way. The strong-stable manifold has dimension m_a = 1, the plane has dimension m_b = 2 and σx_2 > 0 for x_2 > 0 implies nondegeneracy. The approximation is the line (—) in the interior of the cylinder in Figure 5.5.

For the approximation of the stable manifold of a periodic orbit we use the phase as free parameter and fix x_3(0) in addition to x_1(0). As a result we get one of the dashed lines (- - -) in Figure 5.5. Using x_3(0) as continuation parameter yields the other solutions and hence the whole figure.

Remark: To get a “nice picture”, we do not use the phase-variable as continuation parameter, because the resulting curves diverge exponentially and do not give a good graphical representation of the surface.

To find an initial approximation of a point to periodic connecting orbit we use the following procedure:

Figure 5.6: Approximation of a point to periodic connecting orbit

First we approximate the 1–dimensional unstable manifold of the origin for r = 30. It intersects the x_2–x_3 plane at (0, 10.7, 34.3). By continuation of the parameter r to r = 15 we get a curve ( 0, x_2(r), x_3(r), r ) which is a 1–dimensional manifold in R^4. Its projection onto R^3 is plotted in Figure 5.6 by (- - -). Then we choose a linear approximation ( 0, a_2r, a_3r, r ) of ( 0, x_2(r), x_3(r), r ) . The center unstable manifold of the periodic orbit has dimension two, thus the manifold W must be 2–dimensional to get a solution converging to the periodic orbit. Therefore we use the phase fixing parameter φ as additional parameter and define a 2–dimensional manifold W by ( 0, a_2r, a_3r, r, φ ) in R^5. We approximate a solution with initial value on this plane and converging to the periodic orbit to achieve the orbit plotted by (—) in Figure 5.6. The resulting parameter r = 24.05803 is in agreement with the value from [6].

References

[1] B. Aulbach and T. Wanner. Integral manifolds for Carathéodory type differential equations in banach spaces. In B. Aulbach and F. Colonius, editors, Six lectures on dynamical systems., pages 45–119. World Scientific, 1996.

[2] B. Aulbach and T. Wanner. Invariant foliations for Carathéodory type differential equations in banach spaces. In V. Lakshmikantham and A. A. Martynyuk, editors, Advances of Stability Theory at the End of XX Century. Gordon and Breach, 1999.

[3] G. Bader and P. Kunkel. Continuation and collocation for parameter dependent boundary value problems. SIAM J. Sci. Stat. Comput., 10:72–88, 1989.

[4] W.-J. Beyn. Global bifurcations and their numerical computation. In D. Roose, A. Spence, and B. DeDier, editors, Continuation and Bifurcations: Numerical Techniques and Applications, pages 169–181. Kluwer, 1990.

[5] W.-J. Beyn. The numerical computation of connecting orbits in dynamical systems.

IMA J. Numer. Anal., 10:379–405, 1990.

[6] W.-J. Beyn. On well–posed problems for connecting orbits in dynamical systems. In P. Kloeden and K. Palmer, editors, Proceedings of ‘Chaotic Numerics’, volume 172, pages 131–168. Contemporary Mathematics, 1994.

[7] W.-J. Beyn and J. Lorenz. Stability of traveling waves: dichotomies and eigenvalue conditions on finite intervals. Numer. Funct. Anal. Optim., 20:201–244, 1999.

[8] A. R. Champneys and Y. A. Kuznetsov. Numerical detection and continuation of codimension–two homoclinic bifurcations. Int. J. Bifurcation and Chaos, 4:785–822, 1994.

[9] S.-N. Chow, X.-B. Lin, and K. Lu. Smooth invariant foliations in infinite dimensional spaces. Journal of Differential Equations, 94:266–291, 1991.

[10] W. A. Coppel. Dichotomies in Stability Theory. Number 629 in Lecture Notes in Mathematics. Springer, 1978.

[11] G. Feichtinger and A. Novak. A note on the optimal use of environmental resources by an indebted country. J. Institutional and Theoretical Economics, 147:547–555, 1991.

[12] N. Fenichel. Persistence and smoothness of invariant manifolds for flows. Indiana Uni. Math. J., 21:193–226, 1971.

[13] N. Fenichel. Asymptotic stability with rate conditions. Indiana Uni. Math. J., 23:1109–1137, 1974.

[14] N. Fenichel. Asymptotic stability with rate conditions, II. Indiana Uni. Math. J., 26:81–93, 1977.

[15] J. K. Hale and X.-B. Lin. Heteroclinic orbits for retarded functional-differential equations. J. Differential Equations, 65:175–202, 1986.

[16] M. C. Irwin. Smooth Dynamical Systems. Academic Press, 1980.

[17] A. D. Jepson and H. B. Keller. Steady state and periodic solution paths: their bifurcations and computations. In T. Küpper, H. D. Mittelmann, and H. Weber, editors, Numerical Methods for Bifurcation Problems. ISNM, volume 70, pages 219– 246. Birkhäuser, 1984.

[18] K. Palmer. Exponential dichotomies and transversal homoclinic points. J. Diff.

Equations, 55:225–256, 1984.

[19] T. Pampel. Numerical approximation of generalized connecting orbits. PhD-Thesis, University of Bielefeld, 1999.

[20] B. Sandstede. Verzweigungstheorie homokliner Verdopplungen. PhD-Thesis, University of Stuttgart, 1993.

[21] B. Sandstede. Convergence estimates for the numerical approximation of homoclinic solutions. IMA J. Numer. Anal., 17:437–462, 1997.

[22] W. Semmler and M. Sieveking. The use of vector field analysis for studying debt dynamics. Discussion paper 379, University of Bielefeld, Department of Economics, 1998.

[23] W. Semmler and M. Sieveking. Critical debt in debt dynamics. Journal of Economic Dynamics and Control, 24:5–7, 2000.

[24] S. Siegmund. Spektral–Theorie, glatte Faserungen und Normalformen für Differentialgleichungen vom Carathéodory–Typ. PhD-Thesis, University of Augsburg, 1999.

[25] C. Sparrow. The Lorenz Equations: Bifurcations, Chaos, and Strange Attractors.

Number 41 in Applied Mathematical Sciences. Springer, 1982.

[26] G. Vainikko. Funktionalanalysis der Diskretisierungsmethoden. Teubner Texte zur Mathematik, 1976.