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Abstract. We consider lower order perturbations M of symmetric diffusions
M?" and prove that M is locally absolutely continuous with respect to M up
to life time. The novelty is that the absolute value of the drift b and zero order
part ¢ are merely assumed to be in L¢(R?) + L>*(R?), and Ls (RY) + L>*(RY).
So, |b]? and ¢ are not in the Kato- class ( as is the case when [b|?,|c| €
LP(R?) + L**(R?) with p > 4). We also consider the case where an adjoint
drift is present. Finally, we use these results to prove new convergence results
for diffusions.

1. Introduction and framework.

As usual, let R? denote the Euclidean space. We assume d > 3. Let
a;j(x),1 < i.j < d be real-valued Borel measurable functions such that
a;;(z) = aj;(r) and the matrix-valued function (a;;(x))1<; <a is uniformly
elliptic,i.e., there exists a constant ¢ such that

| =

> v X_j )iy <0y (1)

for all y1,vs,...,yq € R.
It is well known that

6 (x) Ov(x)
L=y /Rd MZI aij (¥ 8xl ox; de
D(€°) := H,(R") (2)

defines a regular Dirichlet form on L?(R?), where Hj(R?) stands for the
Sobolev space of order 1. Let M := {Q, F, F;, X;, Pp, v € R?} denote the
diffusion process associated with (€9 D(E?)) (see [1]). Then, Fukushima’s
decomposition holds :

Xt:$+Mt+Nt Px—a.s., (3)

where M; = (M}, ..., M{) is a F;-square integrable martingale additive func-
tional with

. . t
< MM = /0 ai;(X,)ds (4)
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N, is a continuous additive functional of zero energy. Let 7; be the reverse
operator defined on the path space 2 by 1:(w)(s) = w(t — s) if s < t. One
also has the Lyons-Zheng decomposition:

1 1
X, — Xo=-M, — =

5 2(Mto%—Mt_so%) for 0<s<t,

where M, o~; is a F, = 0(Xi—u,u < s)-martingale with
< M!o~;, M? oy, >:/ a;j(Xi—y)du 0<s<t.
0

The process X; in (3) is called a Dirichlet process. Let b = (by, bs, ..., bq) be
a measurable vector field on R? such that b; € LY(RY) + L>(RY),1 < i < d,
where LP(R?),p € (0, 00] stands for the standard LP space with respect to
Lebesgue measure dr. We note that considering LY(RY) + L*(R?) instead
of each space separately widens the range of applicability essentially. For
example, it includes functions like b; = ‘I‘ITZ‘H, a < 1. Consider the quadratic
form:

E(u,v) == %/Rd -21 ai’j(x)agg) 3gg) dx — /Rd < b(x), Vu(x) > v(x)dx
D(€) == Hy(R") ()

It is proved in [7] that for some o € (0,00), (€4, D(E)) is a closed, local
,semi-Dirichlet form. Here as usual &, := € + a(, ) 2. Therefore, there is an
associated diffusion, which we denote by M = {Q, F, F;, X;, Q,,x € R4}
The corresponding semigroup will be denoted by T;,t > 0. One can regard
(€, D(E)) as a drift perturbation of (£, D(E%)). If b € LP(R?) + L>°(R?) for
some p > d, then b is in the Kato class of M. In this case, it is shown in
[4] that M is a Girsanov transform of MY, and that the Girsanov density
is a true exponential martingale since Novikov’s condition is fullfiled. In the
present situation , b is merely in L4(RY) + L>°(R?) and |b|? is no longer in
the Kato class of M. The question is whether M can still be written as a
Girsanov transform of M°. The problem seems to have been open for some
time. The aim of this paper is to give a positive answer to the question.

The rest of the paper is organized as follows. In section 2, we prove a Girsanov
representation for M and extend the representation to the case where an
adjoint drift and a zero order term are added. Section 3 is devoted to the
weak convergence of diffusion processes associated with quadratic forms of

type (5).

2. Girsanov Representation.
Let c(x) be a non-negative measurable function on R?. Define

ap = inf{k > 0; - c(x)2de < A (25) } (6)
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where A := (23(d — 1))/((d — 2)d"/2) and § is the constant specified in (1).

Lemma 2.1. Let ¢(x) and aq be as above. Then

([ (Eulean( /(:C(Xs)ds)f(Xt)])zdﬂf)iSeaot\fh?(zzd) for all fGLz(f(%d))
7

Proof. We can assume f > 0. Set ¢,(z) := ¢(x) A n. We introduce the
quadratic form:

Qn(u,v) = E%(u,v) — /Rd Cn(z)u(x)v(x)de + Oéo/d u(z)v(z)dx

R

D(Qn) := Hy(R") (8)
Using the Sobolev inequality,

| 2a/a-2) gy < A Vul’dz)'? uwe H)(RY),
(R?) "
we find that

Qn(u,u) = Eo(u,u)—/

cn<ap

cn(2)u? (2)dr+aq /

Rd

u2(x)dx—/ cn(2)u?(2)dx
Cn >0
> &) = ([ @) de) ufaaas
Cn >0
> E%u,u) — (/ cd/z(x)dx)2/d)\2/ |Vul*dz
c>ap R4

> E%u,u) — (/ A (2)dx) Y IN226E% (u, u) > 0
>ag

by the choice of oy. By the boundeness of ¢,, it is easy to see that (Q,, D(Q,))
is also a closed form on L?(R?). Thus there exists a strongly continuous
contraction semigroup on L%(R?), denoted by P t > 0, associated with
(@Qn, D(Q,)) . Moreover, the Feynman-Kac representation holds:

t
P f(z) = Ey[exp( /0 en(X,)ds — aot) F(X)],
where E, denotes expectation with respect to P,. Hence,
t
[ (Euleap( || en(Xo)ds = aot) X)) de < |12 me )

Letting n — oo in (9 ), the assertion follows by Fatou’s lemma.

Since (a='0)T € L} (R? dx), by [1] [i(a='b)"(X,)dM, defines a continuous
local-martingale additive functional. Hence

Z, := exp] / X)dM, — = / ba~'bT (X,)ds) (10)
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is a supermartingale multiplicative functional. For z € R?, define
d@:c\fm{t<5} = ZdP, (11)

where ¢ stands for the life time. Then by a result of Kunita [2], M :=
{Q,F, F, X, Qx, x € R%} gives rise to a diffusion process, where A denotes
the cemetery of the process. We want to show that M and M are equivalent,
ie. Qo = Q, for dr — a.e. z € R For this end, it suffices to prove that the
semigroup T3, t > 0 of M is given by

Tif (x) = Eu[Z:f (X))

This will be a consequence of Theorem 2.3 below. For f € B(RY) with f =0
on {A}, define

where E, denotes expectation with respect to Qm First we show that each
T;,t > 0 extends to a bounded linear operator on L?*(R?). Let b € LY(R? —
RY) + L>*(R? — R%). Choose a sequence b, € L°(R* — R¥),n > 1, of
functions such that lim,, ... (b, — b) = 0 in L4(R? — RY). For n > 1, define

\Dul) ()
)= o 3 ot oui 0w,

1,7=1

dx —/ < bp(x), Vu(z) > v(x)dx

D(E") == Hy(R") (13)

Let T7*,t > 0 be the semigroup associated with (€™, D(E™)). It is known (
for example , see [5]) that the Girsanov’s formula holds:

T f(x) = Eu[ 27 f(X4)] (14)

where .
zZ = exp{/ (a™ b)) (X, / bpa bl (X,)ds}
0
Lemma 2.2. For any ¢t > 0, T, extends to a bounded linear operator on
L*(R%).
Proof. Define for n > 1,

= inf{k > 0; byl (x)dx < (26X\)7¢
o[ s < (2607

and set o = sup,, a,. Then a < 0o and

[/, < bula). Vulz) > ()dx|< [Vl (@)de+6 [ (b (@)’ (x)da

1
< = 2 2
<5 Rd\Vu| (m)dx+5oc/1%du (x)dx
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+6 b,|?(2)u?(z)dx
I PER)

1
< 2 2
< 4(S/Rqu| (m)dx+5oc/}{du (x)dx

d i 2
+5</bn>ﬁ|bn\ (o)) X [ Vu(a)da
1
< — 2 2
< 55 /Rd |Vul (m)dx+5oc/}%du (x)dx
< £0 2
< &E%(u,u) —l—éa/Rdu (x)dx (15)

Hence, & (u,u) = E™(u,u) + da(u, u) > 0. Thus it follows that
/R (TP f(2)2de < eap(26at) /R PA(a)de (16)

Since b, —b — 0 in L4(R? — R?), it follows from (16 ) and Fatou’s Lemma
that

/ (Tof (2))2da < exp(28at) / £ (x)dx (17)
R4 Rd
which completes the proof.

Next we prove a general Girsanov representation result for the semigroup
associated with a quadratic form, which also contains an adjoint drift and a
zero order term. Vector field b is the same as before. Let d(x) be an another
vector field such that d € LYR? — RY) + L*(R?* — R?) and c(x) be a
measurable real-valued function on R? with ¢ € L#(R%) + L>(R?). Consider
the bilinear form

u,v) Q/Rd Z 8;) o, dx—/Rd < b(x), Vu(z) > v(z)dz

i,7=1

_ /Rd < d(z), Vo(z) > u(z)dz —/ c(x)u(z)o(z)ds

Rd

D(Q) == H,(R") (18)

It was shown in [7] that (Q, D(Q)) is a closed ,lower bounded sectorial bi-
linear form on L?(R?). Let us denote by Q;,t > 0, the associated strongly
continuous semigroup .

Theorem 2.3. Let f € L?(R?). Then for dz — a.e.x € RY,

Qtf(if)

= E.[f(X}) exp{/ s)dMs — / (@' d)"(Xy—s)d(M; 0 )



1 ¢ -1
—5 | b=da b —d) ds+/ o)ds}] (19)

Remark. Here [j(a'd)"(X,_,)d(M, o ;) denotes the stochastic integral
with respect to the backward martingale under Py, := [z« Prdx, which ap-
pears in the well known Lyons-Zheng decomposition (see [4].

Proof of Theorem 2.3. Choose b,,d,, € L*°(R? — R%) and ¢, € L*°(R? —
R) such that both b, —b — 0,d,, —d — 0 in L4(R%) and ¢, —c — 0 in L% (RY).
Let a quadratic form (Q", D(Q")) be defined as in (18) with b,,d,, ¢, in
place of b, d, c. The corresponding semigroup is denoted by @}, ¢ > 0. It was
shown in [8] that Q7 f(x) — Q;f(x) in L?(R?) for any f € L*(R?). Let now
f,g € L*(RY) N L*°(RY). Then, it is shown in [5] that,

[ Qe

= [ Bl (X g(Xoeand [ (a'tn) MMMLﬂ‘%)MHWMwo

—%/Ot(bn—d) b, — dy) ds+/ cn(X,)ds)] (20)

Thus it reduces to show

/ v E, [ f(X,)g(Xo)exp] / )T (X,)dM, — / (a7 )T (Xo—s)d(M o)
—% Ot(bn—dn)a‘l(b ds+/ en(X,)ds}]
converges to
/ dr B, f(X)g(Xo exp{/ DdM, — / (@' d)T(X,_,)d(M, o 7,)
; (b—da(b—d)T ds+/ JdsY) (21)

for f,g € Ci(R?Y). Define a measure m on (£, F) by
m(A) = o deE,[f(X:)g9(Xo)xal, A € F.

Denote by E,, the integral with respect to m. By the choice of b,, d,, c,, we
see that

= eZL’p{/ 2)dM, — / _ld (Xt $)d(M; 0 )
; (b = dn)a™" (b — ds+/ Cn(Xs)ds}

converges in measure m to
expf / J)dM, — / (a7'd)" (Xi—y)d(M, o 7)
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1 1
-3 (b—d)a (b—d) ds+/ J)ds).

So, all we need to show is that
sup En[(Z7)?] < oo, (22)
By Holder’s inequality,
En[(Z1M? < (AP x Bl x C)s
where

exp{G/ s)dMg — 18/ bpa bl (X,)ds}]

B} = E,,Jexp{— 6/ T(Xy_)d(M, o) — 18/ dpa~tdl (X,)ds}]

t t
Cy = Em[exp{18/ dpatdE (X,)ds + 18/ bpa b1 (X, )ds—
0

3/0t(bn—dn)a‘1(bn—d) (X, ds+6/ en(X,)ds)].

By the supermartingale property of

exp{G/ s)dMs — 18/ bpa 0L (X,)ds}

it is seen that A} is bounded by || f|[ e (ra)||g|| Loo(rey. Interchanging the role
of f and ¢, and using the reversibility of the process X; with respect to
Jga Ppdx, we see that the same is also true for Bj'. By Lemma 2.1,

t t
O < [[g]] oo /R (Bl FI(X)exp{18 / dpa'dT (X,)ds+18 /0 bua b7 (X,)ds—

3 [ (b0~ di)a™ by — d)(X,)ds +6 [ e0(X,)ds}] )

< gl (reye™ | flr2(ra) (23)
where /3 can be chosen independently of n. Thus (22) is proven, hence the
Theorem.

Corollary 2.4. T,f(z) = E,[Z,f(X,)] and hence M is equivalent to M.

3. Convergence of Diffusions.

As before, we consider the diffusion process M = {Q, F, F, Xy, Q.,x € R4}
associated with the quadratic form.

au ov
£ ) T2 /Rd Z &EZ oz, A, — /Rd < b(z), Vu(z) > v(z)dz
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D(€) = Hy(R") (24)
In addition to the assumption b € LY R? — R?) + L>®(R? — R?), we also

impose the following condition

(3.1). [ra < b(z),Vu(x) > dr < 0 for all non-negative u € C§°(R?).

Remark. It is easy to see that (3.1) always implies that we even have
Jra < b(x), Vu(x) > dz =0 for u € H}(R?).

In this section, we will study the convergence of the diffusion processes when
the corresponding coefficients converge.

Proposition 3.1. Assume (3.1). Then the associated diffusion M =
{Q, F, Fi, X, Qq,x € R} is conservative, ie., Q,(§ = o0) = 1 for do —
a.e.x € R where ¢ stands for the life time of M.

Proof. Recall that T, > 0, stands for the semigroup of M. Under assump-
tion (3.1), the adjoint semigroup T} of T; is also Markovian, which implies
that T} is a contraction semigroup on L'(R?). Hence,

/dex /\bl %<Ct/ds/ T, |b|%(x)dz

< (Jtt/ dz|b|4(z) < oo.
Rd

In particular, f5 |[b]*(X,)ds < 0o Q, — a.e for dr almost all z € R?. Define
T, = inf{t > 0,f§|b\2(X5)ds > n}. Then lim, o7, = 0o, Q-a.e., for
almost all z € R?. For t > 0, we have

Qu(Ta Nt < &) = E.[Z; 0] = 1.

Letting n,t — oo, we obtain @,({ = 0o) = 1 which completes the proof.

In general, the diffusion M = {Q, F, F;, X;, Q,, v € R} is not a semimartin-
gale since a;;(z) are merely measurable. One consequence of our next result
is that M = {Q, F, F;, X, Q,, z € R%} can be approximated weakly by semi-
martingales. Let (af;(2))1<i <4 be a sequence of matrix-valued functions such
that a;(v) = af;(z) and

7| =

2 Z_ T)yiy; <0 Z y; (25)

=1

for all y1,vs, ..., yqs € R, where ¢ is independent of n.

Let b, be a sequence of vector fields that satisfy (3.1). For example, b, =
¢n * b for some ¢, € C°(R?). Define quadratic forms (%", D(E%™)) and
(E",D(E™)) as in (2) and (5) with ay(x), b(x) replaced by af;(z) and b,. Let
MO = {Q F Fy, Xy, P2 € R} and M™ = {Q, F, F, X;, Q" v € R4}



denote respectively the diffusion processes associated with (€97 D(E%™))
and (€",D(E™)). These processes are semimartingales if the coefficients
are smooth. Denote by M the martingale part of M%" in (3). Take
h € LY(RY) N L*°(RY) with h(z) > 0 dr-a.e. and [pa h(x)dr = 1. Define
probability measures on the path space C([0,1] — R%) by

PO = [ h@PI e Qi) = [ h@)@i(de  (26)

Theorem 3.2. Assume af;(z) — a;;(v) dz-almost everywhere and b, — b
weakly* in LY(R%). Then Q7 converges weakly to @ on the path space
C([0,1] — R%) equipped with the topology of uniform convergence.

Proof. Let 0 <t; <ty <t3<---<t, <1land fi,fo,  -fm € C(RY).
Since T* — T; strongly in L*(R?), we have that

QrlN(Xe) fo(Xp) - fn(Xi, )] = [ (@) de TENHTE o [fo- T, ] ](2)de

R4

converges to

/Rd h(x)dxTy, [[iT, o, [for Tom—ty o [frn] - 1)(@)dz = Qnlf1(Xsy) fo( Xty ) fin (X))

Thus, it only remains to show that the family {Q},n > 1} is tight. By the
Girsanov’s transform in section 2,

dQr = Z"dpPy (27)

where

= canf [ ((a" XA 3 [ bua) (X))

Observe that
Pl Z"ogZ"]
1

= A2 () o) )M — 5 [ b () (X))

= S 2@y W (X)ds] < e[ 2P ds
h s Onl0 n s)as —26 h 0 s 1Yn s)as

<55 [ as@lb CCE < 35 [ ds( [ (ol @)do)?

11 2
< s%p{ig(/m Iba|4(2)dz) ¥} = K < 00

where we have used the fact that {T;"} is a contraction semigroup on L'(R?),
due to (3.1). Now we are ready to pove {Q},n > 1} is tight. Given ¢ > 0,
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choose first L > 0 so that % < 5. By [3], the family {F}',n > 1} is

tight. Therefore, there exists a compact subset F' C C([0,1] — R?) so that
PJI(F°¢) < 57 for all n. Thus, we have for all n > 1

QY(F) = Pl Z"xpe| = P Z"Xxpe, Z" > L + PP 2" xpe, Z" < L]

< Sup, PrZ™ogZ™|
- logL
which proves the tightness.

19 19
LP(ype) < — + L— =
+ h(XF)_2+ 57 = ¢
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