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Y ���^�§��J��q��¤�¤5���ñ�§����Z�Í -�v�~�+����°L�Ê�§�b©lµ ® �?�§�x�^�b�ñ�§����J��^�x¨ �w�ZP��{«¥���g� Y �x�b���¦�b�b�x�?�§°� z©������
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�g�^�(���g�Î�¦�b¨-�v¨z�g�¦�^�v��J��g°v�x�ý�v�B���7�*�����b�?�Í £ g���g�¦�W��°v©lµ { «�+J����g¨-����?���� ~¤¥�g¤5�b�¦�
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�¦�¨z��� �w�#�v�?�§�x�^�b�ñ�§����J��^��ñ���Ç #���
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��°v°�¨z�x�W�ZUü��97V �{������¹69��6���§«��¦���J�«��§«��v�ý�^�jJ���� S¥���g�?�/�w��©
�^�v¨-¤�°Z E�/�^���¦�§�x�
�b���?�^�^� Y ��§�����:¡ �§«����w��§«��g�R�/���^«��x©
�§�£©��v�^�x��^���v�?�§�WJ��§�w�^�v��� �/���^«
�^�b�¦¤8�x�x�²�^����¢Î���^���U«�°v�Ç�~¤��^���b�x�^�x`#¡��§«��w�{���O�^���^�s  �(°��+�b�g°¥¨z�g�¦�^�v��J?�w°v�ý¤�°���²�RLb�b�¦�
¬���g©��§�Ê�§�v�-�w�g�^�v�w�§�������ð�����¦��¨-�x�§��¨z�x�XLx�b�¦���b���x�ZJg ��(¤��¦�+�x�b�¦�bµ ® �
�^«�� �¦�b¬���b°²�^«��v�
�g¤�¤��¦�?�g�U«D«¥�g� Y �x�b�Å�b���?�§������b©Å�g��©D¤8�x�  ð���¦¨z�x© Y  �Ë�µ´³{�b�ñ�§������� U ¾�V �hµ
�+�v���x���s¹g¹���¡�º{µ��q��¦�^���w��©��Ìµ�ÁO�g°�°v�����OU ¸�½�V5«¥�����Î©��Ç���x°v��¤5�b©��È�^��Jg�°L�g�¦�MLb�w�§�����»¤��^�w¼
�b�b©���^�w¡
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 ð��� �{�g�^© �0J��b���x�§�g°��MLx�v��J ® ��"���Ç¡ Y �g��P��²�w�^©:¡´�¦ �¨-¨z�Ç�§�¦�v�»�0J��b���x�§�g°��MLx�v��J���§�§�Ê�§�����s���v�U«¥�
�¦�§���U«¥�g�ñ�§�����v�?�§�WJ��§�w°v���g��©���Jg�b���x�§�g°��MLb�x©£¬�¥�g©��§�w�^�v�(�w�g�¦�L�w�^�v���lµ I «��b�����§�x�U«�����¬���b�
�g�^���� �¤��w�§«��/�v�¦���¥�w�^��^�w¡ Y ��W�^«��x ��g�^�����g�Î�§�¦��b°Z £¤��w�§«��/�v�¦�gµ I «��x £¨ ��Pg��°v�g�ZJ��
��^�-�� ���b¤9�è����j ð���¦¨ �b�g���g�b� J��b���x� ����¤��^� Y � Y �v°����Í ����¦�b°L�Ê�§�b©��^��¤8�g°v�6Jg gµ»ªÅ���¦���^�h¼
�b�b�?�^°� �¡5�^�Ç���x�§�g°Ì¤¥�g¤5�b�¦�B«¥�����R ð��°v°����{�x©D�^«¥�w�q�¦�^�§�w�^��Jg g¡8�¦�b�  ð���������¦�§�g���x�>U ¸�À�V\¡�U ¸6\�VÄ¡
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Y �x°v����J��^�»�^«��)�b°v�g�^�/�� �S¥���Z�§�W¬�¥�g©��^�w�§���W�g�w�^�L�Ê�§�v�g��¤��^���b�x�^�¦�b�bµ
¯��g�b�»�§«��g�J�«�¢Î���^�v�U«�°v�x��¤��¦�+�x�b�^�¦�b�@J��x���b�^�g°v�jLb���^�b¨-�v¨z�g�ñ�§�v�+J?�g°v�x�b¡� ð�§�w�x�§�����¥�g°�³{�¦���²¼
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�j {�^«��z����¦�¦�(�v��©��hÆ��v� J��¦���w�^�b�)���È�b¬�¥�g°��§� Ym µQ_'«��x�Kf a Ym ¡Ì�����-� Y �U�w�v���W�§«���b°L�w�^�^�����g°��¦�§�g��©¥�g�¦© ³{�^���/���v�g�
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I «����^�WJ��°v�g�^�jL��w�^�v���:¡~���z©��v�¦�b�¦�x�§�jL��w�^�v���#�^�b�U«�����¬���g¡$ ð���»�§«��g�^���w��©��^�x°L�w�^�b© ¤��^�w¼
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©��b�Ì�§«������x�v�^�x�¨-�¦�U�w���b�wµ I «����}�v�?�^��J��^�g°��b�������b��©��b���/���^«(�§«��  ð��� �²�g�¦©�� Y ����w°v�^�O�/���^«
�§«�� Y �g��P��{�g�^©��g�O�ñ �¨z¨-�x�^�^�v���}�v�?�§�WJ��§�w°¥�^�v���b�ý�§«��q�b�s�w�g�¦�L�w�^�v��� Y �x�����b�x���v�?�§�WJ��§�w��©
�g��©D�v�?�§�WJ��§�w�^���ý�v�/�w°j�{�s �� Lb�x�^��µ
_'«��b���^«��Å���?�§��Jg�§�w�^���z«��g� ¤¥�Ê�§«�� �/���^«�S¥���Z�§�Å¤+¼ �w�g�¦�L�w�^�v���K ð����� �<·+¡²�^«��b�¦�£�v�
����«���¤5���§��¨z��Pw����^���� O ð�g� �{�g�^© �g��© Y �g��P��²�w�^©>�v�?�§�WJ��§�g°����g��©
�§«����¦�W ð�b�¦�b���x�
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«¥�����£�x�����¦�v©��x�^�b©l¡²�§«��¦���J�« �g��� Y �^��°���§�x°� #¤��w�§«��/�v�¦�£�w¤�¤��^���g�U« Y �w�^�b© �����B��Ç�� 
�¦�§���U«¥�g�ñ�§���£�g�¦����¡��v�?�§�WJ��§�Ê�§���¦�-«��s������J�� t
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Introduce the functions $\alpha1_{\varepsilon}(u)\sqrt{u}$ and $\alpha2_{\delta}(v)\sqrt{v}$ which 
are obtained from the functions $\alpha_{\varepsilon}(u)$, and $\alpha_{\delta}(v)$ multiplying 
respectively by $\sqrt{u}$ and $\sqrt{v}$ :
> alpha1[u] := epsilon -> 

(1/2)*((u+epsilon)^(1/2)-u^(1/2)-epsilon^(1/2));              
alpha2[v] := delta -> (1/2)*((v+delta)^(1/2)-v^(1/2)-delta^(1/2));

 := α1u →ε − −
1

2
+u ε

1

2
u

1

2
ε

 := α2v →δ − −
1

2
+v δ

1

2
v

1

2
δ

Introduce the functions $\gamma_{\varepsilon}(u,v)$ and $\gamma_{\delta}(u,v)$ :
> gamma1[u,v] := epsilon -> 

(1/2)*((u+epsilon)^(1/2)-u^(1/2)-(v-u-epsilon)^(1/2)+(v-u)^(1/2));               
gamma2[u,v] := delta -> 
(1/2)*((v+delta)^(1/2)-v^(1/2)-(v-u-delta)^(1/2)+(v-u)^(1/2));

 := γ1 ,u v →ε − − +
1

2
+u ε

1

2
u

1

2
− −v u ε

1

2
−v u

 := γ2 ,u v →δ − − +
1

2
+v δ

1

2
v

1

2
− −v u δ

1

2
−v u

Introduce the function $\eta_{\varepsilon,\delta}(u,v)$ :
> eta[u,v]:=(epsilon,delta)->(1/2)*((v-u+delta)^(1/2)+(v-u-epsilon)^

(1/2)-(v-u)^(1/2)-(v-u+delta-epsilon)^(1/2));

 := η ,u v →( ),ε δ + − −
1

2
− +v u δ

1

2
− −v u ε

1

2
−v u

1

2
− + −v u δ ε

Compute the elements of the matrix $A_{\varepsilon,\delta}$ as functions of $\varepsilon$ and 
$\delta$:
> a[11]:= epsilon 

->lambda[11]*alpha1[u](epsilon)+lambda[12]*gamma1[u,v](epsilon);

a[12]:= epsilon 
->lambda[12]*alpha1[u](epsilon)+lambda[22]*gamma1[u,v](epsilon);

a[21]:= delta 
->lambda[12]*alpha2[v](delta)+lambda[11]*gamma2[u,v](delta);

a[22]:= delta 
->lambda[22]*alpha2[v](delta)+lambda[12]*gamma2[u,v](delta);


 := a11 →ε +λ11 ( )α1u ε λ12 ( )γ1 ,u v ε

 := a12 →ε +λ12 ( )α1u ε λ22 ( )γ1 ,u v ε

 := a21 →δ +λ12 ( )α2v δ λ11 ( )γ2 ,u v δ

 := a22 →δ +λ22 ( )α2v δ λ12 ( )γ2 ,u v δ
Compute the elements of the covariance matrix $K_{Z^{\varepsilon,\delta}}$ : 
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> K[12]:=(epsilon,delta)-> 
eta[u,v](epsilon,delta)-a[12](epsilon)*alpha2[v](delta)-a[11](epsi
lon)*gamma2[u,v](delta); K[11]:=epsilon 
->epsilon^(1/2)-a[11](epsilon)*alpha1[u](epsilon)-a[12](epsilon)*g
amma1[u,v](epsilon);

K[22]:=delta -> 
delta^(1/2)-a[22](delta)*alpha2[v](delta)-a[21](delta)*gamma2[u,v]
(delta);


 := K12 →( ),ε δ − −( )η ,u v ,ε δ ( )a12 ε ( )α2v δ ( )a11 ε ( )γ2 ,u v δ

 := K11 →ε − −ε ( )a11 ε ( )α1u ε ( )a12 ε ( )γ1 ,u v ε

 := K22 →δ − −δ ( )a22 δ ( )α2v δ ( )a21 δ ( )γ2 ,u v δ
Expansion of $K(1,2)$ as a function of $(\varepsilon^{2},\delta^{2})$ up to order 5:
> readlib(mtaylor): 
assume(epsilon>0):assume(delta>0):mtaylor(K[12](epsilon^2,delta^2)
,[epsilon=0,delta=0],5);
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1
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1

4

1
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 δ∼2 ε∼2

Compute coefficients $\nu(\varepsilon)$, $\mu(\varepsilon,\delta)$, $\theta(\varepsilon,\delta)$ :
> nu:=epsilon->sqrt(K[11](epsilon)); 
mu:=(epsilon,delta)->(K[12](epsilon,delta))*(nu(epsilon)^(-1));

theta:=(epsilon,delta)->sqrt(K[22](delta)-mu(epsilon,delta));


 := ν →ε ( )K11 ε

 := µ →( ),ε δ
( )K12 ,ε δ

( )ν ε

 := θ →( ),ε δ −( )K22 δ ( )µ ,ε δ
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Expansion of $\mu$ and $\theta$ as functions of $(\varepsilon^{4},\delta^{4})$ up to order 5:
> assume(epsilon>0):mtaylor(mu(epsilon^4,delta^4),[epsilon=0,delta=0
],5); 
assume(epsilon>0):assume(delta>0):mtaylor(theta(epsilon^4,delta^4)
,[epsilon=0,delta=0],5);
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Compute $Z_{1}^{\varepsilon}$ and $Z_{2}^{\varepsilon,\delta}$ :
> Z[1]:=epsilon-> nu(epsilon)*N[1];   
Z[2]:=(epsilon,delta)->mu(epsilon,delta)*N[1]+theta(epsilon,delta)
*N[2];

 := Z1 →ε ( )ν ε N1

 := Z2 →( ),ε δ +( )µ ,ε δ N1 ( )θ ,ε δ N2

Expansion of $Z_{2}$ as a function of $(\varepsilon^{4},\delta^{4})$ up to order 5:
>  
assume(epsilon>0):assume(delta>0):mtaylor(Z[2](epsilon^4,delta^4),
[epsilon=0,delta=0],5);

δ∼ N2
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Compute $G_{3}^{\varepsilon}$ and $G_{4}^{\varepsilon,\delta}$ :
> G[3]:=epsilon->a[11](epsilon)*G[1]+a[12](epsilon)*G[2]+Z[1](epsilo

n); 
G[4]:=(epsilon,delta)->a[21](delta)*G[1]+a[22](delta)*G[2]+Z[2](ep
silon,delta);

 := G3 →ε + +( )a11 ε G1 ( )a12 ε G2 ( )Z1 ε

 := G4 →( ),ε δ + +( )a21 δ G1 ( )a22 δ G2 ( )Z2 ,ε δ
Expansion of $G_{4}$ as a function of $(\varepsilon^{4},\delta^{4})$ up to order 5:
> assume(epsilon>0):assume(delta>0):mtaylor(G[4](epsilon^4,delta^4),

[epsilon=0,delta=0],5);

δ∼ N2
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λ22









+

1

4

1

u

1

4

1

−v u

1

1024
λ12

3
N2 δ∼ ε∼3− +









− − +

1

4
λ11









+

1

4

1

v

1

4

1

−v u

1

16

λ12

v

1

64
λ12 λ22 N2 δ∼3 ε∼+









+









+

1

4

λ12

v
λ11









+

1

4

1

v

1

4

1

−v u
G1









+

1

4

λ22

v
λ12









+

1

4

1

v

1

4

1

−v u
G2 δ∼4+

Compute the products $G_{3}^{\varepsilon}G_{4}^{\varepsilon,\delta}$ and 
$(G_{3}^{\varepsilon})^{3}(G_{4}^{\varepsilon,\delta})^{3}$ :
> p:=(epsilon,delta)->G[3](epsilon)*G[4](epsilon,delta); 

q:=(epsilon,delta)->p(epsilon,delta)^3;

 := p →( ),ε δ ( )G3 ε ( )G4 ,ε δ

 := q →( ),ε δ ( )p ,ε δ 3

Expansion of the product $G_{3}G_{4}$ as a function of $(\varepsilon^{4},\delta^{4})$, at order 5:
> assume(epsilon>0):assume(delta>0):mtaylor(p(epsilon^4,delta^4),[ep

silon=0,delta=0],5);

ε∼ N1 δ∼ N2







+

1

8
N1 λ12 N2







− −

1

2
λ11 G1

1

2
λ12 G2 N2 δ∼ ε∼2+

N1







− −

1

2
λ22 G2

1

2
λ12 G1 δ∼2 ε∼+







− − +

1

128
N1 λ12

2
N2

1

8
λ11 N1 N2

1

8







− −

1

2
λ11 G1

1

2
λ12 G2 λ12 N2 δ∼ ε∼3+







− +

1

4
N1

2
λ12







− −

1

2
λ11 G1

1

2
λ12 G2







− −

1

2
λ22 G2

1

2
λ12 G1 δ∼2 ε∼2 1

8
N1 δ∼3 λ22 N2 ε∼+ −

Expansion of the product $(G_{3})^{3}(G_{4})^{3}$ as a function of 
$(\varepsilon^{4},\delta^{4})$, at order 9:

Page 4

O�N



> assume(epsilon>0):assume(delta>0):mtaylor(q(epsilon^4,delta^4),[ep
silon=0,delta=0],9);

ε∼3
N1

3
δ∼3

N2

3 





+

3

8
N1

3
N2

3
λ12 3 N1

2 





− −

1

2
λ11 G1

1

2
λ12 G2 N2

3
δ∼3 ε∼4+

3 N1

3
N2

2 





− −

1

2
λ12 G1

1

2
λ22 G2 δ∼4 ε∼3 3

128
N1

3
N2

3
λ12

2

+ +







+ −N1







− +

1

4
N1

2
λ11







− −

1

2
λ11 G1

1

2
λ12 G2

2

2






− −

1

2
λ11 G1

1

2
λ12 G2

2

N1

1

8
λ11 N1

3
N2

3
+

9

8
N1

2 





− −

1

2
λ11 G1

1

2
λ12 G2 N2

3
λ12+



 δ∼3 ε∼5

N1

3 1

2







− −

1

2
λ12 G1

1

2
λ22 G2 λ12 N2

2





+

N2







− +

1

2
N2 λ12 N1

1

4







− −

1

2
λ12 G1

1

2
λ22 G2 λ12 N2

1

4
λ12 N1 N2

2
+ −





9 N1

2 





− −

1

2
λ11 G1

1

2
λ12 G2 N2

2 





− −

1

2
λ12 G1

1

2
λ22 G2+



 δ∼4 ε∼4 N1

3
+







− +N2







− +

1

4
N2

2
λ22







− −

1

2
λ12 G1

1

2
λ22 G2

2 1

8
λ22 N2

3
2







− −

1

2
λ12 G1

1

2
λ22 G2

2

N2 δ∼5 ε∼3

Recall the expressions of $Q_{1}$ and $Q_{2}$ to understand better the last expansion
> Q[1]:=(-1/2)*(lambda[11]*G[1]+lambda[12]*G[2]); 
Q[2]:=(-1/2)*(lambda[12]*G[1]+lambda[22]*G[2]);

 := Q1 − −
1

2
λ11 G1

1

2
λ12 G2

 := Q2 − −
1

2
λ12 G1

1

2
λ22 G2

> 
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