PERTURBATIONS OF GENERALIZED MEHLER SEMIGROUPS
AND APPLICATIONS TO STOCHASTIC HEAT EQUATIONS
WITH LEVY NOISE AND SINGULAR DRIFT

PAUL LESCOT AND MICHAEL ROCKNER

ABsTrACT. In this paper we solve the Kolmogorov equation and, as a con-
sequence, the martingale problem corresponding to a stochastic differential
equation of type
dX; = AX¢dt + b(Xy) dt + dYi,

on a Hilbert space E, where (Y;);>¢ is a Levy process on E, A generates a
Cop-semigroup on £ and b: E — E. Our main point is to allow unbounded A
and also singular (in particular, non-continuous) b. Our approach is based on
perturbation theory of Cp-semigroups, which we apply to generalized Mehler
semigroups considered on L2(u), where u is their respective invariant measure.
‘We apply our results, in particular, to stochastic heat equations with Levy
noise and singular drift.
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1. INTRODUCTION

In this paper we study stochastic differential equations on a Hilbert space E of
type
(1.1) dX; = AX,dt + b(Xy) dt + dYs

where (Y;);>0 is a Levy process on E, A generates a Cp-semigroup on E and b :
E — E. Our main point is to allow at the same time A to be unbounded and also
singular (in particular, non-continuous) b. Therefore, we can only aim for weak
solutions to (1.1). More precisely, we shall construct a strong (cadlag) Markov
process solving (1.1) in the sense of a martingale problem (cf. [SV79] and Section 7
below).
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There is quite a lot of literature on equation (1.1) in the finite dimensional
case (i.e. dim E < oo) with much more general types of processes in the noise
part (cf. e.g. [Str75, LM76, Hoh95, Jac96, ARWO00| and references therein). If
dim E = oo there are only a few papers on (1.1). We refer to [CM87] for the
linear case b = 0, [AWZ98] for the case with Lipschitz coefficients and Poisson
noise (allowing also a non-constant diffusion coefficient) and [Miil91, Miil98] for the
case b = 0 and a special non-constant coefficient in front of the noise. Already
in the linear case (as also pointed out in [CM87, Sect. 8]) the infinite dimensional
situation is drastically different from the finite dimensional one. For example, as is
well known, in particular in the case (Y;);>0 has a jump part, Girsanov’s formula
for solving (1.1) weakly does not work in general.

So, we will follow the classical approach of Kolmogorov and try to construct
directly the transition semigroup of the solution to (1.1) by solving the (backward)
Kolmogorov equations on L2 (E; ,u) for some suitable probability measure g on
E. Since we have done a complete analysis of the case b = 0 in [LR00], we will
proceed by perturbation theory on L?(E;u), where p is the invariant measure for
the solution of the linear equation. We emphasize that this is not a straightforward
modification of finite dimensional or “Gaussian” techniques since only the Fourier
transform of the reference measure p is known and p is “far away” from a Gaussian
measure. In particular, it does not satisfy an integration by parts formula in general.

The two key ingredients to implement perturbation theory nevertheless are the
following;:

1. the maximal dissipativity of the explicitely given infinitesimal generator L of
the linear equation on a suitable space W of smooth cylinder functions on E.
(This maximal dissipativity is one of the main results in [LRO0] and will be
summarized in Section 3 below)

2. an explicit formula for the square field operator given by L (cf. Section 3 and
4, in particular Proposition 4.1 below) which immediately implies that for all
ueWw

(12) [ @), B @), ) < =2 I

(where R is the symmetric operator associated with the quadratic form ap-
pearing in the Levy-Khinchin representation for the negative definite functional
determining the Levy process (Y;)¢>0).
Both the above ingredients together by a standard result (e.g. from [Paz83]) imply
that the candiate for the inifinitesimal generator of (1.1) given by

L= Lu+ ., (u/(2),b(z)) u €W,

is dissipative on L?(E; p) and its closure L generates a Co-semigroup (P})¢>o on
L? (E; ,u) (cf. Section 5 below where also the assumptions on b are specified). In
particular, u(t,z) := P? f(x) solves the Kolmogorov equation (or Cauchy problem)
d _
T Lby, u(0, -) = f € L*(E; p).
We stress at this point that L is in general not sectorial on L*(E; ). So, perturba-

tion theory in terms of sectorial forms is not applicable and we have to work with
the operators directly.
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We recall that if b = 0, then P? = P? =: P, t > 0, has an explicit form and
is a so-called generalized Mehler semigroup. Generalized Mehler semigroups have
been studied in detail in [BR95, BRS96, FR00, LR0O0, Les01], and more recently in
[DLSSO01].

In order to show that (P});>o (as in the case b = 0) really gives the transition
probabilities of the solution to (1.1) one first has to prove that it is Markov, i.e. it
is positivity preserving and satisfies P’1 = 1 for all ¢ > 0. Because of our general
drifts b, it seems impossible to check any version of a maximum principle for L°
(which would also imply the Markov property of (P?):>0), but instead we have to
proceed via characterizations of the positivity preserving property of (P?)i>o (as
PP1 =1 for all t > 0 is obvious) through properties of L® (e.g. proved in [MR95]).
This turns out to be quite involved and requires knowledge about the invariant
measure y for the linear equation (cf. Section 6).

In Section 7 we construct the cadlag Markov process on E which solves (1.1)
in the above sense. The price we have to pay for working in this quite general
situation is that this process will possibly only live on an enlarged state space. The
method of proof relies on results in [FR0O0|, ensuring tightness of (r, p)-capacities
related to the linear equation, i.e. (1.1) with b = 0 (we need the case r = 2, p = 2).
Furthermore, we use the existence results for processes associated with generalized
Dirichlet forms from [Sta99]. We also prove uniqueness in the sense of Markov
selections under some constraint (see Section 7 for details).

Finally, in Section 8 we apply all this to a stochastic partial differential equation,
namely to the stochastic heat equation on (an extension E of) L2(]0,1[).

dX; = dY; + [AX, + b(X,)] dt

where A denotes the Laplacian on ]0, 1] with Dirichlet boundary conditions and
(Y3)e>o0 is a Levy process with determining negative definite functional

AE) = l€ll2qoap + I1€1Z2 0,105 ¢ € L*(10,1]),
for some fixed a € 10, 2[.

2. A GENERAL LEMMA ON HILBERT SPACES

Let E be a (real) separable Hilbert spaces. g (-, )g will denote the duality
bracket between E and E':

E’<€7$>E:£(x)a §EEI, reE.

We shall also set (-, -) := g(-, -} if there is no confusion possible. Let (-,-)g
denote the Hilbertian inner product on E. Except for E = R", we shall (as in
[FROO, LROO]) not identify E and E’. We need a technical, purely algebraic result
concerning Hilbert spaces: let Rg denote the Riesz Isomorphism Rg : E — E',
defined by

g (RE@),w) ;= Rp(v)(w) = (v,w)E,

and let Jgr : E' — E denote its inverse isomorphism.! Let R : E' — E be a
(continuous) linear operator such that

RoRg:E— FE

L Modulo the canonical identification between E and E' one has, of course, Jg: = Rp.
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is symmetric, positive and continuous.? We set o := R o Rg, and denote by
Ry = (1)/ 2. E > E the positive, symmetric square root of (Jg. Since for all v € E

(Ua QO(U))E = (’U, RS(U))E = (’l), RS (RO(U)))E = (RO(U)7 RO(U))E7
Qo(v) = 0 implies Ro(v) = 0, i.e. kerQo C ker Ry. Since, obviously, ker Ry C
ker R3 = ker Qg, one has ker Ry = ker Qo. Let G := (kerRo)L = (ker QO)L. Then
E=%kerQo®' G
=ker Ry @+ G,

hence Ry induces a continuous isomorphism

SO = Ro G—)Ro(G) =R0(E)

o

Let Hy := Ro(E) = Ro(G) = So(G) be equipped with the scalar product defined
by

(v, w)r, = (S5 (v), Sy (w)) -

It is clear that (Ho, (-,-)m,) is a Hilbert space and that the inclusion i : Hy < E is
continuous (because Sy is). As Ry is symmetric, Ro(G) = Im Ry C (ker Ro)* = G.

Lemma 2.1.

(i) For alll € E' one has
S5 (g (1) = Ral )

(It is easy to see that both sides of the above equality belong to G.)
(i) For all v,w € E', one has

(Ta (6 (), Ta (% (W) gy, = o (v, Rw) s -
Proof. (i) Let w be an arbitrary element of G. Then
(Ro(Jer (1)), w) , = (Je (1), Ro(w)) ,  (by symmetry of Ry)

(
= (I, Ro(w)),, (by definition of Jg)

= <l,i(R0(w))>E
= (i*(1), Ro(w)) (since Ro(w) € Ro(E) = Hy)

(by definition of Jg)
’S(;l (RO(w)))E (by definition of (-,-)s,)
,w), (sincew € G and Sy = Ro| ;)

Therefore, Ro (Jg (1)) — Sy ' (Jmz (i*(1))) € G is orthogonal to all elements of
G, hence it has to be 0.

2Whenever we shall use Lemma 2.1 in this paper, Ro R will actually be of trace class.
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(ii) One has

(r (" () T (" ()

= (Sy' (Ju (z* ())),S (JH/ (i (w)))) (by definition of (-,-)m,)
= (Ro(J ( ))aRo(JE' )y (by ()
= (Jer (v) (Z)(JE'( ) (by symmetry of Ry)

= (& (v), Qo (J&r (w)) )

= g (v, Qo (Jer (w))> (by definition of Jg)

= (v, R(Re(Jz(w)))) (by definition of Q)

= (v, R(w)), (since Jp = Ry").

3. REVIEW OF THE LINEAR CASE

The framework of “generalized Mehler semigroups” has been established in [BRS96,
FRO00, LROO]; for the convenience of the reader we recall its main features here.

Let E be a (real) separable Hilbert space with Borel o-algebra B(E). Let (T3)¢>0
denote a strongly continuous (i.e. Cp-) semigroup of bounded linear operators on
E, with generator A, and let A : E' — C satisfy the following hypothesis:

(H1) X : E' — C is negative-definite and Sazonov-continuous (cf. e.g. [VTC87])
with A(0) = 0.

Then, as is well-known (cf. e.g. [Par67, Thm. VI.4.10]), A posesses a unique Levy-

Khinchin representation of the form

. 1 : i€, 7)
3.1) A(€) = —i(€,a)+ = (¢, Re) — [ (6 —1— 1820 Y priag), cE,
3.1 X©) = ~il&. )+ 56 RE) - [ (e S ) M), ¢
where @ € E, R : E' — FE is such that Ro Rg : E — E is a symmetric trace
class operator, and M is a Levy measure on B(E), i.e. M({0}) = 0 and [,(1 A

@] (dzx) < co. By [LROO, Lem. 3.2], there is a constant D > 0 such that for
all £ € E

(3-2) IAE)| < D(1+[I€l1Z)-

The generalized Mehler semigroup (FP;)¢>o associated with A and (73)s>0 is then
given by

(33) Pif@) = [ f(Ta+ ) mldy), e,
E
where the measures p¢, t > 0, have Fourier transforms given by
t
(3.4) M®=M%—/MH®%} T3
0

We make additional assumptions:

(H2) There exists a probability measure y on B(E) which is invariant under P, i.e.
such that for all ¢ > 0 and all bounded, B(E)-measurable functions f : E - R

one has
/Ptf ) dp(x /f ) du(z
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(H3) There exists a sequence (£,)nen in E’, consisting of eigenvectors of A* (i.e.
the dual of the generator A on E) and separating the points of E.

Remark 3.1. By [FR00, Thm. 3.1] the following constitutes a sufficient condition
for (H2) to hold (which is also necessary if lim;_,o, T3z = 0 for all z € E):

(H2)> (i) supTr ( / ‘T, RT? ds)

t>0

(i) / /1/\||Tx||E M{dz) < %
(iil) @o

11m ( 4 ag )) exists in E, where for ¢t > 0

agl) ::/ Tsads

0

t
@ -—//T L1 Y M(de)d
a;”’ = T ) ds.
2= ) ) e (e~ ) M

(§) = e,
where A is given by (3.1) with a, R, M replaced by aos, Roo := [ TsRT} ds,
and My, := [ M o T, ! ds, respectively.
Remark 3.2. Condition (H3) is satisfied whenever A is self-adjoint with compact
resolvent. We therefore have numerous easy examples.

In this case

(Pi)¢>0 extends naturally to L?(E; i), and the domain D(L) of its generator L
(denoted by A in [LROO0]) contains a space W of test functions which we describe
now:

Let Wy be the space of functions u that have a representation of the form

u('r) = f((élax)a R <€mam))a

for all z € E and for m > 1 an integer and f € S(R™,C) (i.e. the Schwartz
space of complex-valued functions, “rapidly decreasing” at infinity as well as their
derivatives). With the notations above, let go : R™ — C denote the inverse Fourier
transform of f, i.e. the function gg, such that for all y € R™

f0) = [ ogo(w)do,

and let vo(dv) := go(v) dv, where dv denotes the Lebesgue measure on R™. Let
I, : R™ — E’ be defined by

O (viy .o yom) i= 1€ + - - + Umém,

and let v = (II;,) . Then a very classical computation [BLR99, Lem. 1.3, p. 103]
yields that u = . It is clear that Wy is a (C-) vector subspace of Cy(E,C). Let
W be the (R-) vector space of R-valued elements of Wy. With the notations above,
and u € Wy, it will be that v € W as soon as for all 8 € R

90(=8) = 90(B)-
From this and the hypothesis made on A*, it is easy to see that W separates the
points of E and is dense in (real) L?(E; pu).
Note that by definition of the Fréchet derivative u' of w it follows that u'(z) €
D(A*) for all z € E. One has:
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Lemma 3.3 ([LR00, Thm. 1.2] with p=2). For all f=0 € W and any x € E

(55 Li@) = [ (i4°€.2) = N©) €€ v(ag),

and also
Theorem 3.4 (JLR0O0, Thm. 1.3(ii)] with p = 2). (L, W) is mazimally dissipative
on L*(E;p), i.e. for allu € W (Lu,u) <0 and (1 — L)(W) is dense in L*(E; p).
In particular, the closure of (L,W) is (L, D(L)).

We shall need another expression for L (cf. e.g. [Str75] for the case E = R?)
Proposition 3.5. For each u € W, one has for all x € E

(3.6) Lu(z) = (A*(v'(2)),z) + (u'(z), )+

+38u(a) + [ (ute+9) —uto) - S arcay),
where for ¢ € E
(3.7
AHOU(m) = Z 6j8kf(E’ (&0 @ <§m;-”7>E) (JH(’J (i*(gj)):JHé (i*(fk)))Ho
Jok=1

m

:Z E,<(‘9kf(<€1, Dee s {&ms ')))I;R§k>E

= _/ o6 RE), e B & D)E y(dg).
El
Here as usual 0; f denotes the partial derivative with respect to the i-th coordinate.

Proof. From the formula
Lu(e) = [ (itA"€a) = \©) ) (dg)
it follows that

tuw) = [ (it4°6a) +il6.0) - 6 RO+

i€, i{€,y) i(€,z
+/E(e € _1 - 1+”y”2)M(dy))e<5 ) u(de)

- (a HE)ig u(d >> < HE)ig (d >
E,< (/le i€v(df) |,z E+E’ /Ie i€v(df),a .

1

1 i),
5 | (6RO vide)+

itertn) _ gite) _ i60)e O )
+/E(/(e Eaty) _ il T )y(dg) M(dy)

= (A (@), 2) + (! @),0) — 5 [E (& RO v(dg)+

_ (W(@),y)
1+ [ly[|?

+ /E (ue + ) - u(@) ) M(dy)



8 PAUL LESCOT AND MICHAEL ROCKNER

where the interchange of integrals in the last term can be justified via Fubini’s
Theorem and majorations similar to those in [LR0O0]. Therefore, we only have to
check that

Aou(z) =~ [ (& ReeHe) o(de).
El
But, by definition of AH° (see (3.7)) and since

0i0k f(u1, ..., um) = —/ eV 50y go (v) du

and
(JHO (7’*(&])) ) JHo (i*(gk)))HO = E <€J’7 Rfk)E

by Lemma 2.1(ii), we have

AHO’LL i (/ e i ’Ulgl + - +'Um§m7$>E’Uj'Uk go('l)) d'l}) B <§J7R§k)E
7,k=1
/Rme’E' v+ +“m§mam>EE,<j§Uj§J: (ZUJ§J)> go(v) dv
/Rm et {In(©),2)p (11, (v), R(IL, (v))),, g0(v) dv

—— [ ewl&e e Re) wiap)

where all computations are finite-dimensional by definition of ». The last equality
follows from Lemma 2.1(ii). O

Remark 3.6. By Theorem 5.3 in [FR00] we know that there always exists a larger
separable Hilbert space E1, such that £ — FE; is Hilbert-Schmidt and the following
holds: T; as well as u; have extensions to E; so that (3.3) extends to all z € Ey, and
there exists a Levy process (Y;):>0 on some probability space (2, ) with values in
E; starting at 0 with determining negative definite function A such that

t
XF=Tww+Y, +/ Ti_,AY ; ds, t>0,
0

is a well-defined process on E; with transition semigroup given by (the extension
to Eq of) (Py)¢>o0 in (3.3). Furthermore, for all w € Q and all x € E;

Xf(w)::1:+Yt(w)+A(/0th’”(w)ds>, t>0.

By standard arguments it follows that P, := P o (X7)~!, z € E1, solves the mar-
tingale problem corresponding to (1.1) (cf. Section 7).

4. A FORMULA FOR THE SQUARE FIELD OPERATOR

Let us consider the situation described in the previous section. In particular,
(H1)—(H3) are still in force.
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Proposition 4.1. For all u € W and all x € E we have the following expression
for the square field operator:

[(u,u)(z) == L(u?)(z) — 2u(z)L(u)(z)

= E,(u'(m),R(u'(x))>E+/ (u(z) —u(w+y))2M(dy).

E
In particular, T maps W x W into L*° (E; p).
Remark. This is analogous to the well-known property that for all f € C2(R";R)
A(f?) = 2fAf + 2|V f[Ra
Proof. Let u € W. Then (cf. Section 3)
u=foll,, =7,

Hlm(x):(<£17x>77<§7n7w))7 Z‘EE,
where

fla) = / ell@Bzm g, (8)dp, a € R™.

for some go € S(R™,R) and v := (IL,)«v0, vo(dB) = go(B) dB.
Then u? = f2oII’, , where f2 is the Fourier transform of hg = go * go. Therefore,
u® = 6, where
0= ) (voxv) =vxv.

By definition of L, one may write for all x € E

L(u?)(z) = / (i(4°€,2) — A(©)) €62 b(de)

- / /E (A€ €, 3) =M+ €) e v(ag) viag)

(by definition of the convolution product) and one arrives at
@) L) = - [[ e EAE ) g viag)
E'xE'
- / / i(A (€ +€7), 2)e €+ (dg") w(dg").
7 XE,

(As shown in [LROO], the splitting of the integral is permitted here.) But, by
Fubini’s Theorem 2 and symmetry

Jigare + e,m)e € 2 vide viag”)
E'XE'
=2 / / (A 2)e €T y(de) v(de"),
E'xE'

3We need to check the convergence of [[p mi[(A*€',z)||v|(d€’) [v|(d€"), which is just

/... <gﬂ§A*5i,z>

where Cy ¢ := (3™

90(8") 90(8")| 8" 8" < Cue [[ | 118"Vl lao(8)] ao(8") ' a5,

i—1(A*&,2)2)"?. But the right-hand side is finite, since go € S.
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which, again by Fubini’s Theorem, equals to
2/ eit€"m) (/ i(A*E z)elE V(d.f')) v(dg")
! El

=2 ( / ") V(df”)) ( / i(ATg, z)et € u(d&'))
, .

= 2u(x) /E,i<A*§',a:>ei<5/’””) v(d¢")

= 2u(z) (Lu(w) + [ AE)eE v(d&’)) ,

E'

where the last equality holds by the definition of L. Therefore, using Fubini’s
Theorem again (since A has at most quadratic growth)

L(u?)(z) — 2u(z) L(u)(z)
=2u(z) [ M€ v(de)
.
- // (' +€Mel €+ y(dg') w(dg")
E'xXE'
—2 [ gy [N wag)
] N e e viae)
E'xXE'
_ 1 i(€'+€" z) ! 1"
=2 [[ M@ vag) wiae)
- / / A +€Mel €+ y(dg') w(ag")
E'xXE'
- // (ME) + AE"M) €+ (') v(de")
E'xXE'
=[] N e uae v
E'xE'
(by the same symmetry argument as above). Hence
L(u?)(z) — 2u(z) L(u)(z)
=[] ) A =X ) ) wiae)

for all z € E. But by the Levy-Khinchin representation (3.1) and the symmetry of
(€,8") ~ (€, RE")y (cf. Lemma 2.1(ii)) it follows that

AE) +AE") = A€ +¢£)
= — (€, RE™) _/ (ei(ﬁ',y) + i€y _ i€’ ey 1) M(dy)
E

=—p(,R") g +/ (1- ei<€’vy)) (1- ei(&’ty)) M (dy).
E
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Thus,
L('U,Q)(w) - ZU(QJ') L(’LL)(.Z') = — /‘/El . ei({"i‘&”,w)(fl,RfII) l/(dfl) V(dg”)
+ //E, . i€ +¢" ) (/E(l _ ei(ﬁ'ay)) (1 _ ei(&”,y)) M(dy)) v(de") v(de").

But, due to the obvious bounds

4, and
€L 1€, w)] < IE'NNE Ny 1P,

and the finiteness of v, [||¢]| v(d¢) and [(1Ally||?) M (dy), Fubini’s Theorem applies
here. The second term of our sum therefore equals

/ (/ GHE) (1 — i) ,,(dg)) (/ GHE" ) (1 i€ ) ,,(dgu)) M(dy)
E ’ '

- /E ( / Iei<€”$> v(de') — / Ie’“'*””“’) v(dﬁ’))ZM (dy)
:/E(u(x)—u(x+y))2M(dy)-

As u € FCp°(E), u is both globally Lipschitzian and bounded, so that there is a
Cy > 0, such that for all z,y € E

|u(z) = u(z +y)| < Cu(llylle A1),

|(1 - ei(é’,y)) (1- ei(&”,y))| < {

so the convergence of the last integral follows from the very definition of a Levy
measure. Furthermore, it follows from

u(z) = /, &) y(de), z € E,
that forall z € E
w(e) = [ iee enag)
hence
o (W@ RO @) == [ e R, wtag) vag?)
' B
and the formula in the assertion follows.* |

Corollary 4.2. For each u € W,
/E o (U (@), R(u'(2))) 5 u(dz) < —2(u,Lu)L2(E;u).
Proof. By Proposition 4.1, one has, for any given x € E,

o (W (@), R(v'(2))) , < T(u,u)(z) = L(u?)(z) — 2u(z) L(u)(z).

4All the gradient computations are in fact finite-dimensional due to the definition of v and,
therefore, no problem arises from them.
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Therefore,

/E (v (@), R (2))) , plde) < /E (L(u*)(2) — 2u(z) L(u)(2)) p(dz)

= =20, 1) o gy + [ L) (@) )

But [, L(u*)dp = 0, since p is (P;)¢>o-invariant (and therefore infinitesimally
(Pt)¢>o—invariant) and u? € W C D(L). Hence the result follows. O

5. EXISTENCE OF THE SEMIGROUP

In this section we shall prove the existence of a Co-semigroup P2 on L?(E; p)
with generator L + B, where B denotes a ‘“first-order” drift term. By the results
of the previous section, in particular Corollary 4.2, we shall see that now standard
perturbation theory for generators of Cy—semigroups applies.

(H4) Let b: E x E — R be p ® M-measurable, such that

5= (/EB(-,y)?Mwy)f € L™ (E; p),

and b : E — Hj, py—measurable and bounded.
Define now B : Wy — L™ (E; ,u) by

Bu = E,(u',b)E+/EB(';Z/) (u—u(- +y)) M(dy).

Proposition 5.1. Let a := ||s||z~(m;) and B := |[|blm,||z=(z;)- Then for all
ueWw
(51) ||Bu||L2(EW) S K _(Lu’u)LQ(E;p,)'

with K := 2max(a, ).

Proof. By assumption, b = Sy o ¢, for a certain bounded ¢ : E — G. Then

B = ”b”L""(E;HO) = ||c||L°°(E;G) = ||c||L°°(E;E)-

For a given z € E, one has
(Bu(z))’ = [E (W), b))+ [ 800) (u() — ulo +1) M(dy)]
<2 [E (W (@),b(x)) ,” + ( [ ey M(dy)) ( [ (w@) ~ ute +)’ M(dy))]

by the Cauchy-Schwarz inequality. But with the results and notation of Section 1,

E1<ul(x)’b($)>E = ® (u'(2), S0 (c(m))>E
= p(u'(2), Ro(c(2)))

(e (v (2)), Ro(c(2)))
= ((Ro 0 Jp) (v (2)), c(@))
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where we used the symmetry of Ro. Hence, using R2 = Qo = RoRg and Jg = R;jl,
we obtain

o (@(@),0(@)) " = (Ro © Je) (u/(2)), e(2)),

< Jle@) 11 (Ro © o) (u' () [

< B (Bo(Ji (v/(2)), Ro(Jer (u'())))
= B (Jer (v'()), By (i (¢ (2))))
=8 (Je (v'(2), R(v'(2)))

= 8° p (¥/(2), R(v/(2))) -

Therefore, by Proposition 4.1

umw»2SVwawLwaw»E+L;wm—u@+w»?Mww]
= (L) ()  2u(z) L(u)(z)),

where we have set v := 2max(a?, 3?). From this it follows that

||Bu||2L2(Em) S’y(/ L(uz)du—Z/ uLud,u)
E E

= —2’7(U, Lu)LZ(E;u)a

by the same argument as in the proof of Corollary 4.2, which completes the proof.
d

Let us remind the reader of the definition of the graph norm: For v € D(L)
Nlullge == llullz2(Es) + 1 Lull L2 -

For the next result, we use the fact that W is a core for (L, D(L)) in an essential
way.
Corollary 5.2. For all € > 0 there exists c. € ]0,00][ such that

1Bullzaco < ellLulliay + eslulleey.

In particular, B extends uniquely to a bounded operator (again denoted by B) from
(D(L), || - llgr) to L*(E; ), and (5.1) holds for all w € D(L).

Moreover, W is a core for (L + B,D(L)), i.e. W is dense in D(L) with respect
to the graph norm of L + B.

Proof. From Proposition 5.1 it follows that for all w € W and § > 0

||Bu||%2(E,M) < K2|(U,LU)L2(E;H)| < K2||u||L2(E;u)||Lu||L2(E;p)

K2 2 2 —2 2
< S [P ULl + 6l |-

In particular, B is a bounded operator from (W, ||+ |lgr) to L?(E; ). But as W is
dense in D(L) for the graph norm [LR00, Thm. 1.3(ii)], the existence and uniqueness
of a bounded extension of B to D(L) follows and (5.1) holds for all u € D(L) by
the usual density argument. O

Proposition 5.3. Let ¢ := KTZ. For allt € [0,1], L + tB — cId is dissipative.
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Proof. We have to prove that for all u € D(L)

(u, Lu + tBu — cu) 0.

LB S

Let ¢t € ]0,1] be fixed and « := y/Kt/2. Then, using Corollary 5.2, one has that
(“’B“)Lz(E;u) < ulle2(mw | BullL2m;py < Kllullz2m;u /) —(w, Lw) 2 (5;p)
1
=K (a”u”LQ(E;u)) (a _(u7 Lu)LQ(E;p))

K/ 5o 1

< E(a ullz2(m;p) — @(U,LU)LZ(E;M))
K?t 1

= 4 ||U||2L2(E;u) - ;(U;LU)L%E;,,)-

This result is obviously also true if & = 0 (i.e. K = 0). Hence,

t (U’: BU)L2(E;;,L) < Ct2 (U, u)Lz(E;u) - (ua Lu)LZ(E;p,)-
That last inequality obviously remains true when ¢ = 0. Thus, in all cases

(u, Lu + tBu — cu)LQ(E.H) < c(t* = 1)(u, u)r2(gi) < 0. d

Corollary 5.4. (L + B,D(L)) generates a Co—semigroup (henceforth denoted by
PB) on L*(E; p).

Proof. Let ¢ := KTZ. Then by Proposition 5.3 L — c¢Id generates a contraction
Co—semigroup (e*CtPt)DO on L?(E;u). By Corollary 5.2, Proposition 5.3, and
Theorem 3.4, we can apply [Paz83, Theorem 3.2, p.81] to (L — ¢Id, D(L)) and
(B,D(L)) and conclude that L — cId +B generates a contraction Co-semigroup
QF. Hence L + B generates the Cy-semigroup PP = e“'QE. a

6. MARKOV PROPERTY

. 1
M(E) = —ilta) + 36, BE),  E€E,

P &) _ 1 _ M M E'
From now on, in addition to (H1), (H3) and (H4), we are going to assume the
following;:
(H5) (i) (H2)’ holds with both limits a{!) := 1klim agl) and al?) := tlim ag) ex-

—00 —00
isting in E.
(ii) R&, € Im R, for all k € N.
(iii) b in (H4) is identically equal to zero.

Then the measures v and o on B(E) with Fourier transforms given by

4(6) = exp{if6, a) — 1(6 Rocb) ),

o6 = ep{ite.a@) + [ (60 —1- 1S arqa ),
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& € E', are the invariant measures for the generalized Mehler semigroups (Pt(l))tzo
resp. (Pt(Q))tZO, associated with A; and (T});>0 resp. A2 and (T%)¢>o0-

Since A = A\ + Ao, it follows from Remark 3.1 that (&) = 4(£)6(€) for all £ € E,
ie.
(6.2) =" *0.
Let L;, i = 1,2, be defined on W by (3.5) with A; replacing A\. Then applying
Theorem 3.4 to L;, we obtain that the closures (L@, D(L; )) generate Co-semigroups
(e"4) 5, on L?(7) resp. L?(o) such that P, @ f is a version of etXi f, ¢ > 0.

Let us define, as usual, for u € C* (E;E):

(6.3) VTu(z) = Juy (i* (u' (),
where i, as above, denotes the inclusion i : Hy — E.
Lemma 6.1. For allu e W and z € E:
(i) Bu(z) = (VHOu(m),b(w))Ho.
(i) Foru=0 €W let
!
S ==/ A “&m y(d :/ T+ —u:U—MMd.
u(w) == [ 2e(€) €€ u(d) = | (ulo+y) - ule) - {7 ) Mldy)
Then for ally € E

Su(z +y) = S(u(m + ))(y)
and
Lou(z) = (A*(u'(2)), z) + Su(z).
(iti) Lu(z) = 2AMou(z) + Lgu( )+ g (W (@), @)
Proof. (i) holds since for all x € E, one has:

(V7 u@).b(&)) , = (o 5 (1)) b))

0

(
(JH/ ( (u (.20)))),5_1 (b(m)))E (by definition of (-,-)s,)

= (So
= (Ro(Je (v'(2))), c(x))E (by Lemma 2.1(i))
= (Je (v (2)),Ro(c(x))),  (by the symmetry of Ro)
= (Jer (v (2)),So(c(x))),  (as cis G-valued)
= (T (0/2)) 5
= o (u'(z),b(x)) (by definition of Jg).
(ii) and (iii) follow immediately by definition and Proposition 3.5. O

Theorem 6.2. (PP);>¢ is sub-Markovian.
Proof. Let LP = L + B. Since LP1 = 0, one has
PP1=¢""1=1.
Therefore, we just need to check that (PtB)t>0 is positivity preserving, for which it

suffices to find a ¢ > 0 such that (e=° tPtB)t>0
According to [MR95, Thm. 1.7], this will be the case whenever

/u+ (LPu—c'u)du <0
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for all u € D(LP). Here, ut := sup(u, 0) denotes the positive part of w.
By a density argument, it further suffices to check that for all u € W

/u+LBud,u§c'/u+udu.
E E

So, fix u=0=f({(&1,),...,(ém, ) € W. Let € > 0 and let . : R = [—¢, 0]
such that ¢. € C*°(R), ¢.(t) =t for all t € [0,00[, 0 < ¢L < 1, pe(t) = —e for
t € ] — 00, —2¢]. Then

(6.4) il_rg(l) (ps(t) = 1[0,00[ - t, Ell_I)I(l] (,Oé.(t) = 1[0’00[.

1

Hence, using Lebesgue’s Dominated Convergence Theorem we get for e, := -,

n € N, by Lemma 6.1(ii) and (iii):

(U,+, LBU)L2(E;;L)
= lim // e, (u)(z + v) (%AHOU(.T-FZ/)—}-

(AW (@ +2)),3) g+ (U (@ + ), 0+ b+ y)) ) v(do) o(dy)+

* //ExEW‘” +9)(Sua+9) + (A (W@ +1)),9) ;) 2(dr) ody),

For z € E, let u* : E — E be defined by u®(y) := u(z +y), y € E. Then by
Lemma 6.1(ii) and Fubini’s Theorem the second integral can be written as

/ / y) Lau®(y) o (dy) v(dw),

which by [MR95, Thm. 1.7] is non-positive, since Pt(2) is positivity preserving. We
therefore have

(u+,LBu)L2(Em) < lim inf //EXE%" (u)(z + y)(%AH"u(m +y)+
(AW @ +9)),2) 5 + 5 (0@ +1), 0+ b(z +) ;) (da) o(dy).
Defining for k € N
Bl(@) = p(RZ(R&), o — aD),

(which is well-defined by (H5)(ii)) we have the following integration by parts formula
(cf. e.g. [Bog98, Prop. 5.1.6]) for all u € W

/E (@), Rex),, A(dr) = — /E u(@) 8] (z) 7(dz).
We set,

Bllz+y): Zﬂk VO f (€2 +9)s - (Emrt +9).-
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Then by (3.7) one has for firtedy € E and all n € N
/E e (W)@ + ) EATOu(z + ) y(de)
= =4 [ (F%0n @)e +), V(e +1) ()
E Hop

- /E gen (w)(z +) B1(@ +9) 1(da).

Hence, using Lebesgue’s Dominated Convergence Theorem again we obtain by (6.4),
since VHop, (u)(z +y) = ¢, (u)(z + y)VHou(z + y), that
B
(" L70) 12

< / Lo 0ot (u(z +9)) [—l (VHou(z +y), Vou(z +y))
ExXE

~u(z +9) (381 +y) - (4" (W (@ +)).2)
—(u'(z+y),a+blz+ y)))] v(dz) o(dy)

= lim //E E[—go'sn(u(:v+y))2%(VHOu(x+y),VH°u(:E+y))HO

n—o0

— e, (ulz +9)) oL, (U($+y))(%ﬂ3(w+y — (A" (u'(z +9)),2)
— (u(@ +y),a+ b +))) | v(dw) o(dy)

= lim [— //E E% (VH0 (e (W)(@ +9)), VI (pe, (u) (@ +y))) g+

n—o0

+ e (W)@ +9) B, (@ +)] (d2) o(dy)+
[ e+ (4 (o @ @) )+

+ (e 0/ 4 9), 04 W + ) (o) )|

Integrating by parts again and due to the fact that

Sen (WA () = JATE (2 () = (Vo (), V0, ()

0

we get

(s L) o

<Im 5[] (GA™(2, @)@ + (4 (62, @) @) a)+

+ (2, () (@), a)) 7 (d) o (dy)

1
//E E 5 VHO‘Psn )@ +y), VHOSOEn (u)(z + y))Ho+
x

920 (0)(o +9) (9 0 4 9). 0o + )] 2(de) o).



18 PAUL LESCOT AND MICHAEL ROCKNER

The first integral above is equal to zero, since the integrand is just equal to

Ly (g2 (u)) and v is invariant under P for all ¢ > 0. To estimate the second, we
note that by Lemma 6.1(i)

fen (W)@ + )2, (u)' (@ + 1), bz + )
fen (W)@ + ) (bl + 1), VIO., (w)(z +1)) |

[en (@)@ + D[l |V 02, () & + 1)

IN

Hp
2

AN

1 1
< 5llbla |22, ()@ + ) + 5|V, )@ + )], -

Hence by dominated convergence it follows that

(ut, LBu) >

IA

1 —
L2(E;p) §|||b|H0“ lim E‘Pgn (u(x)) p(dz)

X n—oo

1
g llblm “io(“Jr’“Jr)m(E;u) = (uh50) oy,

where ¢’ = %|||b|H0||ZO O

7. CONSTRUCTION OF THE ASSOCIATED PROCESS

We still consider the situation of the previous section, so assumptions (H1), (H3)-
(H5) are still in force. We want to use a general result from [Sta99] to construct a
process whose transition probabilities are given by (PP);>o.

According to [Paz83, Cor. 10.6, p.41], the adjoint semigroup (BF) >0

is a Co-semigroup on L?(E; ). Let LP denote its generator. Define

of (PF) 1,

(7.1) E(u,v) := {_(LBU,U) for u € D(LP), v € L?(E; p),

—(u, LBv) for u € L2(E;p), v € D(LB).

Then by [Sta99, Ex.1.4.9(ii), p. 26] £ is a generalized Dirichlet form. Since obviously
W is an algebra and since W is a core for the generator of (PP);>q (cf. Corollar-
ies 5.2 and 5.4), we can apply Proposition IV.21 with J := W and Theorem IV.2.2
from [Sta99] to conclude that an associated cadlag strong Markov process exists,
if we can prove that £ is quasi-regular in the sense of generalized Dirichlet forms
[Sta99, Def.IV.1.7, p.77].

It is easy to see that W contains a countable subset separating the points of E.
Since, as already mentioned, W C FC;°(E) is dense in D(L®), it remains to show
the existence of an £-nest (again in the sense of [Sta99, Def.II1.2.3(i), p.66]) of
compact sets.

To prove this, we need an extra condition on the (2,2)-capacity of our initial
generalized Mehler semigroup (FP;)¢>o (see (3.3)) which, however, is not so restric-
tive (cf. Remark 7.1 below). First, we recall the definition of the (r, p)-capacities
determined by (P;)¢>0-

Let r > 0, p > 1. The gamma transform of (P;);>¢ is defined by

1 © .
/ tz—le=t P, f dt, feLP(BE;p), r>0,

Vil = 1y
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where the LP(E; p)-valued integral is taken in the sense of Bochner. Define the
Banach space (F,p, || |l-p) by

Frp = VoL (Bi0)s VoS lep = 1111
The (r, p)-capacity C,p is defined for an open set U C E by
(7.2) Crp(U) :=inf{|lull2, |u € Fp,u>1onU}
and for arbitrary A C U by
(7.3) Crp(A) :=inf{C,,(U) | ACU,U CE, U open}.
Ch.p is called tight if there exist compact K, C E, n € N, such that C, ,(E\K,) — 0
as n — oo (cf. [FROO] for classical references on these capacities). We now assume
(H6) C,p is tight.
Remark 7.1. Let E be the Hilbert space defined in [FR00, Rem. 6.5] which contains

E as a dense subspace. Then Corollary 6.4 in [FR0O0] gives very general conditions
on (T})¢>0 and A so that C,, is tight on E for all »r > 0, p > 1. Note that if A is

self-adjoint, then, as is easy to check, & € (E)' (C E') and (H2) will still be valid
for E. So, under the assumptions of [FR00, Cor. 6.4] we can pass to £ and (H6)
would be fulfilled. This works, in particular, in the case of the concrete example in
the next section.

From now on we shall follow very closely the reasoning in [Sta99, p.67 ff.]. For
U CE, U open let

gv:=inf{u € L*(B;p) |u>1on U, u>0and e "PPu < wu for all t > 0}.
Let (G¥)xs0 denote the resolvent of (P?);>0, i.e. GE = (AId —LB)_I. Consider

the increasing sequence (K,)nen of compact sets in E from (H6). By [Sta99,
Prop.1V.2.10, p.69], (K )nen is an E-nest if

Capl (KTCL) — 03
n—00

where
Cap, (K}) == (9K:, 1) L2(B;p)-

Therefore, it suffices to prove:
Proposition 7.2. gx. —— 0 in L2(E; ).

" n—oo
Proof. By definition, there are u, € F22, n € N, with u, > 1k, such that

1
[unll2,2 < 57 + Ca2(K).
But since (Id —L)_1 = Va, we have |Juy|l22 = ||(1d —L)unHLZ(E.“), so that from
Proposition 5.1 and Corollary 5.2 we obtain
H(L - LB)u"”L?(E;p) = [|Bunl|L2(E;p)

1/2

L2(E;p)

1/2
< K ((1d=L)tin, tn) ot

< K[| (1 =Lyun|[t 5o im0

< K” (Id _L)un”Lz(E;u);
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since for all v € D(L), |lv — Lv||p2(g;n) > [IllL2(E;) since (v, Lv)p2(gy,y < 0 as
(P:)i>0 are contractions on L?(E;u). Thus,

10 =LYt | a5y < (K + D[ 0 =Lyun| 2, < (K +1) (2% + 02,2(K;)).
Let v, := GP(((1d—LB)u,)"). Then v, is 1-excessive and
vy > GY ((1d =LP)up) = up > 1ke,
hence v, > gi (> 0), and for some constant ¢ > 0

Cap, (K;) = (QK;a l)LQ(E;u)
< (Un, ) L2(mip)
< ||U71||L2(E;p)

= [e? ((aa-27)ua) )|

L2(E;p)
< c|| ((1d —LP)u,,
<c||@d-L”

) 2
Yun | 2(s

1
< o(K +1) (2—n + CQ,Q(K;)) — 0. O

n—oe

We now obtain:

Theorem 7.3. (i) There exists a conservative strong Markov process
M = (Q, F, (Fo)e20, (Xi)iz0, (Pa)recr)

with cadlag sample paths such that its transition probabilities, defined by®
WP1@)= [ JX) P [ EBE), s B,
Q

are given by (PP)i>0, i.e. pP f is a p-version of PEf for allt > 0, f € By(E).
(i) For E-q.e. x € E (i.e. every x outside a fized E-nest, cf. above) and allu € W

t
u(X,) = u(Xo) — /0 LPu(X,)ds,  t>0,

is an (Fy)-martingale under P, with Xo = x Py-a.s.

Proof. Since we proved above that £ as given by (7.1) is a generalized Dirichlet
form, [Sta99, Thm.IV.2.2] implies (i) apart from the conservativity, which in turn
follows immediately, since P21 =1 for all t > 0.

(i) follows from [Tru99, Sect.2.2]. O

Remark 7.4. In fact, the process M in Theorem 7.3 is even more regular, namely
it is “special standard” and its resolvent maps functions from By(E) to £-quasi-
continuous functions (cf. [Sta99, Thm.IV.2.2]).

We also have the following uniqueness result:

5Bb(E) denotes the set of all bounded Borel measurable functions on E.
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Theorem 7.5. Suppose that M = (fl,]}, (ﬁt)tzoa()?t)tzoy(]fnz)zeE) is another
Markov process satisfying 7.3(ii), but even only under P, := [P, u(dz) (hence
]FM o Xo_ Y = u), such that its transition probabilities (PB)i>0, considered as linear
operators on L?(E;u) (with domain By(E)), are continuous.

Then for p-a.e. x € E, P, has the same finite dimensional distributions as P,
(from Theorem 7.3).

Proof. From the assumption that IF’,L solves the martingale problem one concludes
by a standard argument that the L?(E; p1)-generator of (pf’);>o must coincide with
LB on W. Since W is a core for (LB, D(L?)), it must coincide with L? on all of
D(LP). Hence, (p2)¢>0 and (pP)i>0 (from Theorem 7.3) coincide p-a.e. O

Remark 7.6. Theorem 7.5 can be summarized as follows: We have u-a.e. uniqueness
of Markovian selections that solve our martingale problems under the constraint
that their transition semigroups are continuous on L?(Ej; ).
Remark 7.7. The link of the martingale problem with the stochastic differential
equation

dX; = dY; + (AXy + b(Xy)) dt

is worked out, in the finite-dimensional case, in the classical paper [LM76]. On an
infinite-dimensional space, the reasoning is more elaborate, as will be explained in
a subsequent paper.

8. A STOCHASTIC HEAT EQUATION

In this section we want to apply our results to a stochastic heat equation, i.e. to
(8.1) dX; = dY; + [AX; + b(Xy)] dt,

where A denotes the Laplacian on ]0,1[ with Dirichlet boundary conditions, and
(Y3)¢>0 is a Levy process on (an extension E of) L?(]0, 1[) with characteristic func-
tion

(8.2) M8 = €Nz go.1p + I€NZ2q0.1p5

for some fixed a € ]0,2[. In other words, we are studying a stochastic heat equation
with Levy noise, the noise being composed of a (standard) white noise and an
a—stable noise.

By Bochner’s Theorem for all ¢ € ]0, 0o] there exists a cylindrical measure p; on
(the Borel o-algebra of) L*(]0, 1[) with Fourier transform given by

t
(8-3) [ (&) = eXP{_/O (||65A5||2L2(]o,1[) + ||65A5||z2(]o,1[)> ds}

for all £ € L?(]0,1[) (=~ L*(]0,1[)"). Moreover, one has:

Proposition 8.1. For every t € ]0,00], ut extends to a Borel probability measure
on L*(]0,1]).

Proof. Let t € ]0,00] be fixed. It suffices to show that & — [i;(§) is Sazonov
continuous on L?(]0, 1[). The eigenvalues of A on L?(]0,1[) are \; = —j272, j > 1,

each with multiplicity one, thus the eigenvalues of e!2 are e~t°7" j > 1. Tt will
appear that £ — N(£) := —In(,(£)) is Sazonov continuous.
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Let (e;);>1 be an othonormal basis of L2(]0, 1[), consisting of eigenvectors of A
(i.e. ej(z) = v/2sin(jnz)). Then one has

o= [[Er o (G o

j=1
=: N1 (§) + N2(§).
Obviously,
> ¢ 2 2 = 1
— —2sj°m A2 _ _ —2t ks
Nl(é‘) - J_Zl <‘/0 € J dS) <£;eJ> - ]Zl 2j2ﬂ'2 (1 ! ) 5’61 - ||U£||

where U : L2(]0,1[) — L?(]0, 1[) is defined by

(1 _ e—2t] T )1/2
JmV2

As U is Hilbert-Schmidt, N; is Sazonov continuous by definition of the Sazonov

topology.
Therefore, we only have to show the same for N,. But

U(ej) = €5, j Z 1.

o0

Nz(f) = /Ot (z 6—23j27r2 <§’ ej)z) 2 ds

j=1
(i 6—25(‘7'2—1)'"2 <£, €j)2) %aﬂ,Ze—aﬂ2s ds.

=1

1 oo
- a7T2 0

Applying Jensen’s Inequality to the probability measure p(dt) := ar2e=*"t dt on
[0, +00[ and the exponent p = % > 1, we therefore get

(er (@) < | [ (zeﬂs(f*“*@,e,-)?)% plas)|”
=1
< [T ) ) o
= [ (e I ) pla
j=1
— S e:)2 Ooe—2s(j2—1)7r a7r2€—a7r25 ds
D (6e) i
j=1
> 1
= jzzlaﬂ'2<€,€]>2m = OL||V§“2,
where V : L2(]0,1[) — L? is defined by
(lo,1]) (Jo,1[)
Viej) == ! €j, j>1.

V22 +a-—2

As V is Hilbert-Schmidt, N3/ is a norm on L2 (10, 1[), and

0< Ny (¢) <
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it follows that also N5 is Sazonov continuous. O
We now set
(84) M= oo

By [FROO, Prop. 2.3| there exists a separable Hilbert space E such that L? (]0, 1[) —
E is Hilbert-Schmidt and the Cy semigroup on L?(]0, 1[) given by

T, := et?, t>0,

extends to a Co-semigroup on E which we again denote by (I});>0. For any such
Hilbert space E by [FR00, Lem. 2.7] the restriction of A to E' (C H') is Sazonov
continuous. So, we are in the situation described in Section 3. In particular, (H1)
holds and we can consider the corresponding generalized Mehler semigroup (P;)¢>o-
Considering i as a measure on F via the natural embedding H — E| it follows by
[FROO, Lem. 6.2] that u is invariant for (P)¢>0, so (H2) holds.

Taking instead of E the enlargement E described in Remark 7.1 we have that
(H6) holds. It is easy to check that (H3) and (H5)(ii) also hold. Note that for our
special A in (8.2) a,gl) in (H2)’ is identically equal to zero for all ¢ > 0. This easily
follows from the fact that fi; is real-valued and the uniqueness of the Levy-Khinchin
representation. The same holds for a§2) in (H2)".

Hence, also (H5) is fulfilled if we take b = 0 and b satisfying (H4). So, all results
in this paper apply to this case. In particular, we have:

Corollary 8.2. The stochastic partial differential equation (8.1) has a solution in
the sense of Theorem 7.3.
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