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A model of interacting quantum particles performing one-dimensional anharmonic os-

cillations around their unstable equilibrium positions, which form the lattice
	�


, is consid-
ered. For this model, two statements describing its equilibrium properties are given. The
first theorem states that there exists ������ such that for all values of the particle mass������ , the set of tempered Euclidean Gibbs measures consists of exactly one element
at all values of the temperature ����� . This settles a problem that was open for a long time
and is an essential improvement of a similar result proved before by the same authors [1]
where the boundary �� depended on � in such a way that ������ �"!#� for �$!&%(' . The
second theorem states that the two-point correlation function has an exponential decay if�)�*�� .

On considère un modèle de particules quantiques en intéraction effectuant des oscilla-
tions anharmoniques uni-dimensionelles autour de leur positions d’équilibre sur le réseau	+


. Pour ce modèle, nous énonçons deux résultats décrivant ses propriétés d’équilibre.
Le premier théorème affirme l’existence de ����,� tel que pour toutes les valeurs de la
masse � de la particule inférieures à �  , l’ensemble des mesures euclidiennes tempérées
de Gibbs consiste en un seul élément, à toute température �"��� . Ca résoud un problème qui
a resté ouvert pour longtemps et ameliore essentiellement un résultat analogue obtenu par
les mêmes auteurs, lorsque �� dépendait de � de sorte que ������ �-!�� si �.!/%(' . Le
deuxième théorème dit que la fonction de corrélation a une décroissance exponentielle si�)�*�  .

On considère un système de particules quantiques effectuant des oscillations
uni-dimensionelles autour de leur positions d’équilibre sur le réseau 021 . L’Hamiltonien3

de ce système est donné heuristiquement par3547698 :<;=>=@?BADC AFEHG A G AIE�J ; A 3LKNMPOA&Q 8SRUT Q
où ”n.n” indique la condition V W 6 WYXYV 4[Z

, W\QPW]X_^`0(1 . L’Hamiltonien relatif à une
particule de masse a RUT est donné par3SKbMPOA 4 Z: a�cedA J Z : G dA J,f$g G dA�h Q i*^.j(Qf$g]k h 4ml knJpo d k d JmqrqrqsJpoutuk t Q l ^vj(Q oBwyx T Q out RUT Q z x :�{
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On considère les états du système donnés par des mesures de Gibbs tempérées sur
l’espace (de dimension infini) des chemins périodiques de période } (

Z�~ } étant la
température).

On démontre que l’ensemble de toutes les mesures de Gibbs tempérées pures
consiste d’un seul élément si a���a�� , où a�� est une constante indépendante de} (Théorème 2.1). Ceci donne donc l’unicité des mesures de Gibbs tempérées.
Ce résultat précise considérablement un résultat d’unicité antérieur [1] où, au lieu
de la borne a*� on avait seulement une borne a�� g } h�� T , } � J2� . La
démonstration du Théorème 2.1 est une conséquence du Théorème 2.2 qui af-
firme que la décroissance des ”fonctions de Duhamel” (jouant le rôle des fonctions
de corrélation) est exponentielle, si a���a�� , pour toutes les conditions au bord
utilisées pour la construction des états de Gibbs et tous les } .

Les preuves des ces résultats utilisent les inégalités de corrélation, des estima-
tions à priori des mesures de Gibbs et les propriétés spectrales des

3,KNMPOA , W�^,0 1
étudiées dans [3]

1. THE MODEL AND THE EUCLIDEAN GIBBS STATES

We consider a system of interacting quantum particles performing one-dimensional
anharmonic oscillations around their equilibrium positions which form a lattice 0 1 ,� ^.� . The heuristic Hamiltonian of the model is

(1)
35476 8 :<;=>=@?BADC AFE G A G AIE J ; A 3 KNMPOA&Q 8SRUT Q

where ”nn” means that the sum is taken under the condition V W 6 W\X�V 4�Z
, W�QPW]X�^v0(1 .

The single-particle Hamiltonian
3�KNMPOA has the form

(2)
3 KbMPOA 4 Z: a c dA J Z: G dA J,f$g G dA h Q i*^.j(Q

(3) f$g]k h 4ml k�Jpo d k d J�qrqrqsJUo�t>k t Q l ^.j(Q o>w�x T Q out RUT Q z x :�{
Here a denotes the particle mass. For

� x�� and large enough a , the system
undergoes a phase transition [5], that means non-uniqueness of its Gibbs states.
The same model was studied in our previous work [1], the present note gives an
essential improvement of the result obtained there. Moreover, Theorem 2.1 below
gives a complete answer on the problem of the role of quantum effects in phase
transitions in such models, first considered in [9].

We take an approach in which Gibbs states are constructed as probability mea-
sures on path spaces. A detailed description of this Euclidean approach, full ac-
count of the results and extended bibliography may be found in the review article
[2].
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Let �_� denote the real Hilbert space � d@� T Q�}n� , } RmT , }���� 4¡ 
is the tempera-

ture. By ¢ q ¢�� and g�q Q q h � we denote the norm and inner product in �y� . Set

(4) £ K¥¤�O� 4 � 6 a�¦§� J Z � ����¨ �_� � �_� Q
where ¦�� is the Laplacian with periodic boundary conditions. We denote by © K¥¤ªO�
the Gaussian measure on ��� , for which £ K¥¤�O� is the covariance operator. This
measure is supported on the set of continuous periodic paths (subsection 2.2 of
[2]) « � 4¬H® ^*¯ � T Q�}n��V ® g T h 4�® g } h�°�± �_� {
For a finite box ² , the set ³y� C ´ 4&¬H® ´ 4 g ® A h ADµ|´ V ® A ^ « � ° is a Banach space

endowed with the supremum norm. The set of all configurations ³§� 4 «·¶�¸� is
endowed with the product topology. The set of tempered configurations is defined
by

(5) ³ª¹� 4¬H® ^�³��$VBº¼» RUT ¨ ;A�µ ¶ ¸¾½ �À¿uÁ A Á ¢ ® A ¢P�9� � ° Q
where V WPV denotes the Euclidean distance. Given a box ² , we set

(6) © KN¤ªO� C ´ gÃÂ ® ´ h 4ÅÄ ADµ|´ © K¥¤�O� gÃÂ ® A h {
A conditional local Euclidean Gibbs measure is the following probability measure
on ³�� C ´
(7) Æ@� C ´ gÃÂ ® ´ V Ç h 4 ZÈ � C ´ g Ç hÊÉBË�Ì g 6yÍ � C ´ g ® ´ V Ç h�h © K¥¤�O� C ´ Â ® ´ h Q ÇÎ^*³��ÀQ
whereÍ � C ´ g ® ´ V Ç h 4 698 : ;ÏÐÏ¾?>A�C A E µ@´ Ñ �M ® A gÃÒ h ® A E gÃÒ h ÂÓÒÔJ ; ADµ|´ Ñ �M f�g � ® A gÃÒ h � d h ÂÓÒ6 8 ;=B=@?>A�µ@´ÀC>AFEÕµ|´eÖ Ñ �M ® A gÃÒ h Ç AIE gÃÒ h ÂÓÒ {(8)

For ² and Borel subsets × ± ³y� , we consider the probability kernels (see e.g.,
[6])

(9) ØÓ� C ´ g ×.V Ç h 4 Ñ�Ù�Ú � ÛÝÜ¾Þ g ® ´�ß Ç ´eÖ h Æs�eà ´ gÃÂ ® ´ V Ç h {
Definition 1.1. The probability measure á on ³Ý� is said to be a Euclidean Gibb
measure at inverse temperature } if it satisfies the Dobrushin-Lanford-Ruelle (DLR)
equation

(10)
Ñ Ù�Ú ØÀ� C ´ g ×vV ® h á gÃÂ ® h 4 á g × h Q

for all boxes ² and all Borel subsets × ± ³Ý� .
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The set of all Euclidean Gibbs measures at a given } may contain measures with
no physical relevance. Thus, we will restrict ourselves to the set â ¹� of tempered
Euclidean Gibbs measures consisting of all Euclidean Gibbs measures á , such thatá g ³ ¹ � h 4&Z

. By [4], â ¹��ã4åä
. One of the possible ways to study Euclidean Gibbs

states of the model considered is the method of cluster expansions applied in [8]
where, for small values of the mass, such expansions were shown to converge
uniformly with respect to } . As a consequence, the existence of a Gibbs state and
its clustering property were proved . At the same time, this convergence does not
imply uniqueness because of the impossibility to control boundary conditions.

2. THE RESULTS

Theorem 2.1. There exists a�� RUT such that, for all aæ^ g T Q�a*� h and all temper-
atures, the set of tempered Euclidean Gibbs measures â ¹� consists of exactly one
element.

In [1] we proved the uniqueness for a ^ g T Q�a � g } h�h with a � g } h�� T for} � J2� . The main progress in the above statement is that the upper bound aL� is
independent of the temperature.

The proof of Theorem 2.1 is based on the following statement, which in itself
gives an important information about the system we consider. Given W�QPW�XÎ^å² ,Ò Q Ò X ^ � T Q�}�� and ÇÎ^*³�� , we set

(11) ç ´A¥AIE gÃÒ Q Ò X V Ç h 4�è]® A gÃÒ h ® AFE gÃÒ X h�é�ê Ú � Û KÕë Á ì O 6�è]® A gÃÒ h�é�ê Ú � Û KÕë Á ì O è]® AFE gÃÒ X h�é�ê Ú � Û KÕë Á ì O Q
where for a á -integrable function í , we writeè í é\î 4 Ñ í Â á {
Let ï g a h denote the minimal distance between the eigenvalues of the single-
particle Hamiltonian (2) but with the potential f replaced byðfñg]k h 4ml k�J : ��� o d k d J�qrqrqsJ : ��� t o t k t {
We also set
(12)ò 4åó-ô�4 : Ø}�õ V õ ^v0÷ö�Q ø gÃù h 4 : 8 1;ú>û � g Zy6SüBý�þ gÃù ú h�h Q ù ^ g 6 ØÿQPØ·� 1 {
Theorem 2.2. Let the parameters a and ï g a h , and the interaction intensity 8
satisfy the condition

(13) a � ï g a h � d R : � 8 {
Then, for any ² and } R/T , for any W�QPW�X÷^�² and Ò Q Ò X÷^ � T Q�}�� , for arbitraryÇ�^�³�� , the correlation function (11) obeys the estimate

(14) T�� ç ´A¥AIE gÃÒ Q Ò X V Ç h � Z} g : Ø h 1 ;� µ�� ½ � � K�� � � E O Ñ K �	� C ��
 ¸ ½ � K� C A � A E O ÂÓù� � g ô h J ø gÃù h Q
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where
� � g ô h is a continuous function such that uniformly in } RUT

(15)
� � g ô h R a � ï g a h � d J a ô d 6 : � 8 Q ô ^ ò {

Corollary 2.3. Let (13) hold, then for the Duhamel function,
(16)� ´A¥A E g Ç h �����4 þ�� Ì� µ�� M C � 
 ó Ñ �M ç ´A¥A E gÃÒ Q Ò X V Ç h ÂÓÒ X ö � ¯ � ÉBË�Ì g 6�� V W 6 W X V h Q º¼W\QPW X ^*²yQ
with certain positive ¯ � Q � RUT , uniformly with respect to ² and ÇÎ^*³ ¹� .

By [3], a � ï g a h � d � ¯ d a � K t ��� O��uK t�� � O as a � T , hence (13) is satisfied for
small enough a .

The rest of this note contains a sketch of the proof of Theorem 2.1. Let  «"! g ³�� h
(resp.  « # ! g ³�� h ) denote the set of bounded (resp. polynomially bounded) contin-
uous cylinder functions $ ¨ ³y� � j . A net of measures á&% on ³(� locally weakly
converges to a measure á if º'$ñ^( «)! g ³�� h ¨ è $ é î�* � è $ é î .

For Ç Q�+,^m³(� , Ç x + will mean Ç A gÃÒ h x + A gÃÒ h for all W2^�0(1 , Ò ^ � T Q�}�� . A
function í ¨ ³(� � j is called increasing if í g Ç h x í g + h for Ç x + . A significant
role in the proof is played by the FKG inequality, which, for the measures (7), was
proved in Section 6 of [2]. By means of the FKG we prove the following

Proposition 2.4. For every increasing í`^, « # ! g ³�� h and any Ç Q�+�^�³�� , Ç x + ,
implies

(17)
è í é ê Ú � Û K ë Á ì O x è í é ê Ú �uÛ KÕë Á - O {

By means of a priori estimates for tempered Euclidean Gibbs measures [4] one
proves the following

Proposition 2.5. For any Ç ^v³ ¹� and any sequence of boxes . which exhausts 0 1 ,
the sequence

¬ ØÀ� C ´ g�q V Ç h�°�/ is relatively compact in the topology of locally weak
convergence. All its limiting points belong to â ¹� .

These limiting points will be called Minlos’ states. The set of such measures
contains all pure tempered Gibbs measures (by Theorem 7.12 p. 122, [6]). Hence
to prove the uniqueness one has to show that for an arbitrary í from a measure
determining subset  ±  «0! g ³�� h and for any Ç Q�+.^�³ ¹� ,

(18)
è í é ê Ú � Û KÕë Á ì O 6,è í é�ê Ú � Û K ë Á - O 6 � T Q ²21 0 1 {

As a measure determining subset  , we choose the set consisting of the following
functions. For each íS^3 , there exist

ô ^�� , W � Q {r{r{ QPW � ^�0 1 , Ò � Q {r{r{ Q Ò � ^ � T Q�}�� ,l � Q {r{r{ Q l � ^ g T Q JÔ� h and a polynomial 4 ¨ j � � j such that

(19) í g ® h 4 4 g65-g ® A87 gÃÒ � h Q l � h Q {r{r{ Q 5-g ® A:9 gÃÒ � h Q l � h�h Q
where for ;*^vj ,

5-g ;�Q l h �����4 ó ; <>=�V ;ÿV � l Ql�þ�?A@ g ; h ýCB�D ÉFE�G < þ É {
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Clearly, for very í�^( , there exists H RUT , such that the function

(20) I g ® h 4 H
�;úuû � ® A J gÃÒ ú h J2K í g ® h Q I)^( « # ! g ³(� h Q

is monotone for both K 4MLÎZ
. Applying to this function Proposition 2.4 we obtainV è í g ® h�é ê Ú � Û KÕë Á ì O 6,è í g ® h�é ê Ú � Û K ë Á - O V � H

�;ú>û � V è]® A J gÃÒ ú h�é ê
Ú � Û K ë Á ì O 6,è]® A J gÃÒ ú h�é ê Ú � Û K ë Á - O V¥Q

which holds for any Ç�Q�+.^v³y� { Thus, Theorem 2.1 will be proven by showing that

(21)
è]® AON gÃÒ M h�é�ê Ú � Û K ë Á ì O 6,è]® A:N gÃÒ M h�é�ê Ú � Û K ë Á - O 6 � T Q

for all pairs Ç�Q�+.^�³ ¹� . The idea of proving uniqueness by controlling just the first
moments was inspired by the celebrated article [7]. To prove (21) we set

(22) P g]k V ² h 4�è]® A N gÃÒ M h�é�ê Ú � Û KÕë Á - �RQ>S O Q T 4 Ç 6 +·Q k ^ � T Q Z � {
Then

(23) V è]® A:N gÃÒ M h�é�ê Ú � Û K ë Á ì O 6,è]® A:N gÃÒ M h�é�ê Ú � Û KÕë Á - O V � þ�� ÌQ µ�� M C ��
 V P X g]k V ² h V
By (22) and (7), (8) one may compute the derivative P X explicitly

P X g]k V ² h 4 8 ;=>=s?rADµ|´ÓC A E µ|´ Ö Ñ �M ç ´AFA N gÃÒ Q Ò M V + J k T h T AFE gÃÒ h ÂÓÒ Q
where ç ´A¥AON is given by (11). After some calculations we arrive atV P X g]k V ² h V �VU g }-Q 8 h ;=B=|?rADµ@´ÀC A E µ@´ Ö W � ´A¥A N g + J�k T hYX � � d ¢ZT AFE ¢P� Q
where U g }-Q 8 h is independent of ² . Taking into account (16) and the fact thatT�^*³ ¹� , we obtain (21).
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