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Abstract

In this paper we prove a large deviations principle for the invariant measures of
a class of reaction-diffusion systems in bounded domains of R¢, d > 1, perturbed by
a noise of multiplicative type. We consider reaction terms which are not Lipschitz-
continuous and diffusion coefficients in front of the noise which are not bounded and
may be degenerate. This cover for example the case of Ginzburg-Landau systems
with unbounded multiplicative noise.

1 Introduction

In this paper we are dealing with the long-term behavior of the stochastic reaction-
diffusion system
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Here O is a bounded open set of R% with d > 1, having a C* boundary. For each
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The constants «; are strictly positive, the coefficients aﬁlk are taken in C*°(0) and the
matrices a'(§) = [a},;(§)]ne are non-negative and symmetric for each £ € O and fulfill a



uniform ellipticity condition, that is

inf (a’(€)h,h) > N\ |h%,  he R4,
£e O

for some positive constant A;. Finally, the operators B; act on 0O and are assumed
either of Dirichlet or of co-normal type.

The mapping f := (f1,...,fr) : O x R™ — R is only locally Lipschitz-continuous
and has polynomial growth. The mapping g := [g;;] : O x R™ — L(R") is Lipschitz-
continuous, without any assumption of boundedness and non-degeneracy.

The linear operators Q; are bounded on L?(O) and may be taken to be equal to the
identity operator in case of space dimension d = 1. The noisy perturbations dw;/0t are
independent cylindrical Wiener processes on a stochastic space (2, F, Fy, P).

In [5] it is proved that for any € > 0 and p > 1 system (1.1) admits a unique global
solution u? € LP(Q;C([0,T]; E)), where E is the space of continuous functions on O
with values in R", and for each initial datum « € E and a > 0 the family of probability
measures {L(uf(t) }+>q is tight in (£, B(E)). In particular, due to the Krylov-Bogoliubov
theorem this yields the existence of a sequence {t,,} T +o0 (possibly depending to €) such
that the sequence of probability measures defined by

Ve (T) 1= 1 /tn P(ud(s) € T)ds, T € B(E), (1.3)
0

n

converges weakly to some measure v,, which is invariant for system (1.1).

In the earlier paper [6] we have proved that the process {u’}c~¢ is governed by a
large deviation principle in C([0,T]; E), for any 7' > 0. Our aim here is to prove that
the family of invariant measures {v,}.~o defined as the weak limits of the sequences of
measures as in (1.3) obeys a large deviation principle in E, as € goes to zero (precise
hypotheses on the coefficients are specified in Section 2 below to which the reader is
referred to).

Clearly the first step in the proof of large deviations estimates is defining an appro-
priate action functional V' having compact level sets. The hardest part here is not to find
V (see (5.1) below for its initial definition and, in particular, [12] and [18]) but to find a
good characterization of it, in order to prove that its level sets are compact and, maybe
more importantly, to get a better intuition about its meaning. So, we spend a great deal
of effort to prove that (as in [18]), the action functional V', also called quasi-potential,
has the following form

V(z) = min {I_Oo(z); z € C((—o00,0; E), 2(0) =z, tl}r_noo |z(t)|[g =0 } . (1.4)

Here I_(z) is the minimum energy required to produce z as a solution of the skeleton
equation corresponding to (1.1) for t € (—o0,0], i.e. replace Qw/dt by a deterministic
function ¢ € L?(—o0,0; L?(O,R")) so that the corresponding solution z(y) equals z
and the energy (:= \g0|%2(_0070;L2(O7R,.))) is minimal (cf. Section 3 and the beginning of
Section 5 below).



By compactness the infimum in (1.4) is indeed achieved by some zp, which exhibits
more regularity in the space variables than just being in E (cf. Lemma 3.5 which in turn
is essential for the proof of Proposition 5.4, but also for the proof of Lemma 7.1 which
yields upper bounds). We would like to mention at this point that proving (1.4) requires
considerable new input, since we consider space dimension d > 1, so the coefficient in
front of the noise (in contrast to the one-dimensional case considered in [12] and [18])
can no longer be invertible. In addition truly degenerate multiplicative noise is included
in our framework.

Once we have shown that the mapping V' : E — [0,400] is lower semi-continuous,
with compact level sets, we prove that the family of probability measures {v,}.~o obeys
a principle of large deviations with action functional V' (cf. [12] and [18] for the formu-
lation), i.e.

1. lower bounds (cf. Section 6 below): for any §,7 > 0 and T € E there exists ey > 0
such that

ve({zx e E |x—x|E<5})zexp<—V(x€)2—i_7>, e < €;

2. upper bounds (cf. Section 7 below): for any s,d,~y > 0 there exists €y > 0 such that

ve({x € E; distp (z,K(s)) > d}) < exp (_8—2’)/)’ e < €,
€

where K(s) :={x € E: V(x) < s} is the level set of V.

In accordance to the general ideas about the large deviations for the invariant mea-
sures {V, }eso (as beautifully explained in the introduction of [12]) we have the following
interpretation. Due to the definition of v, for any set A C E the number v.(A) is the
mean expected time the process u. spends in A. Moreover, by the large deviation results
in [6] points in K(s), for small s, are of course more likely to be visited by wu.. So,
according to statement 2 above, the mass of v, will concentrate as ¢ — 0 at points in F
which are minimum points of V. In our case

Vz)=0<=2x2=0

(cf. (5.2) below), so v will converge to the Dirac measure at the zero function in E, i.e.
the only stationary solution of equation (1.1) for e = 0.

In the framework considered in the present paper the skeleton equation associated
with system (1.1) is not null controllable, as in the case considered by Sowers in [18].
Then the proof of lower bounds turns out to be more complicate than in [18]. In fact,
a crucial role is played by Lemma 6.2, whose proof is not immediate, as we are dealing
with non-Lipschitz reaction term, unbounded G and any space dimension d > 1. To this
purpose we note that for the proof of Lemma 6.2 we also benefited from some ideas of
I. Daw (see [9]).

Concerning the upper bounds, we have distinguished the case of bounded and un-
bounded G. When G is bounded we can use exponential estimates for the solution wu.



proved in [6] and generalize some arguments of Sowers to our more delicate situation.
In the case of unbounded G this is anymore possible. Hence we need to prove estimate
(3.13) in Theorem 3.4 below, i.e. an estimate on the solution of the skeleton equation
which is uniform with respect to the initial datum. This allows us to prove Theorem
7.5, where g only satisfies the growth condition in Hypothesis 6, without using the ex-
ponential tail estimates (7.2) for the solution of (1.1) which are only known to hold for
bounded g. Thus, Theorem 3.4 turns into a key step, since here we have not succeeded
in applying a localization argument as we did in [6].

Finally, let us mention that our general strategy mainly follows R. Sowers [18], but our
more general situation requires various new techniques. These, in particular, becomes
necessary because of the following.

1. Unlike in [17] (see also [9]), where global Lipschitz assumptions were imposed, here
the functions f; in (1.1) are only locally Lipschitz and of polynomial growth (see
Hypothesis 3 and Remark 2.4 below).

2. g = [gi;] in (1.1) is not assumed to be globally bounded (as e.g. done in [17] and [9])
and just assumed to be globally Lipschitz (see Hypothesis 2, but also Hypothesis 6
for the proof of upper bounds). Moreover, g may be degenerate. This means that
we can consider for example g;;(u) = Ajju;, with A;; € R.

3. We consider systems of r coupled stochastic reaction-diffusion equations, ruling
out the maximum principle and hence comparison techniques commonly used in
case r = 1.

4. Unlike in [18], where space dimension d = 1 is considered, we can allow arbitrary
space dimension, i.e. for E = C(O;R") we can allow O to be a bounded open
subset of R?, for arbitrary d > 1 (cf. Hypothesis 2 below).

2 Assumptions and preliminaries

Let O be a bounded open set of R4, with d > 1, having a C*™ boundary. In what follows
by H we shall denote the Hilbert space L2(O;R"), r > 1, endowed with the usual scalar
product (-,-); and the corresponding norm |- |f. The norm in LP(O;R"), p € [1,00],
p # 2, shall be denoted by | - |,.

For any 1 < p < oo and m € N, by W™P(QO) we shall denote the space of functions
f € LP(O) such that the weak derivatives D*f exist in LP(Q), for each 0 < |a] < m.
Wm™P(Q) is a Banach space, endowed with the norm

[flwmeo) ==Y |D*fliso)-

la<m

Moreover, if s > 0 is not integer, we define W*P(O) as the space of functions f €
Wl»(©) such that

D« — D*
’f|Wsp(O) —|f|Wst oyt Z/ D f(€ Fml” dédn < oo.

oxo |&— W’d+s[s]

lal=



Next, we recall that for any s € R and p € (1, 00) the Bessel potential space H*P(R )
is defined by

s/2

HY"(RY) := {f € S'RY) ¢ |flgenma = 1F (14162 Ffloma < oo},

where S’'(R %) is the space of tempered distributions on R¢ and F the Fourier transform.
The Bessel potential spaces on O are defined by restriction as

H2(0) = { f =905 9€ HP(RY |,
with

| flaswoy ==, inf  [g]gsp(ra)-
=950

We note that for k € N we have H*P(Q) = W*P(O) (for all definitions and detailed
proofs see [19]).

Finally, by W*P(O;R") and H*P(O;R") we shall denote the space of R"-valued
functions such that each component belongs to W*P(O) and H*P(O), respectively.

In what follows by A we shall denote the realization in H of the differential op-
erator A = (Ai,...,A,) defined in (1.2), endowed with the boundary condition B =
(By,...,B;), where for each i = 1,...,r

Bu=u, or Bju={a'v,Vu), (2.1)
(here v is the normal vector at d0). As proved e.g. in [19, Chapter 5] we have
D(A) ={ue H**(O;R") : Bu=00nd0 } = HZ*(O;R")
and the following optimal regularity result holds
uwe D(A), Auec HY(O;R"), le€ NT = ue HF22(O;R"). (2.2)
We recall that for any integer k£ > 2 the k-th power of the operator A is defined by
D(AF) = {u e D(AFY) . A1y e D(A) } Aky = A(AF ).
Analogously, we can define the k-th power of A by setting
AFy = AAF ) = (A (A ), AG(AR ), we HER2(O;RT).
Thanks to (2.2) it is immediate to show that for any fixed integer k

D(AY) = HF(O;R") = {u e H*2(O;R") : Bu=...=B(A"1u) =0 } ,(23)

so that the operator AF is the realization in H of the differential operator A* endowed
with the boundary conditions

By, = {B,BA,...,BAk—l}.
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Notice that A generates an analytic semigroup e*4 in each L? (O;R7), with 1 <p <
00, which is self-adjoint on H and of negative type. Thus, as — A is a positive self-adjoint
operator on H, for any 0 < o <  and 0 € [0, 1] we have

D((=4)"), D((=4))] = (D((=4)"), D(=A4)")) = D(=A)1=509) (2.4)
where in general, given any two Banach spaces X and Y, [X, Y]y denotes their complex
interpolation space and (X, Y )2 denotes their real interpolation space (for a proof see
[19, Theorem 1.18.10]).

By complex interpolation arguments it is possible to characterize the domain of the
fractional powers of —A.

Proposition 2.1. Let m; := (1 + 2ord B;)/4. Then, for any v >0 andi=1,...,r We
have
D((~A)) = HY?(O;R"),

where By = (Bi+,...,Bry) with

B = (2.5)
{Bi, BiAi,...,BiAf} if ve (k+muk+1+m], ke NUJ0}.

Proof. Due to (2.4) we have

D((=A)") = [H,D((-A)PH]
h]+1

and then from (2.3) we obtain

D(-A)") = [H, HZT V%0 R ")

! (2.6)

v

]+1

It is not difficult to prove that for any integer k the operator AF endowed with the
boundary condition By, is regular elliptic (for the definition and all details see [19, Section
5.2.1]). Thus, as proved in [7, Lemma 11] from (2.6) we obtain

D((~A)") = HE*(O:R),
where

Bi = {BZ-Ag ;0<j<[y], ord(B;Al)<2y— 3 }

Hence, by easy computations we can check that the boundary conditions B;, above
coincide with the boundary conditions B, in (2.5).
O]

Remark 2.2. It is immediate to check that if v € N the boundary conditions B, intro-
duced in (2.3) coincide with the boundary conditions B, introduced in the proposition
above.



In what follows we shall set

—— C(OR") ——— C(OR)

E = D(A) — D(A) COR)

X -+ x D(Ay)
——— C(O;R) . . A %) : : ;

Each set D(A;) coincides with C(O;R) or Co(O;R), if B; is respectively a co-

normal or a Dirichlet boundary condition. In any case, with this definition of the space

E, endowed with the sup-norm |- |g and the duality (-, ), =g (-,-)g, the part of

et4 in E (which we will still denote by e*4) is strongly continuous. Moreover for any

0z € Olz|p :={a* € E*, (x,2%)p = |z|g, |2*|p~ =1} we have

(Az,00)p < —alzlp, € D(A), (2.7)

where o := min;—1,__, ;.
As recalled also in [5] and [6], !4 has a smoothing effect. In fact, for any t > 0,
1 <g<p<ooande>0 the semigroup e'4 maps LI(O;R") into WP(O;R") and

e dp—q)
L p—q

% x|, xe LIYO;R"). (2.8)

’etAZ"We,p(O;RT) <ce ™tAl)
Moreover, et4 maps E into C?(O;R"), for any > 0, and
\etAa:\Cg@_Rr) <ce M(tA 1)_%\17\]5, z e E. (2.9)

We also notice that e*4 is compact on LP(O;R"), for all 1 < p < oo and ¢t > 0, and
the spectrum {—ay,} is independent of p.
Our first hypothesis concerns the eigenvalues of A

Hypothesis 1. The complete orthonormal system of H which diagonalizes A is equi-
bounded in the sup-norm.

Next, we assume that @ := (Q1,...,Q,) : H — H is a bounded linear operator
which satisfies the following conditions.

Hypothesis 2. @) is non-negative and diagonal with respect to the complete orthonormal
basis which diagonalizes A, with eigenvalues {\,}. Moreover, if d > 2

0 < 00 ifd=2

00 1/e
there exists o such that ||Q|, = (ZA%) < oo, (2.10)
— ifd>2 k=1
o< 13 if d >
Remark 2.3. Hypothesis 1 is satisfied e.g. by the Laplace operator on [0, T]% endowed
with Dirichlet boundary conditions. But there are several important cases in which it is
not satisfied and it is only possible to say that

‘ek’oo < Ck’y7

for some v > 0. In this more general situation one has to assume that the summability
condition (2.10) imposed on the eigenvalues of @) is satisfied for some smaller constant
¢'. In other words one has to colour the noise more.



In Hypotheses 3 and 4 below we give conditions on the coefficients f and g.

Hypothesis 3. The mapping g : OxR" — L(R") is continuous. Moreover the mapping
g(&, ) : R" — L(R") is Lipschitz-continuous, uniformly with respect to & € O, that is

lg(&.0) — 9(& Pl crr)

sup sup
566 o,peER” ‘U—p’
oFp

In what follows for any z,y: O — R" we set

(G@)y)(€) =g 2()y(&), &€ O.
Next, setting f := (f1,..., f;), for any 2 : O — R” we define
F(x)(€) = f((€), &€ O.

Hypothesis 4. 1. The mapping F : E — FE s locally Lipschitz-continuous and there
exists m > 1 such that

|F(z)|lg <c(l+|z|F), z e E. (2.11)
Moreover, F(0) = 0.

2. For any x,h € E
(F(x+h)— F(z),0n)5 <0, (2.12)

for some 6, € O|h|g :={h* € E*; |W|g= =1, (h,h*)p=|hlp}.
3. There exist a > 0 and ¢ > 0 such that for each x,h € E
(F(x+h)—F(z),0n)p < —alh|g +c(1+|z|E), (2.13)
for some 6, € O|h|E.
Remark 2.4. Assume that
fil¢ o1,...,00) = ki(& 00) + hi(§, 01, ..., 00), i=1,...,r

where h; : O x R” — R is a continuous function such that h;(&,-) : R” — R is locally
Lipschitz-continuous with linear growth, uniformly with respect to £ € O, and

2n
ki(€,00) == —c(§) o7+ en(§) of,
k=0

where ¢(€) and ¢ (€) are continuous functions, ¢(§) > € > 0, £ € O and ¢o(€) = —h;(&,0).

Under these assumptions the function f satisfies conditions 1 and 3 in Hypothesis 4
(see also [4, Chapter 6], [5] and [6, Remark 2.1] for more general examples of functions
f fulfilling Hypothesis 4 and for all details).



The next set of conditions assure the compactness of level sets for the quasi-potential
associated with system (1.1).

Hypothesis 5. FEither G(0) = 0 or there exists a continuous increasing function c(t)
such that for any t >0

Q [G(O)]*et[A—l-F/(O)]* h

tA
HZc(t)‘Qe h‘H, h e H. (2.14)

In the case (2.14) is verified, the following conditions hold.

1. If {—an} and {\,} are respectively the eigenvalues of A and Q, then

1
Ea;‘s <A <cap?, (2.15)

for some ¢ > 0 and some § such that

d—2
§>0, ifd=1, 0> ==, ifd>2. (2.16)

2. The mappings f and g are of class C>® on O x R".

3. If 6 is the constant in (2.15) and B, is the boundary operator introduced in (2.5),
then for any v < 6 and u,v € H*"?(O;R") we have

Byuj,, = 0= ByF(u)),, =0,
(2.17)
By, = By, = 0= By (G(u)v),, = 0.
Moreover, if u,v,w € H*»?(O;R") we have
Bsuy,, = Bsv),, =0 = Bg(F/(u)v)bo =0,
(2.18)
Bsu,,, = Bsv|,, = Bswy,, = 0= Bs5(|G'(u)v]w),, = 0.

Remark 2.5. 1. We note that the assumption that either G(0) = 0 or (2.14) holds, is
fulfilled when there exist two diagonal d x d matrices D1 and Dy, with Dy invertible,
such that

g(évo)ZDla Dof(fvo):DZ, {6 6

When instead of a system a single equation is considered, condition (2.14) is always
fulfilled if both ¢(£,0) and D, f(&,0) do not depend on &.

2. Condition (2.15) means that Range Q = D((—A)?).

3. We assume f and g to be C°°(O x R") only for simplicity. In fact we need f and
g to be of class C*(O x R™), for some k large enough, depending on the constant
0 introduced in (2.15) (for example, in the case B; = [ it is sufficient to take
k < 2§ +1/2, see also next remark).



4. If we have

anNnQ/d, ne N

(this happens for example in the case of the Laplace operator A in strongly regular
open sets, both with Dirichlet and with Neumann boundary conditions, see [8,
Theorem 1.9.6]), then if (2.16) holds, there exists some p which fulfills condition
(2.10).

10g10

5. When B; = I, for each i = 1,...,r, condition (2.17) is verified for example by
functions f and g such that

DIf(£0)=0, Dig(&0)=0, £&€0, (2.19)

forany j =1,...,2k, where k € [0—5/4,5—1/4) (notice that in this case m; = 1/4,
for each 7). In the same setting, condition (2.18) holds for f and ¢ fulfilling (2.19)
for any j =1,...,2k + 1, with k£ as above.

For the proof of upper bounds in the case of unbounded g we need the following
condition on its growth.

Hypothesis 6. There exists v € [0,1] such that

sup [9(§,0)|grry <c (1 +1o]"), o€ R, (2.20)
£e O
and )
dlo—2)\ "~
m> |14+ (2+d)y <1—(Q2)> \/2]7 (2.21)
Y

where g and m are the constants introduced respectively in (2.10) and (2.13).

Remark 2.6. Condition (2.21) on d, m, ¢ and v says how the space dimension, the
dissipativity of F', the regularity of () and the growth of G are related to one another,
in order to have upper bounds.

In the case of space dimension d = 1 and white noise (which means @) = I and hence
0 = +00) the relation between m (the dissipativity of F') and v (the growth of G) is

m>(1+67v)V2,

so that in the case of G having linear growth (that is v = 1) we have to assume m > 7.
If instead of a white noise we take a coloured noise with Hilbert-Schmidt covariance @
(that is o = 2) we have

m> (1+3v) V2.

which becomes m > 4 in the case of v = 1.

In general, from (2.10) we have that the bigger the space dimension d becomes, the
smaller p has to be chosen (and hence the more regular @ has to be taken). Due to (2.21)
this means that if we want to allow the same growth of g with increasing dimensions,
we have to take reaction terms F' with stronger and stronger dissipativity, that is, larger
and larger m.

10



3 The skeleton equation

With the notations introduced in the previous section system (1.1) can written more
concisely as

du(t) = [Au(t) + F(u(t))] dt + G(u(t))Q dw(t),  u(0) = x. (3.1)

In this section we prove some results for the skeleton equation associated with system

(1.1).
For any —oo < t; < t3 < +o0o and ¢ € L?(t1,ts; H) we denote by z(¢) any solution
belonging to C([t1,t2]; F) of the deterministic problem

(1) = Aa(t) + F(=(0) + G=(0)Qu(t), () = . (3.2)

In several cases, when we need to stress that z(p) starts from x at time ¢, we shall write
2 (¢). As shown in [6, Theorem 4.1], for any r > 0 and #; < 5 there exists a constant
Cr to—t; > 0 such that for any z € E

sup |Zx(‘P)|C([t1,t2];E) < Crita—ty (1+|z|g) .
|¢|L2(t1,t2;H)ST

In fact, by proceeding as in [5, proofs of Proposition 6.1 and Theorem 6.2], it is
possible to get the following stronger result.

Theorem 3.1. Under Hypotheses 1 to 4, for any r > 0 there exists a constant ¢, > 0
such that for any T € R and x € FE

sup  |27(0)|e(T00)m) < o (L |2lE) - (3.3)

‘¢|L2(T,oo;H)ST
Moreover, there exists 0, € (0,1) and ¢, € (0,+00) such that for anyt >T and x € E
_ 9%
s O Olen@rn <o 0+l (14 ¢-T)7%F). (34)
|"D|L2(T,oo;H)§T
Proof. For any fixed ¢ € L*(T,00; H), z € C([T,00); E) and A > 0 we define

2T (2)(E) = /T IANG((5))Qols)ds, 12T,

(and we set 73; (z) := 7570(2)). Clearly, 73; 1 (2) is the unique mild solution of the problem

dv

O =A=Nv(t) +G1))Qe®), t=T, v(T)=0.

Thanks to the same arguments used in [5, proofs of Theorem 4.2 and Proposition 4.5,
Remark 4.6], due to (2.9) we can fix some 6, € (0, 1) such that for any A > 0and 7' € R

sup VoA () (O con @rry < ) (14 2le(r00)E)) 12102 (7,005 (3.5)

11



for a constant c¢(A) decreasing to zero as A goes to infinity.
Now, if we set v (t) := 'yg)\(z%(go))(t) and u(t) := 2%(¢)(t) — 4L (t), for t > T, we
have
() = (A= Nu(t) + Flu(t) + 7" (1) + A5 (o)1), u(T) ==

If 0, (1) is the element of d|u(t)|g introduced in (2.13), due to (2.11) we have
— Ju(t)|p < (Au(t), byw)) 5 + (F(ult) + 77 (1) = F(Y" (1), 6uit))

+H(E(OT () + A () (1), 0ur) p < —alu®)[F +c (L+ W O + M) (0)]p) -

Then, recalling that 27.(¢) = u—i—’yg 1(27()), by a comparison argument (see for example
[5, proof of Lemma 5.4]) for any ¢t > T we obtain

1 1
l27()B)E < |2|E +C (1 +sup VoA FE (@) (1) + A %(@)(ﬂ!’ﬁ) :
r>
Thanks to (3.5) and to the Young inequality, this implies that if (|27 00y < 7

sup |27()(t)|e
t>T

1 " * 1
< Jalp + 7 sup [ZH@) W) + () (1+ 2 @)leqraom) 7+ AT

Now, as limy_, ¢(A) = 0, we can find A such that ¢(\)r < 1/4 and then

sup |27(0)(t)|e < ¢ (1 +[2|R)
t>T

for some positive constant c;.
Finally, in order to obtain (3.4), we remark that thanks to (2.9), (2.11) and (3.3) for
any t > T we easily have

/ IR (22 (p)(s)) ds
T

o ORD (3.6)
: /} eI (= 5) A1)TF (L [ () ($)B) ds < e (1+ [2]).
Then, as
A0 = e+ [ IR )6) ds 42 G,
from (3.3), (3.5) and (2.9) for any t > T we get
@) (B)los @rr) < ¢ (7T =T) A1) Ffals + e (L4 |2[E))
which easily implies (3.4) O
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The next proposition shows that if we start from x = 0 at time T, then z%(cp)
decreases to zero in C ([T, 00); E), as ¢ decreases to zero in L?(T, co; H).

Proposition 3.2. Under Hypotheses 1 to 4, for any T € R we have

lim |122(2) (T ,00): ) = 0 (3.7)

|1 L2 (7, 00;11) 0

Proof. As in the proof of Theorem 3.1, if we set u(t) := 29.(¢)(t) =75 (23.())(t), we have

(1) = Au(t) + F(u(t) + 95 (20(9))(#),  u(T) =0,

so that
& D] < (Ault), )+ (F(ult) + 22 0) ~ FOEEHE0), )
+(F (g (2 ut) g < —alu®)E + F(E (Z(9) ()]s

Recalling that u(t) := 2%(¢)(t) — '72(,2%((,0))(15), by comparison this yields

sup |27 (9) ()| < sup ()& + g (27 () (1))

< csup (WL @)W + PO el ).

Now, thanks to (3.5) and (3.3), if [|r2(7 00,5y < 7 We have

sup NG (2 (@) D)E < e |l L2 (r,00:m)»

and then, as F'(0) = 0, we can conclude. O

Now we show that under the growth conditions of Hypothesis 6 it is possible to give
estimates of |2*(¢)(t)|r which are uniform with respect to the initial datum . To this
purpose we need a preliminary result on the convolution ’yg(z).

Lemma 3.3. Let us assume Hypotheses 1 to 4 and Hypothesis 6. Then, if o and =y are
the constants introduced in (2.10) and (2.20), respectively, for any q > 1 such that

2+d)y | dle—2)

> 1,
q 20

(3.8)

=2 |

there exists some continuous increasing function cq(t) vanishing at t = 0 such that for
any z € L9(0,+00; E) and ¢ € L?(0,+o0; H)

W8 ®le < eolt) (1+12a 0 ) Plizopms 20,

13



Proof. For any € (0,1) and ¢t > 0 we have

00 = T [ gyttt sy as
0

where
S

09(s) i= [ (5= ) Pl G :(0))Qplo) do

0

Thanks to (2.8), for any 8 € (0,1), € > 0 and p > 1 such that (3—1—¢/2)p/(p—1) > —1
we have

0( sin Wﬁ
|7<p |WepORr = / t_s ’fuﬁ( )‘pds

1 t % t € p P
< [popoas) ([a-abas) T
Q0 0 0

Hence, if ep > d, that is, if

B> (2+d)/2p, (3.9)

we get
172(2)(1)| 5 < p(t) [0l Lo (0.0 xOR™); (3.10)

for some continuous increasing function c,(¢) vanishing at ¢ = 0. Now, for (s,§) €
[0,7] x O we have

w(s,&):/ 5= 0) 83 e [G(2(0))Qer] (6) (o), e} do
k=1

= /08(8 —0) Y AT G(2(0))er] (€)(p(0), ex)r do

k=1

and then

lu(s, &) S/Os s—o0) (Z] ), ex)m| > <i)\i‘e (2(0))ex] (5)’2> §da

< |Qlle |2 (0,5 (/08(3 —0)7% (Z ’G(S*U)A [G(2(0))er] (€) 2§> < da) ,
k=1

where ¢ = p/(0—2) and p = 400 if d = 1, or p < 2d/(d — 2), if d > 2 (see (2.10) in
Hypothesis 4).
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Now, as shown in [5, Proof of Theorem 4.2], we have

2 _
" <e(s— o) 8L o) 2TV 5) g,

> | G (o)) (€)
k=1

where the functions ¢,( : O x R"™ — R" are defined by
G(&0) = lg& o), G(& o)== lgg& o), i=1,...m
j=1 j=1

According to (2.20) this yields

) 2 d A
S [ (G (eNen 9 < cls—a)t (14 ). e D,
k=1
and then, if
26+2dg:2ﬁ+ d(QQ; 2 (3.11)

collecting all terms, from the Young inequality we get

P

t s d 3
[0slLr 0.y xir ) < C|@‘i2(0,t;H)/0 </0 (s — o) 30F30) <1 + |2(0) 1257) d0> ds

t 4 5t
< clelaopm < /0 3—<25+2<>ds> /0 (14 |2()[2) ds.
(3.12)

Hence, as we can take p = ¢/~ > 1, for some ¢ > 1 fulfilling (3.8), it is possible to fix
B € (0,1) fulfilling both (3.9) and (3.11) and thanks to (3.10) and (3.12) we obtain our
lemma.

O

Theorem 3.4. Assume that Hypotheses 1 to 4 and Hypothesis 6 hold. Then for any
r > 0 there exists ¢, > 0 such that

sup sup 2% () (V)| < ¢ (1 +(tA 1)_ﬁ) , t>0. (3.13)
zeE |§0|L2(0700;H>S7“

Proof. If we set u := 2%(p) — ’yg(zx(gp)), we have
u'(t) = Au(t) + Fu(t) +12(="()(1),  u(0) ==
If 6,, is the element of 0 |u(t)|g introduced in (2.13), we have

%_IUU)\E < (Au(t), 0u) p + (F(ult) +70(2"(9)) (1) = F(r0(2"(9))(1)), 0u)

+(F(e(z"(9))(1)), 0u) p < —afu(®)]™ + ¢ (1 + [, (2" () (D)|E)-

15



Thus, thanks to Lemma 3.3, if ¢ is any constant as in (3.8) we obtain

di m x|ym m
= )]s < —alu(®)™ +e(t) (14 =" Fito 1)) 1152 0.1 +

for some continuous increasing function ¢(t) vanishing at ¢ = 0. By a comparison argu-
ment proved in [4, Lemma 1.2.6] this gives

_ 1 .
w(t)] < et +ot) (14 270 Fao ) ) 1]z ) +

so that

1 (3.14)
< et +oft) (14 2(0) ao ) 1€l 205m0) +

Now, if (2.21) holds we can find ¢ > 1 fulfilling (3.8) such that g/(m — 1) < 1, so
that, integrating with respect to ¢ € [0,7] the g-th power of both sides above, for any
¢ € L?(0,00; H), with ¢l L2 (0,00,0) < 75 We get

T _ T, T N
| k< [ em i ( / |zw<¢><t>|%dt) 1202,

_ T = =
+elT)1+ lellaqrny) < D)7 [ (@Ot +oT) (1417,

for some continuous increasing function ¢(¢) vanishing at ¢ = 0. Thus, if we fix 7, > 0
such that ¢(T;)r < 1/2, it follows

1

" q _
2/0 |27 (@) ()| F dt < e(T}) (14 1r9),

and going back to (3.14), for any ¢ < T, this yields

sup |27 () (1) < ct™mT 4e(t)r (14 (T (1+7)7) +c. (3.15)

Moreover, if t > T, we have z*(p)(t) = z;:(@)(TT)(t) and then, due to (3.3)
12 (@)D)e < e 1+ () (T)|E),  t>T,.
Together with (3.15) this gives (3.13). O
The next regularity result will be crucial in the proof of Proposition 5.4 which provides
a characterization of the quasi-potential. We recall that in what follows we endow the

space C'((—oo;0]; E) with the topology of uniform convergence on bounded sets [T, 0],
for all T' > 0.

16



Lemma 3.5. Let zp € C((—00,0]; E) solve the problem
t t
20(t) = / D4R (29(s)) ds + / e=AG(2(5))Qp(s)ds,  t<0, (3.16)
for some ¢ € L*(—00,0; H), and assume that
tliI—n ‘Zo(t)‘E = 0.

Then, under Hypotheses 1 to 5 and condition (2.14), if § is the constant introduced in
(2.15), we have that zg € L> (—00,0; D ((—A)°+Y/2)) and

tlir_noo ‘zO(t)’D((—A)JJrl/?) = 0. (3.17)

Proof. For any € € (0,1) we have

t
<c / e =) (4 — §) 7| F(20(s))| g ds
D((=A)) —o0

’ / too D4R (2(s)) ds

t
<e / ==t = 5)“ds sup [F(zo(s)) | <  sup P (z0(s)) |

—0 s<t

so that the mapping
t
(—00,0] >t / et=)AF (2(s)) ds € D((—A)°),

belongs to L>*°(—00,0; D ((—A)¢)). Moreover, since F' : E — H is continuous, F(0) = 0
and |zo(t)|g goes to zero, as t goes to —oo, we have

=0, ec (0,1). (3.18)
D((-A)°)

t——o00

t
lim ‘/ eU=DAF (29(s)) ds

Next, let h € L%(—o0,0; D((—A)?)), for some v > 0. We have

t

" (o]
(—A)7+1/2/ et (s) ds = ZOéZH/Q/ e Um2)% (h(s), )y ds ex,

k=1 -
and then
t 2 o) t 2
’/ e=94n(s) ds = Z a?“ / e~ U=9)% (h(s), ep) y ds
—00 D((_A)“/-‘rl/?) k=1 —o0
0 t t
< Z ak/ ¢~ 2t=s)ak ds/ oz? [(h(s), ex) g |* ds (3.19)

k=1 > >

t 0o
<c / ZO‘? [(h(s), ek>H|2 ds=c ‘h‘%Q(—oo,t;D((—A)"/)'
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Since G(20)Q¢p € L?*(—0o0,0; H) and for t < 0
G0t < ¢ (1500 0(5)i ) 1@l
by taking v =0 and h = G(20)Q¢ in (3.19), we get

=0. (3.20)
D((=4)1/2)

t——o00

lim ‘ /_ ; e =9AG (20(s5))Qp(s) ds

Thanks to (3.18) (with € = 1/2) this implies that 2y € L>(—00,0; D((—A)'/2)) and

i {z0(8)[p—ayrz) = 0. (3.21)

In particular, according to the characterization of D ((—A)l/ 2) given in Proposition 2.1
this means that zp € L*°(—o00,0; Hll?iz (O;R™)). Then, since f € C*°(OxR";R"), from
[16, Theorem 5.5.4.1] we obtain that F(z) € L>®(—o00,0; HY2(O;R")) and

sup | F'(20(t))|g12(0r ™) < ¢ sup|20(t)| mr2(oR ™) (1 + sup ’ZO(t)‘TE) ;
t<0 <0 t<0

for some r > 1. Moreover, as zy(t) € Hé’fﬂ (O;R7), fort <0, we have that By /220(t) = 0
on 0O and then, thanks to assumption (2.17), we have that B; /o F'(20(t)) = 0 on 9O. This
means that F(zo(t)) € Hllg’f/Q((’);RT), for t < 0, and hence, by using again Proposition
2.1 we have F(z) € L>®(—00,0;D((—A)Y?). By proceeding as in the proof of (3.18),
due to (3.21) this yields

=0, e < 1.

t
lim ‘ / eU=DAF (29(s)) ds

t——o00

D((_A)e+l/2)
By repeating these arguments we can conclude that for any v > 0 and € < 1
lim ‘ZO(t)’D((— A)Y )—0 — hm ’/ (t SAF Zo( ))d = 0. (322)
e D((—A)+)

Next we notice that with the same arguments used for F'(zg) it is possible to prove
that
9(-20) € L™(=00,0; H"?(O; L(R"))). (3.23)

Moreover, as proved in [16, Theorem 4.6.1.1], if 57 < s9 and s1 + s2 > 0

d
52> 5 = HU2(OR') - H2(O;R") = HM(O:R") (3.24)
and d
< s HU2ORY) - HH2(OR) — A 82(ORY). (325)
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By using these embedding results we can study the regularity of the product G(z¢)Q¢
(and hence of the second integral in (3.16)). To this purpose we consider separately three
different cases.

Case d = 1 and 26 < 1. Since Qu(t) € D((—A)?) = H?;i’z(O;RT), for t <0, as
1>1/2=d/2, due to (3.23) and (3.24) we have

G(z0(t)Qp(t) € H*?(O;R"), t<0,
and

|G (20(t) Qe () m2o.20.r ™y < €lg(s 20(ts ) 1 2(0,0(R ) QP () 25,2 0,R 7y -

o(t,
Moreover, since By p20(t) = 0 and Bs(Qe(t)) = 0 on 90, for any ¢t < 0, according
to assumption (2.17) we have Bs(G(zo(t ))Qgp(t)) = 0 on 8(9 for any ¢ < 0, so that
G(20)Qp € L*(—00,0; Hp *(O;R")) = L*(—00,0; D ((—A)?)). Thanks to (3.19), with
h = G(20)Qp and v =9, thls implies
t
Jim | [ G () Qpls) ds ~0

D((,A)6+1/2)

so that, as (3.22) holds (with v =1/2 and € = 0), we obtain (3.17).
Case d >1 and 26 > d/2V 1. In this case, with the same arguments used above, we
have that the mapping

- / =9 (20 (5)) Qi (s) ds

belongs to L?(—o00,0; D (—A)) and then, proceeding as for the previous case, due to
(3.22) we have that zg € L>®(—00,0; D(—A)).

Now, if 20 < 2, by using again (3.24), we have G(20)Qyp € LQ(—oo,O;Héi’Q(O;RT))
and then we can conclude as in the case of d = 1 and 26 < 1. Otherwise, if 2§ > 2
we use again (3.24) and we obtain G(z9)Q¢ € LQ(—OO,O;Hé’lz(O;RT’)), so that zy €
L*°(—00,0; D ((—A)3/2)). If 26 < 3 we conclude as above. If not, we go on with these
arguments and in a finite number of steps we get zp € L*(—00,0; D ((—A)k/g)), for
some k > 26 and hence we can conclude.

Case d > 2 and 20 < d/2. Due to (2.16) we can fix e € (0,0 —(d—2)/4). As1 < d/2,
by using (3.25) (with 1 — e and 20 — €) we have that

G(20)Qp € L*(—o0,0:H' V12O R ")),
so that 29 € L>®(—00,0; D ((—A)o~e-d/4+1)).

If 6—e—d/4+1 > d/4, by using (3.24) we obtain G(29)Qp € L*(—o0, 0; Héi’2((’); R™))
and then we can conclude as above (see the case of d =1 and 26 < 1).

If § —e—d/4+ 1 < d/4, then, by using again (3.25) (with 20 — 3¢ — d/2 + 2 and
20 — €) we easily obtain

G(20)Qp € L2 (—00,0; Hy' 220, R ™)),

Ba(s—c—d/a)+1
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so that 29 € L>®(—00,0; D ((—A)20=<d/+3/2)) If 2(5 — e — d/4) + 3/2 > d/4, we can
conclude as above. Otherwise we repeat the same arguments a finite number of times
and we get

20 € LOO(_OO’O;D ((_A)k(5767d/4)+(k’+1)/2))’

for some k£ € N such that k(0 —e —d/4) + (k +1)/2 > d/4 (and this is possible as
€ <6 —(d—2)/4). At this point we conclude as above. O

Finally, we consider the uncontrolled version of equation (3.2), namely
2 (t) = Az(t) + F(2(t)), 2(T) = . (3.26)

With the notations introduced at the beginning of this section its solution will be denoted
by 27.(0).

Proposition 3.6. Under Hypotheses 1 to 4, for any R > 0

lim  sup [27(0)(¢)|g = 0. (3.27)

T | p<R
Proof. If 0, is the element of J|27(0)(t)|g introduced in (2.12), we have

9 1HO0) (1)l < (AZHO)(1),5.00) 5 + (FEHO) 1), 5:0) < ~alFO)D)

By comparison this yields
so that (3.27) follows.

4 A non-linear local exact controllability problem

Since we are dealing with space dimension d > 1, we cannot assume in general the
operator () to be invertible and then the proof of compactness of the level sets of the
quasi-potential associated with system (1.1) is more delicate than in the classical non-
degenerate case (see [18]). For later use, in this section we prove some preliminary results
about the local exact controllability of the skeleton system (3.2). Such results will be
crucial in the proof of the characterization of the quasi-potential given in Proposition
54.
We start with a few definitions about exact and local exact controllability

Definition 4.1. Let
Z(t) = H(z)(t) + K(z,9)(t),  2(0)=0,

be some controlled system, with state space V' and control space U, and let z(p) denote
the solution corresponding to the control .
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1. The system is exactly controllable at time T' > 0 if for any state x € V there exists
an admissible control ¢ € U such that 2'p)(T) = .

2. The system is locally exactly controllable at time T > 0 if there exists ¢ > 0 such
that for any x € V, with |x|y < €, there exists an admissible control ¢ € U such
that z(o)(T) = z.

Here, in addition to the non-linear control problem

(1) = Ae(t) + F(=(1) + G(=()Qp(t),  2(0) = 0, (4.1)

for any ¢ € L?(0,T; H) we consider the linearized problem

Yy (t) = [A+ F(0)]y(t) + G0)Qu(t),  y(0)=0. (4.2)

In what follows we shall denote the solution of (4.2) by y¥. As qioc € L%(0,T; D((—A)?))
and f'(£,0) € C®(O;L(R")), with the arguments used in the proof of Lemma 3.5, it
is immediate to show that y¥ € L>(0,T; D((—A)°t1/2). Moreover, if we fix T' > 0 and
denote by Lp the mapping

Ly : LX0,T;H) =V, 1 — Ly := y?(T),

it is clearly continuous. Now, if we show that there exists ¢y > 0 such that for any
he D ((_A)(H—l/Q)
|L§“h‘L2(0,T;H) > cr ‘h‘D((,A)éJrl/Q), (4.3)

we have that for any h € D ((—A)°*1/2) there exists ¢ € L%(0,T; H) such that y¥(T) =
h, so that the linear system (4.2) with state space V := D ((—A)5+1/2) and control space
U := L?*(0,T; H) is exactly controllable at time T > 0.

It is immediate to check that

£h(s) = Q[G(0)]FeT—=A+F Oy g ¢ [0,T7.

Then, due to (2.14) we have

T , .12 T 2
|L§“h|%2(0,T~H) _ / ‘Q [G(O)]*G(T—S)[A—FF (0)] h| ds> C(T) / ‘Qe(T—S)Ah‘ ds
’ 0 H 0 H

/ ZA2 —20,(T— S)h2 dS
0 _

with hy, = (h, eg) . Thanks to (2.15) this gives

* 72 = —2612 g —2a(T—s) _ —20 2 72akT)
|LThl20 7.0y = (1) Zak hy ; e ds = ¢(T Zak hy
k=1

— €

2ay,

—2a - —2(6 —20
> o(T) (1 -2 Z%Q( 2Ap2 _ () (1 - e~207) yh]%((iA)Hl/Q),
k=1
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so that (4.3) follows with Cr := ¢(T) (1 — e~27).

Now, since the mapping Ly : L?(0,T; H) — D ((—A)5+1/2) is surjective and contin-
uous, by general arguments we can define its pseudo-inverse St at a point © € V as the
unique v € L?(0,T; H) such that

Ly =x, (=@, 9) 2pa =0, forall g € L*(0,T; H) with Ly = .
Equivalently ¢ = Spx is the element of smallest norm satisfying Lty = x. We note that
the operator Sy : V' — L2(0,T; H) is linear and

157l ¢ (- a2y n200m) < o' (44)
This allows us to prove the local exact controllability of the non-linear system (4.1).

Theorem 4.2. There exists Ty > 0 such that system (4.1) is locally exactly controllable,
with state space V := D ((—A)5+1/2) and control space U := L*(0,T; H), for any T < Ty.

Proof. For any x € V we consider the problem
2Z(t) = Az(t) + F(2(t)) + G(2(t))Q Srx(t),  2(0) =0,

whose solution 20(Srz) at time t is denoted by I'y(x). Proceeding as in the proof of
Lemma 3.5, it is possible to prove that z(Syz) € L>(0,T;V), so that I'; maps V into
V.

If we show that there exists some Ty > 0 such that I'p is differentiable in a neigh-
borhood of zero, for any 7' < Ty, and DI'r(0) = I, by the local inversion theorem we
have that there exist two neighborhoods U; and Us of 0 in V such that I'p : Uy — Us
is invertible. Due to the definition of 'y, this means that for any y € Us there exists
z =T3'(y) € Uy such that

T T
y = / eT=9AF (0 (Spa)(s)) ds + / TG (22 (Sra)(s))Q Sra(s) ds,
0 0

so that ¢¥ := SrT'.!(y) is the control such that 2°(¢¥)(T) = y.
For any € V we have that 2(S7z) is the unique fixed point of the mapping
Fr:V x L>®(0,T;V) — L>*(0,T;V) defined by

Frla, 2)(t) = /O e=IAP (4 (s)) ds + /0 =IAG(2())Q Spa(s) ds.

We denote such fixed point by z(x). Notice that, proceeding as in the proof of Lemma
3.5, due to (3.19) and (4.4), we have

1Fr(@, o) < T Flmorwy (14 12limozmy) + et (14 2limorn)) 2l
Thus, if we fix T' < T} := 1/4c and Ry < cr/4c, we get

zlv < Rr,  |zlr~orv) £ 1= |Fr(2,2)| 011 < 1,
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so that Fr(x,-) maps Bre(or;v)(1) into itself, for any x € By (Rr).
It is immediate to check that for any fixed z € L®°(0,7; V') the mapping
Fr(z):V—=L>0,T;V), x— Fr(z,z2),
is Fréchet differentiable and for any z,h € V
OFr
ox
Since 26 + 1 > d/2, we have HXTL2(O;R") ¢ L>®(O;R7") and then, as shown
in [16, Theorem 5.5.3.1], the Nemytskij composition operator F' is differentiable in
H?+1L2(O;R") and for any z,y € HXTL2(O;R")
[F'(2)y)(§) = Do f (&, 2(€)y(€), &€ O. (4.6)

Notice that due to (2.18) if z,y € D((—A)%) then Bs[F'(z)y] = 0 on dO, so that
F'(z)y € D((—A)?). In particular, since 26 + 1 > d/2, by using (3.24) for any 2,y € V
we have

(x,z)h] (t) = /O te(t’S)AG(z(s))QSTh(s) ds, te[0,T]. (4.5)

[ ()] sy < (1 217 ol (47)
for some constant r > 1. Moreover, due to (3.24) and to the boundary assump-
tions (2.17) for any * € V and h € D((—A)?) we have that G(z)h € D((—A)°).
Then by using again the result proved in [16, Theorem 5.5.3.1] we have that the map-
ping = € H25+1’2((’);RT) — G(x)h € HQ‘S’Q(C’);RT) is differentiable and for any y €
H26+1,2(O;Rr)

([G"(@)h]y) (€) = [D(G()R)(2)y)(€) = [Dog(&, 2(§)y(E)]R(E), € O.  (48)

In particular, if 2,y € V and h € D((—A)%) due to (2.18) we have that [G/(2)h]y €
D((—A)%) and

G @] ayey < €U+ L) Toly [Blpg—ap). (4.9)

for some constant » > 1.
Thus, thanks to (3.19) and to (4.6) and (4.8) it is not difficult to show that for any
fixed z € V the mapping
z€ L™0,T;V)— Fr(z,z) € L*(0,T;V)
is differentiable and for any z € V and z,w € L*°(0,T;V) it holds

8ﬂ:Js,zw = te(t_S)A "(2(s))w(s) ds te(t_S)A "(2(s))w(s x(s)ds
] 0= [P s ds + [ G ()@ ra(s) ds
Moreover, according to (3.19) and (4.4) and to (4.7) and (4.9) we have

s

<c (|F/(Z)w|L2(0,t;D((—A)5)) + |[G'(Z)w]QSTl‘|L2(o,t;D((_A)6)))
%

< [ @l (1 I8ratslh ) b s v

< (14 elpeoem)) (VE+ e lalv ) lolis o).
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Hence, if T < T3, ’Z’LOO(O7T;V) <1 and |z|y < R, for some R < Rp, we get

[t

<2¢ (\/T+C%IR) |w] Lo (0,15)-
\%4

This means that if we fix 0 < o < 1 and Ty := (a/4¢')*> ATy, for any T < Tj and any
Ry < cr(a/d AN1l/c) /4 we have

OFr (

< a.
0z

L(L>(0,T;V),L>(0,T;V))

lzlv < Ry, |z|p=@oryv) < 1= ‘ T, 2)w

Thus from the theorem of contractions depending on parameters (see for example [4,
Proposition C.0.3] for a proof in this setting), we have that for any T' < T the mapping

x € By(Rr) — z(z) € L>(0,T;V),

is differentiable. Moreover, for any z € By (Rr), h € V and t € [0,T]

[Dz(z)h](t) = DTy(x)h = /0 e=SAR! T (2)) DL (z)h ds

+ / t e =)AG (Dy(z)) DL (2)h] Q Sra(s) ds + / t eU=)AG(T(2))QSrh(s) ds.
0 0

Since F'(0) = 0 and S70 = 0, we clearly have z(0) = 0 and I';(0) = 0, for any s € [0,T].
This implies that

t t
DIy(0)h = / =4 (0) DT, (0)h ds + / e=94G(0)QSyh(s) ds.
0 0

Therefore, by a uniqueness argument we have that v(¢) := DI'4+(0)h is the solution of
V'(t) = [A+ F'(0)] v(t) + G(0)QSrh(t), v(0)=0.

This means that DI'7(0)h = v(T") = h, so that DI'r(0) = I.

5 Compactness of level sets of the quasi-potential

For any ¢; <ty and z € C([t1,t2]; E) we define

1,
I a(2) = G it { 1By 2 = 2(9) |
where z(p) is the solution of the skeleton equation (3.2) in the interval [t1,ts], corre-
sponding to the control ¢ (with the usual convention that inf () = +o00). For simplicity
of notations, when t; = 0 and t3 = ¢t > 0 we shall write I; and when {5 = 0 and
t1 = —t < 0 we shall write I_;.
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In [6, Theorem 5.1] we have proved that for any z € E, r > 0 and ¢; < t2 the level
set

Kx,tl,tz(r) = {Z € C([tlth];E) ) Z(tl) =7, Itl,tz(z) < T}

is compact. In fact, it is not difficult to adapt the proof of [6, Theorem 5.1] in order to
show that for any compact set A C E the level set

KA,tl,tQ(T) = {Z € C([tlvtﬂ?E) ) Z(tl) € A, Itl,tQ(z) < r}
is compact. Notice that in what follows, if ¢; = 0 and t3 = ¢ we shall write K, ;(r) and

Kp4(r) instead of K0 (r) and Ky g (r).
Analogously, for any z € C((—o0;0]; E) we define

L.
I_(2):= §1nf{ ]@\%Q(_OQO;H) ;2= 2z(p) }

and for any r > 0

K_(r) = {z € C((—o0;0[; E) 5 I_oo(z) <, lim |z(t)|g = 0}.

t——o0

We note that for any z € C((—o0;0]; E)

Iool(z) = sup Ly(2).
t>0

Finally, for any z € E we define the quasi-potential
V(z):=inf {L(2); t >0, z € C([0,t]; E), with 2(0) =0 and 2(t) =z }. (5.1)
In this section we shall prove that the level sets of V' are compact, so that V is an
admissible action functional for the large deviations estimates of the family of invariant

measures {v}.
First of all we notice that = 0 is the unique minimum point of V, i.e.

V(iz) =0<= 2z =0, (5.2)
Actually, if z = 0 then clearly V(z) = 0. On the other side, if V(z) = 0 for any

€ > 0 there exist T, > 0 and z. € C([0,T¢]; E) such that z.(0) = 0 and z(T) = = and
I7.(2) < €. This means that for each € > 0 there exists ¢, € L?(0,7; H) such that

ze = 20(pc)  and % |¢€|%2(0,T€;H) < 2e.
According to Proposition 3.2 this implies that
lim |2e(To) | = lim |25 (0e) (Te) = = O,
and hence, as z¢(T¢) = x, we have that x = 0.
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Now, as we are assuming F'(0) = 0, if G(0) = 0 then for each ¢t > 0 and z €
C([0,t]; E), with 2(0) = 0 and z(t) = x # 0, we clearly have I;(z) = +00. Due to the
arbitrariness of ¢t > 0, this means that

+oo ifzx#0
G0)=0=V(x) = (5.3)
0 if £ =0.

In particular, if G(0) = 0 the level sets of V' are trivially compact.
Our aim is to prove that the level sets of V' are compact in F, even under condition
(2.14). We start by proving the compactness of the sets K_o(r).

Proposition 5.1. Assume Hypotheses 1 to 4. Then for any r > 0 the set K_oo(r) is
compact in C((—o0,0]; E).

Proof. Given any sequence {z,} C K_(r), we have to show that there exists a subse-
quence {z,, } converging in C'((—o0,0]; E) to some Z € K_(r). For this purpose we
need a preliminary result, whose proof is postponed.

Lemma 5.2. There exists 0, € (0,1) such that for anyr >0

I_o(2) <7 and  suplz(t)|p < oo = sup|z(t)|ce. @rr) < L(1),
t<0 t<0 ’

for some constant L(r) > 0.

Due to the previous lemma, if z € K_(r), for any £k € N the restriction of z to
the interval [—k, 0] belongs to K _(r), where

A= {x € B |tlco o < L) } . (5.4)

As A is compact in E, we have that K _j o(r) is compact in C([—k, 0]; E) for any k € N.
Then by taking k = 1 we can find {z,,} C {2,} and 2; € C([-1,0]; E) such that

lim 2z, =2, inC([-1,0;FE).
ni—oo I[=1,0]
In particular, as I_; is lower semi-continuous (see [6, Theorem 5.1]) we have I_1(2;) <

r. With the same arguments, we can find a subsequence {z,,} C {z,,} and 2y €
C([—2,0]; E) such that

lim 2y, =29, in C([-2,0; E),
ng—00 [—2,0]
and I_9(22) < r. Proceeding in this way, we can find a subsequence {z,} C {z,}
converging to some 2 in C'((—o0,0]; E). By construction for each k¥ € N we have that
I j(zy) <r, for any n’ € N large enough and then, due to the lower semi-continuity of
I_j, we have I_g(2) < r. This implies that I_o(2) < r. Moreover, it is immediate to
check that

sup |£(t)| o, @.rry < L(7). (5.5)
t<0

26



Thus, in order to show that Z € K_.(r), it remains to prove that
lim |2(¢)|g = 0.
t——o0

If this is not true, there exist a constant 7 > 0 and a sequence {t,} decreasing to —oo
such that |2(t,)|g > n, for any n € N. The next lemma, whose proof is postponed,
shows that in fact this is not possible.

Lemma 5.3. There exist tg > 0 and 3 > 0 such that

1Z(t)|E > 1= Li—,1(2) > B.

Now, we can conclude the proof of the proposition. Actually, if we assume that
|Z2(tn)|E > n, due to the previous lemma there exists tg > 0 such that I, ¢, +,(2) > 5 > 0,
for any n € N. Thus, if we fix any subsequence {t,, } C {t,} such that ¢ <tpn, —to,
for any m € N we have

MNEk+1

m
I_ > thnk+l’t”k )z th"k tO’t"k 2 ﬂm
= k=1

Thus, as m can be taken arbitrarily large, we get I_o(%2) = 400, which is not true. [

Now, in order to conclude the proof of Proposition (5.1) it remains to prove Lemma
5.2 and Lemma 5.3.
Proof of Lemma 5.2. Since I_o(2) < r, for any —T <t < 0 we have

2(t) = e(t+T)Az(—T) + /t e(t_S)AF(z(s)) ds + m;T(z)(t),
-7

for some p € L?(—T,0; H), with |<p\i2(7TO_H) < 3r. Then, by using (3.5) and (3.6), we
can find a constant ¢, not depending on T such that for any £, € O and t > —T

2(6,€) = 2(t,m)] < [T, €) — e FTA(-T, )

e (1 + sup [2(D)]E + sup |Z(t)!E> € =l
t>— t>-T
According to (2.9), with # = 0, and to (3.3) this implies

[2(t:€) = 2(t,m)] < ce” D [2(=T)|p + ¢ (14 |(=T)[F) € = n|™

and since sup,< |2(t)|g =: k < 00, it follows that for any ¢t > —T'

|2(t,€) = 2(t, )| < ce D (=T pr + ¢ (1+ &™) € = |
By taking the limit above for T' tending to infinity, we obtain

12(t, ) — 2(t, )| < e (1+K™) € =0,  t<0,

which implies the lemma.
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d

Proof of Lemma 5.3. For any s > 0, let z¥ _(0) be the solution of problem (3.26)
starting from x at time ¢ — s. If A is the set introduced in (5.4), due to (3.27) there
exists tg > 0 large enough such that

sup |24, (0)(t) 1 <
ze A

N3

Thus, if
Hip:={z€ C(t —to,t]; E) ; z(t —to) € A, |z(t)|lg >n},
we immediately have that if x € A then 2, (0) € Hy 4. As Hyy, is closed, this implies
that
G :=inf {It,tovt(z) ; 2 € Ht,to } > 0.

In fact, if 5 = 0 there exists {z,} C Hyy, such that I;_4, +(zn) < 1/n, for any n € N.
This means that {z,} C Kat—t,+(1) and then, as Kx 4, +(1) is compact, there exists
{zn,} € {2zn} converging to some 2 € Kp 4, (1) in C([t — to,t]; E). In particular, as

I;_4y+ is lower semi-continuous, we have that I; 4, (£) = 0 and then 2 = zfﬁtt;to)(O). But

this leads to a contradictions because on one side 2 ¢ Hy, (notice that 2(t —tg) € A)
and on the other side 2 € Hy;,, as Hyy, is closed.

d

The key point in the proof of compactness of the level sets of V is given by the
following result.

Proposition 5.4. Assume Hypotheses 1 to 5 and assume that condition (2.14) holds.
Then for any x € E

V(xz) = min {Ioo(z) ; z€ C((—o0,0; E), 2(0) ==, tlillnoo lz(t)|g =0 } .

Proof. Let T > 0 and let z € C([0,T]; E), with 2z(0) = 0 and 2(T") = z. We define
2(t+T) ifte [-T,0]
Z(t) :=
0 ift < -T.

Clearly z € C((—00,0]; FE), Z(0) = z and |Z(t)|g — 0, as t — —oo. Moreover, I_(Z) =
I_7(2) = Ip(2) and then

min {I_Oo(z) ; z2€ C((—00,0[; E), 2(0) ==, lim |2(t)|g = 0} < Ir(z2).

t——o0

Since T and z are arbitrary, we get

V(z) > min {I_oo(z) ; z€ C((—00,0[; E), 2(0) =2, lim |2(t)|g = 0}.

t——o00
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Thus, in order to conclude we have to prove the opposite inequality. If
min {Ioo(z) ; z€ C((—00,0]; E), 2(0) ==z, tlim |z(t)|g = O} = 00,
——00

there is nothing to prove. Hence, we can assume that such a minimum is finite. In
Proposition 5.1 we have proved that for any r > 0 the level set K_(r) is compact, so
that the minimum is in fact attained by some zp € C((—00,0]; E).

In fact, such a minimum 2 is more regular. Namely we have zo(t) € D ((—A4)%+1/2),
for any t < 0, and

tiiljloo ‘Zo(t)’D((—A)é-&-l/Q) = 0. (5.6)

Indeed, since zgp € K_o(r), there exists some ¢ € L?*(—o0,0; H), with \golig(ioo 0.0y <
3r, such that for any T'> 0 and -7 <t <0

t
20(t) = DA (—T) + /

e(t—S)AF(zo(s))der/t e"=I1G (2(5))Qep(s) ds.
=T

-T

Since |zo(t)|g is bounded for ¢ € (—o00,0] (in fact it converges to zero as t goes to —o0),
due to (2.7) we can take the limit above as T goes to +o0co and we get the following
representation for zy(t)

20(t) = / D4R (2(s)) ds + / e =)AG(20(5))Qp(s) ds.

Thanks to Lemma 3.5 this gives (5.6).
Now, according to Theorem 4.2 there exist Ty > 0 and two neighborhoods U; and U,
of 0 in D ((—A)5+1/2) such that the mapping I'7, defined by

To To
Ipx = / eTO=)AR (2% (s)) ds + / eT=9)4G(2%(5))Q Sy ds
0 0

is an homeomorphism from U; onto Us. Thus, for any € > 0 there exists §. > 0 such
that

|1‘|D((_A)6+1/2) < e = |Fi)1x|D((—A)6+1/2) < cqy V2,

where cgy, is the positive constant introduced in (4.4), corresponding to T' = Ty. Accord-
ing to the definition of St;, I'r, and V' this means that

2| p((—ayprirzy < de = |57, (P, @) 220,105y < V26 = V(z) <e. (5.7)

Now, since zy converges to zero in D ((—A)‘S“/Q), as t goes to —oo, (see (5.6)) we
can fix T, > 0 such that

‘ZO(_TE)’D((,A)&H/Q) < Oe. (58)

If we define
Ze(t) = Zo(t— (T5+T0)), te [To,Te—f—T()],
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we have z¢(Tc +Tp) = 2z0(0) = z. Moreover, z.(Ty) = zo(—T¢) and then, due to (5.7) and
(5.8), there exists p. € L?(0,Ty; H) such that z(¢)(0) = 0, 2(pe)(Ty) = 2.(Tp) and

1 2
2 |¢E’L2(O:TO§H) <e

and hence Iz, (z(p.)) < e. This means that if we set z.(t) := z(p¢)(t), t € [0,Tp], we
have

It 11y (2e) < Iy (2(0e)) + Iy vy (26) < €+ 1. (20) < €+ I-oo(20).
Therefore, since z.(0) = 0 and z.(T¢ + Tp) = = we have

V(z) < It 41 (2e) < €+ 1 o(20),

and from the arbitrariness of € we have
V(z) < I_5(20) = min {Ioo(z) ; z€ C((—00,0]; E), 2(0) =z, tli{n |z(t)|[g =0 } .
O

The characterization of V' given in Proposition 5.4 allows us to prove the compactness
of the level sets of V.

Theorem 5.5. Under Hypotheses 1 to 5, for any r > 0 the level set
K(r)y={xze E : V(z)<r}
is compact in E.

Proof. Due to (5.3), if G(0) = 0 the theorem is trivially true, as K(r) = {0}, for any
r > 0. Thus, we can assume that (2.14) holds.

Let {zn} C K(r). According to Proposition 5.4, for each n € N we can find z, €
C((—00,0]; ) with 2z,(0) = z,, and |2,(t)|p converging to zero, as t goes to —oo, such
that V(z,,) = I_oo(2y). Since V(z,) < r, we have that {z,} C K_(r). In Proposition
5.1 we have shown that K_(r) is compact and then there exists {z,, } C {z,} converging
in C((—00,0]; E) to some z € K_(r). In particular, z,, = z,,(0) — z(0) in E. Now,
due to Proposition 5.4 we have V(Z(0)) < I_(2) < r and then z(0) € K(r). O

6 Lower bounds

Theorem 6.1. For any §,7 > 0 and T € E there exists g > 0 such that

ve({x € E |xx|E<5})Zexp(V(x)2+7>, e < €.
€
Proof. If V() = +oo there is nothing to prove. If V(Z) < 400, then there exists
T > 0and z € C([0,T); E) such that 2(0) = 0, 2(T) = # and z = z(¢), for some
¢ € L*(0,T; H) with
1

- - i
5 ’¢|%2(07T;H) < V(x) + 5 (61)

For such 7" and Z we have the following crucial lemma which will be proved at the end
of the section.
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Lemma 6.2. For any R > 0 there exist Ty > 0 and ¢g € LZ(O,T + To; H) such that

1 N
5’900’%2(0,T+T0;H) <V(z)+ 9 (6.2)

and

sup |25 (o)(T +To) — Z|p <
lz|p<R

. (6.3)

NGRS

According to this result, for any x € E, with |z|g < R, we have
|ug (To +T) = 2| < [uf (To + T) = 25 (o) (To + T)| y + [ 25 (w0) (To + T) — 2|
x T x T 5
< |ug(To +T) = 25 (po)(To + T)| 5 + 3

and then, due to the invariance of v,

ve{z € E; |z —Z|p < d}) = /E}P’(‘uf(To—i—T) —:E!E < 8) ve(dz)
> [ B (I + 1) - e T+ ) < § ) el

x T 5
2 /EP <|u5 40 (@0)|c([o,TO+T];E) < 2) Ve(dz).

Now, as proved in [6, Theorem 6.2] for any R > 0 there exists ¢y > 0 such that for any
e<e¢ and |z|p < R

X T (5
P <\Ue = 25 (o)l (o, +11:8) < 2)

|wol? 7o T Vi(z
> exp (_ L2(0,Ty+T;H) > exp (_(3«")”> 7

2 €2
so that

Viz) +
ve({z € E; |z — |5 < 6)) > ve (|a|s < R) exp <_(956)27> '
Therefore, we complete the proof of the theorem, if we show that there exists R > 0 such
that

lim v (lz]e <R) =1. (6.4)

We recall that we have taken v, as the weak limit of the sequence of measures {vc , }n
defined by

1 [t
Ven(T) i= t/ P(u(s) e ) ds, T e B(E),
n JO
for some t,, T co. Thus, if we show that there exists some R > 0 such that
. 0 o _
lgr(l) 88121]8 P (‘ue(s)}E >R) =0, (6.5)
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we are done.
Proceeding as in [5, Proof of Proposition 6.1] we have

W20l < (1 eswp hOE)). (6.6)

where

u)(s) := Se(sf’")A ud(r w(r).
+(u0)(s) /O G(u()Q duv(r)

Due to [5, Proposition 4.5 and 6.1 and (4.14)], for any € < 1 we have
E sup |y(ud)(t)|g < ¢ (1 + E sup ]ug(t)]E) < 0.
>0 >0
Then, thanks to (6.6) for any R > ¢

R—-c¢ €c
P(’ug(t)}E > R) SP(ssliI; ”y(ug)(t)’E > - ) < R—EC<1 —I-Eigg)wg(t)m),

which implies (6.5). O

Now, in order to complete the proof for the lower bounds, we have to prove the above
lemma.

Proof of Lemma 6.2. Let @ be the function introduced in (6.1). For 7' > 0 fixed (to
be chosen later) we define

0 ift € [0,77,

gOo(t) = ~
e(t—T) ifte [T, T+1T)].

Thus, we have

- _T+T7_T2d_72 )
eolisozer = [ 196 =Tl ds =10Baozm

and due to (6.1) we obtain (6.2).

Now, for any x € E we consider z{(¢o), the solution of the skeleton equation (3.2)
starting from x at time zero and corresponding to the control ¢g. Due to the definition
of g, it is immediate to check that

22(0)(t) if t € [0, 7]

25 (o) (t) =
SO Goyt) ifte [T,7+1T),

where z§(0) is the solution of the uncontrolled problem (3.26) starting from z at time
zero and 27" O)T) (¢0) is the solution of the skeleton equation (3.2) starting from 2§ (0)(T")

at time T with control .
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If we set () := 2§ (vo)(t +T), t > 0, with a simple change of variable we have

T+t

(1) = A (O)(T) + /T eTH=IA (5 (0) (5)) ds

. (T+t—s)A x e
+ / e G (=8 (0) () Q@(s — T) ds
T

= MGOT) + [ P (s + D) ds + el IGE )5+ T)Q(S) ds,
0 0

so that for any t € [0, 7

Y(t) = 20($)(t) = 425 (0)(T) +/0 UTIAE(e(s) — F(2(9)(s))] ds

+ /0 =94 [G((5)) — G(=8()(5))] Q@(s) ds.

Recalling that |e!4z|p < e |z|g, for any x € E and t > 0, we have

(1) = 20(2)(t)] 5 < e |25 (0)(T)| +/O e I F(4(s) = F((9)(5))] 5 ds

+ /O =94 [G(1(5)) — G(=0(9)(5))] Q@(s) ds

E

By proceeding as in [5, proof of Theorem 4.2] (where stochastic convolutions are studied),
for any ¢t € [0,7] and p large enough we have

/0 =94 [G(1(5)) — G(=0($)(5))] Q@(s) ds

E

< e QU 1812 0.0, (T) ( / (s) (sup 7 (o) - z8<w><a>\E)p ds); ,

o<s

where ||Q||, is defined in (2.10) and

o= ([ orras)’

for some positive constant 7 less that 1 specified in [5, Proof of Theorem 4.2].
Moreover, as 1(t) = 2§ (¢o)(t +T'), t > 0, due to (3.3) we have

igg W}(t)‘E - c‘<p0|L2(O,T+T;H)<1 + ‘x|E> - c|¢’|L2(o,T;H)(1 + |x’E)
and analogously
sup [8(@) (D15 < €l a0 rm

t>0
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As F is locally Lipschitz-continuous, this implies that there exists Lz > 0 (depending
also on [@[12(o 7)) such that if [z]p < R

| et P 0e) - PN ds < e [ el - @) s)]sds
0 0

t
SLRe—at/O sup €27 (o) — 28(¢)(0)|p ds.

o<s
Hence, collecting all terms we obtain
t
p(t) — 2(@) ()| < |25 (0)(T)|E + Lr eat/ sup e“[p(0) = 25(¢) (o) |1 ds
0 o<s

1

(T (/ fols) sup € i0) = 3@ s )

so that

sup e[y (s) — 20(9) (s) [
s<t

< 3P [ (0)(T) [ + 37 LA, 77! /0 " sup e |4 (0) — (@))% dr

o<r

+37 6, (TP /0 fols) sup €% (o) — 28(B)[% ds.

o<s
Therefore, by using the Gronwall lemma we obtain
t
sggeaf’sw( s) = 20(2)(s)p < 3 |25 (0)(T) [} exp </0 g(S)d8>,
S

where B B
g(s) =3P LL TP + 3P 6,(T)P f,(s).
This yields

[W(T) = 2(@)(D)|e < e (T, R, 2l 20.0:m)) 126 (0)(T)] s
that is B B
126 (o) (T +T) = 2|lp < (T, R, [&]120,7)) 126 (0)(T) |-
According to (3.27)

lim sup |25(0)(T7)|g =0,
T—00 |z p<R

and then we can find Ty > 0 such that

12§ (o) (To + T) — Z|p <

| s
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7 Upper bounds

Before proceeding with the proof of upper bounds we need the following preliminary
result.

Lemma 7.1. Under Hypotheses 1 to 5, for any 0,5 > 0 there exist A > 0 and T > 0
such that

{z2(t); z€ Kx, +(s)} C {x € E; distg (v, K(s)) <g}, t>T,

where ¥y :={z € E; |z|g < A}.

Proof. If this is not true, there exist two sequences {\,} | 0 and {7,} T 400 and
zn € Ky, 1,(5) such that

| s

distg (z,(T},), K(s)) > =, n e N.
Thus, if we define Z,,(t) := 2, (t+1y), t € [—T,0], for each n € N we have z,(0) = 2,(T},)
and

distr (2,(0), K (s)) > ne N

)
5
Moreover, since A, | 0 and T;, T +oo, for any k €
Now, for any t > —T,, we have

N we have {zp}n>r C Kz, 1, (5)-

t+T,
Zo(t) = zn(t +T,) = T A% (0) + / HTn=9)Ap (2 (s)) ds + Vo, (zn)(t + Tn),
0

where ¢, is some function in L?(0,T,; H), with ]@nlig(o 7.y < 38, and 79, (zn) is
defined as in the proof of Theorem 3.1. Thus, with the same notations as in Section 3
we have

() = %" )t + To), > -1,
and then, thanks to (3.3), we have

sup  Z,(0)|g <ecs(1+A1), n>1
te [—Th,0]

Moreover, thanks to (3.4) for any ¢ > —7,, we have
2 (®)lon @r < s (1+ |2a(O)]E) (14 (t+ T0) 7% ) |
Cox (O:R™) E
so that, for any n > k and ¢t > —T},/2
O
Zn(®)loe @Ry < 0s L+ AT) (14 (T/2A1) 77 ) = py.
In particular for any k£ € N

sy € Km0 n 2
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where
Apk = {117 S E, “’B|CG*(6;RT) S pk}

In Section 5 (see also [6]) we have seen that for each k € N the set Ky, _7;/20(s) is
compact in C([—T}/2,0]; E). Thus there exist {2, } C {zn} and 21 € Ky, _7,/20(5)
such that z,, converges to 21 in C([—11/2,0]; E'). Analogously, there exist {Z,} C {Zn, }
and 23 € Kj, 1,/20(8) such that z,, converges to 2y in C([-13/2,0]; E). Moreover
Z9 = 21 on [—11/2,0]. By proceeding in this way we find a subsequence {z,/} C {z,}
converging in C'((—o0,0; E) to some Z such that

I (2)<s, supl2(t)lg <c(l+A\1).
t<0

This means that we can apply Lemma 5.2 and obtain that |2(t)], @R < L(s), for
some constant L(s) > 0. then, by proceeding as in the proof of Proposition 5.1 we
can conclude that |2(t)|g — 0, as t — —oo, and hence Z € K_.(s). According to
Proposition 5.4 this implies that V(2(0)) < I_»(2) < s. But this is not possible, as

distp (5(0), K(s)) > g

O]

In the proof of upper bounds we distinguish the two cases of bounded and unbounded

G.

7.1 Upper bounds when G is bounded
In [6, Theorem 3.3] we have proved that if

sup ‘g(gva-)lﬁ(Rr) < 09, (71)
(&,0) OXRT

then for any T, R > 0 and s > 0 there exists p > 0 such that

S
sup P (|uf|C([O,T];E) > p) < exp (_72) ) €€ (Oa ]-]
lz|g<R €

Here we are assuming that there exists o > 0 such that for any z € F and h € D(A)
(Ah,6p) + (F(x + h) — F(2),0n) < —a|h|E,

for some d, € O|h|p. Thus, by adapting the proofs of [6, Theorems 3.2 and 3.3 | it is
possible to show that for any R > 0 and s > 0 there exists p > 0 such that

. s
sup P ([uf|c(jo,100):8) = p) < exp (7—2> , €€ (0,1]. (7.2)
lz|p<R €

We recall that in the present paper for each ¢ > 0 we have defined the measure v, as the
weak limit of the sequence of probability measures {ve, }n>1 defined by

1

ven(D) = /0 tnIP’(ug(t) €T)dt, TeB(E),
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for some sequence ¢, T oo possibly depending on e. Therefore, from (7.2) we obtain that
for any s > 0 there exists p > 0 such that for any € € (0, 1]

ve({zx e E; |z|p > p}) <liminf v, ({z € F; |z|g > p}) < exp (—6%) . (7.3)
Now, for any n € N and p,s,d > 0 we define
Hp,875(n) = {Z € C([07n]7E)’ ’Z(O)‘E S P, ‘Z(])|E 2 )‘7 .7 = ]-7“ . ,Tl}, (74)

where p is any positive constant and A is the constant introduced in Lemma 7.1 corre-
sponding to s and 9.

Lemma 7.2. Under Hypotheses 1 to 4, for any p,s,d > 0 there exists n € N such that
Br:=1inf {I;(2); z € H,s5(n)} > s.

Proof. If this is not true, then sup,, 8, < s. Thus, if for each n € N we can fix
zn € Hp, 4 5(n) such that

I(zp) <inf {I,(2); 2 € Hys5(n)}+1= G, +1<s+ 1.
Due to (3.4) this easily implies that

Sup |20 (Dlco. @rry = s (14 [20(0)[E) < €5 (14 p™) =2 cp. (7.5)

Now, if we show that for k£ € N large enough
v :=inf {Ix(2); z € C([0,k; E), |2(0)|g < cps Ap, |2(k)|E=> A} >0, (7.6)
we are led to a contradiction. Indeed, after fixing such k& thanks to (7.5) we have
s+1>15(2,5) > nug

and this is clearly not possible, as n can be taken arbitrarily large.

Hence, to finish the proof of the lemma , it remains to prove (7.6). For any z € F
we consider the solution z{ of problem (3.26) (corresponding to 7' = 1). Due to (3.27),
there exists ¢ > 1 such that

A _
2|g < cps ANp = |21 ()|E < 5 t >t
Hence, if we fix any integer k > f we have
Aoy # {ze€ C(ILELE); |2(k)[g > A} (7.7)

1,k]
Our aim is to prove that for such k we have vz > 0. If v = 0, then there exists
{Zn} C {2 € C(0,K}E); 1200)|E < cps Ap, [2(R)[E 2 A},
such that I;(Z,) converges to zero, as n — oo. Hence, as |2,(0)|g < p, we have
1Zn(D)lce. @Ry < Cp,s» S0 that there exist {Z,,} € {2,} and Z € E such that 2,,(1) — .
Now, since I (2,) — 0, there exists a sequence {p,} C L*(0,k; H) converging to zero
such that Z, = z(@y). This implies that Z,, converges to z{ in C([1,k]; E) and then

|2zE(k)|r > . But in fact, due to (7.7), this is not possible.
O
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With arguments analogous to those used by Sowers in [18] we now obtain the upper
bounds.

Theorem 7.3. Assume that Hypotheses 1 to 5 hold. Moreover, assume that g is uni-
formly bounded, that is

sup  [9(§,0)|zrr) < 0.
(€.0)OxR"

Then, for any s,0,~v > 0 there exists ¢g > 0 such that

ve({x € E; distg (x,K(s)) > d}) < exp <—S_27>, € < €.
€
Proof. Due to the invariance of the measure v, for any ¢t > 0 we have

ve{z € E; distg (z,K(s)) >0}) = /EIP(distE (u?(t), K(s)) > 9) ve(dy).

Thus, according to (7.3), for s > 0 fixed we can find p > 0 such that for any € € (0, 1]

ve({x € E;distg (z,K(s)) > 0})

— [ p(iste (@), K(s) 2 8) veldy) + | Pdists (u2(0), K (5)) 2 6) wildy)
Yy Yy

|E>p |E<p

< exp (—%) + /|y|E<p]P’ (disty (u¥(t), K(5)) > 0) ve(dy).

€

(7.8)
If H,,s5(n) is the closed set defined in (7.4), by using the upper bounds for the path
large deviations from [6, Theorem 6.3] in its equivalent formulation due to Donsker and
Varadhan (see [10] and [20]), due to Lemma 7.2 we can fix 7 € N and €; > 0 such that

— /2
sup P(u? € H,,5(n)) < exp (—S ;/ > , e<e.
lylE<p €

Thus, from (7.8) for any € < €; we obtain

vl € B dist (5, K(5) 2 0) < oxp (- 5) + o (-2 12)

€

(7.9)
—l—/ P (distg (u?(t), K(s)) > 9, u? ¢ H,s5(n)) ve(dy).
lyle<p

Concerning the integral above, recalling how 3y has been defined in Lemma 7.1, we have
[ Pldiste (0. K(9) 2 6 u? ¢ Hyus(0) wildy
lyle<p
= / P (Up_, {distp (u¥(t), K(s)) >0, ul(k) € £)})
lyle<p
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and then, due to the Markov property of u?, for any t > i we get
[ st ), K60 2 5w ¢ B ()
yle<p

n
< sup P(disty (ud(t — k), K(s)) > 0).
k=19 =
Now, thanks to Lemma 7.1 there exists T > 0 such that for any t > T and y € Xy

. )
P (diste (u(t), K(s)) > §) <P (rua — Ky, t(9)loqoge) = 2)

1)
<P (Wé — Ky 1(8)lcqo,0:m) = 2) .

Thus, by using the upper bounds for the trajectories of the solution u? proved in [6,
Theorem 6.3], we can find €(¢) > 0 such that

sup P (distg (uf(t), K(s)) > 9) < exp <—S _;/2> . e<e(t).
yE X €

This means that if we take ¢ :== T + 7 and €3 := min{e(t — k), k = 1,...,n}, for any
D)

[ st (0,800 2 6. Hos) (i) < mewp (-2,
lyle<p

Hence, from (7.9) and the inequality above we can conclude that for € < e3:= €3 Aea Al

ve({z € F; distg (z,K(s)) > d}) < exp <_;2) + (14 7)exp (_8—;/2) |

€

which yields upper bounds by taking some ¢y < €3 sufficiently small. O

7.2 Upper bounds when G is unbounded

For any n € N and s, > 0 we define 1 where X is the constant introduced in Lemma 7.1
corresponding to s and 0. Notice that, unlike the functions of the set H, ; 5(n) defined in
(7.4), the functions belonging to H, 5(n) have no conditions on their initial value. This is
because in the proof of the upper bounds we don’t want to use the exponential estimate
(7.3), where the assumption of boundedness of G is needed. Nevertheless, due to the
estimates of |2”(¢(t))|r proved in Theorem 3.4, which are uniform with respect to the

initial datum = € FE, we can prove a result analogous to Lemma 7.2 also in the case of
unbounded G.

Lemma 7.4. Assume that Hypotheses 1 to 4 and Hypothesis 6 hold. Then for any
s,0 > 0 there exists n € N such that

Br :=1inf { I[3(2); z € Hss5(n)} > s. (7.10)
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Proof. If (7.10) does not hold, we have sup,, 8, < s and then, as in the proof of Lemma

7.2, for each n € N we can fix z, € Hgs(n) such that I),(z,) < B, +1 < s+ 1. This

means that z, = zé"(o)(gon), for some ¢ € L?(0,n; H) such that |g0n|%2(0 i) S 3(s+1),

and then, thanks to Theorem 3.4, we have

sup |z,(1/2)|g =: ¢s < +00.
neN

According to (3.4) this yields
sup 2n ()] co. @Ry =+ € < +00. (7.11)
t
nEN

Now we show that there exists k € N such that

v = inf {Ik(z); z€ C([1,k]; B), \z(l)\ce*@;Rr) <, |z(k)|g > )\} > 0.

If 2{ denotes the solution of the uncontrolled problem (3.26), starting from z € E at
time 1, as in the proof of Lemma 7.2 we can fix k such that

|x|cg*(5;Rr) <d = zf‘[ . ¢{z¢ C([LE;E); |2(k)|g > A}

1,k

With the same arguments used in the proof of Lemma 7.2, we can prove that vg > 0 for
such k. Thus, as in the proof of Lemma 7.2 we get a contradiction, as for n arbitrarily
large, due to (7.11) we obtain

s+ 12 Ly (2p541) 2 oy
O

The previous lemma allows us to adapt the proof of Theorem 7.3 to the case of an
unbounded diffusion term G.

Theorem 7.5. Assume that Hypotheses 1 to 6 hold. Then, for any s,6,y > 0 there
exists eg > 0 such that

ve({x € E; distg (x,K(s)) > d}) < exp <—$ _27> , e < €.
€
Proof. For any t > 0 we have

ve {zx € E, distg (z,K(s)) > 6}) = /E]P’(distE (u?(t), K(s)) > 0) ve(dy)

= /EIP’(distE (ul(t),K(s)) >0, u? € Hs5(n)) ve(dy)

+ / P (distp (u(t), K(s) > 8, u¥ ¢ H,5(n)) ve(dy),
E
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(see the proof of Theorem 7.3). Then, due to Lemma 7.4 and to the upper bounds for
the trajectories of u? proved in [6, Theorem 6.3], we can fix ¢; > 0 such that for any
e<e€

ve({z € E; distp (v, K(s)) > 6}) < exp <—8 _63/2>

+/ P (disty (ud(t), K(s)) = 6; ul ¢ Hss(n)) ve(dy).
E

Then we can conclude the proof of the theorem, by using the same arguments used in
the proof of Theorem 7.3.
O
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