INVARIANT MEASURES OF GENERALIZED STOCHASTIC POROUS
MEDIUM EQUATIONS
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In this paper, we extend the results of the recent works [1], [2] on existence of infinitesimally
invariant measures for the stochastic porous medium equation. The corresponding partial
differential equation (see [3]) is

Ox(u,t) /ot = AV(x)(u, t) + P(x)(u,t), (1)

where W and ® are certain functions, e.g., polynomials. The associated stochastic partial
differential equation is heuristically written as

dry = V2dW, + [AV(2,) + O(x,)] dt. (2)

However, the rigorous interpretation is not obvious in case of nonlinear functions ¥ and ®. One
of the possible approaches to this problem is to consider the associated infinite dimensional
elliptic operator L on a suitable domain, find an infinitesimally invariant measure p for L,
and construct a Markovian semigroup on L?(x) having p as in invariant measure such that
the generator of the semigroup extends L, and finally construct a strong Markov process with
continuous paths that solves the martingale problem corresponding to (1). In the case ¥(s) =
s™ 4+ as, a > 0, and & = 0, where m is an odd number, this programme has been fulfilled in
2] and existence of an infinitesimally invariant measure for o = 0 and m = 3 has been proved
in [1]. Here we consider more general ¥ and nonzero ®. In addition to greater generality
of our assumptions, a novelty of this paper is that it provides constructive finite dimensional
approximations of the invariant measure. The existence result is an application of a result of
our earlier work [4].

Let D C R? be a bounded open domain with a smooth boundary and let {e,} be the
orthonormal basis in L?(D) formed by the eigenfunctions of the Laplacian A with Dirichlet
boundary conditions. Thus, Ae; = \;e; and we assume that Ay < Ay < ---. The inner product
and norm in L?(D) are denoted by (z,y), and ||z|s. Let Ho'' (D) be the classical Sobolev space
obtained as the completion of C§°(D) with respect to the Sobolev norm ||z||21 = ||z||2+]||Vz|||2-

Let r > 1 and let (,.(s) := |s|"sgns, s € R'. If r is an odd number, then (,(s) = s". Let W
be a C'-function with W(0) = 0 such that for some positive numbers rg, Cy, and x; one has

Kols|" M < W'(s) < Co+kyls|”" forall s e R,

and let ® be a continuous function satisfying the following condition: |®(s)| < C'+4|s|", where
0 <0 < 4roAi(r+1)72 and C is a constant. For example, it suffices that |®(s)| < kg + k3|s|?,
where ¢ € (0,7), ko, k3 € (0,4+00).
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We study the existence of infinitesimally invariant measures for the infinite dimensional
elliptic operator L informally given by

Lf:=Agf+ (b, Vf), blr)=AU(x)+ d(x)

on smooth cylindrical functions defined on X := L?(D) or on the negative Sobolev space
H := H*> (D). A rigorous interpretation is this. Let FCS° be the linear span of the class of
all functions f on X of the form f(z) = fo(x1,...,2,), fo € C°(R™), z; = (x,¢€;)2. Let

bi(z) == /D [\I/(x(u))Aei(u) —i-(I)(x(u))ei(u)] du, =z € L'(D).

[ee]

Let ¢; > 0 be such that S := > ¢; < co. The operator
i=1

Lf =Y [a:02f +bide,f], feFC,
i=1

where 0., stands for the partial derivative along e;, is well defined (for every f € FC3°, Lf is
just a finite sum). The second order part of L can be regarded as trace (QD?f), where Q is the
operator on X defined by Qe; = ¢;e;. The operator () is the covariance of the Wiener process
Wt in (2)

We shall say that a Borel probability measure g on X is infinitesimally invariant for L if
u(L"(D)) =1, b; € L*(p) for all 7 and

/ Lf(x) u(da) =0 Vf € FC. 3)
X
We write this symbolically as L*u = 0.

Let E, denote the linear space spanned by eq,...,e, and let

Lnf = Z [%aif + bzaezf} .
i=1
The orthogonal projection in L?*(D) to E, is denoted by P,.

Lemma 1. Let ¢ be a C'-function on the real line such that 1(0) = 0.

(i) Suppose that |/ (s)] > Cls|"™!, where C > 0 and r > 1. Let f € L*(D) and o f €
HZY (D). Then |f|"sgnf € H' (D).

(ii) Suppose that [¢'(s)| < C'|s|"™, where C' >0 and r > 1. Let f € L*(D) and |f|"sgnf €
Hy' (D). Then o f € Hy'(D).

Proof. (i) The inverse function to ¢ will be denoted by 1. Then ¢, ox = (, onot ox. The
function 7 is continuous, strictly increasing and differentiable outside the origin. Now it suffices
to observe that the function h := (. o n is Lipschitzian and h(0) = 0. Indeed,

7' (s)] = 16 (n()' (s)] =[G (n(s) /4 (n(s)] < r/C.
Assertion (ii) is proved analogously. O

We observe that the assumption ¥(0) = 0 is only needed to ensure the zero boundary
condition; in the case of H*»!(D), the same reasoning applies without that assumption. In
place of the continuous differentiability of 1) one can require that it is Lipschitzian (then the
estimate on |¢)| should hold a.e.).

Note that the inclusion ¢, o x € HY''(D) implies the inclusion |z|” € Hg"' (D), but obviously
is not equivalent to the latter.



Theorem 1. (i) Under the above assumptions, there exists a Borel probability measure p on

X that is infinitesimally invariant for L and is concentrated on the set of functions x such that
2,1

Cry1y2 0@ € Hy (D) and

[ ¥z o )@ dutn) < o. )

(i) If, in addition, Y q;supe;(u)?> =: M < oo, then there exists a Borel probability p that is
i=1 ueD
infinitesimally invariant for L and concentrated on the set of functions x such that ¥ ox €

HZY (D) and consequently ¢. o x € HY' (D) and one has

[ 19 o)) duptis) < oo 6)
xJp
and
[ [ VG o0 duntn) < . )
xJp
Finally, (4) holds. So (6) remains valid for (s in place of ¢, with any s between (r+1)/2 and r.

Proof. (i) We verify that the hypotheses of Theorem 5.1 in [4] are satisfied. Those hypotheses
are:

(a) existence of functions V: X — [0, +o00] and ©: X — [0, +00] such that the sets {© < ¢}
are compact and the restrictions of V to the subspaces E, are compact C*-functions,

(b) the continuity of the functions b; on the sets {© < ¢} and subspaces E,,

(c) estimates L,V (z) < C — kO(z) for all z € E, and |b;(z)| < C; + §;(0(z))O(x) for
x € {O < oo}, where k > 0 and lim §;(s) = 0. For all x € X, let

s—+00

- /D 1V (Coanrya 0 2) (w)]? d,

where ©(z) 1= 400 if {,11y2 0 ¢ ¢ Hy' (D). By the Sobolev embedding theorem, the sets
{© < ¢} are compact in X and the functions b; are continuous on them (in the topology of X),
hence also on E,. Indeed, given a sequence of functions x; € X such that (,41)207; € HO2 ’1(D)
and ||Ciry1)/2 © 25]131 < ¢, one can find a subsequence ((11y/2 © z;, that converges in L*(D).
Therefore, the sequence z;, converges in L?(D) to some function z. Clearly, [|Cr41y20z5, < c.
The continuity of b; on {© < ¢} is seen by the same reasoning. In addition, V' is a positive
definite quadratic form on the spaces E,,. We have for all x € E,

sz (1) = Z Nizi(Vox, e)s+ x;(Pox,e)s] = (Ax,Vox)y+ (x,Pox),.

=1

Let us pick @ > 1 and x > 0 such that ad + £ = 4kgA1(r + 1) One can find C, > 0 such
that |z(u)®(z(u))| < Cy + ad|z(u)|"™. Taking into account the estimate

1)
’l“+ /‘ r I‘VI ‘2du_/‘V‘$|(T+l /2 } du>)\1/ |£E T—Hdu




we obtain for all x € E,

L,V(z) =2 Z G+ 2 inbi(x)
=2) g+ /D [A() () + 2(w)B(w(u))] du

:QZqi—Q/D‘Il'(x(u))|Vx(u)|2du+2/ 2(u)®(x(w)) du

D
<25 — 250/ |2 (w)|" "V (w)|? du + 2C,| D +26a/ |z (w)[" du
D D

< k' — KkO(x),

where ' > 0 and |D| is the measure of D. Finally, taking into account that e; is a bounded
function, |b;(z)| can be estimated by o; + f; [, |z(u)|" du with some positive numbers a; and
B;. It remains to observe that for all x € {© < 0o} one has

r/(r+1) . ) r/(r+1)
/D\x(u)rdug </D |x(u)v+1du) < A0t >(/D}V\x|<’“+l>/2(u)\ du) .

Therefore, we obtain
[bi()] < af + 5i0(x)"VTVO(2),  w e {0 < oo},

Thus, all the hypotheses of the theorem cited are satisfied. Therefore, we obtain a probability
measure 1 on X satisfying equation (3) such that (,41)2 02 € HN(D) for p-ae. x and the
function ||((41)/2 © z|3, is p-integrable. In addition, y is the weak limit of a subsequence of
the sequence of probability measures p,, on E,, satisfying L} i, = 0 and

Sl;llp /EH/D\V(((TH)/Q o x)(u)|*du p,(dr) =: K < oo. (7)

In particular,

sup /En/D\x(u)r_lduun(dx) =: K} < 0. (8)

n

[e.e]
(ii) Now we suppose that > ¢;supe;(u)? =: M < oco. First we consider the case where the
i=1 ueD

function |®| is bounded. Let y be the measure constructed in (i). We show that ¢, oz € Hy'' (D)
for u-a.e. x and the function ||CTO$H%,1 is p-integrable. We may assume that the whole sequence
{pn} converges weakly to p. It is important that this sequence is uniformly tight on the space
L™(D), hence converges weakly to p also on that space. This is obvious from (7) and the
Sobolev embedding theorem. Set

Let n be fixed and let
Vi(z) = / =(a(u)) du, = € E.
D
Let A := /—A. We observe that for any u € Hy' (D), one has
(u, APyu)e = —(Au, AP,u)s = — (P, Au, P,Au),,



since P, = P, and P,, commutes with A. Therefore, for all x € E,, we have

Zqz/ du+/D\If(x(u))APn(\I!ox)(u) du

+ (Pu(®ox), Po(Vox)),

_ Zqz/ V2 du — [PAA(T 0 2)[2 + (Pu(® o), Pu(¥ o)),
< CoM + /ilM/ lz(w)|" " du — || P,A(T o 2)|3

D

A 1
+ 2PV o D) + 5@ ol
1 1

< CoM + /ilM/ lz(w)|" "t du — < ||PuA(Y 0 2)||3 + ——||® o |f3.

D 2 2)\1

It is easily seen (see, e.g., the proofs of Lemma 1.2 in [5] and Theorem 4.1 in [4]) that this
estimate along with (8) yields

/ | P AV 0 2) |3 ptn (dz) < 200 M + 2k MK + )\il/E |® o 2|3 pn(d).
Then for every N we have
/X | PvA (W o 2)||3 pu(dr) < 2CoM + 2k MK + )\il /X |® o z||3 pu(dx). 9)
Indeed, if n > N, then ||PyA(V o 2)|2 < ||P.A(¥ o )||3. Hence

1
/ | PvA(P 0 2)||3 pin(dx) < 2CoM + 26, MK + )\—/ |® o 2|3 pn(d).
1 JE,

n

We observe that

N
gv(x) = [ PeA( o) 3 =Y Ni(V o, e
i=1
is a continuous function on L"(D). Hence by the weak convergence we arrive at (9). By Fatou’s
lemma we obtain ||A(¥ o x)||3 < oo for p-a.e.  and

/ JAQ o 2) |3 u(de) < 200M + 26 MK, + — / 1@ o |2 u(dz).
X

By using the estimates |®(s)| < C + 4rA (r + 1)72|¥(s)| and 4r(r +1)72 < 1 for r > 1 along
with the inequality A;[|¥ o z||3 < [|A(V o z)||3, we obtain

/ 1A o 2)|2 ju(dx) < N(r, C, Co, M, 1, K1, A). (10)
X

In the case where ® is not bounded, we apply the above proved assertion to the functions ®,
defined as follows: ®;(t) = ®(¢) if |D(¢)| < j, ®;(t) = jsgn ®(¢) if |@(¢)| > 5. Due to (10) the
obtained measures p; form a uniformly tight sequence. We take for p a limit point of {y;} in
the weak topology. It is clear that for the new measures y; one has the uniform estimate (7),
which yields (4) (we do not claim that this measure p coincides with the measure constructed
in (i)). Estimate (6) follows by Lemma 1. O



For example, if U(¢) = t™, where m is an odd number, then one can take for ® any polynomial
of degree m with a sufficiently small leading coefficient (the smallness of which depends on Ap,
in particular, one can take ®(x) = 2™ provided JA; is sufficiently large).

Now we can pass from cylindrical functions to C? functions, however, defined on larger spaces
such as H. Note that by Lemma 1 and assertion (ii) of Theorem 1 we have AV ox € H for
p-a.e. x. By finite dimensional approximations we obtain the following.

Corollary 1. In the situation of assertion (ii) of Theorem 1, the constructed measure p satisfies
the equation L*p =0 on H with respect to the class CZ(H).

Corollary 2. Suppose that in either assertion of Theorem 1 one has V' (0) > 0. Then

u(Hy' (D)) =1 and
/X/D|Vx(u)|2duu(dx) < 00.

Proof. Due to our assumption, in a neighborhood of zero ¥'(s) > « for some constant o > 0.
Now the assertion follows by the same reasoning as in the theorem with the function

o(x) = /D (V)2 + [V(Cornys 0 2)(w)?] du.
(]

It is very likely that as in [1], [2], for any k € N, & > 2, one has 2% € Hg’l(D) for p-a.e. x
and [|2¥]]3 | is p-integrable. If we formally consider the Lyapunov functions [, #**(t) dt, then
we obtain for © the function [, |2 (u)|""?*"2|Vx(u)[* du. However, we have not managed to
justify this (except for the case k = r in assertion (ii) above).

Most of this work has been done during very pleasant visits of the first and third authors
to the Scuola Normale Superiore di Pisa and the visits of the first and second authors to the
University of Bielefeld.

References

[1] Da Prato G., Rockner M. Invariant measures for a stochastic porous medium equation.
Preprints di Matematica N 6. Scuola Normale Superiore di Pisa, 2003.

[2] Da Prato G., Rockner M. Weak solutions to the stochastic porous medium equation,
BiBoS Preprint N 03-07-124 (to appear in J. Evol. Equat.).

[3] Aronson D.G. The porous medium equation, Lect. Notes Math. 1986. V. 1224. P. 1-46.

[4] Bogachev V1., Réckner M. Elliptic equations for measures on infinite dimensional spaces
and applications, Probab. Theory Relat. Fields. 2001. V. 120. P. 445-496.

[5] Bogachev V.I., Rockner M. A generalization of Hasminskii’s theorem on existence of
invariant measures for locally integrable drifts, Theory Probab. Appl. 2000. V. 45. P. 417-
436.



