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Abstract

Explicit conditions are presented for the existence, uniqueness and ergodicity of
the strong solution to a class of generalized stochastic porous media equations. Our
estimate of the convergence rate is sharp according to the known optimal decay for
the solution of the classical (deterministic) porous medium equation.
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1 Main Results

Let (F,.#,m) be a separable probability space and (L, Z(L)) a negative definite self-
adjoint linear operator on L?(m) having discrete spectrum with eigenvalues
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and L?(m)-normalized eigenfunctions {e;} such that e; € L™ (m) for any 7 > 1, where
r > 1 is a fixed number throughout this paper. We assume that L~! is bounded in
L™ (m), which is e.g. the case if L is a Dirichlet operator (cf. e.g. [11]) since in this case
the interpolation theorem or simply Jensen’s inequality implies |2 ||, ; < e M/ +1) for
all £ > 0. A classical example of L is the Laplacian operator on a smooth bounded domain
in a complete Riemannian manifold with Dirichlet boundary conditions.

In this paper we consider the following stochastic differential equation:

(1.1) dX, = (LU(X,) + ®(X,))dt + QdW,,

where ¥ and ® are (non-linear) continuous functions on R, and @ is a densely defined
linear operator on L*(m) with Qe; := 377 gjie; (i > 1) such that g7 := 3777, ¢f} satisfies

An appropriate Hilbert space H as state space for the solutions to (1.1) is given as follows.
Let

H {feL2 Z)\mfez <oo}

Define H to be its topological dual with inner product (, ). Identifying L?(m) with its
dual we get the continuous and dense embeddings

H' c L*(m) C H.

We denote the duality between H and H! by (, ). Obviously, when restricted to L?(m) x
H'! this coincides with the natural inner product in L?(m), which we therefore also denote
by (, ), and it is also clear that

ng—Z)\ (f,ei)g,e), f.geH.

Furthermore, in (1.1) W; = (b});en is a cylindrical Brownian motion on L?*(m) where
{bi} are independent one-dimensional Brownian motions on a complete probability space
(Q, .7, P). Let %, be the natural filtration of W;. Then

QW == i(i qijbi)ei, t >0,
=1 =1

is a well-defined process taking values in H which is a martingale.
Recall that the classical porous medium equation reads

dX, = AXdt



on a domain in R see e.g. [1] and the references therein. So, we may call (1.1) the
generalized stochastic porous medium equation. Recently, the existence and uniqueness of
weak solutions as well as the existence of invariant probability measures for the stochastic
porous medium equation, i.e. (1.1) with L := A on a bounded domain in R? with Dirichlet
boundary conditions, were proved in [5, 6, 4, 3]. In this paper we aim to prove the existence
and uniqueness of strong solutions of (1.1), in particular, describe the convergence rate of
the solution, for ¢t — oo.
To solve (1.1), we assume that there exist some constants ¢ > 0, 7,0 € R such that

. W)+ ()] < 1+ |5]),

' (s —t)(U(s) — V() >nls —t|"" +0o(s—1)? s,teER.

Since by the Cauchy-Schwarz inequality one has

237r|8_t|r+1 - 4
(r+1)2 — (r+1)

= (/ts ‘u‘(rl)ﬂdu)Z <(s—t) /ts lu|" " du,
£. 4])

(1.2) holds if ¥(0) = 0 and there exists x > 0 such that (cf.
(r+1)?

(Is| 7972 sgn(s) — [¢|7+D/2 sgn(t))”

o+ ns|" P < W (s) < k(14 |s|"), sER.
Next, assume that there exist § < n and § < ¢ such that
(1.3)  —m((@(x) - (y)) L (z —y)) < Ollz —yl7 +olle —yll3, 2y € L7 (m),

where here and in the sequel, || - ||, denotes the LP-norm with respect to m for any
p > 1. We note that since L™! is bounded on L™"!(m) and r > 1, if there exist constants
c1, co > 0 such that

|D(s) — @(t)| < c1]s —t|" + cals —t], s,t€R,
then

—m((®(z) — e()) L7 (z —y)) < il L7 lrallz =yl + Ay e — w3,
hence (1.3) holds for 6 := ¢1||[L7Y|,41 and § := o\

Definition 1.1. Let v(dt) := e *dt. An H-valued continuous (.%#;)-adapted process X is
called a solution to (1.1), if X € L™ (R, x Q x E;v x P x m) such that

t
(1.4) (Xt,ei) = (Xo, ;) +/ m (V¥ (X,)Le; + ®(X,)e;)ds + ¢; By, i>1,¢t>0,
0

where B} := izﬁl ;b1 (= 0if ¢; = 0) is an (%;)-Brownian motion on R (provided it
is non-trivial).



Remark 1.1. (i) We note that (1.4) indeed makes sense, since by the first inequality in
(1.2) we have

U(X),d(X) e LUV (R, x Qx E, v x P xm).

(ii) We emphasize that for each solution of (1.4) there also exists a vector-valued version
of the equation. More precisely, the integral comes from an H-valued random vector
with a natural integrand which, however, takes values in a larger Banach space B'.
To describe this in detail, we need some preparations.

Consider the separable Banach space B := L""!(m). Then we can obtain a presenta-
tion of its dual space B’ through the embeddings

BCcH=H CB,

where H is identified with its dual through the Riesz-isomorphism. In other words B’ is
just the completion of H with respect to the norm

| fller :== sup (f,g9)m, f€H.

llgllrt1<1

Since H is separable, so is B’. We note that this is different from the usual representation
of B = L""(m) through the embedding

B C L?(m) = L*(m)/,

which, of course, gives LU*+Y/"(m) as dual. But it is easy to identify the isomorphism
between LUTY/"(m) and B'. Below 5 (, )g denotes the duality between B and B'. Clearly,
]B/<a >B: <, >H onB x H.

Proposition 1.1. The linear operator
Lf:=- Z xm(fe)e;, [ e L*(m),
i=1

defines an isometry from LU+D/T(m) to B with dense domain. Its (unique) continuous
extension L to all of LU+Y/"(m) is an isometric isomorphism from LT+D/"(m) onto B’
such that

(1.5) w(—Lf,g)s =m(fg) forall f € LUV (m), g € L' (m).
Proof. Let f € L?(m), N >n > 1. Then

Hikim(fei)ei = sup m(gim(fq)q)

Hg||7‘+1§1 =n

- Hf}m(fen@

]B/

(r+1)/r



Since f = 7%, m(fe;)e; with the series converging in L*(m), hence in L (m) (because
r > 1), the first part of the assertion follows, and L is an isometry from L+Y/"(m) into
B’. Now let T € B'. Then there exists f € LU+Y/"(m) such that for all g € L™ (m)

B <T7 g>B = m(fg)
= lim m(fng>

n—oo

(1.6)

for some f, € D(L) such that lim f, = f in LO+YD/"(m). Hence for all g € L™*!(m)

#(T.g)s = lim m(f, L(L"g))
(1.7) = lim m(Lf, L™'g)
- nhjgo<_Lfnag>H = _]B’<I_’fa g>B

and the second assertion is proved. Since any f € LUTY/"(m) defines a T € B, the last
assertion follows from (1.6) and (1.7). O

Since L' is bounded on L™!(m) by our assumptions on L (which was not used so
far), we obtain the following consequence.

Corollary 1.2. Let (L7Y) : LUFV/"(m) — LU*Y/"(m) be the dual operator of L™ :
L™ (m) — L™ (m). Then the operator

J: Lo (L_l)' : L(TH)/T(m) — B

extends the natural inclusion L*(m) C H C B’ and for all f € LU+Y/"(m)

(1.8) w(Jf,g)s = —m(f L™'g) for all g € L' (m).
Proof. 1f f € L*(m), then (L") f = L7'f, hence Jf = f € L?(m) C H C B'. The last
assertion follows by (1.5). O

Multiplied by ;! (1.4) by the above now reads
B (Xt, €i)B = B (Xo, €)B + /Ot B/<E‘~I’(Xs) + JO(X,), €z>B ds + (QW, €;)B.
By Remark 1.1, Proposition 1.1 and Corollary 1.2 the Bochner integrals
/t (LU(X,) + JB(X,))ds, t>0,
0

exist in B'. So, (1.4) can always be rewritten equivalently in vector form as an equation
in B as

(1.9) X, =Xo+ /t (LU(X,) + JP(X,))ds + QW;, > 0.
0
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Note that by Definition 1.1, X; € H and also QW; € H, hence the integral in (1.9) is
necessarily a continuous H-valued process.
Now we can state our main results.

Theorem 1.3. Assume (1.2) and (1.3) with o > § and n > 0. We have:

1) For any Fy/PB(H)-measurable &€ : Q — H with E||£||2, < oo there exists a unique
(1) Yy H q
solution X to (1.1) such that Xog = &. Furthermore, there exists C > 0 such that

(1.10) E|| X% <CA -+t ¢t >0.

In particular, for any x € H there exists a unique solution X;(x) to (1.1) with initial
value x, whose distributions form a continuous strong Markov process on H.

2) For any two solutions X and Y of (1.1) we have for allt > s >0

(2) y

1X, = Vil < {I1X, = Vil "+ (r = 1) (n — AT (1 — )} 200
<X = YelZ A L= 1) = AT (=5} Y.

Consequently, setting P, F(z) :== EF(X,(z)) for F': H — R, Borel measurable, so that
the expectation makes sense, we have that (P;)i=o is a Feller semigroup on Cy(H) and,
i addition, for Lipschitz continuous F'

(1.11)

(1.12) |P.F(x) - BF(y)| < Z(F)l|lz = ylu, =.ye€H,
where L (F) is the Lipschitz constant of F.

(3) P, has a unique invariant probability measure pn and for some constant C > 0, p
satisfies

(1.13) sup | PF(x) — p(F)| < CL(F)t Y=Y >0,

zeH
for any Lipschitz continuous function F on H. Moreover, pu(|| - |I1]) <
(4) If 0 > & then for any two solutions X andY of (1.1) we have for allt > s >0
(1.14) 1, = Yillr < |1, = Vi e @-0e)
and there exists C' > 0 such that
(1.15) 1 X, — Yyllg < Ce 070 ¢ >1.

Consequently, for some constant C' > 0,

(1.16) sup |PF(x) — pu(F)| < CL(F)e 9 ¢ >1,

reH

for any Lipschitz continuous function F on H.

6



Remark 1.2. (1) When @ = 0, the Dirac measure J, is the unique invariant measure.
Thus, (1.13) with F(z) := ||z||z implies

sup || Xy ()| g < Ct YD ¢ > 0.

This coincides with the optimal decay of the solution to the classical porous medium
equation obtained by Aronson and Peletier (see [2, Theorem 2]).

(2) In the case where ® = 0 and V(r) = ar + ™ for « > 0 and m > 3 odd, and
L := A on a regular domain in R? in [3] and [5] much stronger integrability results
for the invariant measure have been proved, namely, if either m = 3 or a > 0 then
(| V (sign z \x|”)’2) < oo for any n > 1.

(3) In the case where L := A on a bounded smooth domain in R? the existence of an
invariant measure p was proved in [4] under the conditions that ro|s|™! < ¥/(s) <
Crls|""! and |®(s)| < C+4]s|" for some constants C, kg, k1 > 0,0 € (0, 4k (r+1)72
and all s € R. Also in [4] stronger integrability properties for p have been proved,
namely that 1(|V(signz \x|£)‘2) < oo forall ¢ €[(r+1)/2,r]

Finally, we note that in this paper the coefficient in front of the noise is constant (i.e.
so-called additive noise). Under the usual Lipschitz assumptions, however, properly re-
formulated versions of our results also hold for non-constant diffusion coefficients. Details
on this will be contained in a forthcoming paper.

2 Some preliminaries

We shall make use of a finite-dimensional approximation argument to construct the so-

lution of (1.1). For any n > 1, let r" := (rt(ﬁ), e ,Tt(f;)) solve the following SDE on
R™:
(2.1) drg) = q,dB} — )\im(ei\II(ZTg;?eO)dt + m(ei@(z Tﬁl)€k>>dt

k=1 k=1

with r(()f? = (Xo,€;), 1 <i<n, where Xo:Q — H is a fixed %,/ %(H)-measurable map
such that E||X;||% < oco. Here and below for a topological space S we denote its Borel
o-algebra by Z(S). By [8, Theorem 1.2] there exists a unique solution to (2.1) for all
t>0.

Lemma 2.1. Under the assumptions of Theorem 1.3, there exists a constant C' > 0
independent of n and X, such that Xt(n) = 7“;7;)61‘ satisfies

T
22) B [ m(XP e < OO + 7). 7 >0
0
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and
(2.3) E|X™M|% < C(1+ 20Dy, ¢>0.
Proof. By (1.2) we have
(2.4) sU(s) > sW(0) +n|s|"t + 0s%, s,t€R,
and by (1.3) we have
—m(®(z) L7 'z) < —@(0)m(L"z) + 0|21 + 6||z]]3, =€ L™ (m).
Hence for all x € span{e; : i € N}

—m(¥(z)z) — m(P(z) L™ 'z)
< ([2O)] + [@O) AT 2]z = (n = O)l|=ll 41 — (o = )| I3

Combining this with (2.1) and using 1t6’s formula, we obtain
2.5 LA, < am + Lar - XM rd
(2.5) SAXE < M 4 Lt~ Ea(| X ar

for some local martingale M," ™) and constants c1,co > 0 independent of n. This implies
(2.2). Moreover, since m(| X, ")\7"“) > A2 XML i follows from (2.5) that

1

t t
(26)  EIX" —EIXPl; < et —s) - Cz/ (EIXMIE) = du, 0<s<t.

To prove (2.3), let h solve the equation
(2.7) W(t) = —coh(t)2 pe) >0, Rh(0) =E||Xo||% + (4ey /cp) Y,
Then it is easy to see that (2.6) implies
(2.8) E| X5 < h(t), t>0.
Let ¢, == h(t) — E| X%, and
=inf{t > 0: ¢ <0}.

Suppose 7 < 00, then by continuity ¢, < 0 and by the mean-value theorem and (2.6),
(2.7) we obtain

t
b > ¢0—02/ (he(u)(rﬂ —(E[ X HH) Y /2)du > (4 fep)?/ Y — / Pudu, 0 <t <,
0
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where ¢ = cz% maxXe(o,7] tr=1/2 — o, b (

S By Gronwall’s lemma we arrive at
¢y > (4e1/cp)? T De=eT > 0. This contradiction proves (2.8).

To estimate h(t), let
7i=inf{t > 0: h(t)"/2 < 2¢ /ey }

Since h(0)+1/2 > 4e) Jey > 2¢1/ca, T > o for some ty > 0 independent of n. Indeed, we
may define ¢y as 7 above with h replaced by the solution to (2.7) with initial condition
h(0) := (4c¢;/co)¥ 1. By (2.7) we have

(t) < —C—;h(t)(’““)/?, 0<t<T

rfl)/2'

Therefore, for some constant ¢ > 0 independent of n,
(2.9) h(t) <ct D 0<t <7
Clearly, h'(t) < 0 for all ¢ > 0, since by an elementary consideration we have h >
(c1/c2)? 1) consequently
h(t) < h(r) < er 20D < ctaz/(r_l), t>T.

Therefore, (2.3) holds. O

According to (2.2) in Lemma 2.1, X™ is bounded in L™ (R, x Q2 x E;v x P x m),
where v(dt) := e 'dt. Thus, there exists a subsequence ny — oo and a process X such
that X (™) — X weakly in L™ (R x Q x E; v x P xm). To prove that this limit provides

a solution of (1.1), we shall make use of Theorem 3.2 in Chapter 1 of [10]. We state this
result in detail for the reader’s convenience specialized to our situation.

Theorem 2.2. ([10, Theorem 1.3.2]) Consider three maps v : Ry x Q@ — B, 0 :
R, xQ—B, h:R, xQ— H such that

(i) v is B(R,) @ F | B(B)-measurable and vy := v(t, -) is %/ B(B)-measurable for all
t>0.

(i1) v is B(RL)RF | B(B')-measurable and vy := v(t, - ) is Fy/ B(B')-measurable. More-
over, fOT |04 ||p dt < 0o P-a.s. for all T > 0.

(iii) h is an H-valued (%;)-adapted continuous local semi-martingale.
Set
R t
ht = / ﬁst + ht.
0
If hy(w) = v(w) for v x P-a.e. (t,w), then hy is an H-valued continuous (.F,)-adapted

process satisfying the following Ito formula for the square of the norm:
t

t
(2.10) Vel = RO, + 2 / (B v)ds 4 2 / (s dhs) st + .
0 0

where [h] denotes the quadratic variation process of h.



3 Proof of the existence

a) By Lemma 2.1 and (1.2), {\I!(Xt("))} and {CI)(Xt("))} are bounded in LO+YD/M(R, x
Q2 x E;v x P x m), where v(dt) := e *dt. Hence there exist a subsequence nj, — oo and
processes U,V € LU+D/"(R, x Q x E;v x P x m) such that

(3.1) WX S U, &(X™) 5V weakly in LY/ (Ry x Q x E;v x P x m).
Moreover, by Lemma 2.1, we may also assume that
(3.2) X 5 X weakly in L' (R, x Q x E;v x P x m).

E.g. by [7, Chap. 3, § 7] we may also assume that the Cesaro means of the sequences in
(3.1) converge strongly in Lr+)/"(R, x Q x E; v x P x m) so the limits have Z(R,) ®
F ® M -measurable versions. Furthermore, as continuous processes the approximants are
all progressively measurable as L(+1)/7(m)-valued processes, hence so are their limits. In
particular, these are adapted. The same holds for the sequence in (3.2) respectively its
limit with (r+1)/r replaced by 7+ 1. Below we always consider versions of U, V, X with
all these measurability properties and denote them by the same symbols. Since for ¢ > 0

t
m(X™e;) = (Xo, e;) + / {m(VU(X™) Le,) + m(e,d(X ™) Vds + B, 1<i<ny,
0

it follows from (3.1) and (3.2) that, for any real-valued bounded measurable process ¢,

T

E/OT om(X,e; ) v(dt) :E/O @t{<X0,e,~>+/Ot{m(UsLei)+m(1/;ei)}ds+q,~Bf}1/(dt)

for all T"> 0. Thus,

t
(3.3) m(Xie;) = (Xo, €;) —|—/ m(U,Le; + Vie;)ds + ¢;B), for v x P-a.e. (t,w),i > 1.
0

b) To apply Theorem 2.2, let )
vg := LUs + JV.

By (1.2), Lemma 2.1, Proposition 1.1 and Corollary 1.2 we have EfOT ||vs||lmrds < oo for
any T > 0. So, we see that in Theorem 2.2 conditions (i), (ii) with v = X and also
(iii) with h := QW are satisfied and by Proposition 1.1 and Corollary 1.2, (3.3) with e;
replaced by \; 'e; implies

t
B/ <Xt, 6@>B = B <X0, 6@>B +/ B’ <17s, 6@>B ds + B/(QWt, 6@>B, ) Z 1, fOI‘ v X P-a.e. (t,w).
0
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Hence defining
t
(34) Xt = XO —|—/ 17st -+ QWt, t Z 0
0

we see that
(3.5) X=X vxP-ae.

Therefore, by Theorem 2.2, X is an H-valued continuous (.%;)-adapted process and (2.10)
holds with X replacing h. Therefore, to prove that X solves (1.1), by Proposition 1.1 and
Corollary 1.2 it suffices to show that

(3.6) m(e; [V, — NUy]) = m(e;[@(X,) — MU (X,)]), > 1, for v x P-ae. (s,w).

This will be proved by the following two steps.

c) We claim that for any ¢» : R, — R, bounded, Borel measurable with compact
support,

(3.7) lim inf / Y(E| X% dt > / D(HE||X, |13 dt.
- Jo 0

Since X (™) — X weakly in L>(R, x Q x E;v x P x m), by Fatou’s lemma we have

/¢ VE|| X, ||%dt = ZAlE/ P(t)m(e; X;)?

)\ ! lim E/ Y(t)m(e; X("’“ ym(e; X, )dt

k—o00

<= Z)\ 1hmmfIE/ Ww(t) elX(nk)d

+ = Z)\ IE/ w ert
< = 1m1nfE/ Wp(t) HX(nk 12,dt + E/ ()| XAt

Since X € L*(Ry x Q x E;v x P xm) so that [~ ¢(t)E||X,||3dt < oo, this implies (3.7)
immediately.

11



d) By (2.10) in Theorem 2.2, (1.5) and (1.8) we have

t 0
33 B =EIXolf — 2 [ E(m(XU) +m( 7 (€)V0)ds+ 34 gl
0

i=1

On the other hand, by [to’s formula,
t n
(3.9) BIIX™3 = EHXoH?{—?E/ m (XWX LX) D(XM))ds+ Y A gt
0 i=1

Then for any ¢ € L' (R, x Q x E;v x P x m), we obtain from (1.2), (1.3) and (3.9)
that

0 < L(t) = 2E / (X0 — ] [UOX) — (0]
+ LX) — o) [R(XIW) — @(p,)] ) ds

s

t
— 9K / mn (XW (X)L (X)X ™) ) ds
0

28 [ m ([P0~ W) + X

(3.10)
LT XE)D(p,) + L7 () [B(XIW) — B(p,)] ) ds

ng
= —E| X3 + 1 Xl + > At

=1
t
28 [ m(p [B(X) — W) + X W)
0
+ LX) () + L (i) [R(XI™) — <I>(<ps)})ds,
Since W(X ™)) — U and ®(X™)) — V weakly in LUFV/"(R, x Q x E;v x P x m) and

X)) — X weakly in '™ (R, x Q x E, v x P x m), for any ¢ : R, — R, bounded,
Borel-measurable with compact support, we obtain from (3.10) and (3.7) that

0< [ vt ~ EIGIE + Il + 30N g
0 =1

— 2k /0 | m (i, [U, = W(p,)] + X, W(p,) + LX) D(p,) + L7 () [Vs - 0(,)] )ds }.

Combining this with (3.8) we arrive at
(3.11) 0< / z/J(t)th/ m([XS — s [Us = V()] + L7HX, — 0s) [V — <I>(30s)])d8-
0 0

12



By first taking o, := X, — e@se; for given ¢ > 0 and ¢ € L®(R, x Q;v x P), then
dividing by ¢ and letting ¢ — 0, we obtain from the continuity of ®, ¥ and the dominated
convergence theorem, which is valid due to (1.2), (1.3) and because X € L™+([0,00) x
QO x F;v x P xm), that

/0 " ()R / Fam(eiU, — W(K,) = AV, — B(X,))])ds = 0.

Since ¢ : R, — R, bounded, Borel-measurable with compact support, and ¢ € L>(R, x
;v x P) are arbitrary, this implies (3.6).

4 Proof of the other assertions

a) Proofs of the uniqueness, (1.10), (1.11) and (1.13).
(1.10) is an immediate consequence of (2.3) and (3.7), since X is P-a.e. continuous in ¢.
Let X and Y be solutions of (1.1). Then by (1.9) Z := X — Y solves the equation

Zy = Zy+ /t [E(\If(Xt) —U(Y})) + J(P(X,) — (I)(Yt))]dt, t>0.

Thus, by Theorem 2.2 with h =0, (1.5), (1.8) and finally by (1.2), (1.3), we obtain
(4.1)

1Z:ll5 = 12017 —2 /0 m([Xs—Ys] [U(X,)—W (V)] +L 7 (X~Y) [@(Xs)—q)(Ys)Dds <0.

If Xo = Y, this implies Z; = 0 for all ¢ > 0. By a slight modification of a standard
argument one obtains as usual that the uniqueness also implies the stated Markov property
and hence the semigroup property of P,. The strong Markov property then follows from
the Feller property of P, proved below, since all solutions of (1.1) have continuous sample
paths in H.

Similarly to (4.1), we have for 0 < s <t that

1Xe = Yl — [1Xs = Yilly

(42) t 2 r+1
<=2 [ {(o=9)IXu =Yl + (n = )| Xy = Yol[;31 }du

Noting that o > 8,7 > 6, || - 2> M|l - 12, || - 550 = AV 15! and that for € > 0

the function he, := {(e + | X, — Ya|lu) " + (r — 1)(n — OATV2 (1 — )} ¢ > g,
solves for s > 0 fixed the equation

(4.3) = —=2(n — ONTVERITVR > 5(>0),  ho = (| X, — Yillm +¢)?

due to the same comparison argument as in the proof of Lemma 2.1, it follows that
|1 X — Yi||3 < hey Vt > s. Letting & — 0 this implies (1.11) and the Feller property of
P,. By (1.10) it follows that P;|F|(z) < oo for all Lipschitz continuous F': H — R. Now
(1.12) is obvious by (1.11).
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b) Proof of (3).
Let &g be the Dirac measure at 0 € H. Set
1 n
iy 1= —/ oo Pdt, n > 1.

n Jo

We intend to show the tightness of {1, }. Then by the Feller property of P; the weak limit
of a subsequence provides an invariant probability measure of P,. By Lemma 2.1 and the
weak convergence of X (") to X, we have

[ e n(aa) = 1 [ Em(x0)) < 0

for some constant C' > 0 and all n > 1, where we set m(|z|?) = oo if z ¢ L*(m). Since
the function = — m(|z|?) is compact, that is, {x € H : m(|z|*) < r} is relatively compact
in H for any r > 0, we conclude that {u,} is tight.

Next, let 1 be an invariant probability measure. For any bounded Lipschiz function
F on H, (1.11) implies that there exists C' > 0 such that

IRF(@) —u(F)| < [ BIF(X(@) = FOG)ln(dy) < C2(F)0

for all x € H,t > 0. Thus, (1.13) holds and hence P; has a unique invariant measure.
Let u be the invariant probability measure of P,. It remains to show that u(||-||/1]) <

0.

By (1.10), since p is Pi-invariant, we have

(4.4) /H 2|2 (dz) = /EHXl(a:)HZ p(dr) <20 < oco.

Next, since X is the weak limit of X ™) in L™1(]0,00) x Q x E;v x P x m), by Holder’s
inequality we have

2 2
[ Em(X)r = tim [ (XX s (X))
1 —J1

9 1/(r41) 2 r/(r+1)
glmmf( / Em(|Xt("’“)|r+1)dt> ( / Em(|Xt|7"+1)dt) .
1 1

k—o00

Therefore, by (2.2), for some C; > 0
2
/ Em(|X, ()] )dt < (1 + o), @€ H.
1

Then by (4.4) we obtain

15D = [ wt) [ Bl )a < o

14



)

Exponential ergodicity, i.e. proof of (4).

If 0 > § then (4.2) implies

1Xe = Yl < 1Xs = Yil[f e 200 1> s >0,

So, (1.14) holds. Combining this with (1.11) we arrive at

1Xe = Yerr | < 1X0 = Y[ e 2700 < Ce70 £ > 0.

This implies (1.15) and (1.16) immediately. O
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