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ABSTRACT. We provide an N/V-limit for the infinite particle, infinite volume stochas-
tic dynamics associated with Gibbs states in continuous particle systems on R%, d > 1.
Starting point is an N-particle stochastic dynamic with singular interaction and re-
flecting boundary condition in a subset A C R¢ with finite volume (Lebesgue measure)
V = |A| < co. The aim is to approximate the infinite particle, infinite volume stochas-
tic dynamic by the above N-particle dynamic in A as N — oo and V' — oo such that
N/V — p, where p is the particle density. First we derive an improved Ruelle bound
for the canonical correlation functions under an appropriate relation between N and
V. Then tightness is shown by using the Lyons—Zheng decomposition. The equilibrium
measures of the accumulation points are identified as infinite volume canonical Gibbs
measures by an integration by parts formula and the accumulation points themselves
are identified as infinite particle, infinite volume stochastic dynamics via the associ-
ated martingale problem. Assuming a property closely related to Markov uniqueness
and weaker than essential self-adjointness, via Mosco convergence techniques we can
identify the accumulation points as Markov processes and show uniqueness. lL.e., all
accumulation corresponding to one invariant canonical Gibbs measure coincide. The
proofs work for general repulsive interaction potentials ¢ of Ruelle type and all temper-
atures, densities, and dimensions d > 1, respectively. ¢ may have a nontrivial negative
part and infinite range as e.g. the Lennard—Jones potential. Additionally, our result
provides as a by-product an approximation of grand canonical Gibbs measures by finite
volume canonical Gibbs measures with empty boundary condition.

1. INTRODUCTION

The infinite particle, infinite volume stochastic dynamics (X(t))¢>0 in continuous par-
ticle systems is an infinite dimensional diffusion process having a Gibbs measure p, e.g. of
the type studied by Ruelle in [Rue69], as an invariant measure. Physically, it describes
the stochastic dynamics of infinite Brownian particles in R%, d > 1, which are interacting
via the gradient of a pair-potential ¢. Since each particle can move through each position
in space, the system is called continuous and is used for modelling gas and fluids. For
realistic models which can be described by these stochastic dynamics, e.g. suspensions,
we refer to [Spo86].
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The infinite particle, infinite volume stochastic dynamics takes values in the configu-
ration space

T = {fchd | #(y N A) < oo for each compact A C Rd},

and informally solves the following infinite system of stochastic differential equations:

de(t) =8 3 Vole(t) - y(t)dt + V2B (t),
Oy

PoX(0)™' =4, (1.1)

where z(t) € X(t) € I', (B¥)zey, 7 €T, is a sequence of independent Brownian motions
and p is the invariant measure. The study of such diffusions has been initiated by R. Lang
[Lan77] (see also [Shi79]), who considered the case ¢ € C3(RY) using finite dimensional
approximations and stochastic differential equations. More singular ¢, which are of par-
ticular interest in Physics, as e.g. the Lennard—-Jones potential, have been treated by
H. Osada, [0sa96], and M. Yoshida, [Yos96] (see also [Tan97], [FRT00] for the hard core
case). Osada and Yoshida were the first to use Dirichlet forms for the construction of
such processes. However, they could not write down the corresponding generators or
martingale problems explicitly, hence could not prove that their processes actually solve
(1.1) weakly. This, however, was proved in [AKR98b| by showing an integration by parts
formula for the respective Gibbs measures. In [AKR98b], also Dirichlet forms were used
and all constructions were designed to work particularly for singular potentials of the
above mentioned type. Additionally, an explicit expression for the corresponding gener-
ator and martingale problem was provided, which shows that the process in [AKRI8b]
indeed solves (1.1) in the weak sense.

In this paper, by an approximation through N-particle stochastic dynamics in subsets
A C R? with finite volume (Lebesgue measure) V = |A| < oo, we construct weak solutions
o (1.1). The approximation is done in terms of the N/V limit, i.e., N — oo and V — oo
such that N/V — p, where p is the particle density.

The N-particle stochastic dynamics in A, (X(t))¢>0, takes values in the space of N-
point configurations in A:

Iy = {y CA[#(y) =N} CT,

It solves weakly the following N-system of stochastic differential equations before hitting
A(ITM):

de(t) =8 Y Véla(t) - y(b)) dt + VZdB™(t),

y(t)e X(t)
y(t) # (1)

with reflecting boundary condition, (1.2)

for sufficiently many initial conditions vo € T'{"’. Here 2(t) € X(t) € T{" and (B™),pe-,
are N independent Brownian motions starting in xy. A weak solution to (1.2) has been
constructed in [FG04], see Theorem 4.1. There the authors have used the Dirichlet form
approach and their construction works for all dimensions and very general interaction
potentials ¢. Essentially, the interaction potential ¢ only has to have a singularity at the
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origin (repulsion) (RP), to be bounded from below (BB) and weakly differentiable (D),
see below for a precise definitions.

Note that we are only considering configurations with at most one particle in one
position, which is a reasonable assumption for modelling gas and fluids. In such a setting
for dimension d = 1 this is the first existence result for a solution to (1.2). The essential
assumption for this result is the condition (RP) (repulsion of close particles), which is
natural from the physical point of view.

Our approach is different from the finite dimensional approximation provided by Lang
[Lan77]. There for a fixed subset A C R? with finite volume, the finite particle, finite
volume dynamics consists of finitely but arbitrarily (for different initial conditions) many
interacting particles inside the volume and additionally they are interacting with particles
from the complement of A. That construction is rather in a grand canonical setting
whereas ours is in a canonical one. Thus, we expect the finite particle, finite volume
dynamics used in [Lan77] for singular interaction potentials with non-trivial negative
part not to have such nice properties as our N-particle stochastic dynamics in A. E.g.,
for determining a spectral gap of their generators, it is much nicer to have a fixed number
N of particles in a given volume A not interacting with particles in the complement of A,
than finite but arbitrarily many particles inside A interacting with in general infinitely
many particles in the complement of A.

Our plan for future work is to use our approximation by nice processes to get better
knowledge about the infinite volume, infinite particle dynamics. For example we would
like to: explore in more detail the structure of the spectrum of its generator and study the
problem of essential self-adjointness; construct non-equilibrium infinite particle, infinite
volume stochastic dynamics; tackle the Boltzmann—Gibbs principle, see e.g. [Spo86] and
[GKLRO3]; use our approximation technique to construct solutions to other equations as
e.g. the Langevin equations.

The present paper is organized in the following way: In Section 2 we define a metric
on the configuration space I' which is appropriate for our problem. This metric is from
the class of metrics on I' developed in [KK04] and induces the vague topology. Essential
for our considerations is that these metrics d make (I', d) a Polish space and that relative
compact sets w.r.t. the vague topology can be described explicitly (cf. [KK04]).

The concept of canonical Gibbs measures, our assumptions on the interaction potential
and a precise definition of the N/V-limit are presented in Section 3. Furthermore, in
Theorem 3.2 we prove the first major result of this paper. There we establish a bound
for canonical correlation functions analogous to the Ruelle bound for grand canonical
correlation functions, see (3.3). In the proof we combine ideas of Ruelle’s proof [Rue70] for
deriving the Ruelle bound in the grand canonical case with estimates obtained in [DM67].
A major difference in comparison with the grand canonical case is that in the canonical
case a right balance between the particle number N and the volume V is necessary.
Furthermore, we derive an improved Ruelle bound for canonical correlation functions,
see (3.4). This bound enables us to take into account potentials with singularities at the
origin, see condition (D) below.

In Section 4 we briefly summarize the construction of the N-particle stochastic dy-
namics in A weakly solving (1.2) provided in [FGO4].
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The N/V-limit of N-particle, finite volume stochastic dynamics is then derived in
Section 5. First, in Theorem 5.1 we prove tightness of the sequence of laws (P®™)) ey of
the equilibrium N-particle, finite volume stochastic dynamics in the N/V-limit. Equi-
librium stochastic dynamics means that the stochastic dynamics starts with an initial
distribution given by the corresponding invariant, finite volume canonical Gibbs measure
u™ . The proof is split into two lemmas. Lemma 5.2 gives tightness of the correspond-
ing one-dimensional distributions (invariant, finite volume canonical Gibbs measures)
(1) nen and essentially depends on the improved Ruelle bound (3.4) and the descrip-
tion of compact sets provided in [KK04]. In Lemma 5.3 we prove Kolmogorov-Chentsov
type estimates for the increments. In the proof we use the well-known Lyons—Zheng
decomposition, [LZ88], [LZ94], of the N-particle, finite volume stochastic dynamics and
the Burkholder—Davies—Gundy inequalities in order to establish the required estimate of
the increments. For this it is important to have sufficiently many functions in the domain
of the corresponding Dirichlet form, which is in fact implied by the reflecting boundary
condition we impose on the N-particle, finite volume stochastic dynamics. Again, also
the improved Ruelle bound is of essential importance.

Then in Theorem 5.9 we prove an integration by parts formula for the accumulation
points u of (™)) nen. Together with a characterization theorem provided in [AKRI8b]
this implies that these p are infinite volume canonical Gibbs measures.

After that, in Theorem 5.10 we identify the accumulation points P of (P™))yen as
solutions of (1.1) in the sense of the associated martingale problem. See also Remark
5.11. In the proof we are using that the N-particle, finite volume stochastic dynamics
solves the martingale problem corresponding to (1.2).

From Theorem 5.10 we can not conclude that the accumulation points P of (P™) yen
are laws of Markov processes. However, assuming a property closely related to Markov
uniqueness and weaker than essential self-adjointness, in Theorem 5.20 we can show
Mosco convergence, [Mos94], [KS03], of the quadratic forms (Dirichlet forms) corre-
sponding to convergent subsequences. This implies strong convergence of the associated
semi-groups. This convergence, in turn, enables us to identify the accumulation points
P as laws of Markov processes and show uniqueness. l.e., all accumulation points P
corresponding to one invariant canonical Gibbs measure coincide, see Theorem 5.23.

Finally, in Section 6 we apply our results to the problem of equivalence of ensembles.
More precisely, as a by-product of the results described above we obtain an approximation
of grand canonical Gibbs measures by finite volume canonical Gibbs measures with empty
boundary condition, see Theorem 6.1.

The progress achieved in this paper may be summarized by the following list of main
results:

e Derivation of an improved Ruelle bound for canonical correlation functions, see
Theorem 3.2.

e Tightness of the sequence of laws (P™))yen of equilibrium N-particle, finite
volume stochastic dynamics in the N/V-limit, see Theorem 5.1.

e Identification of the accumulation points p of the sequence of finite volume canon-
ical Gibbs measures (1)) yen as infinite volume canonical Gibbs measures via
an integration by parts formula, see Theorem 5.9.
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e Identification of the accumulation points P of the sequence of laws (P™)nen
of equilibrium N-particle, finite volume stochastic dynamics in the N/V-limit as
solutions of (1.1) in the sense of the associated martingale problem, see Theorem
5.10. This is the first construction of a solution to (1.1) for d = 1 with state
space I' (at most one particle in one position).

Furthermore, when assuming a property closely related to Markov uniqueness and
weaker than essential self-adjointness:

e Identification of the accumulation points P of the sequence of laws (P™))yen
of equilibrium N-particle, finite volume stochastic dynamics in the N/V-limit as
Markov processes and showing uniqueness, see Theorem 5.23.

At the moment we are working on the assumed property and expect to show it soon.

All above results apply to all dimensions d > 1, temperatures and densities and to
physically relevant repulsive (RP) interaction potentials ¢. Additional assumptions are
only a mild temperedness (T) condition (fast enough decay in the long range), that the
potential is bounded from below (BB) and a mild differentiability (D) condition. Hence,
singularities at the origin, non-trivial negative part, and infinite range are allowed.

Hypotheses on the potential are weakened not for the sake of generality, but in order
to cover the physically relevant potentials (as e.g. Lennard—Jones potential).

2. A POLISH METRIC FOR THE CONFIGURATION SPACE

The configuration space I' over R%, d € N, is defined as the set of all subsets of R¢
which are locally finite:

Ir:={~c R? | #(y4) < oo for each compact A C R? },

where # denotes the number of elements of a set and y5 := yNA. One can identify v € '
with the positive Radon measure erw £x € M(R?), where ¢, is the Dirac measure at x,
Y s Ex i= Zero measure, and M(R?) stands for the set of all positive Radon measures

on the Borel o-algebra B(R?). A metric on M(R?) is given by

du(v,p) =) 27" (1 —exp (~[(fi,v = @), vop € M(RY),
k=1

where {fi |k € N} ¢ C}(R?) (space of continuously differentiable functions on R? with
compact support) is a measure determining class, (pg)ren a sequence of strictly positive
weights bounded by 1, and

(f,v) = /Rdfdy, feC.(RY, ve MRY.

{fx|k € N} can be chosen so that d induces the vague topology on M(R?). This
metrization is separable and complete, see [Kal75, A 7.7] for the case {f; |k € N} C
C.(R?) and p, =1 for all k € N.

In M(R%) we consider the subset R(R?) consisting of all Z, U {co}-valued Radon
measures. Since R(R?) is a closed subset of M(R?) w.r.t. the vague convergence, see
[Kal75, A 7.4], also (R(R%),dx,) is a Polish space.
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Now our aim is to find a metric on I which is Polish. Let ® : (0,00) — [0,00) be
a continuous decreasing function such that lim; .o ®(t) = oo; and let h : RY — (0,1]
be a function in L'(R?%) N C'(R?). Furthermore, let I = {I; |k € N} be a collection of
functions from C}(R%) such that Iy : R — [0, 1], suppl) C Bi(0), and Iy 1 (x) = 1 for
all z € By(0), here Bi(0) denotes the closed ball with radius k centered at the origin.
Define

SPI() =) exp(®(lz —y)f (@) f (),

{z,y}Cy

where f : RY — [0,00) is a continuously differentiable function. For any k& € N set
hi := hlg. Then for v,n € I" we define the metric

| S () — S ()|
14 [S®hr(y) — SPlx(n)|’

don(v,m) == dp(v,m) + Y2 g (2.1)
k=1

where (gx)ren is a sequence of strictly positive weights bounded by 1. The following has
been proved in [KKO04, Theo. 3.5, Prop. 3.1] for g, = 1, k € N. Easily, the statement
generalizes to the present situation.

Proposition 2.1. (I',dg 5) is a complete and separable metric space. Moreover, the
topology on I' generated by the metric de p, is equivalent to the vague topology on I' and
the sets

{yer|S*™(y) <R}, R<oo,

are relative compact subsets w.r.t. the vague topology.

3. CANONICAL GIBBS MEASURES AND AN IMPROVED RUELLE BOUND

Let A C R%. We denote I'y := {y € ' | y C A}. For any N € N and bounded Borel
measurable A C R? we define the space of N-point configurations in A by

I = {y CA|#(7) = N} C T
To define more structure on I'{"? we use the following natural mapping
sym™ : AN — T
sym™ ((z1,...,2N)) == {21,..., 2N},
where
AN = {(x1,...,on) € AN |z £ 2, if k#j}

These mappings generate a topology and corresponding Borel g-algebra on T'{"’. Obvi-
ously, this o-algebra coincides with the Borel o-algebra inherited from I' equipped with
its vague topology. We denote by dz, the Lebesgue measure on A. Then the prod-
uct measure dz¥" can be considered on AN. Let dz{" := dz¥ o (sym™)~! be the

di F(N)
corresponding measure on 1, .
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A pair potential (without hard core) is a Borel measurable function ¢: R? — R U oo
such that ¢(—z) = ¢(x) € R for all z € R%\ {0}. For bounded Borel measurable A C R¢
the potential energy Ey : I'y — R in A with empty boundary condition is defined by

Es(y):= Y, dlx—y), ey,
{zy}cy

where the sum over the empty set is defined to be zero. The interaction energy between
two configurations v and i from I', is defined by

Wo(y.m) = Y ¢z —y).
TEY,YEN
Note that

Ey(yUn) = Ey(y) + Wo(v,n) + Es(n),  ~v,m €l
Now we fix our assumptions on ¢:
(RP): (Repulsion) There exists a decreasing continuous function ® : (0,00) —
[0, 00) with lim; g ®(t)t? = co and Ry > 0 such that
o(x) > ®(|z|) for |x| < Ry.

Furthermore, the potential ¢ is bounded from above on {z € R¢|r < |z| < R}
for all r > 0.
(T): (Temperedness) The exists A, Ry < co and A > d such that

¢(x)| < Alz|™* for |z] > Ry.
(BB): (Bounded below) There exist B > 0 such that

d(z) > —B, forall zeR4

For every r = (r!,...,r%) € Z% we define a cube

1 1
Q(r)::{xE]Rd r’—§§x1<r’+§}.

These cubes form a partition of R?. For any v € T, we set ~, := YQ(r)s T € VAS
(RP), (T) and (BB) imply that ¢ is superstabile (SS) and lower regular (LR), see
[Rue70, Prop. 1.4]. That is:

(SS): (Superstability) There exist D > 0, K > 0 such that, if v € I'y, where A is a
finite union of the cubes Q(r), then

Yo odla—y)= > (DH#() - K#(w)).
{zy}Cy rezd

(LR): (Lower regularity) There exists a decreasing positive function ¥ : N — [0, 00)
such that

> T(|r|max) < 00

rezd
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and for any disjoint A’; A” which are finite unions of the cubes Q(r), we have for
/ /" .
v €lp, " € Tpm:

Wo(V, ") == > (! =" max) # () # (1)
SRy

Here | - |max denotes the maximum norm on R<,
Moreover, (T) and (BB) imply

70 := | lexp(=0() = 1ldz < o (3.1)

for all 3 > 0 (dx denotes the Lebesgue measure on R?). The property (3.1) is also called
integrability (I) or regularity.

On (T'\V, B(T'{")) we consider the canonical N-particle Gibbs measures x{"’ in A with
empty boundary condition:

1
MS\N) = ) exXp (_/6E¢) de\N)a
Zx

where

)= /(N) exp (—fEy) dz{Y
r

A
is the canonical partition function of IV particles in A. The constant 5 > 0 is the inverse
temperature.
For 1 < n < N the n-order correlation function corresponding to ,uE\N) is defined by

n N-...-(N—-n+1 —n
k:fx ’N)(ml, cey X)) = ( w5 ) / exp ( — B(E4s(X U Y))dy?(N ),
ZA AN*'n
where X = {z1,...,2,} and Y = {y1,...,yn_n}. Furthermore, we define

A =1 and k" :=0 for n>N.

Let f( : A" — [0, 00] be a symmetric measurable function, 1 < n < N, then

/FE\N) Z f(n)(ﬂfl,’l'n) dME\N)(’}/)

{z1,...,.xn}Cv
1
ZE/A FO (@, K (@, ) dam (3.2)

Definition 3.1. Let (Ax)nen be a sequence of bounded Borel measurable subsets of R4
with |[Ay| > 0 which exhausts R?, i.e., for each bounded A C R? there exists N, € N
such that A C Ay for all N > N,. We denote by |A| the Lebesgue measure of a Borel
measurable set A C R?. We say that (Ax)yen has an N/V-limit, if

exists in (0,00). In this case we call (Ax)nyen a sequence of volumes corresponding to
the density p > 0. Sometimes we use the notation vy := N/|An|.
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Theorem 3.2. Suppose that the conditions (RP), (T), and (BB) are satisfied and let
(AN)Nen be a sequence of volumes corresponding to the density p > 0. Then for large
enough No € N (such that |An| is larger than a critical volume for all N > Ngy) there
exists € < oo such that

kg\’[m(xl,...,xn) <& forall N> Ng,neN, (z1,...,z,) € (AN)" (3.3)

(Ruelle bound). Moreover, for n > 2 there exists ¢ < oo such that

k[((;}N)(xl, ooy Tp) < exp ( - % Z Bo(x; — :Ej)><'n

1<i<j<n

forall N >Ny, n>2 (z1,...,z5) € (AN)" (3.4
(improved Ruelle bound).

Proof: The Ruelle bound for grand canonical correlation functions is derived in
[Rue70, Prop. 2.6]. Here we adapt that proof to canonical correlations functions. For
this, additionally, we need the following estimates for canonical partition functions pro-
vided in [DM67, Lem. 3’]: For |Ay| large enough there exists a constant C; < oo such
that

(n—1)
1
AN < 0p—— forall 1<n<N. 3.5
2 = A = &
Note that because (Ax)nen has an N/V-limit, there exists Cy < 0o such that
vy < Cy forall N eN. (3.6)

Now we need to introduce some notation from [Rue70]. Let (I;)jen be an increasing
sequence in N. We define

] = {r € Z*|Irlmax < 1;}, Vii= > Q(r).
relj]
Furthermore, let v be an increasing function on N such that
¥ =1, lim ¢(j) =00, and Z Y (|7 masx) ¥ (| |max) < o0
e rezd

Define v; = 1(l;) and let P > 0. Then for each X UY, X = {z1,...,2,},Y =
{y1,...,yN_n} either

> #UAXUY )2 <ylVjl (3.7)
relj]

for all 5 > P or there exists a largest ¢ > P such that
D HUX UYH)? > gVl (3.8)
r€lq]

Now let P, the sequence (I);jen and function 1) be chosen as in [Rue70, Sect. 2]. Then
there exists C's < oo such

—We({z1}, X \ {21} UY) < C3 (3.9)
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for all X UY fulfilling (3.7), see [Rue70, Eq. (2.29)]. On the other hand, for all X UY
fulfilling (3.8) there exists Cy > 0 such that

_E¢({X U Y}Vq+1) - W(b({X U Y}Vq+1’ {X U Y}Vqﬁrl)

D
<7 D #EXUYE)? - Gyl Voral, (3.10)
relg+1]
where the constant D is as in (SS), see [Rue70, Prop. 2.5].
We prove the assertion by induction. Let us fix X = {z1,...,z,}, n > 1, and choose

the coordinates of Z¢ such that z; € Q(0). Let So C A% " such that X UY fulfills
(3.7) for all (y1,...,yn—n) € So and S; C AN™" such that X UY fulfills (3.8) for all
(Y1, YN—n) € Sp. Furthermore, we define

C5 = max { <exp(ﬂC’3)Cl + Z exp ( — (BCytgq1 — 1)]Vq+1|>>02, Co, 1}

q>P

and assume & > (5.
Now (3.9) together with (3.5) and (3.6) implies:

N-...-(N—=n+1)

/S exp ( — BE4(X U Y))dyi(vN_n)
0

AN
N-....(N—-n+1 N—n
< (Z/(\N) ) exp(BC3) /So exp ( — BEH(X \{=} U Y))dyfi(v )
N
< exp(BC3)C1Cok NV (@, ... 1) < exp(BC3)C1C2€6" 1. (3.11)
In turn, (3.10) together with (3.5) and (3.6) yields:
N-...-(N—=n+1) &(N—n
) / exp (— BEH(X UY))dyy N
AN Sq
N-...-(N—-n+1 D
< (Z(N) ) exp <ﬁ4 Z #({X U Y},«)2 - ﬁc4wq+1v;1+1)
AN r€Vgt1

X /AN_n exp (— BEs({X U Y}chﬂ)))dyf\a](va_n)
N

N-...-(N=n+1) .

<
= ()
Zny

D
—B Y. #UX UYL = BOwe| Vot
reVit1
ON——#(Yv,,,))
‘AN|#(YVq+1) /NW#(YVq+1) €xXp ( - ﬂEqb({X U Y}ch+1)))dyAN Va+1

N

D
< exp —ﬁz Z #{X UY})? = BCag 11|Vt

reVgs

(n—#(Xv,, ) #(Yye, )
" (Cl)#(YVq+1)(Cl |UND#(XVq+1)kAN Va+1 Va1 («Tiv B 7‘Tin—#(Xv +1))
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<ew (=67 X #XUYLF4mE) ¥ #UXUY))

r€Vyt1 reVys

- B0tV ) Co ™ < exp (—~(3Ctgs1 ~ DlVyal) Co™™, (3.12)
where we used that
—BHUX UYL+ ICOR{X UV <1
Finally, summing up (3.11) and (3.12) we get

kN (@, a) < <exp(ﬁcg Ci+ Y exp (—(BCuthgr1 — 1)yvq+1\)>02§”—1 <&

q>P

The canonical correlation functions fulfill the following Kirkwood—Salsburg type equa-
tions:

Z(N 1)
kﬁ\?\’rm(xlv'“vxn) :NT ( Z ﬁﬁb Tl — Xy ) kx;l’N_l)(:Eg,...,:Un)
AN 2<i<n

k
+ Z k"/ (n+k b 1)($2)-"7xn7y1)"'7yk H eXp /ng xl_yz))_l)dy%k>v
=1

see e.g. [H1156, Eq. (38.16)]. We set

¢ := max {0102 exp(¢1), f}.
Then (3.5) and (3.6) together with the Ruelle bound (3.3) yield

kf{;\’,N)(xl, ceyTp) < exp( Z Bo(xy — x]))Cng (f" 14 Z §"+k lfk)

2<i<n
<ep (= Y Bolw — ) ) CICexp(El) < exp (= Y Aola — ) )¢
2<i<n 2<i<n
Finally, symmetry of the correlation functions gives (3.4). |

4. N-PARTICLE STOCHASTIC DYNAMICS IN FINITE VOLUME

Let A C R? such that AN c R4 is the closure of an open, relatively compact set,
having boundary d(A") of Lebesgue measure zero. Our aim is to construct an N-particle
diffusion process (X(t))¢>o in T\ solving weakly the following N-system of stochastic
differential equations before hitting (I'("):

x(t)=—B Y Ve(a(t) —y(t)dt+ V2dB™(t),

y(t)e X(t)
y(t) # (1)

with reflecting boundary condition, (4.1)
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for sufficiently many initial conditions vo € T'{"’. Here 2(t) € X(t) € T{" and (B™),pe-,
are N independent Brownian motions starting in z¢. Existence of a solution to (4.1) was
shown in [FGO04] by using Dirichlet form techniques. Here we briefly summarize their
construction.

First we have to introduce an additional condition:

(D): (Differentiability) The function exp(—B¢) is weakly differentiable on R, ¢
is continuously differentiable on R?\{0} and the gradient V¢, considered as a
dz-a.e. defined function on R, satisfies

V¢ € LY(RY, exp(—B¢)dx) N L*(RY, exp(—Be)dz) N L*(R?, exp(—B¢)dx),

where 8 > 0 is the inverse temperature. Furthermore, we assume ¢ to be such
that the function ® in (RP) can be chosen differentiable and ®’exp(—a®) a
bounded function on (0, c0) for all @ > 0.

Note that, for many typical potentials in Statistical Physics, we have ¢ € C*(R%\{0}).
For such “outside the origin regular” potentials, condition (D) nevertheless does not
exclude a singularity at the point 0 € R?. The last assumption on ¢, ensuring a suitable
choice of @, is no restriction from the physical point of view. E.g., potentials, diverging
faster than ®(¢) = t~97¢, ¢ > 0, at the origin, are admissible.

On AN consider the measure

Py = (N)exp( 1] Z o(x i — T )dw%N.

1<i<j<N

Note that then sym®) : AN — I‘gN) is pua y-a.e. defined (since the diagonals have g, -
measure zero) and that uf") = p, y o (sym™)~1. Denote by V; the gradient on R? w.r.t.
the variable x;. Then

1<i<N

defines a bilinear from on

D = {F € C(AY) ‘ ViF locally dz-integrable on AON, ViF € L2(,uA,N)}. (4.3)

Here (-,-)ga denotes the scalar product in R¢ inducing the Euclidean norm, A the open
kernel of the set A, and the gradient V,;F is meant in the distributional sense on AN.
(Exn, D) is a densely defined, positive definite, symmetric bilinear form on L?(ji, ).

In [FG04, Prop. 5.3] it was shown that (£, , D) is closable and its closure (€, y,
D(&4 n)) is a conservative, local, quasi-regular Dirichlet form. Thus, there exists a corre-
sponding self-adjoint generator (H, n, D(H, y)) (Friedrichs extension), i.e., D(H, x) C
D(&, ) and

gA,N(Fy G) = N HAyNFGd,UAyN, F e D(HA’N)7 G S D(gA,N)'
A

In order to solve (4.1), however, we are rather interested in the image Dirichlet form
under sym™). Define an isometry (sym™)* : L2 (T, u{”) — L2(AN, py x) by setting
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(sym™)*F to be the i, y-class represented by F osym™ on AN for any pu{"-version F
of F e L?(u{"). Note that the subspace

L (pax) = (sym™)* (L* (")) € L (pa)

is the closed subspace of symmetric functions from L2?(yu, y). Using this mapping one
can define a bilinear form (£, D(£{")) as the image bilinear form of (£, x, D(Ex.x))
under sym™):

D(EY) == {F € L*(uf") | (sym™)*F € D(Ex )},

Y(F,G) == Exn((sym™)*F, (sym™)* @), F,G e D(EM). (4.4)
Also (EY, D(E{M)) is a conservative, local, symmetric Dirichlet form. Its generator is
given by

H™ = ((sym™)*)™ o Hy y o (sym™)*,
D(HYY) = {F € L*(u{") | (sym™)*F € D(H, n)}- (4.5)

Of course, (H, n, D(H, y)) generates a strongly continuous contraction semi-group

TV (t) := exp(—tH), t>0.

For repulsive potentials satisfying (D) in [FG04] it was shown that Dg := A \va has
Exn-capacity zero. Thus, (XY, D(E{)) is obviously also quasi-regular and by [MR92,
Chap. IV, Sect. 3] we have the following theorem:

Theorem 4.1. Suppose that conditions (RP), (D) are satisfied, N € N and A C R? such
that AN C RN is the closure of an open, relatively compact set with boundary O(A™N) of
Lebesgue measure zero. Then:

(i) There exists a conservative diffusion process (i.e., a conservative strong Markov pro-
cess with continuous sample paths)

MS\N) = (QS\N)v FS\N)) (FS\N) (t))tZO) (@E\N) (t))tZO) (X(t))tzo, (PS\N) (w))IEFE\N))

on T\ which is properly associated with (£, D(EM)), i.e., for all (1Y -versions of)
Fe L@\, 1) and all t > 0 the function

x »—>/ t)) dP (), zel(V,

is a EV) -quasi-continuous version of T\ (t)F. M is up to p\ -equivalence unique
In particular, MY is ul" -symmetric (i.e., [GT{V(OF dul’ = [ FTV ()G dul? for
all F,G :T{" — [0,00) measurable) and has p\" as an invariant measure.

(ii) The diffusion process M is up to pl" -equivalence the unique diffusion process
having pi’ as symmetrizing measure and solving the martingale problem for (— M
D(HM)), in the sense that for all G € D(H")

G(X(t)) — G(X(0)) + /Ot HMG(X(s)) ds, t>0,

is an F{V(t)-martingale under P (x) (hence starting in x) for £V -quasi all z € TV,
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In the above theorem MY is canonical, i.e., Q" = C([0,00) — T'{"), X(t)(w) =
w(t),w € Q. The filtration (F{"(t));>0 is the natural “minimum completed admissible
filtration”, cf. [FOT94], Chap. A.2, or [MR92], Chap. IV, obtained from the o-algebras
c{w(s)|0<s<t,we QM) t>0 F :=F(0) := V0,00 F(Y(t) is the smallest
o-algebra containing all F{"(t) and (©{"(t));>o are the corresponding natural time
shifts. For a detailed discussions of these objects we refer to [MR92].

To illustrate the relation of the process MY to the stochastic differential equation
(4.1) we need an explicit representation of the generator (H, n,D(H, x)), at least for
some subset of D(H, ). An integration by parts yields the following representation for

H, y restricted to F' € C’CQ(AON) C D(Hyn):

N
HoF(e) = =S AF@) +6 Y Voles— o)) (ViF(@) - ViF(),  (46)
=1

1<i<j<N

x € AN, Furthermore, if we assume 9(A") to be Lipschitz, then
{F e C2(AN)[9,F =0 on a(AN)} C D(Hyy), (4.7)

where 0, denotes the normal derivative, and representation (4.6) holds for such functions
also, see [FG04, Theo. 3.2]. Note that the functions in (4.7) have Neumann boundary
condition on AV,

Let FCp°(D,T') be the set of all functions on I' of the form

F(y) =gr({fu.7)s - (1), (4.8)

where n € N, f1,...,f, € D := C*(R?), and gr € C(R"). Here C°(R?) denotes
the set of all infinitely differentiable functions on R¢ with compact support and Ce(R™)
denotes the set of all infinitely differentiable functions on R™ which are bounded together
with all their derivatives. For F as in (4.8) such that (sym™)*F € C2%(AVN), (4.6)
together with (4.5) yields

H(N)F Zaa]gF fl) >7a<fN7’7>)<(vf2)vf])Rd7’7>
=1
N 1,J=
= > 09p () U (DS =B Y Vole = y)(VEi(@) - V),
i=1 {z,y}Cvy

(4.9)

v E '™, where 0; denotes the partial derivative w.r.t. the j-th variable.

Now, using Itd’s formula, we find that the process P{" solves the stochastic differential
equation (4.1) in the sense of the associated martingale problem, see Theorem 4.1(ii).
We say that P{") corresponds to reflecting boundary condition because of the Neumann
boundary condition seen on the level of the domain of its generator, see (4.7).



N/V-LIMIT FOR STOCHASTIC DYNAMICS 15

D. N/V—LIMIT OF N-PARTICLE, FINITE VOLUME STOCHASTIC DYNAMICS

As state space for the N/V-limit we consider (I',ds/s5s,) Wwith @ as in condition
(RP), (D), and h as in Proposition 2.1. [ is the inverse temperature. The laws of the
equilibrium processes

— (N) (N)
P = [ PO ()

HA
A

are probability measures on C([0,00),T'{"), cf. Theorem 4.1. Since C([0,00),T'{") is a

Borel subset of C'([0,00),T") (under the natural embedding) with compatible measurable

structures we can consider Pu( ~y as a measure on C([0,00),T"). Below, (X(t)):>0 always
A

denotes the coordinate process in the corresponding path space. We denote by (F):>0
the natural filtration on C([0,c0),T").

5.1. Tightness.

Theorem 5.1. Suppose that the conditions (RP), (T), (BB), and (D) are satisfied and
let (AN)Nen be a sequence of volumes corresponding to the density p > 0. Furthermore,
assume that the Ay C R are such that (Ax)N € RN is the closure of an open, relatively
compact set with boundary O((An)N) of Lebesgue measure zero. Set P™) := P R Then

N
(P™)) nven is tight on C(]0,00),T).

For a symmetric function f : R? x RY — R we set functions f™2 : R4 — R,
n=2,3,4, by

FB2 (@, w0) = flwr,20)%,
FB @y, 2, 25) = f(w1, w2) f (w1, 23) + f(21,73) f (w2, w3) + f (w2, 23) f (21, 72),
P2, o, w5, 20) = flar, 00) f (w3, 0a) + [ (21, 23) f (02, 24) + f(@1,20) f (w2, 23),
for 1, o, 23, 24 € R, and functions f*3: R 5 R n=2...,6, by
FBAwy, w0) = f (w1, 22)%,
FB3N @1, 0, 3) == flr, 20) f(a1, 23) f (22, 23) + f(21,22)? (f(ﬂfl,IEa) + f($2,333))

flar,z3)? (f(ml, T2) + f(w2, ms)) + f(z2, z3)? (f(l’h r2) + f(1, 333))7

i
- =

F @, ma) o= f@n,@0) s, ) (21, 28) + -+ fl@n,22)  f (23, 24) + .-,
O, s) = fwr, o) fws, wa) f (w5, 20) + -

FON @, w6) i= flan, 22) (s, 20) w5, 36) + -

for z1,...,x26 € R.

Lemma 5.2. Let the assumptions in Theorem 5.1 hold and 3, ®, h be as in the metric
digsyon- Set p™) = NE\JX,) Then

sup E v [(SP/D*M) 2] < oo,
NeN
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Proof: Set f(z,y) := exp((3/3)®(|z — y|))h(x)h(y), {z,y} € R% Then

(Sermr ) = 3 f@ )z w) + @ 2) fy,w) + fa,w) f(y, 2)

{x’y7z7w}c’y
+ > @ f2) + f@2)f(y2) + fley) f@2)+ Y flay)
{zy,2}Cy {zy}cy

Now (3.2) together with (3.4) yields for N > Ny (as in Theorem 3.2)

E ) (s 5/3)<I>h Z w f”2] 331,..-737n)k/(\7;{,N)(3717~-7$n)dx%z

<Zn'/ | £ (2 exp(—— Z Bo(z —x]>dx®". (5.1)

1<i<j<n

The integrals in (5.1) are finite due to the integrability properties of h and (RP) (note
that exp(b®(|-|)) exp(—c¢) is a bounded function for all ¢ > b > 0). Therefore, (5.1) is a
bound for E ) [(S®/**")?] uniformly in N > Np. Of course, E,,v[(S®/**")?] is finite
for the finite many N < Ng. Thus, the assertion is proven. |

Lemma 5.3. Let the assumptions in Theorem 5.1 hold. Then there exists Cg < oo such
that
nEs 1/2
sup Epw [ dis/span (X(6), X(5)| < Co (6 = )72, (5.2)
NeN
Proof: Recall the definition of the metric d /35, see (2.1). Since |1 —exp(—7)| < r
for » > 0, by the triangle inequality we obtain
RREER 411/4
Ep) | dis/man(X(t), X(s)) } < 27 FpiBpan [|(fi, X(8)) — (fr, X(s))|)
k=1

+ 3 2 g Epan [|[SCE (X (1)) — SN (X ()1 (5.3)
k=1
Set F(x) == Y ey fmi), © € (AN)N, f € CLRY). By (4.3) we know that F €

D(Exy n)- Note that (f,sym™(-)) = F on (Ax)N. Thus, by (4.4) (f,-) € D(& (N)) Fix
T > 0. Below we canonically project the laws of the equilibrium processes P(N ) onto
oM = cC ([O,T],FE\J\Q) without expressing this explicitly. We define the time reversal
re(w) == w(T — ), w € QY. Now, by the well-known Lyons-Zheng decomposition,
cf. [LZ88], [FOT94], we have for all 0 < ¢ < T*

1

(. X(0) = (£, X(O) = SMN, £,8) + 5 (MN, £.7 = 1)(rg) = M(N, £, 7)(1))

P™-a.e., where (M(N, f,t))o<i<r is a continuous (P™, (F{)(t))o<i<r)-martingale and
(M(N, f,t)(rr))o<t<r is a continuous (P™)] (r{l(Ff\? (t)))o<t<T)-martingale. (We note



N/V-LIMIT FOR STOCHASTIC DYNAMICS 17

that P™ o r;l = P™ because (Tﬁz) (t))i>0 is symmetric on L2(u™).) Moreover, by
(4.2) the bracket of M(N, f) is given by

t

0
as e.g. directly follows from [FOT94], Theorem 5.2.3 and Theorem 5.1.3(i). Hence by the

Burkholder—Davies—Gundy inequalities and since P yory L — P, we can find C; € (0, 00)
such that for all f € C}(R%), N > Ny (as in Theorem 3.2), 0 < s <t < T,

<M(N,f) > () = / IV £120, X () du

B [ X (1)) — (£, X()1 < 5 (B [MUN, £,2) = M(N, £, )] /*

+ Epoo [IM(N, £,T = #)(rr) = M(N, £,T = 8)(rr)[']'/*)

< (Epm [(/:qvflﬁgd,x(u» du) 2]

T—s

+EP(N>[(/T_t <|Vf|§d,X(T—u)>du)2]1/4>

<20 (0= o2 ( [ 194 Ban) du )"
<Gy (t—3)1/2<</A \Vf|2dxAN>2+ (/A \Vf|4da:AN>>1/4 < Gy (t — $)21(f),
: (5.4)

where Cg := 2 Cy max{€£2/2,£}'/4, see (3.2) together with Theorem 3.2, and I(f) is given

by
1) = (( [ 1vsras) s+ ([ viftaz))

But then from the above derivation of (5.4) it is clear there exists Cg < oo such that

Epo [I(, X (6) = (£ X))V < Col (£) (= 5)'/ (55)

forall f€ CHRY), NeN,0<s<t<T.
Now set U(2) = ¥ycijen exp((8/3)8(Jes — ;) (1) fa), @ € (M), f € CHR),
non-negative, and ® as in condition (RP), (D). Then from (4.3) together with an ap-
proximation argument we can conclude that U € D(&, ~). This together with the fact

that S®/9%/ (sym™(-)) = U on (An)N implies via (4.4) that S®/»*/ € D(E{Y)). Hence
as above we can find a Cjg < oo such that for all non-negative f € C}(R?), N € N,
0<s<t<T,

1/4

N

G(7) dp™ )1/4
o GO AE () )

AN

Epn [|S@/9 (X (1) =S (X (s)|']/* < Cuo (t—S)l/z(
r

(5.6)

where
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G =Y > > ep((B/3)(x —yl) exp((8/3)@ (|2 — 20))f (v) f ()
€Y yey\{z} z€v\{z}
NECEIE

2 2
3lz -yl 3|z — 2| ( =y, = 2)paf(2)" + |V f(2)|ga

' (|x — & (|lp —
+ B oy 9 psat@) + D V)t @))
= Z gg(m,y)—i- Z g?{(xvyvz)'
{zytey {zy.2}ey
The function gg is given by
2
o (2,) = exp((2/3) 5% (1x — y)) (%@’(\x gD @R W) + IV (@) Baf ()

260"(Jx — yl)

3l — ] (& =y, f(W)* f @)V f(z) f(w)Qf(y)Vf(y))Rd>

+ IV (W)gaf () +

and g?{ is the symmetrization of

6exp((8/3)2(lz — yl)) exp((8/3)®(|z — 2])) f (y) f(2)

NSRS
Blz—yl 3|z — 2|
B (lx —yl) B (|x — 2|)
W(w —y, Vf(@))gpaf(z)+ W(az -z, Vf(x))Rdf(;p)>,

Now by (3.2) together with Theorem 3.2 we get for all non-negative f € C}(R?), N > N,
0 <s<t<T, the following estimate:

(x —y,x — 2)gaf(z)’

+IVf()Ea+

Epon [[S7/7 (X (1)) — SO (X(s) )14 < Cuo (1 — PR(), (57)
where
¢ ! 2 ®3
R(f) =15 » T2, -3 Bo(z; — ;) ) d
(f) <3! /(Rd)3 lg5 (1, 22 xg)\exp( 3 1<;<3 (x a:])) "
2 1/4
T o /(Rd)2 |93 (1, 22) | exp ( — Bl — 332)> d:r®2) . (5.8)

The integrals in (5.8) are finite due to the differentiability and integrability properties
of f and (RP), (D) (®'exp(—a®) is by assumption a bounded function for all a > 0).
Then for all non-negative f € CL(R?), N > Ny, 0< s <t <T,

Epan (S (X (1)) = S5 (X () |']* < CroR(f) (t = 9)'/7.
But then by (5.6) there exists C1; < oo such that
Epw) (S (X (1)) = 8@/ (X(s))[]V* < CuR(f) (¢ - 5)'/* (5.9)
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for all non-negative f € CL(R?), N € N, 0 < s <t < T. If we now assume that
qr =inf{1,1/I(fx)} >0 and pi=inf{l,1/R(h;)} >0,

and Cg = Cg + C11, then from (5.3) together with (5.5) and (5.9) we can conclude (5.2).
|

Proof of Theorem 5.1: Criteria for tightness of cadlag (i.e., right continuous on
[0,00) and left limits on (0,00)) processes in metric spaces have been worked out in
[EK86, Chap. 3]. For continuous processes as we are considering one uses a slightly
different modulus of continuity (and also a different topology on the path space) as for
cadlag processes. However, by using the Arzela—Ascoli Theorem in metric spaces, see
e.g. [Cho66, Chap. I, Theo. 23.2], it is easy to show that [EK86, Chap. 3, Theo. 7.2] is
also valid in the continuous case. Since the sets

{veT'|Ssn(v) <R}, R < oo,

are relatively compact subsets of (I',ds/3)s,,), see Proposition 2.1, Lemma 5.2 yields
condition (a) of [EK86, Chap. 3, Theo. 7.2] (recall that u™ is the invariant measure of
P™). Condition (b) of [EK86, Chap. 3, Theo. 7.2] follows from Lemma 5.3. [

5.2. Identification of the limiting equilibrium measures as a canonical Gibbs
measures. Consider the sequence of equilibrium measures (™) yen corresponding to
the (P™)nen as in Theorem 5.1. Then tightness of (P™))yen implies tightness of
(1) nen. Now let o be an accumulation point of (™)) yen. Our aim is to identify p
as a canonical Gibbs measure via an integration by parts formula.

Lemma 5.4. Assume condition (D). For n € N and v € CX(R? RY) consider the
function

L5y L () =—8 Y. (Vo —y), I(y)v(z) — In(@)v(y))g,

{z,y}ey

where the collection I = {I}, | k € N} is as in Section 2. Then Lf i 18 a continuous function
on (T, ds/aa.n)-

Proof: Just an easy modification of the proof of [KK04, Lem. 3.4] where the continuity
of SW/3%:h ig shown. [ |

Lemma 5.5. Let the conditions in Theorem 5.1 hold. Then for all accumulation points
pof (p™)nen and all v € C°(RY, R?) we have that

Lo = lim L?,

k—o0o
exists in L?(u).
Proof: Set fi(z,y) == Vo(z —y)) (Ik(y)v(x) — Ik(a:)v(y)>, {z,y} C R% Then
4
(Lf,k('Y))Q = Z Z f,E"’Q] (X1, 2p).

n=2{z1,...tn}Cy
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Now as in the proof of Lemma 5.2, (3.2) together with (3.4) yields for N > Ny (as in
Theorem 3.2)

B, ((L ) < Ja+ Js + Ju,
where
" 2
Jn :C—' / |fk|["’2](x1, ey Tp) €Xp ( - — Z Bo(x; — a:J)> dz®", n =23 4.
mn. Rd n n ..
(R%) 1<i<j<n
Since the potential ¢ is bounded from below, there exits C12 < oo such that

< ([ W) — I o e

2
x[|BVe(z1 —22)||Re exp (- Bo(x1— 332)) d$®2) < Cl?”v”%l(d:c) 16 V¢H%1(exp(—ﬁ¢)dl‘)'
Analogously, (using Young’s inequality) we obtain

013

|J3‘ S = ”U”sup”ﬂ V¢HL1 (exp(—Be)dx)

« | ||Ik<x2>v<w1> — Tilw1)o(w2) g 16 V(a1 — 22)llzaexp (= ol — 22) ) da™
(R4)?

S ClgHU‘|SUPHvHL1(dI)H/BV(Z)H%I(exp(—ﬁ(j))dx)
for some C13 < co. Jy can be estimated as follows:

C
| < =2 /(Rd>2 (w2 )o(an) = Tilwn)o(wa) [

x 189 (w1 —22) [ exp (= Bolwr —22)) da® < CralolfEany 16 VOl 3 exp( o)
Next for 0 < r < oo set
L¢

vkr:

= (L?

v,k,r

V—r)AT.

Then, by Lemma 5.4, Lf &, 15 @ bounded continuous function on (I', d(s/3)s,,). Addition-
ally,

(L;

v,k,r

< (L) and (LY, ) /(LY as 1/ oo

Now let p be an accumulation point of (u™)yen, ie., p™) — u weakly for some
subsequence N,, — 0o as n — oo. Then

Eu[(LSy,)"] = lim B v [(L],,)°] < liminfE, o [(L],)]

v,k,r
and so

EM[(Lf,k)2] = lim E [(ka'r) ] <liminfE [(Lfk)Q] < o0

r—00 (e n—oo

due to the estimates for |Js|,|J3],|J4|. Hence Lfk € L?(u). Let k > 1. As above we can
estimate
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E,[(L, — Ly,)% < liminf B, o [(L], — L7))%] < C1s <||v||sup||ﬁ V6| 12 exp(~B0)da)

x / (T (2) — Li(wa))o(@1) — (T(1) — Li(w))o(ws) | ga
(R4)2
X |8 V6 (21 = w2) e exp ( — Bo(a1 — w2) ) d®

+ / (I (22) — L(22))v(x1) — (Tk(21) — Li(21))v(22) || Ra
(Rd)2
X [|BVé(x1 — m2)||Ra exp ( — Bp(z1 — 332)> d$®2>

<Cis <2HUHsupHUHL1(dx) 18 VAl 11 (exp(—56)dz)

X /Rd\BRL(O) I8 Vo(x1 — x2)||pa €xp ( — Bop(xy — ;pz)) dx

+ 2||v||? - /
Cmy .

where R; is a certain radius and Bpg,(0) the corresponding ball centered at the origin.
Since Iy (z) — [j(x) = 0 if ||z|| <1 —1, we have R; — oo as | — co. Now property (D)
yields that C16(l) — 0 as | — oco. Hence (Lfk)keN is a Cauchy sequence in L?(u). [

18V (z1 — 22)||24 exp ( — Bo(z1 — xg)) da:) = Cig(1), (5.10)
0)

Rry(

Lemma 5.6. Let the conditions in Theorem 5.1 hold, let v € C2°(R¢, R%) and define

_ﬂ Z{r,y}ey(vd)(x - y)7 'l}((lf) - U(y))Rd
LY(7) = 10 yrey [(VO(2 — y),v(2))pa| < 00
0 otherwise

Then LY is an L2(u)-version of L.
Proof: Define the sequence
M () = Y [(Vélx —y),0(@)galTi(y), keN.
{zyrey
Then Mf () monotonically converges to
MP(v) = Y [(Vé(x - y),v(z))pdl
{zytey

as k — oo. Furthermore, by estimates as in the proof of Lemma 5.5, the L!(x)-norms of
the Mf 1 (7) are uniformly bounded. Thus, by monotone convergence M € L'(p) and
therefore there exists S C I' with p(S) = 1 such that

M®(y) < oo forall «eS.
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Now we return to the Lf’k. Note that for a subsequence Lkam (v) — LY (y) as m — oo
for p-a.a. v € T'. Obviously, for this subsequence and all v € S: Lf ko, (V) — Lf(y) as
m — o0o. Thus

LOF(y) = lim Lfkm(’y) = L%(y) for paa. +€S.

m—0o0

[ |
For later use we also need:

Lemma 5.7. Let the conditions in Theorem 5.1 hold. Then for all subsequences
(™) en converging weakly to an accumulation point p of (u™)yeny and all v €
CX(R? RY) we have

supIEu[|Lf7k| ] < SUPSHPE o (|15 k‘ ] <oo.
keN keNneN

Proof: As in the proof of Lemma 5.5 we get for N > Ny (as in Theorem 3.2):
E,n[ILS %) < Kz + K3 + Ky + K5 + K,
where
n 2
K, :C—'/ |fk|["’3](a:1, ey Tp) €XP ( - — Z Bo(x; — a:J)) dz®", n=2,...,6.
e J(wdn " <ici<n

K can be estimated as Jz, here we need that V¢ € L3(R% exp(—fB¢)dr). Kg can be
estimated as Jy, here we need that V¢ € L' (R?, exp(—B¢)dz). Using Young’s inequality
K3-K5 can be treated as J3. In these cases we need V¢ € L'(R? exp(—0B¢)dz) N
L*(R? exp(—B¢)dz). Then as in the proof of Lemma 5.5 we get the desired estimate. W

In order to formulate the next lemma we recall the gradient V' introduced and studied
in [AKR98a]. It acts on finitely based smooth functions as in (4.8) as follows:

(VFF 77 Za]gF fla 5 a<fn7’7>)vf](m)v 7 EF, T En.
The corresponding directional derivative Vg in direction v € Cg° (R, R?) is given by

VFF Zang flv PRI <fn7’y>)<(vf]7v)Rd7’y> v E F, x e . (511)

Lemma 5.8. Suppose that the conditions (BB), (D) are satisfied and that N € N,
A C R? bounded Borel measurable. Let ,u(N) be the corresponding canonical Gibbs
measure. Then for all F,G € FC°(D,T') and v € C’é’o(/OX,Rd) the following integration
by parts formula holds:

/ " VIFGau\y = / FVLGauy — / FGB? dul", (5.12)
1—‘A

where

B := (divwv, ) + L?. (5.13)

(2
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Proof: First let us show that (divo,-) € L2(dul"). Indeed, by (3.2)

/FEXN) (divv,v)2 dul () = /(N) Z divo(z)divoe(y) + Z (divo(z ING))

"7 {aytey rey
1
= /A(divv(a:))Qkf\l’N) (x)dxp + 3 //\2 divo(zy) divo(zs) kSN (01, 22) do§? - (5.14)

which is finite due to the boundedness of the correlation functions. Similarly, we find
that ((Vf,v)ga,-) € L2(dul") for all f € D,
Next note that

B(y) = (divv,7) + LS, (v)

for all v € T\ if k is chosen large enough. Then using the ideas as in the proof of
Lemma 5.5 one gets Lfk € L2(u{™) and then, of course, also BY € L2(u{™). Now by

going to Euclidean coordinates one easily proves (5.12) by integrating by parts. Note
that the boundary terms are zero due to the support property of v and that (D) implies
that

Vexp(—¢) = —Vexp(—¢) dz-a.e. on R?
|

Theorem 5.9. Assume the conditions in Theorem 5.1. Furthermore, let v be an accu-
mulation point of (W) nen provided by Theorem 5.1. Then for all F,G € FC°(D,T)
and v € O (R4, R?) the following integration by parts formula holds:

/VEFGdu: —/FVEde—/FGdeu. (5.15)
r r r
In particular, i is a canonical Gibbs measure.

Proof: By the product rule for V' it suffices to prove (5.15) for

F=gpr({f1,)s - {fn,:)) and G=1.
If now ™ — 1 weakly as n — oo, then by Lemma 5.8 it suffices to show that
lim E, v, [VLF] =E,[VLF] and lim E v, [FB] = E,[FBY]. (5.16)

Let us first consider the second identity in (5.16). From (5.14) together with (3.3) we

can conclude that

2
B o0 [(div, %] < €lldivo)2a gz + 55 Idivel2s g = Cir (5.17)

Furthermore, notice that for 0 < r < oo

Dy, = ((dive,-) V—r) AT
is a bounded continuous function on (I',d 4/sys,). Hence
62

E/J'[D’?),T] < EHKdiVUa >2] < nglVUH%Q(dx ||d1VU||L1 (dz)>
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by the same arguments as in the proof of Lemma 5.5 (there applied to Lf ). Then by
the triangle inequality, (5.10) and (5.17)

B, v [FBY] — EL[FBY]| < E, v [|FI|(div o, ) — Dyl]
+ ’Eu(Nn)[FDv,r)] - EM[FDU,T)” + EMHFWdiV% ) = Dyr]
FE o [IFI] Y0 (Vol@ =), (1 = T(y))o(@) = (1 = L(@))o(y))es
{zy}e()
+E, o [lFIIL?, — LS, ||+ [E, o [FLS, ] —E,FL?, ]|
pNn) v,k v,k,r pu(Nn) v,k,r 12 v,k,r

+EFILS ., — L+ ELFIILS, — LY))

v,k,r

|

2C gF ||su
< % + ’EM(NTL) [FDU,T)] - EM[FDUvr)]’

+ 197 lsupCr6(K) + |]EM(Nn) [FLka’r] - EM[FL¢

v,k,r

SUPgeN SUPReN EM(Nn) [(Lf,k)2]
" .

1|+ E[|FILS, — L]

suppen Eul(LS )7

+ HQF”sup + ”gFHsup

The constants supycy Eu[(Lfk)z], SUPLen SUPpen B, ovn) [(Lfk)z] are finite due to the es-
timates for |Jal,|J3|, |J4| in the proof of Lemma 5.5. Now the second identity in (5.16)
follows from Lemma 5.5 and the weak convergence ™" — 1 as n — oo.

Note that
VOF =3 000 (1, ), U DAV 5, 0)ga,)-
j=1

Thus, showing the first identity in (5.16) is a special case of proving the second one. Just
take the monomial ((V f;,v)ga,-) instead of the monomial (divwv,-) and the function 1

instead of Lf, all the other functions involved are bounded and continuous.
Hence we have shown (5.15). The fact that u is a canonical Gibbs measure now follows
from [AKR98b, Theo. 4.3]. [

5.3. Identification of the accumulation points as the distribution of an infinite
volume, infinite particle stochastic dynamics. Let us fix an accumulation point y
of (1™")nen. Then for all F,G € FCp°(D,T') we consider the bilinear from

£,(F.C) = / (VEF(), VEG())r ) dia()

I
_ /F S (VUE(y, ), VEG(v,2)pa du(y),  (5.18)

ey

where ()7, r) = D_4e,(;*)ra is the scalar product in the tangent space T, (I'), see
[AKRI8D] for details. Using the integration by parts formula derived in Theorem 5.9 we
obtain for F,G € FC;*(D,I'):

£.(F,G) = / H,FGdp,
T
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where

N
— Z 0:0;9r ((f1,)s - (N IV fi, Vi Ry )

ij=1
N
=3 Ogr (i) U D (AL ) + T8, ) (5.19)
=1

for F e FC°(D,T') as in (4.8).

Theorem 5.10. Assume the conditions as in Theorem 5.1. Furthermore, let P be an
accumulation point of (P™W))yen with invariant canonical Gibbs measure p provided in
Theorem 5.1. Then P solves the martingale problem for (—H,,, FC°(D,T")) with initial
distribution pu, i.e., for all G € FC*(D,I),

GIX(1) — / H,G(X(w)du, >0, (5.20)

is an Fy-martingale under P and P o X(0)™' = p.

Proof: For t,s > 0, we define the following random variable on C([0,00),T):

U(X,t,s) = GX(t+5)) — GX(t)) + " H,G(X(u)) du.

Corresponding to

:gG(<fla'>7"'7<fn7'>) GFCISO(’Dvr)

we define

—9G<Zf1 (x4), an a:l> z=(z1,...,xy5) € AN,

Note that G(sym™(-)) = G on AN. Since the f1,.-., fn have compact support there
exists Ny € N such that G is an element of 02((AN) ) C D(H,,,y) forall N > Ny. Hence
for N > Ny, G € D(H (N)) and we have the pointwise representation of H\" )G provided

n (4.9). Notice that this representation coincides with the pointwise representatlon of
HHG, see (5.19).

The trace filtration obtained by restricting (F¢);>0 to C([0,00),T{") coincides with the
natural filtration of C([0, 00),T'{"’). Furthermore, P solves the martingale problem for
(— HAN , D(H(N))) w.r.t. (F“X[)( ))t>0. Therefore we have for all F;-measurable, bounded,
continuous Fy : C([0,00),I') — R and N > Ny that Epv [F;U(t,s)] = 0. Thus it follows
that

0= ]\}lm EP(N) [FtU(t, 8)] (521)

Now let (Np)nen a subsequence such that P(*n) — P weakly. Having (5.21) it remains
to show

nh_)nolo Epwo) [FrU(t,5)] = Ep[FLU(t, 3)] (5.22)
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to obtain (5.20). We have

Epov) [FU(t, 5)] — Ep[FU(t, 5)]|
< [Epova [FH(G(X(t + 5)) — G(X(1)))] — Ep[F(G(X(t + 5)) — G(X(1)))]]

t+s
—l—/t Epve [FrH,G(X(u))] — Ep[FiH,G(X(u))]| du. (5.23)

The first term on the right hand side of the estimate (5.23) converges to zero as n — oo,
because the function F}(G(X(t + s)) — G(X(t))) is bounded and continuous. Showing
that

|Epva) [FrH,G(X(u))] — Ep[F;H,G(X(u))]| =0 as n—oo Yué€l[tt+s]

is essentially the same as proving (5.16), done in the proof of Theorem 5.9. Now using
the Cauchy—Schwartz inequality, the fact that p and ©®™) are the invariant measures of
P and P™)| respectively, and the boundedness of {IEM(NH)[(HMG)2] |n € N} we find a
constant Cg < oo independent of u € [¢,¢ + s] and n € N such that

[Epv [FH,G(X(u))] — EplFH,G(X(u))]] < Cis.

Therefore, the second term on the right hand side of the estimate (5.23) converges to
zero as n — oo by Lebesgue dominated convergence. Thus, (5.22) is shown.
Obviously, we have P o X(¢)~! = y for all ¢ > 0, in particular P o X(0)~! = p. [

Remark 5.11. Using It6’s formula, Theorem 5.10 implies that each accumulation point
P of (P™))nen solves the following infinite system of stochastic differential equation in
the sense of the associated martingale problem:

de(t) =8 3 Vole(t) - y(t) dt + V2B (¢),
(HeX(t

)
u(t)#a (1)

PoX(0)™' =4, (5.24)

where z(t) € X(t) € I, (B*)gey, 7 €T, is a sequence of independent Brownian motions
and p is the invariant measure corresponding to P.

5.4. Identification of the accumulation points as Markov processes and unique-
ness. By [AKR98D] the closure of (£,,FC°(D,T')) on L*(T, i), in sequel denoted by
(S;Tm,D(Elﬂnin)), is conservative, local and quasi-regular, hence associated with a diffu-
sion process on I'. When started with p its distribution P, also satisfies the martingale
problem (5.20). So far we do not know whether P, = P with P as in Theorem 5.10. A
first step to that identification yields the following convergence of the associated Dirichlet
forms.

Proposition 5.12. Let the assumptions in Theorem 5.1 hold and let (u™™)),en be a
subsequence converging to an accumulation point p of (u™))nen. Then for all F,G €
FCOF(D,T)

lim £ (F,G) = E,(F,G). (5.25)

n—oo
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Proof: By polarization identity we can restrict ourself to the case F' = G. From
(5.18) we get that

Eu(F, F)

-y /F g (1,2 s s Mg (1D s s IV s ¥ s ) ()

ij=1
for F as in (4.8). Furthermore, by definition of £, see (4.4), we find
N (F, )

= > /FaigF«fla’}’)w”=<fna’}’>)aj9F(<fl7'Y>v---7<fn;’)’>)<(vfiavfj)Rd7'V> dp™ ()

1,j=1

again for F as in (4.8). Since ™) — u weakly as n — oo, (5.25) follows by analogous
arguments as in the proof of Theorem 5.9. |

This convergence, however, is too weak to conclude convergence of the associated
semi-groups or resolvents. For this we need the stronger Mosco convergence of quadratic
forms. The concepts of Mosco convergence were introduced in [Mos94]. Here we need a
generalization of these concepts provided in [KS03].

Definition 5.13. We say that a sequence of Hilbert spaces (H)nen converges to a
Hilbert space H, if there exists a dense subspace C' C H and a sequence of operators
((I)n)neNa where

®,:C—H, neN,
with the following property:
lim [[®ullm, = (ullg
n—oo
for all u € C.

Let p be an accumulation point of (u™)yen and (u™™)),en a subsequence such that
lim;, o0 ™™ = . When choosing C' := FCp°(D,TI') and the mapping @, := Ry, n € N,
as the choice of the continuous representative of a function from FC°(D,T') C L?(p)
(this can be done uniquely, since p as a Gibbs measure has full topological support on
I') and then considering as function in L2?(u™")), we see that H,, := L?(u™")) converges
to H := L%(u1) in the sense of Definition 5.13 as n — oo.

Definition 5.14 (strong convergence). Let (Hp)nen, (®n)nen, H and C be as in Defi-
nition 5.13. We say that a sequence of vectors (up)neny with w, € H,,n € N, converges
strongly to a vector uw € H, if there exists a sequence (U )nen in C with the following
properties:

li

im ||y, —ullg =0
m—00

lim limsup|| Py, — un| H, = 0.
m—oo n-oco
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Definition 5.15 (weak convergence). Let (Hy,)nen, (Pn)nen, H and C be as in Definition
5.13. We say that a sequence of vectors (u,)nen with u, € H,,n € N, converges weakly
to a vector u € H, if

lim (up, vp)H, = (u,v)g

n—oo

for every sequence (vy,)nen wWith v, € Hy, n € N, which strongly converges to v € H.

In [Kol04][Lem. 2.7] the following simple criterion for strong convergence has been
proved.

Lemma 5.16. Let (Hy)nen, (Pn)nen, H and C be as in Definition 5.13. A sequence
(un)nen with u, € H,,n € N, converges strongly to a vector u € H, if and only if

lim |up|lg, = ||ul|lg and  lim (u,, ®,(v))g, = (u,v)g forall veC.
n—oo n—oo

Definition 5.17. Let (Hy)nen, (Pn)nen, H and C be as in Definition 5.13. We say that
a sequence of bounded operators (B, )nen with B,, € L(H,),n € N, converges strongly
to a bounded operator B € L(H), if for every sequence (uy,)neny with u, € H, , n € N,
which strongly converges to u € H, the sequence (Bjuy)nen strongly converges to Bu.

Next we consider convergence of quadratic forms Q. Recall that a quadratic form on
a Hilbert space H is given by a bilinear form &£ : D(E) x D(€) — R, where D(E) C H.
We consider only densely defined, non-negative, closed, symmetric bilinear forms. Then
we define the corresponding quadratic form Q : H — R by setting

O(u) = { E(u,u) if we D(S).

00 otherwise
Recall that closedness of (£, D(€)) is equivalent to lower semi-continuity of Q : H — R.

Definition 5.18 (Mosco convergence). Let (Hp)nen, (®Pn)nen, H and C be as in Def-
inition 5.13. We say that a sequence of quadratic forms (Qn)nen With Q, : Hy, — R,
n € N, Mosco converges to a quadratic form Q : H — R, if the following conditions hold:

(M1) If a sequence (un)nen With u, € Hy,n € N, weakly converges to a vector u € H,
then
Q(u) < liminf Qy (uy).

n—oo

(M2) For all uw € H there exists a sequence (un)neny with w, € H,,n € N, which
strongly converges to u and

Qu) = Tim Qp(un).

In [Mos94] it is proved that Mosco convergence of a sequence of quadratic forms is
equivalent to the convergence, in the strong operator sense, of the sequence of semi-
groups and resolvents, respectively, associated with the corresponding bilinear forms. In
[KS03] this result is generalized to the present situation, where we have a sequence of
Hilbert spaces. Here strong convergence of bounded operators has to be understood in
the sense of Definition 5.17.

We are interested in the case where Q,, is the quadratic form corresponding to (€ [(\ij’;),

D(EN™)), n € N, and Q the quadratic form corresponding to (SlTin, D(E;Tin)). In order

ANy,
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to check (M1) we need to consider a closed extension of (£,, FC°(D,T)) on L2(T, u),
which possibly is larger than (£, D(E™)). Let VFC®(D,T) be the set of all maps
defined as follows:

N
L3ye ) F()u,
=1

where F,...,Fy € FC®(D,T) and vy,...,oy € CP(RYRY). For V = Ef\il F; €
VFC°(D,T') we define

N
ding = Z(VEZFZ + B:ZFZ'UZ-),
i=1
see (5.13) and Lemma 5.6. From the integration by parts formula (5.15) provided in
Theorem 5.9 we can conclude that for all F' € FCp°(D,I') and V € VFC;*(D,TI)

/(VFF, V)rrdp = —/Fding du.
T r

Let ((divg)*, D((divg)*)) denote the adjoint of (divg, VFCy°(D,T')) as an operator from
LA, TT, u) to L*(T', u). By definition, G € L*(T, i) belongs to D((div})*) if and only
if there exist a unique (divg)*G € L?(T,TT, i) such that

/FGding dp = — /F((divg)*G, V)rrdu forall 'V e VFCy°(D,T).
We set D(EM) := D((div}y)*), d* := (div})* and define

M (F, G) = /F (@"F,d"G)rr dp, forall F,G € D(ET™).

From the integration by part formula (5.15) it follows that
FC(D,T) C D) and d*=V" on FCy°(D,I).

Hence the densely defined, non-negative, closed, symmetric bilinear form (€%, D(E;*))
extends (S/flin,D(ELnin)). From general theory it is clear that (£7**, D(£;"**)) has an
associated self-adjoint generator (H;**, D(H;***)). However, it is not clear whether it
is Markovian. In [SS03] it is shown that for non-negative interaction potentials ¢ the
generator of the closure of £ restricted to D(E;**)NL>(p) is the maximum Markovian
self-adjoint extension of (H,, FCy°(D,T)).

Condition (M1) we can only check, when Q is the quadratic form corresponding to
(&7, D(E;™)). Condition (M2) we can only check, when Q is the quadratic form
corresponding to (Slﬂnin,D(E?m)). Hence we have to assume that (Slﬂmn,D(ELnin)) =
(7™, D(E;™)). In the case that (H;*, D(H;*)) is Markovian, this is equivalent
to the so-called Markov uniqueness property, see e.g. [Ebe99]. Obviously, the prop-
erty (Sﬁﬁn, D(Elﬂ“in)) = (&7, D(E,)) is weaker than essential self-adjointness of (H,,
FC(D,T)).

To verify (M1) we need strong convergence of the logarithmic derivatives.
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Proposition 5.19. Let the conditions in Theorem 5.1 hold and V' € VFC°(D,T"). Then
ding considered as an element in L?(p)) converges strongly to dngV considered as
an element in L%(p) as n — oo (recall that dngV is a pointwise defined function on T').

Proof: In the proof of Theorem 5.9 we have shown that

lim P divgVdp®™ = / FdivyV du (5.26)
r

n—00 FE\Nn
N,
for all F € FCp°(D,T'). Hence, by Lemma 5.16 it remains to show that

. . T 2 (Np) __ y 2
nh_)ngo FS\Nn)(dlvqﬂ/) du™ —/F(d1v¢V) dp. (5.27)

Since for V = Zf\;l Fiv; € VECY°(D,T') we have

N
diviV = (VL. F, + (divo, ) + LY, Fy),
=1

(5.27) follows from
lim |(divw, -YL?| dpu™) :/\(divw,->Lf\du (5.28)
r

FAN

and  lim (L) dp™m) = / (LE)? dy (5.29)
r

FAN

for all v,w € C*(R% R?). For all the other terms convergence can be shown as conver-
gence of (5.26). Using the notation as in the proof of Lemma 5.5 we get:

B v [(L8)2] = Eu[(L)2)] < By [(L8)? = (L )2+ E i [(LS )7 = (LS 1)2):]

+ B [(LE )] = B l((LE 00+ Eul(LE )% = (L2 )] + [Eul(LE ) — (L))

< <i‘é§ Vo [(L2)?] + sup sup /E ) [(L;jk)ﬂ) VCro(k)

keNne

+ (VB +sup BAI(EE0)%) BA(EE — L2,)7

supgen Epl| LS 7]
T
SUDPLeN SUDyen E 122 %]
eN neN = (Nn) [y &
. .

+ B oo (L8 1)2)r] = (LS )2) ] +

The constants supycy E“[|Lfk|3], SUPLen SUPpen E ovn) [|Lfk|3] are finite due to Lemma
5.7. Furthermore, the constants sup,cy E,vn) [(Lf)Q], SUPLen SUPpen B, ova) [(Lfk)Q] and

SUDkeN EM[(Lf’kﬂ are finite due to the estimates for |Ja|, |J3], |J4| provided in the proof of

Lemma 5.5. Now (5.29) follows from Lemma 5.5 and the weak convergence u™) — 1 as
n — o0o. (5.28) can be shown analogously, since the constant sup,,cy E ) [[(divw, -)[P]
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is finite for all 1 < p < oco. For p = 2 this is shown in the proof of Theorem 5.9, see
(5.17). The proof easily generalizes to all 1 < p < co due to the Ruelle bound (3.3). W

Theorem 5.20. Let the assumptions in Theorem 5.1 hold and let (1™"™),en be a subse-
quence converging to an accumulation point pi of (1™)Nen. Suppose that (€7, D(EF™))
(Nn

= (£, D(E;™)).  Then the sequence of quadratic forms corresponding to (€

ANy, 0
D(E&y N")))neN Mosco converges to the quadratic form corresponding to (€%, D(E;7%)).

Proof: Since (SlTin,D(E;Tin)) is the closure of (&,, FC;°(D,TI')), Proposition 5.12
together with [Kol04][Lem. 2.8] implies (M2)

In order to check condition (M1), we consider a sequence (F},)nen with F, € L2(u®™)),
n € N, which weakly converges to F' € L?(n). Furthermore, recall that in Proposition
5.19 we have shown strong convergence of dngV considered as an element in L2?(pu™))
to dngV considered as an element in L?(u) as n — oo for all V € VFC*(D,T).

First let us assume that I’ € D(E;*). Then

n—~o0

2
( / (d"F,Vpr du / FdivE Vdu — lim ( / Fndiv};VduW)
r p ()

n

n—~o0

< liminf Q,(F,) /(V, V)rrdp forall V e VFC°(D,T'), (5.30)
r

where Q,, is the quadratic form corresponding to (EAN ,D(&Ey (N" *’))- Since VFCy°(D,T)
is dense in L2(I',TT, i), (5.30) yields (M1) for F € D(&7™).

For F' ¢ D(E*) we have Q(F) = oo, where Q is the quadratic form corresponding
o (E7%, D(E;™)). We assume that liminf,, oo Qn(Fn) = C19 < 00, then

‘/FFdingdu‘ < V/CrollVarar,y forall Ve VEC®(D,T).

Le, F e (divg)* = D(&*). That is a contradiction! Hence liminf,, oo Qn(Fyn) = oo.
|

Remark 5.21. The essential ideas for proving Theorem 5.20 we got from the proof of
[Kol04][Prop. 4.1].

)

We denote the strongly continuous contraction semi-group associated with (S;jlax

D(£;)) by (Tu(t))ezo0-

Corollary 5.22. Let the assumptions in Theorem 5.1 hold and let (M(N"))neN be a subse-
quence converging to an accumulation point p of (1)) yen. Suppose that (&, DESM™))

= (E7%, D(E;™)). Then the sequence of semi-groups (Tﬁx’;) (t)) strongly converges to
T,(t) as n — oo for allt > 0. The same holds for the corresponding resolvents.

Proof: By Theorem 5.20 this follows directly from [KS03, Theo. 2.4]. |
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Theorem 5.23. Let the assumptions in Theorem 5.1 hold and let P be an accumula-
tion point of (P™))nen with invariant canonical Gibbs measure p. Suppose that (S;Tin,
D(El‘flm)) = (&, D(E;™)). Then P is the law of a Markov process with initial distri-
bution p and semi-group (T, (t))¢>0. In particular, all accumulation points of (P™)) yen
with the same invariant measure u coincide.

Proof: Let (P®"),cn be a subsequence such that lim,, ., P®") = P. This implies
lim,, oo p™) = p. From Corollary 5.22 we now can conclude that T' ,&Z:) (t) converges
strongly to T},(t) as n — oo for all ¢ > 0. Thus, finite dimensional distributions of P are
given through (T},(t))s>0. Since this holds for all accumulation points of (P™))ney with
invariant measure u, they all coincide. |

6. APPLICATION TO THE PROBLEM OF EQUIVALENCE OF ENSEMBLES

Grand canonical Gibbs measures correspond to an interaction potential ¢, inverse
temperature 3 > 0 and activity function z > 0. An interesting question is the equivalence
of the grand canonical and canonical ensemble, i.e., the question whether grand canonical
and canonical Gibbs measures corresponding to an interaction potential ¢ and inverse
temperature (§ coincide for a certain relation between their activity function z and particle
density p, respectively, see e.g. [Geo79, Chap. 6]. Furthermore, it is of interest whether
one can approximate grand canonical Gibbs measures by finite volume canonical Gibbs
measures.

Theorem 6.1. Assume that the conditions in Theorem 5.1 hold and that we are in the
low density, high temperature regime, i.e.,

1
< .
2exp(20K +1)J(B)
Then the sequence of finite volume canonical Gibbs measures with empty boundary con-

dition (W™ )yen converges to a canonical Gibbs measure p with constant density p as
N — oo. Furthermore, u is a grand canonical Gibbs measure corresponding to the activity

p

(N-1)
7= lim NZ2~¥ 6.1

Proof: Let us fix an accumulation point p of (u™))yen, i.e., there exists a subsequence
(uNm)), e such that ™™ — 1 weakly as m — oo. From Theorem 5.9 we know that p
is a canonical Gibbs measure. Let f € C.(R?). Then (f,-) is a continuous function on
(T, ds/30,n) and as in the proof of Theorem 5.9 we can show that

EMKf? >] = rr%gnoo Eu(Nm) [<f7 >]
Now (3.2) yields

Eu(f, )] = lim [ f@) k8™ (@) doay, .

m—00 A
Nm

In [BPK70, Sect. 4] it is proved that in the low density, high temperature regime

lim k(M (x) =p forall xeR%
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Hence, using the Ruelle bound (3.3) and Lebesgue’s dominated convergence theorem, we
obtain

Eu[(f,)] = p/Rd fdz. (6.2)

Thus, © has constant density p.

Moreover, in [BPK70, Sect. 4] it is proved that in the low density, high temperature
regime there exits a sequence (k™ ),cn of functions £ : R™? — R such that
m%i_r)noo k,(\rj\‘fim)(ml, convxn) = k™ (zy, ..., x,) for all (zy1,...,2,) € R"% and all n € N.
Using the Ruelle bound, see Theorem 3.2, and analogous arguments as in the derivation
of (6.2), we can identify the sequence (k™),cn as the correlation functions of u. Since
this is true for all accumulation points of (u™))yen, all accumulation points coincide
and (™)) yen converges to the canonical Gibbs measure p as N — oo.

Finally, [BPK70, Theo. I] together with [BPK70, Theo. IV] implies that the sequence
of correlation functions (k™),en fulfills the Kirkwood-Salsburg equations for z as given
in (6.1). Thus, p is a grand canonical Gibbs measure corresponding to ¢, # and z. B

Remark 6.2. A related result has been proved in [Geo95]. There the author derived
an approximation of grand canonical Gibbs measures by finite volume micro canonical
Gibbs measures with periodic boundary condition. It seems to be quite feasible to adapt
the proof to the canonical case. However, since that proof heavily relays on the choice
of a periodic boundary condition, it still would not cover our case (empty boundary
condition).

Corollary 6.3. Assume that the conditions in Theorem 5.1 hold and that we are in
the low density, high temperature regime. Let p = limy_oo p™) and suppose that (Sfj‘in,
D(El‘flm)) = (E™, D(E7™)). Then the sequence (P™))nen converges in law to a Markov
process P with initial distribution p and semi-group (T, (t))i>0. Furthermore, P solves
the martingale problem for (—H,, FCy°(D,T")) with initial distribution fi.

Proof: This is an immediate consequence of Theorem 5.23 together with Theorem
6.1 and Theorem 5.10. |
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