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M NOPQRSTUPVRO

WX YZ[X\]^_X ^ [X]^`aX[ b]Y[c de ]fX `Z]X\^g]`dZ h\^if ed\ `ZjZ`]X i^\]`k
gaX [cZ^l `gb ^Z[ i\dmX XnidZXZ]`^a Xb]`l ^]Xb ed\ `]b jZ`]X gaYb]X\b o p aYb]X\
i\di X\]`Xb de ga^bb`g^a `ZjZ`]Xki^\]`gaX [cZ^l `gb `b ^ eda_ad\ Zd]`dZ Zdq r gaYbk
]X\ [cZ^l `gb q^b [`bgYbbX[ `Z stu o vZ l d\X hXZX\^a bXZbX r qX^_ [XiXZ[XZgX
de e^\ ^q^c i^\]`gaX ]\^w Xg]d\`Xb ia^cb bYxb]^Z]`^a \daX `Z l ^Zc i^iX\b r bXX
ed\ Xn^liaX syr z r { r |u o }d\ ga^bb`g^a ~[X]X\l `Z`b]`g d\ b]dgf^b]`g� [cZ^l `gb r
]fX gaYb]X\ i\di X\]c \XmX^ab ^ gaX^\ hXdl X]\`g i`g]Y\X r qfX\X ]fX bcb]Xl de
`ZjZ`]X i^\]`gaXb `b bYx[`m`[X[ `Z]d \^Z[dl jZ`]X bYxbX]b ~gaYb]X\b� qf`gf [d
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Zd] `Z]X\^g] q `]f X^gf d]fX\ dZ ^ jnX[ ]`l X `Z]X\m^a o �fYb ]fX [cZ^l `gb `b
\X[YgX[ ]d jZ`]X i^\]`gaX [cZ^l `gb o �fX ZXq eX^]Y\X de ]f`b i^iX\ `b ]f^]
qX [Xbg\`x X gaYb]X\b `Z [X]^`a gdlx`Z^]d\`^aac ^Z[ h`mX gdlx`Z^]d\`^a Xb]`k
l ^]Xb de ]fX`\ i\dx^x`a`]`Xb o �f`b bdamXb gdZ]`ZYdYb i X\gda^]`dZ i\dxaXl ed\
gdlia`g^]X[ hXdl X]\`g^a dxw Xg]b k ]fX ]YxXb ^\dYZ[ i^\]`gaX ]\^w Xg]d\`Xb o

�d]X ]f^] gaYb]X\ i\di X\]c g^Z f^mX ^abd [`�X\XZ] ~xY] \Xa^]X[ � l X^Z`Zh �
[Xg^c de gd\\Xa^]`dZb r Xn `b]XZgX de �Y^b`i^\]`gaXb r Xbi Xg`^aac ed\ ]fX �Y^Z]Yl
g^bX r bXX syyu r qX [d Zd] iY\bYX ]f`b `bbYX fX\X o

WX ^bbYlX ]f^] ^] ]`l X
0
r ed\ ^Zc gYxX

Λ
r �d`bbdZ id`Z] jXa[ q `]f [XZb`]c

ρ
`b h`mXZ o �fYb ]fX ZYlxX\

N(Λ)
de i^\]`gaXb `Z

Λ
f^b �d`bbdZ [`b]\`xY]`dZ

q `]f <N(Λ)>
|Λ|

= ρ
o �fX `Z`]`^a mXad g`]`Xb

vi(0)
de ]fX i^\]`gaXb ^\X ^bbYl X[ ]d

xX `Z[Xi XZ[XZ]ac ^Z[ `[XZ]`g^aac [`b]\`xY]X[ o �^Z[dl `Z`]`^a gdZjhY\^]`dZ
de gdd\[`Z^]Xb

xi(0)
^Z[ mXad g`]`Xb

vi(0)
`b [XZd]X[ xc

ω = ωΛ
o

WX ^bbYlX ]f^] ed\ ^Zc gYx X
Λ
^Z[ ^Zc jnX[ ZYlxX\ de i^\]`gaXb

N(Λ)bdl X jZ`]X i^\]`gaX [cZ^l `gb `Z
Λ

`b h`mXZ o � X\X qX lX^Z xc ]f`b ]f^]
ed\ ~^al db]� ^Zc `Z`]`^a gd d\[`Z^]Xb

xi(0)
^Z[ mXad g`]`Xb

vi(0)
]fX ]\^w Xg]d\`Xb

xi(t) = x
(Λ)
i (t)

^\X YZ`�YXac [XjZX[ dZ ]fX ]`l X `Z]X\m^a
[0, τ ]

r ]fXc ^\X ^bk
bYl X[ ]d xX i`XgXq `bX bldd]f ~]fXZ ]fX mXad g`]`Xb

vi(t) = dxi(t)
dt

^\X [XjZX[
^ oX o� o

WX jn eY\]fX\ dZ bdl X
r > 0

o WX g^aa ]fX ]YxX ~d\
r
k]Yx X�

Ti(τ)
de ]fX

i^\]`gaX
i
]fX

r
kZX`xdY\fdd[ de `]b ]\^w Xg]d\c

xi(t, ω), 0 ≤ t ≤ τ
o WX b^c ]f^]

]qd i^\]`gaXb
i, j

`Z]X\^g] ^] ]`l X
t
`e

dist(xi(t), xj(t)) ≤ 2r

]f^] `b `e ]fX gadbX[
r
kZX`hfxd\fdd[b de

xi(t)
^Z[

xj(t)
~]fX ]`l X

t
ba`gXb de

]fX gd\\Xbi dZ[`Zh ]YxXb� `Z]X\bXg] o �fXZ

sij = min{t : dist(xi(t), xj(t)) ≤ 2r}
`b g^aaX[ ]fX j\b] `Z]X\^g]`dZ ]`l X de i^\]`gaXb

i
^Z[

j
o

�d [XjZX [cZ^l `g^a gaYb]X\b qX gdZb`[X\ ~ed\ ^Zc
τ
� ]fX edaadq `Zh jZ`]X

\^Z[dl h\^ifb
GΛ = GΛ(τ) = GΛ(τ, ω)

o �X\]`gXb de
GΛ ^\X ]fX i^\]`gaXb o WX

g^Z ^bbYl X ]f^] ]fXc ^\X a^x XaaX[ xc ]fX `Z`]`^a gd d\[`Z^]Xb de ]fX i^\]`gaXb o
�qd mX\]`gXb ^\X gdZZXg]X[ xc ^Z X[hX `e dZ ]fX ]`l X `Z]X\m^a

[0, τ ]
]fXbX

]qd i^\]`gaXb `Z]X\^g] ^] aX^b] ^] dZX ]`l X ldlXZ] o �fX bX]b de mX\]`gXb de
gdZZXg]X[ gdlidZXZ]b de

GΛ = GΛ(τ)
^\X g^aaX[ [cZ^l `g^a gaYb]X\b `Z

Λ
~d\

b`liac gaYb]X\b� `e
τ
^Z[

Λ
^\X jnX[ o 	�Y`m^aXZ]acr ]fX gdZZXg]X[ gdlidZXZ]b

z



^\X ]fX b^l X ^b ]fX ]didadh`g^a gdZZXg]X[ gdlidZXZ]b de ]fX YZ`dZ de ^aa
]Yx Xb

T = ∪Ti(τ)
`Z

Λ × [0, τ ]
o

W `]f`Z ]f`b hXZX\^a bX]]`Zh r bY� g`XZ] ed\ dY\ iY\idbX r qX f^mX ]d [d ]f\XX
^[[`]`dZ^a ^bbYli]`dZb �

yo }d\ b`l ia`g`]c de i\XbXZ]^]`dZ qX ^bbYl X ]\^Zba^]`dZ `Zm^\`^ZgX de ]fX
[cZ^l `gb ^Z[ iX\`d[`g xdYZ[^\c gdZ[`]`dZb ^Z[ ]f^] ]fX i^\]`gaX

ildmXb e\XXac dZ ]fX ]`l X `Z]X\m^a
(t, t+ s)

xi(t+ s] = xi(t) + vi(t+ 0)s

`e ed\ ^Zc
t′ ∈ (t, t+s)

]f`b i^\]`gaX [d Xb Zd] `Z]X\^g] q `]f d]fX\ i^\]`gaXb o
z o WX ^bbYlX ]f^] ed\ ^Zc ]qd i^\]`gaXb

i, j
]fX`\ j\b] `Z]X\^g]`dZ ]`l Xb

sij = sij(ω)
^\X ^aa [ `�X\XZ] ^ ob o �f`b fda[b ]\`m `^aac `Z l ^Zc _ZdqZ

[cZ^l `g^a l d[Xab o
{ o �Y\ l ^`Z ^bbYli]`dZ `b ]f^] ]fX mXad g`]`Xb ^\X YZ`ed\l ac xdYZ[X[ r ]f^]

`b ed\ bdl X gdZb]^Z]
v0 > 0

^Z[ ^Zc
i
^Z[

t ∈ [0, τ ]

|vi(t)| ≤ v0

�f`b `b ^ mX\c b`lia`ec `Zh ^bbYli]`dZ o �dqXmX\ r XmXZ YZ[X\ bYgf gdZ[`k
]`dZ ]fX gdlx`Z^]d\`gb de gaYb]X\b `b Zd] X^bco v fdiX ]f^] ]fX dx]^`ZX[
Xb]`l ^]Xb ^aadq ]d qX^_XZ XbbXZ]`^aac ]f`b gdZ[`]`dZ o
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dist(x(t), x(t′)) ≤ v0|t− t′|
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./0123�4 2567 26285 �59 :��384�6285 6/�8�0
ve ]fX mXad g`]`Xb ^\X YZ`ed\l ac xdYZ[X[ ]fXZ dZ ]fX ]`l X `Z]X\m^a

[0, τ ]
]fX

]Yx X de ^ i^\]`gaX x XadZhb ]d ]fX x^aa de \^[`Yb
v0τ + r

q `]f ]fX gXZ]\X `Z

{



`]b `Z`]`^a gdd\[`Z^]X o �fX \XbYa]b e\dl gdZ]`ZYdYb i X\gda^]`dZ ]fXd\cr bXX
s� r � r y�u r ]Xaa Yb ]f^] ]fX `ZjZ`]X bcb]Xl de x^aab de \^[`Yb

v0τ + r
^\dYZ[

�d`bbdZ id`Z]b `Z
Rd

^ ob o f^b Zd `ZjZ`]X gaYb]X\b ed\
ρ
bl ^aa o � d\X Xn^g]acr

b`liaX bi^gX bg^a`Zh bfdq b ]f^] `e
ρ
[dXb Zd] XngXX[

α0(v
0τ + r)−d

ed\ bdl X
jnX[ e^g]d\

α0 > 0
bY� g`XZ]ac bl ^aa r ]fXZ ^aa gaYb]X\b ^\X jZ`]X ^ ob o � d\XdmX\ r

XnidZXZ]`^a gaYb]X\ Xb]`l ^]Xb fda[ o �dqXmX\ ]f`b \XbYa] `b ]d d \dYhf ed\ dY\
iY\idbX o

�fcb`gb ]Xaab Yb ]f^] ]fX gd\\Xg] ^ZbqX\ `b h`mXZ xc ]fX �da]�l^Zk� \^[
~� k� � bg^a`Zh o �d]X ]f^] ]fX mdaYlX

λ
bqXi] Yi xc ]fX i^\]`gaX r ]f^] `b

]fX mdaYlX de `]b ]Yx X r `b de ]fX d\[X\
v0τrd−1 r qfX\X v0τ

`b ]fX aXZh]f de
]fX ]\^w Xg]d\c ^Z[

rd−1 `b de ]fX d\[X\ de ]fX g`\gYa^\ bXg]`dZ de ]fX ]YxX o
� XY\`b]`g^aacr ed\ ]fX [XZb`]`Xb bl ^aaX\ ]f^Z

α0λ
−1 r ]fX a`l `]`Zh [cZ^l `g^a

gaYb]X\b bfdYa[ xX jZ`]X ^ ob o �fX \X^bdZ `b ]f^]
N(Λ)

i^\]`gaXb bqXXi Yi ]fX
mdaYlX

v0τrd−1N(Λ)
qf`gf bfdYa[ xX bl ^aa gdli^\X[ ]d

Λ
o

WX h`mX ]fX i\dde fX\X o � b e^\ ^b v _Zdq r ]f`b [d Xb Zd] edaadq e\dl ]fX
Xn `b]`Zh \XbYa]b `Z gdZ]`ZYdYb i X\gda^]`dZ ]fXd\co �ZX de ]fX \X^bdZb `b ]f^]
]fX i^\]`gaX ]Yx Xb ^\X Zd] `Z[Xi XZ[XZ] mdaYlXb ^\dYZ[ ]fX �d`bbdZ id`Z]b o

}d\ dxm`dYb \X^bdZb qX ^bbYlX ]f^]
v0τ � r

r ]f^] `b
v0τ > C1r

ed\ bdl X
C1

bY� g`XZ]ac a^\hX o � ]fX\q `bX r ]fX i X\gda^]`dZ i\di X\]`Xb de ]fX `Z `]`^a
gdZjhY\^]`dZ de x^aab de \^[`Yb

r
qdYa[ i\Xm^`a o � d\XdmX\ r Xn^g]ac YZ[X\

]f`b gdZ[`]`dZ ]fX � k� mdaYl X
v0τr

d−1 + rd
`b lYgf bl ^aaX\ ]f^Z ]fX mdaYl X

(v0τ + r)d
r ^Z[ dY\ \XbYa] `b b]\dZhX\ ]f^Z ]fX dZX dx]^`ZX[ e\dl gdZ]`ZYdYb

i X\gda^]`dZ ]fXd\co

��1746
� XZd]X

PΛ
k (τ |x) ]fX gdZ[`]`dZ^a i\dx^x`a`]c ]f^] r YZ[X\ ]fX gdZ[`]`dZ ]f^]

]fX\X `b ^ i^\]`gaX ^] ]fX id`Z]
x
r ]fX gaYb]X\ r gdZ]^`Z`Zh ]f`b i^\]`gaX r f^b

Xn^g]ac
k
i^\]`gaXb o �fXZ ]fX edaadq `Zh XnidZXZ]`^a Xb]`l ^]X fda[b o
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C, α0 > 0

�� � ��� � 
� ���
τ, v0, r

���

ρ =
N(Λ)

Λ
= α(τv0rd−1)−1 ~yoy�

���
0 < α < α0

��� ���
k
� � ���$ ���� 
�� �� ��

Λ
��� ��

x
$

PΛ
k (τ |x) ≤ (Cα)k−1 ~yoz�

�



�8�8 44��0 ve ed\ ^Zc
t ∈ [0, τ ]

]fX ]fX\ld[cZ^l `g a`l `] de ]fX [cZ^l `gb
~]f^] `b

limΛ→∞x
(Λ)(t)

Xn `b]b r ]fXZ ^aa gaYb]X\b `Z
Rd

^\X jZ`]X ^Z[ ]fX
Xni dZXZ]`^a Xb]`l ^]Xb ~yoz� fda[ ed\

Pk(τ) = limΛ→∞P
Λ
k (τ |x) o

�Z[X\ dY\ hXZX\^a [cZ^l `gb dZX g^ZZd] i\dmX ]fX Xn `b]XZgX de ]fX\ld[ck
Z^l `g a`l `] ~`] l ^c Zd] XmXZ Xn `b]� o �dqXmX\ r ]fX\X ^\X l ^Zc \XbYa]b r dxk
]^`ZX[ `Z ^ [`� X\XZ] q^cr gdZgX\Z`Zh ]fX Xn `b]XZgX de ]fX ]fX\ld[cZ^l `g
a`l `] s{ r yr � r �u o vZ ]fX a^b] bXg]`dZ qX h`mX ^Z Xn^liaX de ]fX ~\^Z[dl �
[cZ^l `gb qf`gf b^]`bjXb dY\ gdZ[`]`dZb o

�d i\dmX ]fX ]fXd\Xl dZX f^b ]d [Xg\`x X bdl Xfdq ]fX bX] de i dbb`x aX
gaYb]X\b o �fX\X ^\X gdlx`Z^]d\`^a ^Z[ hXdl X]\`g ^bi Xg]b `Z ]fX [Xbg\`i]`dZ
de ]fX bX] de gaYb]X\b o �fX `[X^ de ]fX i\dde `b ]d bXi^\^]X ]fXbX ]qd ^bi Xg]b o
pdlx`Z^]d\`^a i^\] gdZb`b]b de [Xbg\`x`Zh i dbb`x aX �gdaa`b`dZ bgfXlXb� r ]f^] `b
]fX d\[X\ `Z qf`gf i^\]`gaXb `Z]X\^g] ^] ]fX j\b] ]`l X o �fX gXZ]\^a [`� gYa]c
a`Xb `Z ]fX Xb]`l ^]`dZ de ]fX ZYlxX\ de bYgf bgfXl Xb o

� �Q��� S��UQV	 VO
 P�� S�O� VU� R � U �T�P�Q�
�cZ^l `g^a gaYb]X\b h\dq `Z ]`l X o � X\X qX [Xbg\`x X ]f`b h\dq]f `Z gdlx`Z^k
]d\`^a ]X\l b o

��� �44�9 6���1
� bbYl X ]f^]

N(Λ)
i^\]`gaXb ]dhX]fX\ q `]f ]fX`\ `Z `]`^a gd d\[`Z^]Xb ^Z[ mXk

ad g`]`Xb ~]f^] `b ^ id`Z]
ω
`Z dY\ i\dx^x`a`]c bi^gX� ^\X h`mXZ `Z ]fX mdaYl X

Λ
o �fXZ xc ^bbYli]`dZ y ]fX ]\^w Xg]d\`Xb de i^\]`gaXb ^\X YZ`�YXac [XjZX[ o

}d\ h`mXZ
ω
r ^Zc

t ∈ [0, τ ]
^Z[ ^Zc bX]

A
de
N = N(A) ≤ N(Λ)

i^\]`gaXb
gdZb`[X\ ]fX bYxh\^if

GA(t) = GA(t, ω)
de
G(t) = G(τ)

o �fXZ ]fX\X `b ^
jZ`]X ZYlxX\ de ldlXZ]b

t
qfXZ ]fX b]\Yg]Y\X de ]f`b bYxh\^if gf^ZhXb ~]fX

ZYlxX\ de X[hXb `Zg\X^bXb� o WX q `aa x X `Z]X\Xb]X[ dZac `Z ]fX ldlXZ]b qfXZ
bdl X gdZZXg]X[ gdlidZXZ]b w d`Z ]dhX]fX\ o

� XZd]X
A−j , j = 1, 2, ..., N1 ≤ N,

]fX gdZZXg]X[ gdlidZXZ]b de
GA(0)

o
� bbYl X j\b] r ed\ gdZmXZ`XZgX r ]f^]

N1 = N
r ]f^] `b ^aa ]fXbX gdZZXg]X[

gdlidZXZ]b ^\X ]fX dZXkid`Z] bYxbX]b de
A
o

� XZd]X
0 < t1 < ... < tl < ... < tN−1 ≤ τ^aa l dlXZ]b qfXZ ]fX ZYlxX\ de gdZZXg]X[ gdlidZXZ]b [Xg\X^bXb ~xc ^bk

bYli]`dZ z `] [Xg\X^bXb xc
1
� o � XZd]X

Ak, k > 0,
]fX gdZZXg]X[ gdlidZXZ]

�



qf`gf ^iiX^\X[ ^] ]`l X
tk
o v] `b ^ YZ`dZ de ]qd ZdZ`Z]X\bXg]`Zh gdZZXg]X[

gdlidZXZ]b
Ai(k)

^Z[
Aj(k)

ed\ bdl X
i(k), j(k) < k

o �ZX g^Z b^c ]f^]
tk

`b
]fX j\b] gdaa`b`dZ ]`l X de ]fX gaYb]X\b

Ai(k)

^Z[
Aj(k)

o }d\ Xn^liaX r
t1 = t1(ω)`b ]fX j\b] l dl XZ] qfXZ ^ i^`\ de i^\]`gaXb e\dl

A
xXh`Z ]d `Z]X\^g] o �fYb

]fX gaYb]X\
A1

gdZb`b]b de ]qd mX\]`gXb o
�dq [XjZX ]fX ]\XX

T (A) = T (A, ω)
q `]f

2N − 1
mX\]`gXb o

N
mX\]`gXb

de ]f`b ]\XX ^\X a^x XaX[ xc ]fX `Z`]`^a gd d\[`Z^]Xb
x1(0), ..., xN(0)

r ]f^] `b xc
gaYb]X\b de

GA(0)
o � XZd]X ]f`b bX] de mX\]`gXb

V0

o �X] Yb ^h\XX ]f^] ]d ^aa
mX\]`gXb de

V0

]`l X ldlXZ]
0
`b ^bb`hZX[ o � ]fX\

N − 1
mX\]`gXb ^\X a^x XaX[

xc ]`l X ldlXZ]b
ti

~d\ xc ]fX gaYb]X\b
Ai

� o � XZd]X ]f`b bX] de mX\]`gXb
V1 = {1, ..., N − 1} o ve

Ak

`b ]fX YZ`dZ de gdZZXg]X[ gdlidZXZ]b
Ai(k)

^Z[
Aj(k)

]fXZ qX [\^q ^ [`\Xg]X[ X[hX e\dl
i(k)

]d
k
^Z[ [`\Xg]X[ X[hX e\dl

j(k)
]d
k
o �dq

V0
g^Z xX [XjZX[ ^b ]fX bX] de mX\]`gXb f^m`Zh Zd `Zhd`Zh

X[hXb o �fX aXmXa de ]fX mX\]Xn
w

`b [XjZX[ ]d x X ]fX l ^n`l ^a aXZh]f de ]fX
~[`\Xg]X[ � i^]fb e\dl

V0
]d
w
o �fYb ]fX mX\]`gXb de aXmXa

0
^\X Xn^g]ac ]fX

mX\]`gXb de
V0

o
� XjZX ]fX gdliaX]X d\[X\

R
dZ

V1

�
w < w′ `� t(w) < t(w′)

o �d]X ]f^]
]f`b gdliaX]X d\[X\ `b gdli^]`xaX q `]f ]fX Z^]Y\^a i^\]`^a d\[X\ dZ ]fX ]\XX
[XjZX[ ^b �

w < w′ `� Aw ⊂ Aw′

o
�] ]`l X

tk
]fX gdZZXg]X[ gdlidZXZ]

Ak

^iiX^\b x Xg^YbX bdl X i^\]`gaX
e\dl

Ai(k)

^Z[ bdlX i^\]`gaX e\dl
Aj(k)

`Z]X\^g] ^] ]`l X
tk.

� XZd]X ]fX i^`\ de
mX\]`gXb e\dl

V0

r gd\\Xbi dZ[`Zh ]d ]fXbX ]qd i^\]`gaXb r ^b
f(i(k)), f(j(k)) ∈

V0

r qfX\X
f : V1 → V0

`b ]fX eYZg]`dZ r qf`gf ]d ^Zc
w ∈ V1

^bb`hZb ^Z XaXl XZ]
de
Aw

o
�fYb r X^gf gaYb]X\ q `]f

N
id`Z]b [XjZXb ^ ]\XX

T
r bdl X gdliaX]X d\[X\

\Xa^]`dZ
R
r [XjZX[ xc ]fX ]`l X ldl XZ]b

tk
r dZ ]fX bX]

V1

r ^Z[ ^ eYZg]`dZ
f(w)

r qf`gf ^bb`hZb ]d X^gf mX\]Xn
w

^ mX\]Xn
f(w)

de aXmXa
0
r ac `Zh YZ[X\

w
o

}d\l ^aac qX [`[ Zd] ^bbYl X ]f^] ]fX i^\]`gaXb e\dl
A
[d Zd] `Z]X\^g] q `]f

i^\]`gaXb dY]b`[X
A

dZ ]`l X `Z]X\m^a
[0, τ ]

o �dqXmX\ eY\]fX\ qX q `aa gdZb`[X\
]fX ]\XXb dZac ed\ ]f`b g^bX o

�54�� �44�9 16�7367��9 6���1
�fX\X `b ^ gdZ]`ZYYl de ]fX a^x XaaX[ ]\XXb r `Z]\d[YgX[ ^xdmX o �d]X ]f^] ^aa
]\XXb

T (A, ω)
f^mX ]fX edaadq `Zh i\diX\]c � X^gf mX\]Xn ~XngXi] ]fdbX de aXmXa

0
� f^b Xn^g]ac ]qd ^[w ^gXZ] mX\]`gXb de adqX\ aXmXa o � XZd]X ]fX gd\\Xbi dZ[`Zh
ga^bb de YZa^x XaaX[ ]\XXb T (N)

r
N

`b ]fYb ]fX ZYlxX\ de �X\d aXmXa mX\]`gXb o
�d]X ]f^] ]fX ZYlxX\ de ]\XXb `Z T (N)

[dXb Zd] XngXX[
CN

ed\ bdl X ^xbdaY]X

t



gdZb]^Z]
C > 0

^Z[ ]f^] ed\ ^Zc ~[`\Xg]X[� YZa^x XaaX[ ]\XX
T ∈ T (N)

]fX
bX]b

V0 = V0(T ), V1 = V1(T )
^\X YZ`�YXac [XjZX[ o

�fX ]\`i aX
B = (T,R, f)

q `aa x X dY\ YZ[X\ac `Zh gdlx`Z^]d\`^a b]\Yg]Y\X o � X\X
T ∈ T (N)

r
R

`b ^
gdliaX]X d\[X\ dZ

V1(T )
^Z[ eYZg]`dZ

f
dZ

V1(T )
r qfX\X

f(w)
`b ^ [`\Xg]X[

i^]f
p
e\dl

V0

]d
w
o

�dq gdZb`[X\ ]fX bX] B(N)
de X�Y`m^aXZgX ga^bbXb de bYgf ]\`i aXb YZ[X\

`bdld\if`bl b
ψ
de ]\XXb \Xbi Xg]`Zh ]fX gdliaX]X d\[X\

R
^Z[ bYgf ]f^]

ψf =
fψ

o �d]X ]f^] ]fX ZYlxX\ de XaXl XZ]b `Z B(N)
`b jZ`]X ed\ ^Zc

N
o �fX

XaXl XZ]b de B(N)
g^Z xX g^aaX[ gdaa`b`dZ bgfXl Xb ~de gaYb]X\ ed\l ^]`dZ � o

�fX i`g]Y\X bfdq b YZ`�YX gdaa`b`dZ bgfXlXb ed\
N = 2, 3

^Z[ ^aa { gdaa`b`dZ
bgfXlXb ed\

N = 4
o �Z ]fX j\b] ]qd `bdl d\if`g ]\XXb ed\

N = 4
]fX bl ^aa

g`\gaXb bfdq ]fX i^\]`gaX de ]fX aXe]l db] gaYb]X\ qf`gf `Z]X\^g]b ^] ]`l X
t3q `]f ]fX \`hf]ldb] i^\]`gaX o

time

|



� �25 38�� 25�68�2� 4 �162��6�
�d]X j\b] r ]f^] `Z ]fX edaadq `Zh bXg]`dZb dZX de ]fX mX\]`gXb de

V0
q `aa x X

bi Xg`jX[ o �f`b mX\]Xn q `aa gd\\Xbi dZ[ ]d ]fX i^\]`gaX b`]Y^]X[ `Z bdlX jnX[
id`Z]

x
o �ZX gdYa[ ^h\XX ]f^] ]fX `bdl d\if`bl b r `Z]\d[YgX[ ^xdmX r \Xbi Xg]

]fX bi Xg`jX[ mX\]`gXb o pfd`gX de ]fX bi Xg`jX[ mX\]Xn h`mXb e^g]d\
N

`Z gdlk
x`Z^]d\`^a Xb]`l ^]Xb o v] `b ZXhaXg]^xaX `Z ]fX ed\Xhd`Zh Xb]`l ^]Xb r ^Z[ qX [d
Zd] gdZb`[X\ `] `Z ]f`b bXg]`dZ o

}d\ ^Zc
T

qX bf^aa hX] ^Z Yii X\ xdYZ[ ed\ |B(T,N)| r ]fX ZYlxX\ de
]\`iaXb e\dl B(N)

q `]f h`mXZ
T
o

�X]
K(T ) ≤ (N − 1)!

xX ]fX ZYlxX\ de d\[X\`Zh
R
o }d\ ^Zc mX\]Xn

w
aX]

Dw

xX ]fX ZYlxX\ de XaXl XZ]b `Z ]fX bYx gaYb]X\
Aw

vZ ]d]^a ]f`b h`mXb ]fX
e^g]d\

D(T ) =

N−1
∏

w=1

Dw

�fX l^`Z gdlx`Z^]d\`^a Xb]`l ^]X `b ]fX edaadq `Zh \XbYa] r qf`gf `b `Z]X\Xb]`Zh
`Z `]b dqZ o
����� � �
� ��� ����

T

|B(T,N)| ≤ Q(T,N) = K(T )D(T ) < CNN !
~z oy�

� 
� � 
� � ��� 
���� �
������
C > 0 !

� \dde o �fX j\b] `ZX�Y^a`]c `b Xm`[XZ] o �d i\dmX ]fX bXgdZ[ qX ZXX[ ]fX
edaadq `Zh Zd]^]`dZ o �X]

Sk, Sl

x X ]qd gdliaX]Xac d\[X\X[ bX]b q `]f
k
^Z[

lXaXl XZ]b gd\\XbidZ[`Zhaco � XZd]X
R(k, l)

]fX ZYlxX\ de gdliaX]X d\[X\`Zhb
de ]fX bX]

Sk ∪ Sl

qf`gf [d Zd] gf^ZhX ]fX d\[X\ `Zb`[X
Sk

^Z[ `Zb`[X
Sl

o
�^_X r ed\ Xn^liaX r

k ≤ l
r ]fXZ

R(k, l) = 2

k
∑

i=1

Ci−1
k−1C

i−1
l−1

vZ e^g] r qX g^Z bia`] X^gf de
Sk

^Z[
Sl

dZ
i = 1, ..., k

gdZbXgY]`mX ZdZXli]c
h\dYib ^Z[ ^\\^ZhX ]fXbX h\dYib `Z ^ bX�YXZgX `Z ^a]X\Z^]`mX d\[X\ o }d\
Xn^liaX r

Sk

g^Z x X bia`]]X[ dZ
i
gdZbXgY]`mX i^\]b xc iY]]`Zh

i− 1
q^aab dZ

k− 1
Xli]c ia^gXb x X]qXXZ gdZbXgY]`mX XaXl XZ]b de

Sk

r ]f^] h`mXb ]fX e^g]d\
Ci−1

k−1

o

�



}d\ ^Zc ]\XX
T, |T | = N

r qX f^mX ]fX \XgY\\XZ] \Xa^]`dZ

Q(T,N) = NQ(k, T1)Q(N − k , T2)R(k,N − k)
~z oz�

`e YZ[X\ ]fX \dd] mX\]Xn de
T

]fX\X ^\X ]\XXb
T1

^Z[
T2

q `]f |T1| = k, |T2| =
N − k

gd\\XbidZ[`Zhaco }d\
q = log2Q

qX f^mX

q(T,N) = logN + q(k, T1) + q(N − k , T2) + logR(k,N − k)
~z o{�

�ZX g^Z X^b`ac hX] YZ`ed\l Xb]`l ^]Xb bXi^\^]Xac ed\
K(T ) ≤ N !

^Z[
D(T ) ≤ N !

r xY] `] `b ]d d \dYhf r x Xg^YbX ]fX\X ^\X g^bXb qfX\X
K(T ) =

N !, D(T ) = CN
^Z[ m`gX mX\b^ o �f`b `b bXXZ e\dl ]fX edaadq `Zh ]qd Xn^liaXb o

vZ ]fX j\b] dZX ed\ ]fX bX�YXZgX de bYx gaYb]X\b

{1, 2} , {1, 2, 3} , ...., {1, 2, ..., N − 1}
qX f^mX

K(T ) = 1, D(T ) = (N − 1)!
o

}\dl ]fX bXgdZ[ Xn^liaX dZX bXXb r ld\XdmX\ r ]f^] ]fX Xb]`l ^]X ~z oy�
g^ZZd] x X `li\dmX[ o �Y]

N = 2n
^Z[ gdZb`[X\ ]fX ]\XX

T
q `]f

2n−k
mX\]`gXb

dZ aXmXab
k = 0, ..., n

o � XZd]X
Q(n) = K(T )D(T )

o WX f^mX ]fX \XgY\\XZ]
\Xa^]`dZ

Q(n) = 22nQ2(n− 1)R(2n−1, 2n−1)v] edaadq b
Q(n) ≤ 22nQ2(n− 1)a

2N

√
Ned\ bdl X gdZb]^Z]

a > 0
o }d\

q(n) = log2Q(n)
]f`b h`mXb ed\

n ≥ 2

q(n) ≤ 2q(n− 1) + 2n + bn, q(1) = 1

ed\ bdl X gdZb]^Z]
b > 0

o �fX bdaY]`dZ de ]f`b `ZX�Y^a`]c `b

q(n) ≤
n

∑

k=1

2k(2n−k + b(n− k)) = n2n + b2n

n
∑

k=1

(n− k)2−n+k = (n+ c)2n

ed\ bdl X
c > 0

o �f`b h`mXb

Q(N) ≤ 2NlogN+cN

�dq qX gdlX ]d ]fX hXZX\^a g^bX o �Y]
Q(N) = P (N)N !

r ]fXZ e\dl ~z oz�
qX hX]

P (N) ≤ NP (k)P (N − k)r(k,N − k)

�



qfX\X
r(k,N − k) =

2
∑k

i=1C
i−1
k−1C

i−1
N−k−1

Ck
Ned\ bdl X

k ≤ [N
2
]
o }d\

p(N) = logP (N)
qX f^mX

p(N) = p(k) + p(N − k) + a(v)

a(v) = a(k,N − k) = log(Nr(k,N − k))
�f`b X�Y^]`dZ g^Z xX bdamX[ Xnia`g`]Xac ^b

p(N) = Σva(v)

�d l^_X Xb]`l ^]`dZ de ]f`b bYl qX ZXX[ bdlX Zd]^]`dZ ^Z[ \XbYa]b o vZ
]fX `Z[Yg]`mX i\dgX[Y\X ed\ ^ h`mXZ ]\XX

T
qX q `aa [ `b]`ZhY`bf mX\]`gXb de

]ci X
A

d\
B
r qfX\X gd\\XbidZ[`Zhac

k ∈
[

α
[

N
2

]

,
[

N
2

]] ^Z[
k ∈

[

0, α
[

N
2

]]

qfX\X
α = 1 − ε

ed\ bdl X bl ^aa
ε > 0

o � XZd]X ]fX`\ ZYlxX\b
NA, NBgd\\XbidZ[`Zhaco WX f^mX

NA +NB = N − 1
o

vZ]\d[YgX ]fX [Xi]f
m(v)

de ]fX mX\]Xn
v
de ]fX ]\XX k ]fX [`b]^ZgX e\dl

]fX \dd] mX\]Xn o v] `b gaX^\ ]f^]
logN ≤ m(v) ≤ N

o �fX
A
k[Xi]f

mA(v)
de

]fX
A
kmX\]Xn

v
`b ]fX ZYlxX\ de

A
kmX\]`gXb dZ ]fX i^]f e\dl `] ]d ]fX \dd] o

WX f^mX
mA(v) < logbN, b =

1

2
(1 + ε)

~z o� �
�fX ZYlxX\

#(v : mA(v) = m) < cm, c = 2(1 + ε)
~z o��

� XZd]X
N(v)

]fX ZYlxX\ de aXmXa
0
mX\]`gXb YZ[X\

v
o WX f^mX

c
m(v)
− < N(v) < Nc

m(v)
+

~z ot�
qfX\X

c− =
1

2
(1 − ε), c+ =

1

2
(1 + ε)

WX q `aa ZXX[ bdl X `ZX�Y^a`]`Xb o
yo }d\ ^Zc

k,N

2
∑k

i=1C
i−1
k−1C

i−1
N−k−1

Ck
N

≤ 1
~z o|�

y�



�f`b g^Z x X i\dmX[ xc b`l iaX gdlx`Z^]d\`^a ^\hYl XZ] o �^_X edY\ `Z]X\k
m^ab

1, 2, [3, k+1], [k+2;N ]
o �fXZ qX gfddbX

k
XaXl XZ]b e\dl ]fXbX ]qd

`Z]X\m^ab o �fX ZYlxX\
2Ci−1

k−1C
i−1
N−k−1

h`mXb dZac \Xb]\`g]X[ gfd`gX � qX
gfddbX dZX de ]fX j\b] ]qd XaXl XZ]b ~e^g]d\

2
� r
i− 1

XaXl XZ]b e\dl ]fX
a^b] `Z]X\m^a ~e^g]d\

Ci−1
N−k−1

� ^Z[
k− i

XaXl XZ]b e\dl ]fX ]f`\[ `Z]X\m^a
~e^g]d\

Ci−1
k−1

� o
z o ~a^\hX [Xm`^]`dZ Xb]`l ^]X� WX q `aa YbX ]fX ^bcli]d]`gb

logCαN
N ∼ H(α)N,H(α) = −α logα− (1 − α) log(1 − α)

�fXZ ed\
γ ≤ β ≤ 1

2

]fX l ^n`lYl de

logCγN
βN + logCγN

(1−β)N

`b ^]]^`ZX[ ed\
γ
b^]`bec `Zh

1

β
log

β − γ

γ
+

1

1 − β
log

1 − β − γ

γ
= 0

vZ e^g] r

logCγN
βN + logCγN

(1−β)N ∼ N(H(
γ

β
)β +H(

γ

1 − β
)(1 − β))

d

dγ
(H(

γ

β
)β +H(

γ

1 − β
)(1 − β)) =

1

β
log

β − γ

γ
+

1

1 − β
log

1 − β − γ

γ
�fXZ xc a^\hX [Xm`^]`dZ i\`Zg`i aX ed\ ^Zc

k ∼ βN, β < 1
2

log r(k,N − k) < (1 − δ)N ~z o��

WX Xb]`l ^]X
av < N

ed\
B
kmX\]`gXb ^Z[

av < N(v)c
m(v)
+

ed\
A
kmX\]`gXb o � b`Zh

]fX x dYZ[b ~z o�kz o|� qX hX] ]fX i\dde o

� ��R��PQ� OS �QR		 V�VP� R � U �T�P�Q�
vZ ]fX i\Xm`dYb bXg]`dZ qX ^bb`hZX[ ]d ^Zc

ω
^Z[ ^Zc gaYb]X\

A
]fX ]\`iaX

B = B(ω,A)
o � X\X qX edaadq `ZmX\bX q^c � ed\ ^Zc ]\`i aX

B∈ B(N)
qX

[Xbg\`x X ]fX bX] de
ω
^Z[ ]fX bX] de gaYb]X\b

A
r gdZ]^`Z`Zh h`mXZ id`Z]

x
r bYgf

]f^]
B = B(ω,A)

o

yy



�d]X ]f^] `Z jZ`]X mdaYlX
Λ
^Zc gaYb]X\ `b jZ`]X r ]fYb ed\ ^Zc

x

∞
∑

k=1

PΛ
k (τ |x) = 1

�d i\dmX ]fX ]fXd\Xl qX q `aa [Xbg\`x X ]fX bX] de `Z`]`^a gdZjhY\^]`dZb gdZ]^`Zk
`Zh

k
i^\]`gaXb

X = (x1(0), v1(0), ..., xk(0), vk(0))
qf`gf qdYa[ h`mX ^ gaYb]X\

q `]f Xn^g]ac
k
i^\]`gaXb r `e d]fX\ i^\]`gaXb `Z

Λ
qX\X Zd] ]^_XZ `Z]d ^ggdYZ] o

WX Xb]`l ^]X xc
1
]fX gdZ[`]`dZ^a i\dx^x`a`]c ~h`mXZ

X
� ]f^] ]fX\X ^\X Zd

d]fX\ i^\]`gaXb r qf`gf gdYa[ `Z]X\^g] q `]f ]fX i^\]`gaXb de ]fX gaYb]X\ dZ ]fX
]`l X `Z]X\m^a

[0, τ ]
o WX hX] ]fXbX Xb]`l ^]Xb YZ`ed\l ac `Z

Λ
^Z[

x
o

}d\ ^Zc
B = (T,R, f)

^Z[ ^Zc bX�YXZgX
0 < t1 < ... < tN−1 ≤ τ

[XjZX
]fX bX]

I(B, t1, ..., tN−1)
de `Z `]`^a gdZjhY\^]`dZb

ω
de i^\]`gaXb bYgf ]f^] ]fX\X

Xn `b]b ^ bX]
A, |A| = N

r ^l dZh ]fXl ~gdZ]^`Z`Zh bdl X i^\]`gaX ^]
x
� bYgf

]f^]
A

[XjZXb ^ gaYb]X\ r
N(A) = N

^Z[
B(A, ω) = B

o �fX d\[X\ de
tk
r de

gdY\bX r bfdYa[ x X gdli^]`xaX q `]f ]fX d\[X\
R
o � XZd]X

I(B) = ∪t1,...,tN−1
I(B, t1, ..., tN−1)

WX YbX ]fX Xb]`l ^]X

PΛ
N(τ |x) ≤

∑

B

P (I(B)|x))

vZ ]fX i\Xm`dYb bXg]`dZ qX f^mX i\dmX[ ]fX e^g]d\`^a Xb]`l ^]X de ]fX ZYlxX\
de ]X\l b `Z ]fX bYl ∑

B

o �fYb e\dl �Xll^ y ^Z[ ]fX edaadq `Zh �Xll^ z
]fX ]fXd\Xl edaadq b o
����� � 
 � � 
� �
� ��� �
���  
��� ���� 
�� �� ��

B

P (I(B)|x) ≤ (Cα)N−1

N !
� 
� � 
� � ��� 
���� �
������

C > 0 !
� \dde de ]f`b �Xll^ `b ^Z X^bc ~xY] YZq `Xa[c � l ^]]X\ ^Z[ q `aa x X h`mXZ `Z ]fX
ZXn] bXg]`dZ o v] `b x^bX[ dZ b`l iaX hXdl X]\`g gdZb`[X\^]`dZb q `]f i`XgXq `bX
bl dd]f ]\^w Xg]d\`Xb ^Z[ b`l iaX e^g]b ^xdY] �d`bbdZ id`Z] jXa[b o

yz
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v] `b mX\c `Zb]\Yg]`mX ]d YZ[X\b]^Z[ j\b] ]fX i\dde ed\
N = 2, 3

o �Zcq^cr ]f`b
`b ]fX j\b] b]Xi de ]fX `Z[Yg]`mX i\d gX[Y\X x Xadq o

	�8 :��6234� 34716��
}d\

N = 2
qX f^mX ]fX dZac ]\XX ^Z[ ]fX dZac

B
o WX f^mX ]d [Xbg\`x X

hXdlX]\`g^aac ^aa ]qd i^\]`gaX gaYb]X\b
�X] ]qd i^\]`gaXb yrz f^mX `Z`]`^a mXad g`]`Xb

v1, v2

gd\\XbidZ[`Zhaco � bbYl X
]f^] ]fX `Z `]`^a gd d\[`Z^]X de i^\]`gaX

1
`b
x1(0) = x

o }d\ ^Zc
r
[XZd]X

Sr(x)]fX
(d − 1)

k[ `l XZb`dZ^a bifX\X de \^[`Yb
r
^Z[ gXZ]\X

x ∈ Rd
r aX]

Br(x)
x X

]fX gd\\Xbi dZ[`Zh
d
k[ `l XZb`dZ^a x^aa o �Y]

Sr = Sr(0), Br = Br(0)
o

�] ]fX j\b] gdaa`b`dZ ]`l X
t1

]fX i^\]`gaXb yrz bfdYa[ x X ^] ]fX i d`Z]b
x1(t1) = x1(0) + t1v1

^Z[
x2(t1) = x1(0) + t1v1 + y1

gd\\XbidZ[`Zhacr qfX\X
y1

`b ^Zc id`Z] dZ ]fX bifX\X
S2r

r bYgf ]f^] ed\ ^Zc
0 ≤ t < t1

]fX bifX\Xb
Sr(x1(0) + tv1)

^Z[
Sr(x2(0) + tv2)

[d Zd] `Z]X\bXg] o �f`b XmXZ]
G1(t1, y1)g^Z ^abd x X [XjZX[ ^b ]fX XmXZ] ]f^] `Z`]`^aac ^] ]fX i d`Z]

x2(0) = x + y1 +
t1(v1 − v2)

]fX\X `b ^ i^\]`gaX o vZ d]fX\ qd\[b ]fX \Xa^]`mX `Z`]`^a gdd\[`Z^]X
x2(0) − x1(0)

de ]fX i^\]`gaX
2
`b

z12(0) = x2(0) − x1(0) = y1 + t1(v1 − v2)

�fYb
x2(0)

r ed\ h`mXZ
v1, v2, t1, x1(0)

r bfdYa[ x X `Z ^ bYxbX] de ]fX bifX\X

u1(t1) = S2r(x+ t1(v1 − v2)) = S2r + x+ t1(v1 − v2)

`Z
Rd

o
pdZb`[X\ ]fX l ^w d\`� `Zh XmXZ]

G1(t1) = ∪y1∈S2r
G1(t1, y1)

]f^] ]fX\X `b ^] aX^b] dZX i^\]`gaX `Z
u1(t1)

o �fX YZ`dZ

G = ∪t1∈[0,τ ]G(t1)

`b ]fX XmXZ] ]f^] `Z `]`^aac ]fX\X `b ^] aX^b] dZX i^\]`gaX `Z ]fX YZ`dZ

U = ∪t1∈[0,τ ]u1(t1)

qf`gf `b ^ gadbX[ bYxbX] de
Λ
r i^\^l X]\`�X[ ~Zd] dZXk]dkdZX� xc

[0, τ ] × S2r

o
�fX mdaYlX de

U
[dXb Zd] XngXX[

Cτv0rd−1 r YZ`ed\l ac `Z
v1, v2

~fX\X ]fX

y{



xdYZ[X[ZXbb de mXad g`]`Xb `b YbX[� r qfX\X
Cd

`b bdl X ^xbdaY]X gdZb]^Z] o �f^]
`b dx]^`ZX[ xc `Z]Xh\^]`dZ `Z

t1
o �fYb ]fX i\dx^x`a`]c ]f^] `Z `]`^aac ]fX\X `b ^

i^\]`gaX `Z ]f`b mdaYlX [dXb Zd] XngXX[

1 − exp(−Cdα)

�f`b h`mXb ]fX xdYZ[
Cdα

`e
α
`b bl ^aa o

�d]X ]f^] qX Xb]`l ^]X[ ]fX gdZ[`]`dZ^a i\dx^x`a`]c ed\ h`mXZ
v1, v2

r qX
bfdYa[ Zdq `Z]Xh\^]X dmX\ ]fX mXad g`]c [`b]\`xY]`dZb

∫ ∫

dµ(v1)µ(v2)

qfX\X
µ
`b ]fX `Z `]`^a mXad g`]c [`b]\`xY]`dZ o

� `mXZ ]fX `Z`]`^a gd d\[`Z^]Xb de ]fX ]qd i^\]`gaXb r qX Xb]`l ^]X e\dl ^xdmX
]fX gdZ[`]`dZ^a i\dx^x`a`]c ]f^] ]fX\X ^\X Zd ld\X i^\]`gaXb `Z ]fX`\ m `g`Z `]c
bd ]f^] ]fXc gdYa[ `Z]X\^g] q `]f ]fXl dZ ]fX ]`l X `Z]X\m^a

(0, τ ]
r xc

1
o
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}d\ hXZX\^a

N
r ^Z[ `Z i^\]`gYa^\ ed\

N = 3
r qX bfdYa[ dZac [Xbg\`x X ]fX bX]

de \Xa^]`mX gdd\[`Z^]Xb de ^aa i^\]`gaXb o �fXZ qX gfddbX dZX i^\]`gaX ^Z[ iY]
`]b gdd\[`Z^]X X�Y^a

x
~]f`b q `aa h`mX ^ ZdZXbbXZ]`^a e^g]d\

N
� r ]fYb bf`e]`Zh

gd\\XbidZ[`Zhac ^aa gdZjhY\^]`dZ o
}d\

N = 3
qX ^abd f^mX ]fX YZ`�YX

B = (T,R, f)
o � XZd]X mXad g`]`Xb de

]fX i^\]`gaXb ~b^c y ^Z[ z� gdaa`[ `Zh ^] ]`l X
t1
gd\\Xbi dZ[`Zhac

v1, v2

o WX g^Z
^bbYlX ]f^] ^] ]`l X

t2
]fX i^\]`gaX { r f^m`Zh mXad g`]c

v3

gdaa`[Xb q `]f i^\]`gaX
yo

vZ]\d[YgX ]fX XmXZ]b
G1(y1, t1), G1(t1)

Xn^g]ac ^b `Z ]fX g^bX de ]qd i^\k
]`gaXb o �X]

x1(s) = x1(s; y1)
xX ]fX ]\^w Xg]d\c de i^\]`gaX y ed\

s ∈ [t1, t2]
r `]

[Xi XZ[b dZ
y1

~d\ dZ
x2(0)

� o vZ]\d[YgX ]fX gdZ[`]`dZ^a ~h`mXZ
t1, y1

� XmXZ]
G2(t2, y2; t1, y1)

]f^] ^] ]fX ldlXZ] de gdaa`b`dZ de ]fX i^\]`gaX { q `]f i^\]`gaX
y

x3(t2) = x1(t2) + y2, y2 ∈ S2rvZ d]fX\ qd\[b
x3(0) = x1(t2) + y2 − v3t2pdZb`[X\ ]fX XmXZ]b

G2(t2; y1, t1) = ∪y2∈S2r
G2(t2, y2; t1, y1),

y�



G2([s, s
′]; t1, y1) = ∪t2∈[s,s′]G2(t2; t1, y1)

� b`Zh ]fX `Z[Xi XZ[XZgX i\di X\]c de �d`bbdZ id`Z] jXa[ r qX g^Z Xb]`l ^]X r
YZ`ed\l ac `Z

y1

r ]fX i\dx^x`a`]c de ]fX XmXZ]
G2([t2, t2 + dt2]; t1, y1)

^b

ρCv0rd−1dt2

�fYb ]fX i\dx^x`a`]c de ]fX XmXZ]

∪s1∈[t1,t1+dt1] ∪s2∈[t2,t2+dt2] (G1(y1, s1) ∩G2(s2; t1, y1))

g^Z xX Xb]`l ^]X[ ^b
ρCv0rd−1dt1ρCv

0rd−1dt2
�Y] ^abd

G = ∪t1∈[0,τ ](G1(y1, t1) ∩G2(t1, y1)) =

= ∪t1∈[0,τ ] ∪t2∈[t1,τ ] (G1(y1, t1) ∩G2(t2; t1, y1))
�fXZ ]fX i\dx^x`a`]c de ]fX a^]]X\ XmXZ]

G
`b Xb]`l ^]X[ e\dl ^xdmX xc

∫ τ

0

Cρv0rd−1dt1

∫ τ

t1

Cρv0rd−1dt2 =

= (Cρv0rd−1)2 τ
2

2!

��5���4 3�1�
� bbYl X Zdq ed\ ^Zc

N
]f^]

B
^Z[ ]fX mXad g`]`Xb

v1, ..., vN

de ]fX i^\]`gaXb
^\X jnX[ o WX bfdYa[ [Xbg\`x X ]fX idbb`xaX `Z `]`^a gdd\[`Z^]Xb

x1(0), ..., xN(0)qf`gf h`mX \`bX ]d ^ gaYb]X\ q `]f
N

i^\]`gaXb o �fX XlX\hXZgX de ]fX gaYb]X\
dggY\b ^b ^ bX�YXZgX de

N − 1
gdZ[`]`dZ^a XmXZ]b

G1(t1, y1), ..., Gk(tk, yk; tk−1, yk−1; ...; t1, y1), ...

..., GN−1(tN−1, yN−1; tN−2, yN−2; ...; t1, y1)^] ]fX l dl XZ]b
t1, ..., tN−1

o WX [XjZX ]fXbX XmXZ]b `Z[Yg]`mXaco
�Y\ `Z[Yg]`mX ^bbYli]`dZ `b ]f^] ^e]X\ b]Xi

k
]fX mXg]d\b

y1, ..., yk ∈ S2r^Z[ ]fX XmXZ]b
G1, ..., Gk

^\X [XjZX[ o � d\XdmX\ r ]fX\X ^\X
m(k) = N − kl^n`l ^a ~]f^] `b Zd] gdZ]^`ZX[ `Z d]fX\ gaYb]X\b� gaYb]X\b

Ak,1, ..., Ak,m(k)

^]
]`l X

tk
r ^b dZ X^gf b]Xi ]fX ZYlxX\ de gaYb]X\b [Xg\X^bXb xc

1
o }d\ X^gf

y�



i = 1, ..., m(k),
[XZd]X ^ mX\]Xn de ]fX ]\XX r gd\\XbidZ[`Zh ]d ]fX gaYb]X\

Ak,i

r
xc

i
o � bbYl X ]f^] ^] ]`l X ldlXZ]

tk+1
]fX gaYb]X\b

Ak,i(k+1)

^Z[
Ak,j(k+1)~]fX gfd`gX de ]fXbX gaYb]X\b `b YZ`�YX ^b [`g]^]X[ xc

B
� gdaa`[X ^Z[ ]fX

gdaa`[ `Zh i^\]`gaXb x X
f(i(k+1))

^Z[
f(j(k+1))

o � d\XdmX\ r ^e]X\
k
b]Xib ]fX

`Z `]`^a \Xa^]`mX gdd\[`Z^]Xb `Zb`[X ^aa l ^n `l ^a gaYb]X\b ^\X jnX[ r ]fXc XZ]X\
]fX [XjZ`]`dZ de ]fX XmXZ]b

G1, ..., Gk

o
�fYb ^] ]`l X

tk+1

]fX i^\]`gaX
f(i(k+1))

q `aa x X ^] ]fX id`Z]
xf(i(k+1))(tk+1)

r
]fX ]\^w Xg]d\c

xf(i(k+1))(s)
dZ ]fX ]`l X `Z]X\m^a

[tk, tk+1]
[XiXZ[b `Z ^ \^]fX\

gdlia`g^]X[ q^c dZ ]fX \Xa^]`mX gdd\[`Z^]Xb `Zb`[X ]fX gaYb]X\
Ai(k+1)

^Z[ `Z
^ b`l iaX q^c ~]\^Zba^]`dZ `Zm^\`^ZgX� dZ ]fX `Z`]`^a gdd\[`Z^]X

xf(i(k+1))(0)
o

�fXZ ]fX i^\]`gaX
f(j(k+1))

q `aa x X ^] ]fX id`Z]
xf(i(k+1))(tk+1)+yk+1

o �fYb
]fX `Z`]`^a gd d\[`Z^]X de ]fX i^\]`gaX

f(j(k + 1))
`b

xf(i(k+1))(tk+1) + yk+1 − x
(0)
f(j(k+1))(tk+1)

qfX\X ]fX YiiX\ `Z[Xn
0
lX^Zb ]f^] ]fX `Z `]`^a gdd\[`Z^]X de ]fX i^\]`gaX

f(j(k+ 1))
`b

0
r ^Z[ ]fX \Xa^]`mX gdd\[`Z^]Xb `Zb`[X ]f`b gaYb]X\ qX\X jnX[ `Z

]fX `Z[Yg]`mX i\d gXbb o � X\X qX YbX ]fX ]\^Zba^]`dZ `Zm^\`^ZgX de ]fX [cZ^l `gb o
v] edaadq b ]f^] qX _Zdq Zdq ]fX `Z`]`^a \Xa^]`mX gdd\[`Z^]X de ]fX i^\]`gaXb
f(i(k+1))

^Z[
f(j(k+1))

r ]fYb ^aa \Xa^]`mX `Z `]`^a gdd\[`Z^]Xb `Zb`[X ]fX ZXq
gaYb]X\

Ak+1 = Ak,i(k+1) ∪Ak,j(k+1)

o
WX f^mX r ^b `Z g^bX

N = 3
r ]fX `Z[Yg]`mX Xb]`l ^]Xb

ρCv0rd−1dtk
ed\ ]fX i\dx^x`a`]Xb de ]fX XmXZ]b

Gk([tk, tk + dtk]) = ∪yk∈S2r
∪sk∈[tk,tk+dtk] Gk(sk, yk; tk−1, yk−1; ...; t1, y1)

YZ`ed\l ac `Z
tk−1, yk−1, ..., t1, y1

o �fXZ ed\ ]fX i\d[Yg] de XmXZ]b

∩N−1
k=1 Gk([tk, tk + dtk])

qX hX] ]fX Xb]`l ^]X
N−1
∏

k=1

ρCv0rd−1dtk

�fXZ r Yb`Zh ]fX _ZdqZ ed\lYa^

∫ τ

0

...

∫ τ

tN−3

∫ τ

tN−2

dtN−1...dt1 =

∫ τ

0

...

∫ t3

0

∫ t2

0

dt1...dtN−1 =
τN−2

(N − 2)!

yt



qX hX] ]fX Xb]`l ^]X de aXll^ z o
WX ^bbYlX[ ]f\dYhfdY] ]fX i\dde ]f^] ]fX h\^if

GA(0)
f^b Zd gaYb]X\b

d]fX\ ]f^Z dZXki d`Z] gaYb]X\b o ve fdqXmX\ ]fX\X ^\X bdl X gaYb]X\b ^] ]`l X
�X\d r ]fXZ ]fX i\dde i\dgXX[b ^adZh ]fX b^l X a`ZXb o � d\XdmX\ r `] `b X^bc ]d
bXX r Yb`Zh dY\ ^bbYli]`dZ

r � v0τ
r ]f^] ]fX gaYb]X\ i\dx^x`a`]c q `aa x X XmXZ

bl ^aaX\ o

� ���� �� R � S�O� VU�
� X\X qX h`mX ^Z Xn^liaX de [cZ^l `gb �q `]f gfXl `g^a \X^g]`dZb� r b^]`bec `Zh ]fX
^xdmX hXZX\^a gdZ[`]`dZb o �f`b [cZ^l `gb q `aa x X fdqXmX\ ^ \^Z[dl [cZ^l `gb o
vZ ]f`b [cZ^l `gb \^Z[dlZXbb dggY\b x Xg^YbX de \^Z[dl `Z`]`^a gdZ[`]`dZb ^Z[
\^Z[dl `Z]X\^g]`dZ \YaXb de [cZ^l `gb o

� XjZX j\b] ]fX jZ`]X mdaYlX [cZ^l `gb o �fX\X ^\X
N(Λ) < ∞ i^\]`gaXb

`Z ]fX gYxX
Λ
r X^gf i^\]`gaX `b gf^\^g]X\`�X[ ^] ]`l X

t ∈ R+

xc `]b gdd\[`Z^]X
x(t) ∈ Λ ⊂ Rd

r mXad g`]c
v(t) ∈ Rd

^Z[ ]ciX
q(t) ∈ {1, ..., Q} o vZ `]`^a gd d\k

[`Z^]Xb
xi(0)

^\X [`b]\`xY]X[ YZ`ed\l ac `Z
Λ
o �fX mXg]d\b

(qi(0), vi(0))
^\X

`Z[Xi XZ[XZ]ac [`b]\`xY]X[ q `]f [XZb`]`Xb
pq(v)

∑

q

∫

pq(v)dv = 1

WX q `aa [XjZX ^ gdZ]`ZYdYb ]`l X � ^\_dm i\dgXbb
(xi(t), vi(t), qi(t) : i =

1, 2, ..., N)
]dhX]fX\ q `]f `Z`]`^a [^]^

(xi(0), vi(0), qi(0) : i = 1, 2, ..., N)
o v]

`b ^ l `n]Y\X de i`XgXq `bX a`ZX^\ ldmXl XZ] ed\ ]fX gdd\[`Z^]Xb ^Z[ \^Z[dl
wYlib ed\ ]fX mXad g`]`Xb ^Z[ ]ci Xb o WX q `aa Zd] q \`]X [dqZ ]fX hXZX\^]d\
de ]f`b i\d gXbb r xY] \^]fX\ [Xbg\`x X `] l d\X `Z]Y`]`mXaco �fX gdd\[`Z^]Xb ^\X
[XjZX[ ^b

xi(t, ω) = xi(0, ω) +

∫ t

0

vi(t, ω)dt

�] ]fX b^l X ]`l X r ^Zc i^`\ de i^\]`gaXb
i, j

~`Z[Xi XZ[XZ]ac de d]fX\ i^`\b� ^]
^Zc ]`l X `Z]X\m^a

(t, t+ dt)
g^Z gf^ZhX ]fX`\ ]ci Xb ^Z[ mXad g`]`Xb q `]f \^]Xb

λ(qi(t).vi(t), qj(t).vj(t), xi(t) − xj(t))χ2r(xi(t) − xj(t))qfX\X
χ2r(x) = 1

`e |x| ≤ 2r
r ^Z[

0
d]fX\q `bX o }YZg]`dZb

λ
^\X ^bbYlX[ ]d

xX xdYZ[X[ o � b ^ \XbYa] de ]f`b w Yli gdd\[`Z^]Xb [d Zd] gf^ZhX r xY] ]ci Xb
^Z[ mXad g`]`Xb gf^ZhX

(qi, vi, qj , vj) = (qi, vi, qj, vj)(t) → (q′i, v
′
i, q

′
j , v

′
j) = (q′i, v

′
i, q

′
j, v

′
j)(t+ 0)

y|



m`^ gdZ[`]`dZ^a i\dx^x`a`]c [XZb`]`Xb
P (q′i, v

′
i, q

′
j, v

′
j|qi, vi, qj, vj)

bd ]f^] ed\ ^Zc
qi, vi, qj , vj

qX f^mX
∑

q′i,q
′

j

∫

P (q′i, v
′
i, q

′
j , v

′
j|qi, vi, qj , vj)dv

′
idv

′
j = 1

�Y\ l ^`Z ^bbYli]`dZ ]f^] mXad g`]`Xb ^\X YZ`ed\l ac x dYZ[X[ ]f^] `b

P (q′i, v
′
i, q

′
j , v

′
j|qi, vi, qj , vj) = 0

`e
v′i

d\
v′j

XngXX[ bdlX gdZb]^Z]
v0 > 0

o
�fYb r ]fX mXad g`]`Xb ^Z[ ]ciXb ^\X i`XgXq `bX gdZb]^Z] dZ

[0,∞]
r w Ylib

dggY\ ^] [`bg\X]X ]`l X ldl XZ]b

0 < t1(ω) < ... < tk(ω) < ...

�fX i\d gXbb `b qXaak[XjZX[ k
xi(t, ω)

Xn `b] ed\ ^Zc `Z`]`^a [^]^ ^Z[ ^\X i`XgXk
q `bX a`ZX^\ ^ ob o �f`b l X^Zb ]f^] x X]qXXZ ]fX w Ylib ]fX i^\]`gaXb ldmX e\XXac
q `]f gdZb]^Z] mXad g`]`Xb

vi(t) = dxi(t)
dt

[XjZX[ ^ oX o
� aa ^x dmX \XbYa]b ed\ ]fX [X]X\l `Z`b]`g [cZ^l `gb fda[ ed\ ]f`b \^Z[dl

[cZ^l `gb q `]f i`XgXq `bX \^Z[dl ]\^w Xg]d\`Xb ^b qXaa o vZ ]f`b Xn^liaX r e\dl
]f`b dZX g^Z X^b`ac i\dmX r `Z i^\]`gYa^\ r ]fX Xn `b]XZgX de ]fX ]fX\ld[cZ^l `g
a`l `] ed\ bl ^aa ]`l Xb o �f`b a`l `] gd`Zg`[Xb q `]f ]fX [`\Xg]ac ^Z[ b`l `a^\ac
[XjZX[ `ZjZ`]X i^\]`gaX [cZ^l `gb o

� ���Q�OU��
syu p o pX\g`hZ^Z` r � o vaaZX\ r � o �Yam `\XZ]` o �fX l^]fXl^]`g^a ]fXd\c de

[`aY]X h^bXb o �i\`ZhX\ o y��� o
szu � o p^i\`Zd r � o �Yam`\XZ]` o � gaYb]X\ Xni^Zb`dZ ^ii\d^gf ]d ^ dZXk

[`l XZb`dZ^a �da]�l^Z X�Y^]`dZ � ^ m^a`[ `]c \XbYa] o pdll o � ^]f o �fcb or
y��� r ytt r t�{kt{ yo

s{u � o �^Zed\[ o � `l X XmdaY]`dZ de a^\hX ga^bb`g^a bcb]Xl b o �Xg]Y\X �d]Xb `Z
�fcb`gb r y�|� r m o {� r �i\`ZhX\ r ii o yk yyyo

s� u � o �dx\Ybf`Z r � o }\`]� o �dZX�Y`a`x\`Yl [cZ^l `b de dZXk[`l XZb`dZ^a `Zjk
Z`]X i^\]`gaX bcb]Xl b q `]f ^ f^\[ gd\X `Z]X\^g]`dZ o pdll o � ^]f o �fcb or
y�|| r m o �� r z|�kz�z o

y�



s�u 	 o p^ha`d]` r p o � ^\gf`d\d r � o �Yam`\XZ]` o �dZkX�Y`a`x\`Yl �cZ^l `gb de
�f\XXk� `l XZb`dZ^a vZjZ`]X �^\]`gaX �cb]Xl o pdll o � ^]f o �fcb or z��� r
m o z y� r �d o yr z�k�{ o

stu �^ o � `Z^` o pdZb]\Yg]`dZ de [cZ^l `gb ed\ dZXk[`l XZb`dZ^a bcb]Xl b de b]^k
]`b]`g^a l Xgf^Z`gb o �fXd\ o ^Z[ � ^]fXl o �fcb`gb r yyr y�|z r �d o z r z��k
z�� o

s|u � o �idfZ o �^\hX bg^aX [cZ^l `gb de `Z]X\^g]`Zh i^\]`gaXb o y�� yo �i\`ZhX\ o
s�u �o � ^aa o vZ]\d[Yg]`dZ ]d ]fX ]fXd\c de gdm^\XhX i\dgXbbXb o y��� r W `aXco
s�u �o �^aa o �Z gdZ]`ZYYl iX\gda^]`dZ o �ZZ^ab de � \dx or y��� r m o y{ r �d � o

yz��k yztt o
sy�u � o � XXb]X\ r � o �dco pdZ]`ZYYl iX\gda^]`dZ o p^lx\`[hX �Z`m o i\Xbb o

y�tt o
syyu � o � ^acbfXm r � o � `Z adb o � `ZX^\ `ZjZ`]Xki^\]`gaX di X\^]d\b o �� � o y��� o

y�


