
�� ����� ����	
 	�� 	� ���� 	 ��
�� �

� � � � �������� � � � � ��������∗

� �� �!"�� �##$

%&'()*+(

,-. /012 03 4-56 717 .8 56 40 /59. 60: . 85/080;6 8.6;246 < =0>=.8>5>/
-5/- ?.>654@ A .-19508 03 B.8: 5 6@64.: 6 C

D .@ E08?6 F B.8: 5 6@64.: < 7 04.>4512 < 71845450> 3;>=450> < =1>0>5=12
.>6.:A2. < /81>? =1>0>5=12 .>6.:A2. < -1: 5240>51> C

G HIJKLMNOJPLI

QRS TUVW UX YRZ[ \V\S] Z[ YU \]U^S [U_S ]ZTU]U`[ ]S[`WY[ a bUcbS]cZcT RZTR
dSc[ZYe f SRV^ZU] UX gS]_ Z [e[YS_ [ h QRZ[ f SRV^ ZU`] RVd f SSc \]S[ScYSd Zc
iVcdV`jiZX[R ZYk bU`][S a [SS \ h lmn UX opq a V[ XUWWUr [ s XU] WV]TS dSc[ZYZS[ YRS
gS]_ Z [e[YS_ fSbU_S[ ZdSVW a YRSe _SVc fe YRZ[ YRVY YRS tZcSYZb ScS]Te UX

∗u vwx yz{wvz| }~yy�{w �� �{z�w ���� � ���� ����� �� z�� �� �����{�� ��w ������
������� �� � v�|���|� ��v��{}vw�

p



_U[Y \V]YZbWS[ f SbU_S[ _`bR T]SVYS] YRVc YRSZ] ZcYS]VbYZUc �r ZYR UYRS] \V]j
YZbWS[ U] S�YS]cVW �SWd � ScS]Teh �UrS^S] a [U_ S rU]t Z[ cSbS[[V]e YU _ VtS YRZ[
bWSV] \Re[ZbVW \ ZbY`]S _ VYRS_VYZbVWWe rSWWjdS�cSd h

�Y Z[ rSWW tcUrc YRVY Zc YRS S�`ZWZf]Z`_ �`VcY`_ [YVYZ[YZ[YZbVW _ SbRVcj
Zb[ a V[

β → ∞ Vcd `cdS] [U_ S _ ZWd bUcdZYZUc[ a
β
j��	 [YVYS YScd[ YU YRS

T]U`cd [YVYS a [SS o
q h �c YRS bUcY]V]e XU] ��Sd
β
a ZX YRS bRS_ ZbVW \ UYScYZVW

µ
�XU] T]Vcd bVcUcZbVW Sc[S_fWS� U] YRS dSc[ZYe

ρ
UX \V]YZbWS[ �XU] bVcUcZbVW

Sc[S_fWS� YScd YU Zc�cZYea YRS]S Z[ cU cVY`]VW WZ_ ZYZcT [YVYS h �c YRZ[ bV[S ZY
Z[ ]SV[UcVfWS YU [Y`de YRS WV]TS

µ
U] WV]TS

ρ
V[e_\YUYZb[ UX YRS]_UdecV_ Zb

X`cbYZUc[ a Zc \V]YZb`WV] UX
ln Z

a rRS]S
Z

Z[ YRS \V]YZYZUc X`cbYZUc h
�S rVcY YU cUYS YRVY RS`]Z[YZb V]T`_ScY[ XU] YRS bWV[[ZbVW [e[YS_ [RUr

YRVY ZY Z[ UcWe \ U[[Zf WS rRSc YRS ZcYS]VbYZUc YScd[ YU kS]U V[ YRS ^UW`_S Vcd
dSc[ZYe YScd YU Zc�cZYeh �c XVbY a YVtS YRS ^UW`_S

Λ
r ZYR

ρΛ
\V]YZbWS[ h iSY

YRS ]VdZ`[ UX \UYScYZVW f S
r
a V[[`_S ZY fU`cdSd fe

v
Vcd WUbVW h �cY]Ud`bS

S� YS]cVW �SWd [U YRVY YRZ[ _ SVc ZcYS]VbYZUc ScS]Te rS]S
0
a Zc UYRS] rU]d[ a

YRVY YRS [e[YS_ rS]S cS`Y]VW h e bScY]VW WZ_ ZY YRSU]S_ XU] _U[Y \V]YZbWS[ YRS
ZcYS]VbYZUc ScS]Te Z[ UX U]dS]

v
√

ρr
d
2
h �Y YRS [V_ S YZ_ S YRS tZcSYZb ScS]Te Z[

UX U]dS]
c(β)

h QR`[ YRS tZcSYZb ScS]Te S�bSSd[ YRS ZcYS]VbYZUc ScS]Te ZX UcWe

vr
d
2 = o(ρ− 1

2 )
a U]

o(ρ−1)
r ZYRU`Y cS`Y]VWZYe bUcdZYZUc h

�`] ]ZTU]U`[ ]S[`WY[ [RUr YRVY Zc Vc UcSjdZ_ Sc[ZUcVW _UdSW YRS [_ VWWcS[[
UX \ UYScYZVW Z[ cUY ]SVWWe cSbS[[V]eh QRZ[ Z[ cUY �`ZYS S^ZdScY f SbV`[S [YVcdV]d
[\ SbY]`_ \S]Y`]fVYZUc YRSU]e Z[ cUY V\\WZbVfWS a [ZcbS dZ� S]ScbS

εk − εk−1






fSYrSSc bUc[Sb`YZ^S SZTSc^VW`S[ YScd[ YU kS]U a ZX
k � Λ2.

�c opq cS`Y]VW [e[YS_ [ UX
M

c`bWSZ Vcd
N = qM

SWSbY]Uc[ V]S bUc[ZdS]Sd a
rRS]S

q
Z[ YRS bRV]TS UX YRS c`bWSZ h � [[`_ ZcT YRVY YRS c`bWSZ V]S [ZY`VYSd Zc

YRS ^S]YZbS[ UX V \ S]ZUdZb WVYYZbS Vcd YRS SWSbY]Uc[ dU cUY ZcYS]VbY r ZYR SVbR
UYRS] a rS _UdSW YRZ[ V[ YRS [e[YS_ UX ZcdS\ ScdScY [\ZcWS[[ XS]_ Z \V]YZbWS[ Zc
YRS S�YS]cVW \UYScYZVW

V
h

� ���N �J�

�Ur rS TZ^S S�VbY dS�cZYZUc[ h �c V �cZYS ZcYS]^VW
Λ ⊂ R

rS bUc[ZdS] �UcSj
\V]YZbWS� RV_ ZWYUcZVc

h = −∇2 + V

Zc
L2(Λ)

r ZYR � Z]ZbRWSY fU`cdV]e bUcdZYZUc[ a f`Y UYRS] f U`cdV]e bUcdZYZUc[
bU`Wd f S bUc[ZdS]Sd V[ rSWW h

V
Z[ YRS _`WYZ\ WZbVYZUc U\S]VYU] Uc YRS X`cbYZUc

V (x)
a ZY Z[ VWrVe[ V[[`_Sd YU f S fU`cdSd h iSY

ε1 < ε2 < ... εk = ε
(V )
k (Λ) < ...

fS YRS SZTSc^VW`S[ UX YRZ[ UcS \V]YZbWS \]UfWS_ h �Y Z[ tcUrc YRVY YRS]S V]S
cU _`WYZ\ WS SZTSc^VW`S[ a [SS olq a YRSU]S_ pl h� hn� h �Y Z[ tcUrc VW[U YRVY XU]

V = 0

ε
(0)
k (Λ) = π2 k2

Λ2

�Ur bUc[ZdS] YRS gS]_ Z TV[ UX ZcdS\ ScdScY \V]YZbWS[ Zc YRS S�YS]cVW �SWd

l



V
Zc

Λ
h QRS bVcUcZbVW \V]YZYZUc X`cbYZUc Z[

Z
(V )
N (Λ) =

∑

0<k1<k2<...<kN

exp

(

−β
N
∑

i=1

ε
(V )
ki

(Λ)

)

,

rRS]S
N

Z[ YRS c`_fS] UX \V]YZbWS[ Vcd
Λ

Z[ YRS �^UW`_ S �h �S VWrVe[ V[[`_ S
YRVY YRS \UYScYZVW

V
Z[ [`bR YRVY YRS WZ_ ZY

F = F (β, ρ) = lim
1

Λ
ln Z

(V )
N (Λ)

S� Z[Y[ ZX
Λ → ∞ [U YRVY N

Λ
= ρ

h

������� � �	

V �	 ����	� � �
	�
���� �� 	� ��

N
��� Λ


	�� 
� ��� ��
�
� � 
��
 N

Λ
→ ∞ � 	 ���	

ln Z
(V )
N (Λ)

ln Z
(0)
N (Λ)

→ 1

QRS T]Vcd bVcUcZbVW \V]YZYZUc X`cbYZUc XU] gS]_ Z TV[ Zc S�YS]cVW �SWd r ZYR
\UYScYZVW

V
Z[

Ξ(V )
µ (Λ) =

∞
∏

k=1

(

1 + ze−βε
(V )
k

(Λ)
)

,

rRS]S
z = exp(µβ)

Vcd
µ
Z[ YRS bRS_ ZbVW \UYScYZVW h

������� � �	

Λ �	 � � 	� ��� V �	 ����	�� �� 	� ��

µ → ∞

ln Ξ
(V )
µ (Λ)

ln Ξ
(0)
µ (Λ)

→ 1

�`Y

Ω(V )
µ (Λ) =

1

Λ
ln Ξ(V )

µ (Λ)

m



�S VWrVe[ V[[`_S YRVY YRS \UYScYZVW
V

Z[ [`bR YRVY YRS WZ_ ZY

Ω(V )
µ = lim

Λ→∞

1

Λ
ln Ξ(V )

µ (Λ)

S� Z[Y[ h

������� � � �
µ → ∞

Ω
(V )
µ

Ω
(0)
µ

→ 1

� � KLL ��

�S r ZWW cSSd YRS XUWWUr ZcT ]S[`WY h

���� � � �	
V

�� ����	� 
� 	� 	 �
 ��� Λ

|εk(Λ, V ) − εk(Λ, 0)| < C

� ��� �  QRZ[ XVbY bVc f S XU`cd Zc YRS \]UUX UX YRSU]S_ pl h�
 1
2

Zc omq h �S TZ^S
YRS [tSYbR UX YRS \]UUX h �Uc[ZdS] YRS VcVWeYZb XV_ ZWe UX U\ S]VYU][ �XU] �� Sd

Λ
�

H(a) = −∇2 + aV, 0 ≤ a ≤ 1

g]U_ [Z_\WZbZYe UX YRS SZTSc^VW`S[ XU] Vce
a
UcS bVc dSd`bS YRVY YRSe VcVj

WeYZbVWWe dS\ Scd Uc
a
Uc YRZ[ ZcYS]^VW h QRSc `[ZcT YRS XU]_`WV

dεk(a)

da
= (φk(a), aV φk(a))

rRS]S
φk(a)

V]S YRS bU]]S[\UcdZcT SZTSc^SbYU][ r ZYR cU]_
1
a rS TSY

|εk(1) − εk(0)| ≤ sup
[0,Λ]

|V | = C

n



� �� ��������	 
��
�	


���� � � �	

N > Λ.

�� 	�

Z
(0)
N (Λ) ≤ 1

N !

(

Λ

β

)N (

1 +
eββN

Λ

)Λ �p�

� ��� �  	SY XU]
p = 1, ..., [Λ]

ZN,p(Λ) =
∑

0<k1<...<kp≤[Λ]
<kp+1<...<kN

exp

(

−β
N
∑

i=1

ε
(0)
ki

(Λ)

)

=

∑

0<k1<...<kp≤[Λ]

exp

(

−β

p
∑

i=1

ε
(0)
ki

(Λ)

)

∑

[Λ]<kp+1<...<kN

exp

(

−β

N
∑

i=p+1

ε
(0)
ki

(Λ)

)

Vcd XU]
p = 0

ZN,0(Λ) =
∑

[Λ]<k1<...<kN

exp

(

−β

N
∑

i=1

ε
(0)
ki

(Λ)

)

QRSc

Z
(0)
N (Λ) =

[Λ]
∑

p=0

ZN,p(Λ)

�X
ki > [Λ] ,

YRSc
ε
(0)
ki

(Λ) > ki

Λ

Vcd

∑

[Λ]<kp+1<...<kN

exp

(

−β

N
∑

i=p+1

ε
(0)
ki

(Λ)

)

≤
∑

[Λ]<kp+1<...<kN

exp

(

−β

N
∑

i=p+1

ki

Λ

)

=

∑

[Λ]<kp+1

exp

(

−βkp+1

Λ

)

...
∑

kN−1<kN

exp

(

−βkN

Λ

)

=

exp (− (N − p) β)

N−p
∏

k=1

exp
(

−βk
Λ

)

1 − exp
(

−βk
Λ

) = exp (− (N − p) β)

N−p
∏

k=1

1

exp
(

βk
Λ

)

− 1

�



� [ZcT YRS S^ZdScY S[YZ_ VYS
exp

(

βk
Λ

)

− 1 > βk
Λ

rS TSY

∑

[Λ]<kp+1<...<kN

exp

(

−β

N
∑

i=p+1

ε
(0)
ki

(Λ)

)

≤ exp β (p − N)

(N − p)!

(

Λ

β

)N−p

g`]YRS] a rS _Ve S[YZ_ VYS YRS XUWWUr ZcT [`_

∑

0<k1<...<kp≤[Λ]

exp

(

−β

p
∑

i=1

ε
(0)
ki

(Λ)

)

≤
(

[Λ]

p

)

� ScbS a

Z
(0)
N (Λ) =

[Λ]
∑

p=0

ZN,p(Λ) ≤ exp(−βN)

[Λ]
∑

p=0

(

[Λ]

p

)

exp βp

(N − p)!

(

Λ

β

)N−p

=

exp(−βN)

N !

[Λ]
∑

p=0

(

[Λ]

p

)

exp βp
N !

(N − p)!

(

Λ

β

)N−p

`Y N !
(N−p)!

≤ Np Vcd

Z
(0)
N (Λ) ≤ exp(−βN)

N !

(

Λ

β

)N [Λ]
∑

p=0

(

[Λ]

p

)

exp βp

(

βN

Λ

)p

≤

1

N !

(

Λ

β

)N (

1 +
eββN

Λ

)Λ

QRS WS__V Z[ \]U^Sd h
QVtS YRS WUTV]ZYR_ UX fUYR [ZdS[ UX ZcS�`VWZYe �p� Vcd dZ^ZdS fe

N :

ln Z
(0)
N (Λ)

N
≤ ln Λ − ln N !

N
+

Λ

N
ln

(

1 +
eββN

Λ

)

− ln β

	 ZcbS XU] WV]TS
N

ln N ! > N ln N − N

�



YRSc

ln Z
(0)
N (Λ)

N
≤ ln Λ − ln N +

Λ

N
ln

(

1 +
eββN

Λ

)

− ln β + 1 =

ln
Λ

N
+

ln
(

1 + eββN
Λ

)

N
Λ

− ln β + 1

	U a rS [SS YRVY YRS ]ZTRY [ZdS UX YRS VfU^S ZcS�`VWZYe YScd[ YU −∞ `cdS] YRS
bUcdZYZUc[ UX YRS YRSU]S_ h �Y XUWWUr [ YRVY V[

N, Λ, N
Λ
→ ∞

ln Z
(0)
N (Λ)

N
→ −∞ �
�

� SY`]c YU YRS \]UUX UX YRS YRSU]S_ h �S cSSd YU [RUr YRVY V[
N, Λ, N

Λ
→ ∞

∣

∣

∣

∣

∣

ln Z
(V )
N (Λ) − ln Z

(0)
N (Λ)

ln Z
(0)
N (Λ)

∣

∣

∣

∣

∣

→ 0
�l�

�Y XUWWUr [ X]U_ WS__V p YRVY
∣

∣

∣

∣

∣

ln Z
(V )
N (Λ) − ln Z

(0)
N (Λ)

ln Z
(0)
N (Λ)

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

CN

ln Z
(0)
N (Λ)

∣

∣

∣

∣

∣

�Ur �l� XUWWUr [ X]U_ �
� h

� �� ����� ��������	 
��
�	


� ��� � � � ������� � � S�cS dZ[Y]Zf`YZUc X`cbYZUc UX SZTSc^VW`S[

F
(V )
Λ (t) = #{k : ε

(V )
k (Λ) ≤ t}

�S RV^S

ln Ξ(V )
µ (Λ) =

∫ ∞

0

ln
(

1 + eβ(µ−t)
)

dF
(V )
Λ (t)

�m �

iSY `[ \]U^S YRS XUWWUr ZcT WS__V[ h

�



���� � � � �
t → ∞

F
(V )
Λ (t) =

Λ
√

t

π
+ O(1)

�n�

� ��� �  �S TZ^S SWS_ ScYV]e \]UUX a [SS TScS]VW ]S[`WY Zc onq a o�q a o�q h iSY

ε
(V )
k (Λ) ≤ t < ε

(V )
k+1(Λ)

gU] [`bR
t : F

(V )
Λ (t) = k.

� [ZcT YRS S[YZ_ VYS �WS__V m �

|ε(V )
k (Λ) − ε

(0)
k (Λ)| ≤ C

�cd

−C +
k2π2

Λ2
≤ t ≤ C +

(k + 1)2π2

Λ2

� XYS] _`WYZ\ We ZcT fe
Λ2/ π2 Vcd S�Y]VbYZcT YRS [�`V]S ]UUY rS bU_ S YU YRS

ZcS�`VWZYe s

−1 +
Λ
√

t

π

√

1 − C

t
≤ k ≤ Λ

√
t

π

√

1 +
C

t
`Y

k = F
(V )
Λ (t),

[U

−1 +
Λ
√

t

π

√

1 − C

t
≤ F

(V )
Λ (t) ≤ Λ

√
t

π

√

1 +
C

t

	`fY]VbYZcT Λ
√

t
π

rS TSY

−1 +
Λ
√

t

π

(

√

1 − C

t
− 1

)

≤ F
(V )
Λ (t) − Λ

√
t

π
≤ Λ

√
t

π

(

√

1 +
C

t
− 1

)

gU]
t

WV]TS ScU`TR

−1 − Λ
√

t

π

C

2t
≤ F

(V )
Λ (t) − Λ

√
t

π
≤ Λ

√
t

π

C

2t

�Y TZ^S[ YRS ]S[`WY UX YRS WS__V h

�



���� � � � �
µ → ∞

ln Ξ(V )
µ (Λ) ∼ 2

3

Λ

π
µ3/2 ���

� ��� �  �cdSSd a

ln Ξ(V )
µ (Λ) =

∫ ∞

0

ln
(

1 + eβ(µ−t)
)

dF
(V )
Λ (t)

�cYST]VYZcT fe \V]Y[ Vcd `[ZcT
F

(V )
Λ (t) ∼ Λ

π

√
t
rS RV^S

lnΞ(V )
µ (Λ) = β

∫ ∞

0

eβ(µ−t)

1 + eβ(µ−t)
F

(V )
Λ (t)dt =

= β

∫ µ

0

F
(V )
Λ (t)dt − β

∫ µ

0

F
(V )
Λ (t)

1 + eβ(µ−t)
dt + β

∫ ∞

µ

F
(V )
Λ (t)

1 + eβ(t−µ)
dt

�Y XUWWUr [ X]U_ �n� a YRVY
∫ µ

0

F
(V )
Λ (t)dt ∼ 2

3

Λ

π
µ3/2 ���

iSY `[ [RUr YRVY
∫ µ

0

F
(V )
Λ (t)

1 + eβ(µ−t)
dt = O(µ1/2+α),

���

rRS]S
α > 0

Z[ V]fZY]V]e [_ VWW h e �n� rS bVc r ]ZYS

F
(V )
Λ (t) = c

√
t + r(t), r(t) = O(1)

iSY `[ \]U^S
∫ µ

0

√
t

1 + eβ(µ−t)
dt = O(µ1/2)

� XYS] bRVcTS UX ^V]ZVfWS
s = t − µ

∫ µ

0

√
t

1 + eβ(µ−t)
dt =

∫ 0

−µ

√
µ + s

1 + e−βs
dt =

√
µ

∫ 0

−µ

√

1 + s
µ

1 + e−βs
dt = O(µ1/2)

p�



�Y TZ^S[ XU]_`WV ��� [ZcbS
∫ µ

0

r(t)

1 + eβ(µ−t)
dt = O(1)

iSY `[ [RUr cUr YRVY
∫ ∞

µ

F
(q)
Λ (t)

1 + eβ(t−µ)
dt = O(µ1/2)

���

� XYS] bRVcTS UX ^V]ZVfWS rS TSY
∫ ∞

µ

F
(q)
Λ (t)

1 + eβ(t−µ)
dt =

∫ ∞

0

F
(q)
Λ (µ + t)

1 + eβt
dt =

= c

∫ ∞

0

√
µ + t

1 + eβt
dt +

∫ ∞

0

r(µ + t)

1 + eβt
dt

�Y Z[ bWSV] YRVY

∫ ∞

0

√
µ + t

1 + eβt
dt =

√
µ

∫ ∞

0

√

1 + t
µ

1 + eβt
dt = O(µ1/2)

∫ ∞

0

r(µ + t)

1 + eβt
dt = O(1)

gU]_`WV[ ��� a ��� Vcd ��� \]U^S YRS WS__V h
�Ur YRS V[[S]YZUc UX YRS YRSU]S_ XUWWUr [ X]U_ ��� h

� ��� � � � ������� � e YRSU]S_ 
 rS RV^S

1

Λ
ln Ξ

(0)
µ−C (Λ) ≤ 1

Λ
ln Ξ(V )

µ (Λ) ≤ 1

Λ
ln Ξ

(0)
µ+C (Λ)
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lim
Λ→∞

1

Λ
ln Ξ(0)

µ (Λ) =
1

π

∫ ∞

0

ln(1 + eβ(µ−p2))dp
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∫ ∞

0

ln(1 + eβ(µ−p2))dp =

∫ ∞

0

√
t

1 + eβ(t−µ)
dt

�Y rV[ [RUrc VfU^S
∫ ∞

0

√
t

1 + eβ(t−µ)
dt ∼ Kµ

3
2 , µ → ∞
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