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Abstract

The large deviation principle is established for the distributions of a class of
generalized stochastic porous media equations for both small noise and short time.
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1 Introduction and Main Results

We first recall the existence and uniqueness results on strong solutions to the stochastic
generalized porous media equations obtained recently in [9]. Let (F,.#,m) be a separable
probability space and (L, Z(L)) a negative definite self-adjoint linear operator on L?(m)
with spectrum contained in (—oo, —\g| for some Ag > 0.
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We assume that, for a fixed number r > 1, L™ is bounded in L™"!(m), which is
e.g. the case if L is a Dirichlet operator (cf. e.g. [16]) since in this case the interpolation
theorem or simply Jensen’s inequality implies [e*?||,,; < e™0®2/+1) for all ¢ > 0, where
and in what follows, || - ||, denotes the norm in LP(m) for p > 1. A classical example of L
is the Laplace operator on a smooth bounded domain in a complete Riemannian manifold
with Dirichlet boundary condition.

Let H' := 2(v/—L) be the real Hilbert space with inner product

<f7 g>H1 = <\/__Lf7 \/__Lg>7

where { , ) is the inner product in L?(m). Then the embedding H! C L?*(m) is dense
and continuous. Let H := H~! be the dual Hilbert space of H! realized through this
embedding.

The existence and uniqueness of strong solutions to the following stochastic differential
equation has been proved in [9]:

(1.1) dX; = (LY(t, Xy) + @(t, X3))dt + QAW

where ) : L?(m) — H is a Hilbert-Schmidt operator with ¢ := ¢(Q) the square of its
Hilbert-Schmidt norm, W, is a cylindrical Brownian motion on L*(m) w.r.t. a complete
filtered probability space (2, #,.%;, P),

U, d:[0,00) x RxQ—R

are progressively measurable functions, i.e. for any ¢ > 0, restricted on [0,%] x R x Q they
are measurable w.r.t. Z([0,t]) x Z(R) x %, and for any (t,w) € [0,00) X Q, V(¢,-)(w)
and ®(¢,-)(w) are continuous on R and satisfy certain monotonicity conditions. See [1, 2]
for an account of the classical (deterministic) porous media equations and [3, 4, 7, 8] for
the study of weak solutions and invariant measures for some stochastic generalized porous
media equations.

To explain what is meant by strong solutions to (1.1), let us introduce the embeddings

VcHcCV"

as follows. Consider the reflexive separable Banach space V := L"*!(m). Then we can
obtain a presentation of its dual space V* through the embeddings V. C H = H' C V*,
where H is identified with its dual through the Riesz-isomorphism. In other words V* is
just the completion of H with respect to the norm

[fllv-:= sap (f.9)m, [€H.

lgllr1<1

Since H is separable, so is V*. We note that this is different from the usual representation
of V.= L"'(m) through the embedding

V C L*(m) = L*(m)’,
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which, of course, gives L"+1)/7(m) as dual. But it is easy to identify the isomorphism
between LU*D/"(m) and V*. Below we simply use (, )z to denote v« (, )y, i.e. the duality
between V' and V*, since v«(, )y = (, )y holds on H x V. It is explained in [9] that
L: LU*t)/"(m) — V* is a densely defined bounded operator, so that it extends uniquely
to a fully defined bounded operator, denoted once again by L. Likewise, the natural
embedding L?(m) C H C V* extends uniquely to a one-to-one map from L"+/"(m) to
V* (cf. [9, Corollary 1.2]). Since ¥(t,v)(w), ®(,v)(w) € LU+Y/"(m), by condition (1.2)
below, the map b:= LV + ® : [0,00) X V' x  — V* is well-defined.
We assume that there exist two constants ¢, « > 0 such that

gy TEIRE B

viu—v,0(,u) = b(-,v))v- < —allu—vl[j3 +cfju — v||%, w,ve L (m)

holds on [0, 7] x Q. In particular, according to [9], the second inequality in (1.2) holds for
some a, ¢ > 0 if there exist constants 6; > 6,/||L7!||,41 > 0 and o € R such that

(8 - t)(\ll(" 8) - \IJ(Wt)) Z 61|S - t|T+1u

1.3
(1.3) (-, 5) — B(-, )] < Oofs —t]" +ols —t|, s,teR

holds on [0, 7] x €. According to [9] (see also [15, Theorems II.2.1 and I1.2.2] for more
general situations), condition (1.2) implies that equation (1.1) has a unique strong so-
lution; that is, there is a unique H-valued continuous (%;)-adapted process X; with
X e L"([0,T] x Q2 x E,dt x P x m) such that for any e € L™ (m),

(1.4) (X;,e)g = (XO,e>H—/Otm(\Il(5,Xs)e+<I>(8,XS)L_le)ds—i—(QWt,e)H, te|0,7].
To see that the solution defined above satisfies the equation
(1.5) Xi=x+ /t(L\IJ + D) (s, X;)ds + QW,, t€[0,T]
0
in H, we first observe that by (1.2), the right hand side of (1.5) exists in V* for any ¢ > 0

since X € L"([0,T] x 2 x E,dt x P x m). Since both X; — z and QW, take values in
H, (1.5) indeed holds in H.

Remark 1.1. In order to imply the large deviation principle, our assumptions are indeed
stronger than those used in [15] to prove existence and uniqueness of strong solutions. On
the other hand, in [9] we present a direct proof for existence, uniqueness and ergodicity of
strong solutions for (1.1) under the extra assumption that the spectrum of L is discrete.
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Since this assumption was not really used in the proofs, it can be dropped from that
paper. Furthermore, in the recent work [17], the existence and uniqueness of strong
solutions have been obtained for a much more general framework so that one may take
Orlicz norms in place of L™ (m) in applications. Our arguments for the large deviation
principle presented below are, however, difficult to be extended to the general situation
of [17].

In this paper we study the large deviation property of the above stochastic generalized
porous medium equation for both small noise and short time. Recall ([11]) that a sequence
of probability measures (p.).~o on some Polish space E satisfies, as ¢ — 0, the large
deviation principle (LDP in short) with speed \(€) — +oo (as e — 0) and rate function
I: E — [0,400], if I is a good rate function, i.e., the level sets {I < r}, r € RT are
compact, and for any Borel subset A of F,

— mienjo I(z) < hrsrilglf e log p1:(A) < hr?j(l)lp N log p1-(A) < — iggl(x),

where A° and A are respectively the closure and the interior of A in E. In that case we
shall simply say that (u.) satisfies the LDP(\(¢),I) on E, or even more simply write
(ue) € LDP(X(e),I) on E. We say that the family of E-valued random variables X*
satisfies the LDP(\(g), I) if the family of their laws does.

Let us first consider the following stochastic differential equation with small noise:

(1.6) dX; = (LY(t, X7) + @(¢, X;))dt +eQdW,, ¢ >0,X; =2 € H.

From now on, let " > 0 and z € H be fixed. To state our main results, let us first
introduce the skeleton equation associated to (1.6):

dzt

(1.7) —

= LU(t, 20) + B(t,20) + ¢y, 20 =1,
where ¢ € L*([0,T]; H). An element 2? € C([0,T); H) N L™([0,T] x E,dt x m) is called
a solution to (1.7) if for any e € L™ (m),
¢
(1.8) (0.} = (x,e)n —/ {{L e, ¢y + ®(s,29)) + (e, ¥(s,20)) }ds, t€[0,T).
0
We shall prove that (1.2) and (1.3) imply the existence and the uniqueness of the solution

to (1.7) for any ¢ € L*([0,T]; H), and thus, as explained above for the solution to (1.1),
the solution satisfies the corresponding integral equation of (1.7) in H.



Now, we introduce the rate function. For any ¢ € L*([0,7] x E,dt x m), let ||¢]|3. :=
i dt [, ¢?dm. Define

(1.9) I(z):= %mf{HqﬁH%z C 2 =29 ¢ L*([0,T] x E,dt xm)}, z¢€ C([0,T]; H),

where we set inf ) = co by convention. The following result is of a Freidlin-Wentzell type
estimate:

Theorem 1.1. Assume (1.2). For each ¢ > 0, let X® = (X} )icpo,r) be the solution to
(1.6). Then as € — 0, (X°) satisfies the LDP(¢72,1) on C(|0,T]; H)(equipped with the
sup-norm topology), where the rate function I is given by (1.9).

Next, we consider the LDP of the solution X; to (1.1) for short time, which in the
classical finite dimensional case is the famous Varadhan’s large deviation estimate. Since
X2, solves the equation

(1.10) dX7 = (LU(, XF) + @(%, X7))dt +eQdW,, € > 0,X5 =,
where (W, := (1/€)We2) is a BM of the same law as (W), it suffices to establish the LDP
for the law of X*.

Theorem 1.2. Assume (1.2). Ifz € L' (m) then X¢ = (X.2,) satisfies the LDP(e=2, 1)
where

I(2) :z%inf{”gﬁ”%z: thx—l-Q/O gbsds}, z€ C([0,T]; H).

Let us make some historical comments. In the finite dimensional case, under the Lips-
chitzian condition, the LDP of X.2. is the famous Varadhan’s estimate [18], and Theorem
1.1 is the well known Freidlin-Wentzell’s LDP ([12]). For the extensions to infinite di-
mensional diffusions or stochastic PDE under global Lipschitz condition on the nonlinear
term, we refer the reader to Da Prato and Zabczyk [10](also for the literature until 1992).
For the case of local Lipschitz conditions we refer to [6] where also multiplicative and de-
generate noise is handled. Unlike in our situation, in [6] the drift still contains a nontrivial
(therefore smoothing) linear part. In many examples of SPDE, however, (local) Lipschitz
conditions are rarely satisfied (such as the porous equation in this work). Without Lips-
chitz conditions, each type of stochastic non-linear PDE requires specific techniques and
adapted estimates. So the situation becomes much more dispersive. Here we mention only
the work of Cardon-Weber [5] on the LDP for stochastic Burgers equations with small
noise and the important work of Hino and Ramirez [13] for the Varadhan’s small time
estimate of large deviations for general symmetric Markov processes, where the reader
may also find other recent references.



Here are some remarks on Theorem 1.2 related with the general work of Hino and
Ramirez [13]: 1) As our process (X;) is highly non-symmetric, the result in [13] can not
be applied. 2) The extra condition on x € L™ (m) (not all x € H) in Theorem 1.2 is also
a quite general phenomenon in infinite dimension because the result of [13] holds only
for 4 — a.e.x where p is the invariant measure, and in our case, the invariant measure is
supported in L™ (m) ([9]). 3) Furthermore the LDP in Theorem 1.2 is pathwise, unlike
that in [13] which is only for the marginal law.

This paper is organized as follows. The next section is devoted to the study of the
skeleton process z?, which is crucial for identifying the rate function of our LDP. In §3
we give an a priori exponential estimate and recall the generalized contraction principle.
The proof of Theorem 1.1 is presented in §4, and our strategy is based on two procedures
of approximation: first for finite dimensional noise (i.e., only a finite number of directions
are stochastically perturbed) we approximate the path of QW piecewise linear; second,
we approximate the whole noise QW by the finite dimensional noises. This strategy can
be easily adapted for the proof of Theorem 1.2 in §5.

2 The skeleton process

Proposition 2.1. Assume (1.2). Let ||z|| := supeppy [|2¢l|m for 2 € C([0,T]; H). For any
xr € H and any ¢ € L*([0,T); H) there exists a unique solution z® to (1.7) and

T T
(2.1) /rmw—4Wﬂwsc/u@—w%m
0 0

T
(2.2) wmeSO/n@—mmw
0

hold for some constant C > 0 and all x € H, ¢, € L*([0,T]; H).

Proof. To verify the existence of the solution, we make use of [15, Theorem I1.2.1]. Let
V := L™ (m) and V* the duality of V w.r.t. H, and let B := 0 and

A(s,v) := LY(s,v) + O(s,v) + ¢s.

Then, due to (1.2), it is trivial to verify Assumptions A;)(i = 1,..,5) on page 1252 of [15]
for some K,a > 0,p:=r+1,q:= "= and f(t) := c(1+ ||¢:]|%) for some constant ¢ > 0.
Then, by [15, Theorems I1.2.1 and I1.2.2] (see also [20, Theorem 30.A]) (1.7) has a unique
solution. Let 2% be the unique solution to (1.7) for ¢ € L*([0,T]; H).

By Itd’s formula due to [15, Theorem 1.3.2] and (1.2), we have



d

(2:3) — L7 — &), Bt ) — Dt 2) + & — W)

< —2am(|ef — 2" + 22 — 2\ + 2020 = 2 |l de = el

Since (2.3) implies, for any € > 0, that

d
(e 2l = 2" < llow = el +cllzf — 2|,

by Gronwall’s lemma we have

T
VR <t [ 6 vl
0

This implies (2.2) for C := e by letting € — 0. Finally, (2.1) follows by combining (2.2)
with (2.3). O

3 Exponential estimates and a generalized contrac-
tion principle
The following a priori estimate will be crucial for the proof of Theorem 1.1.

Lemma 3.1. Assume (1.2). Then for any vy > 0,q0 > 0 and o > 0 there exits a constant
¢ > 0 such that for all Q with q(Q) < qo and all € € (0,¢p),

T
(3.1) Eexp (76‘2/ ||Xflliiidt) <e
0

Throughout this paper we adopt the following notation: for two continuous real semi-
martingales (z;) and (y;), dz; < dy, means that their martingale parts are the same and
T —xs <y —ys forall t > s> 0.

Proof. By (1.2), (1.3) with 6, < 6; and using It6’s formula due to [15, Theorem 1.3.2],
there exist constants ¢y, ¢y, co > 0 and €y > 0 such that for all € < g,

d| XFl[F < —2(XF, (¥ + L7@)(t, X7))dt + 2e(X7, QdWy) + ge*dt

< —m (af| X7 "™ = | X[|* 4 1)) dE + 2e(X;, QAW,) + (ge” + col X[ ||7)dt
< —em (| XE|"TYdt + codt + 26(XE, QAW,) .



Then
T T
(3.2) X717 — lollz + e [ m(XFI+)de < 26/ (X7, QdWy) i + coT.
0 0
Letting dM, := (X, QdW,) i (with My = 0), since VA € R, & := exp(AM; — 2 (M),) is a

martingale and the quadratic variational process (M), satisfies d(M); < qo|| X¢||%dt, we
obtain from (3.2) that, for A := 8y/¢;¢,

T T T
Eexp(w / \IXflliiidt)zEeXp<2’y€2 / | XE bt — 7= / IIX§|I£i%dt)

4 2c 27|22 T
Dotg+ 2 B o [ )
c1€ c1€ c1€ 0

< Eexp<

A A2 W2, . oy et 207, 2|zl
gEexp(§M Ay / (B — ezl e+ 257+ 2210

1/2 A2 4c 4y |2 1/2
< {E&r ) {Ep( / (B2 i1, — 202X 4 + 22 22 ”H)}
0

0152
< exp(ce?T)

for some constant ¢ > 0 and all € € (0,g¢), where the last step is due to the martingale
property of & and that || - ||,41 > ¢|| - ||g for some ¢ > 0 and that r > 1. O

In large deviation theory, when (u.) satisfies the LDP(A(¢),I) on a Polish space E
and if f : E — F is continuous where F is another Polish space, then (u. o f7!) €
LDP(X\(e), If), where

If(z) == 1n(f)] z€F.

That is the so called contraction principle. The following generalization is taken from [19]
(some preceding weaker versions can be found in [11, Theorems 4.2.16 and 4.2.23]).

Theorem 3.2. (Generalized Contraction Principle) Let E.F be two Polish spaces
and (p:) a family of probability measures on E. If (u.) € LDP(X(g),I) and there exists
a sequence of continuous mappings f : E — F such that

(3.3) A}lilgohr?jélpﬁlog,us (pr (fN,f) >6) = —00, 6>0,

where pr is some compatible metric on F and f : E — F is a measurable mapping, then
there exists a continuous function [ : {I < 4+oc} — F such that

(3.4) lim sup pp(fN, f) =0, r>0;

N—oo 1<p



and (pe(f € -)) € LDP(\(e), I§), where

(3.5) Ij(z) = inf I, z€F.

4 Proof of Theorem 1.1

We shall prove Theorem 1.1 by two procedures of approximation. Let {e; : i > 1} be dense
in L™ and hence, also dense in H. For any fixed n > 1, let H,, := span{e; : 1 <i < n}
and P, : H — H, be the orthogonal projection. Let X;"" be the solution of
(4.1) AXE™ = (LU + ®)(t, XO™)dt + eP,QAW,, Xo™ =

Next for each N € N and for any path w € C([0,T]; H), let t; :=iT/N for 0 <i < N

and define the (N—times) piecewise linear approximation of w by

wi™ Z Lty (0 (8 = t)we, + (fia — thwy,), €0, T].

By Proposition 2.1, the followmg equation has a unique solution X’y v in H:

En dXtE,}T\? emn en d (N) en
(4'2) Xt,N = dt = L\D(t> Xt,N) + (I)(tv Xt,N) + ga(PnQW)t ) o,N — = T.
We claim that it is enough to establish
(4.3) lim sup limsup e log P(|| X" — X || > 6) = —o00, V& >0
N—o0 e—0 ’
and
(4.4) hmsuphmsupe log P(|| X*" — X?|| > §) = —o0, V6 > 0.

In fact, by Schilder’s theorem, the law of eQW satisfies the LDP on C([0,T]; H) with
speed A(¢) = e7? and with rate function given by

3@) =t {Jloli: Go =i}

where Q : ¢ — [, Q¢(s)ds is a continuous linear mapping from L*([0,T] x E,dt x m)
to C([0,T]; H) (with the convention that inf® := 400). Next, let f, y denote the map
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which associates each path w € C([0,T]; H) of eQW to the solution Xy of (4.2), i.e.,
v := fan(w) is the the unique solution of

t
=zt / LU (s, 7,) + B (s, 7,)]ds + (Prw)™,
0

where (in)EN) is the (N —times) piecewise linear approximation of P,w. Applying Propo-
sition 2.1 with () replaced by P,Q and noting that (in)ﬁN) = Pn(in)gN) and that all
norms on H, are equivalent, we see that f,, v : C([0,T]; H) — C([0,T]; H) is continuous.
Furthermore, by (4.3) and (4.4), for each n, there is some N(n) such that

lim sup lim sup €2 log P(|| X — f.(eQW)| > 0) = —o0, V6 >0

n— o0 e—0

where f, := f, nw). Hence by Theorem 3.2, X¢ satisfies the LDP on C([0,T]; H) with
rate function given by

1) =t (J(8): F(d) =2} = mt{glloll}a = F(Go) = =}

and f(@¢) = lim, . fn,N(n)(QCb) by (3.4). But by Proposition 2.1 and the following
Lemma 4.1, f, n(Q¢) — 2% as n, N goes to infinity. Thus f(Q¢@) = 2%, which yields the
claimed rate function.

Lemma 4.1. For any ¢ € L*([0,T] x E,dt x m), let hy := fg Qo¢sds,t € [0,T]. For any
sequence N(n) — oo as n — oo we have

: i d N(n)
lim &(Pnh%f - Q¢t
0

n—oo

2
dt = 0.
H

Proof. Let t; := Ti/N(n). Since

N(n) ”
d N(n) [*
Ly 57, d
dt o [tlfl,tl) T - Q¢ S

i

which converges to Q¢ in L*([0,T]; H) as n — oo, it suffices to prove that

2
dt — 0
H

(4.5) I /Tui(p Py _ 4y o)
' S A | ST de

as n — oo. Note that for any ¢ € L*([0,T]; H) we have
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2

t;
") / Pt
ti—1 H

[ v

N(n)

T
<> [ e = [ ol

T2 N

Then

T
lim I, < hm ||Pan§t — Qay||3,dt = 0.

n—oo

]

So, to finish the proof of Theorem 1.1, we have to prove (4.3) and (4.4) which will be
done in the following two subsections.

4.1 Proof of (4.3)
Let b:= LY + &, and

Xp= X" = Xowy A= ePQW, — WM,
By (4.1) and (4.2) we have

d|| X, — Al

U (=0, bt XE—30) bt X7 +2(Ke—, bt XE)=b(t, X7 —A0))

Combining this with (1.2) and (1.3) with 6, < 61, and using Young’s inequality zy <
2 (r + 1) 4+ [r/(r + D]y /" Va,y > 0, we conclude that there exist A,¢ > 0 and
¢(A) > 0 such that

d|IX, — 54lZe
4.6 de
(6) < NIRy = At 20K — Al LB XE™) = bt XE™ = ) |y

< eILH b0 X7 = b, X" = AN+ ell X = Al

Since |W/(s)] + |®'(s)| < e(1 + |s|""!) and L' is bounded in L+Y/"(m), there exist
c1, co > 0 such that

11



- e,n e,n ~ r+1)/r ~ ~olr— e,n|r— r+1)/r
1L (b, X5™) = b(t, X" — A0 < el (U + [l =+ IXPT D)

(4.7) ) ) ) i
= / (el 4+ Bl O/ 4 3, |+ Xm0/ 4
FE

From (4.6) and (4.7) and Young’s inequality we obtain that for each R > 1,

(4.8) d||Xt — Aillzre [l 2 r+D)/r —1/(r=1)|| x&m||r+1
' at < C2{<1 + R)|[9ell7i: + ”’Vt”(r+1)/r +c(r)R X5

for some ¢(r) > 0. Since all LP-norms (1 < p < r+ 1) on H, are equivalent, for any
norm || - ||, on H,, by the LDP of ¢P,,QW; on C([0,T]; H,), whose good rate function is

denoted by I, and recalling that 4, := e P,[(QW), — (QW)™)], we have

lim sup lim sup 2 log]P’( sup |9, > 5)
Nooo  e—0 te[0.T]

< limsup —inf{7,(w) : w € C([0,T]; H,), sup ||wy —wnl|l, >} = —o0, V>0,
N—oo te(0,7)

where the equality follows from the fact that infg, I, — 400 (N — oo) for any sequence
of closed subsets decreasing to () (an elementary property of a good rate function).

Combining this with (4.8), we see that for any 0 € (0, 1), there exists ¢5 > 0 such that
the Lh.s. of (4.3) is less than

T
lim sup lim sup 2 log IP (chl/(”l)/ | X" dt > 5)
n— oo e—0 0

which goes to —oo when R — 400 by Chebychev’s inequality and the a priori exponential
estimate in Lemma 3.1.

4.2 Proof of (4.4)
By (1.2)and using It6’s formula in [15, Theorem 1.3.2], we have

dlIXF = XP" 5 < (0(n)e” + el X7 = X7 [3)dt + 2edMy™,

where ¢ > 0 is a constant, d(n) := ¢(P,Q — Q) is the square of the Hilbert-Schmidt norm
of P,Q—Q from L?*(m) to H, and dM™ := (X: — X", (I — P,)QdW,))r. The quadratic
variation process of the local martingale M ™ verifies

d{M™), < || X7 — X756 (n)dt.

12



For any constant a > 0, let & := explas 2| X7 — X;"||%e~(1F9" =: exp[ac—2Y;]. We have
by It6’s formula in [15, Theorem 1.3.2] that

dg, < 2as e~ (At qnr™)
+e2ae” e {6 (n)e? — [|XT — X7 + 200" 8(n) | X7 — XTI fdt
< 20e e L AM™ + ad(n)&dt,

once 1 > 2ad(n) which holds for all sufficiently large n for 6(n) — 0 as n — oo. So
N; = & exp[—ad(n)t] is a supermartingale. Therefore, for all n large enough,

P(||X® — X" > 9) < ]P’( sup N; > exp[6*as2e 19T — aé(n)T])
t€[0,T7]

< exp[—ad?e2e” 1T 1 af(n)T).

This implies (4.4) since a > 0 was arbitrary.
5 Proof of Theorem 1.2

Proof of Theorem 1.2. (a) We first assume that there exists n € N such that ¢;; = 0
for ¢ > n. In this case the law of eQW; + x satisfies the large deviation principle with
the given rate function of compact level sets. Thus by the approximation lemma in large
deviations (see [11, Theorem 4.2.13]), it suffices to show that

(5.1) lim sup e2log P(||[ X¢ — 2 — eQW|| > §) = —o00, & > 0.

e—0

By (1.2) and (1.3) with 6, < 6, there exists A, ¢, o > 0 such that

d|| X: — eQW, — z||% e % i
RS tht I < SN2 XF— QW — x|

+ 2526_Ct<X8 —eQW, — x, (LY + <I>)(€QWt +2))H

< oe?|(W + L7'0) (z + QW)U € (0,7,

Since L~! is bounded in LU+V/"(E m), [W'(s)| + [®'(s)| < (1 + |s|"™!) for some ¢ > 0,
and z € L™, there exists ¢; > 0 such that

4| X = QW — affe
dt

< a?([le QWi +1).
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This immediately implies (5.1) by the LDP of eQW in C([0,T]; H,). Note that on H,
the norms || - ||z and || - ||,+1 are equivalent.

(b) In general, for any n > 1 let Q™ := P,Q. By (a), the law of X" the solution to
(1.10) for Q™ in place of @, satisfies the LDP with the good rate function

() = %inf{H(pHg: . :“/Ot Q(n)qﬁsds}, > e C(0,T): H).

Similarly to the proof of (4.3) in §4.2 we have

lim sup lim sup €2 log P([| X*" — X¢|| > §) = —o0, 6§ > 0.

n— oo e—0

Moreover, since &, := |[|[L72(Q — Q™)]||a—o — 0 as n — oo and since

T T
/0 1Q = Q)uludt < 5(n) / I6elladt < ST 6]l

we conclude that the law of X¢ satisfies the LDP with the claimed rate function I by the
approximation lemma (see [11, Theorem 4.2.13]). O
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