Spectral analysis of a stochastic Ising model in
continuum *

Yu. Kondratiev
Dept. of Mathematics and BiBoS, Bielefeld University, Germany,
and NaUKMA, Kiev, Ukraine
kondrat@math.uni-bielefeld.de
E. Zhizhina
IITP, Russian Acad. Sci., Moscow, Russia
ejj@iitp.ru

Dedicated to our admired teacher and friend Robert Minlos on occasion of

his 75th birthday

Abstract

We consider an equilibrium stochastic dynamics of spatial spin systems in
R? involving both a birth-and-death dynamics and a spin flip dynamics as well.
Using a general approach to the spectral analysis of corresponding Markov gener-
ator, we estimate the spectral gap and construct one-particle invariant subspaces
for the generator.
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1 Introduction

In this paper we study an equilibrium stochastic dynamics of continuous spin systems
involving a birth-and-death process as well as a spin flip dynamics. The dynamics is

*The financial support of SFB-701, Bielefeld University, is gratefully acknowledged. The work
is partially supported by RFBR grant 05-01-00449, Scientific School grant 934.2003.1, CRDF grant
RUM1-2693-MO-05



a natural generalization of the stochastic Ising model and a Glauber-type dynamics of
continuous gas which has been under consideration in [2], [6] and [4]. The generator of
this dynamics is a self-adjoint operator in L?-space w.r.t. an equilibrium measure. The
main goal of the present paper is to study the structure of the low-lying spectrum of the
infinite volume dynamics generator: to estimate the spectral gap, to construct leading
invariant subspaces of the generator and to find the location of the corresponding
isolated branches of the generator spectrum. We prove that involving in the dynamics
anew spin flip action does not change essentially the structure of the low-lying spectrum
of the generator if the intensity of spin flips is small enough. When the intensity of
spin flips is increasing, the first spectral gap (a gap between 0 and an one-particle
branch of the spectrum o) is still preserved while the second gap (a gap between an
one particle branch o, and the rest of the spectrum o) could vanish. That means that
we can estimate from above and from below the decay of auto-correlation functions
when the intensity of the spin flip is small enough, but for large values of the intensity
we have only the upper bound. We use here general approaches from [8, 3, 1, 9, 14]
to the spectral analysis of the generators of stochastic dynamics systems together with
modifications of methods developed in [5, 4] for the study of spatial dynamics.

Theorem 2 containes the main result of this paper on the existence of an one-particle
invariant subspace of the generator and the corresponding isolated one-particle branch
of the spectrum in a low activity - high temperature regime when the spin flip intensity
is small enough. We also show - it is a statement of Theorem 1 - that for any value
of the spin flip intensity an infinite volume dynamics generator has a spectral gap,
and we found a lower estimate on the spectral gap. We note that a lower estimate on
the spectral gap has been also found using other technique (for instance, coercitivity
identity), see [6, 13]. We exploit here an approach which is also applicable for the
separation of low-lying branches of the generator spectrum. One of the goal of the paper
is to show the universality of the general scheme of the spectral analysis of infinite-
particle operators developed in numerous papers of R. A. Minlos and his collaborators,
see for instance [1, 3, 4, 7, 8, 9].

2 Glauber dynamics for continuous multi-component
models

2.1 Glauber dynamics of continuous gas

In this section we shortly remind main constructions of a Glauber-type dynamics of
continuous gas. The configuration space I' := I'(R?) is the set of all locally finite
subsets of R%. We consider in the space I' a topology with respect to which all maps
I'sye=(f7) =X, f(z), [ €D, are continuous (here, D := Cs°(RY) is the space
of all infinitely differentiable real-valued functions on R¢ with compact support). We



will denote by B(I') the Borel o-algebra on I' generated by this topology. Then the
Poisson measures 7, with activity z, z > 0, are defined on (I, B(I")) by the following
properties:
1) For any family of mutually disjoint bounded measurable domains Aq,..., A, A; C
R? random variables

Ny, () =l |, =1,k
are independent. Here |A| denotes the cardinality of a set A, y4 =~y N A.
2) Each random variable Ny, has the Poisson distribution

2" A

Pr(Ny,;(7) = n) = Tj'e‘Z'Au j=1,..k

where |A;| is the volume of A; in R%, [10].

In other words, 7, is the Poisson white noise measure on I' corresponding to the
intensity measure zdx on R

The Gibbs reconstruction of the Poisson measure 7, is defined by a formal Hamil-

tonian
U) =Y é¢—y)
Y€y
and the inverse temperature 3 > 0. Here and later on the sum is taken over unordered
pairs of points z,y € . The Gibbs measure 3, is constructed as a limit when A R¢
of finite volume Gibbs measures corresponding to empty boundary conditions:

L= lim g .. 2.1
Moz = lim it (2.1)

The measure ugvz is defined by the following density w.r.t. the Poisson measure:

d;/ﬁ\ 1
_mpz = _ A C RY
dﬂ'z ZA exp{ ﬁU(fyA)}’ C )

where Z, is the normalizing factor. We will use below general assumptions on the pair
potential ¢(u) and on the parameters 3, z guaranteeing the existence of the limit (2.1),
see for instance [11].

We will consider next a stationary Markov process on the state space I" with the
invariant measure pg .. The generator of the corresponding stochastic semigroup in
the functional space L*(T, g..) has following form:

(HF)(y) =) _(F(y\x) = F(7)) + 2/ e POV (F(yUa) = F(7))de,  (2.2)

d
rey R

where E(x,7) is the relative energy of interaction between a particle located at = and
the configuration ~:

E(z,7)= {Zy@ Sl —y), if 3,0 oz —y)| < oo,

400, otherwise.



This generator is associated with a Dirichlet form

(~HF,F) = / S IF(\) — F () Pdpis (7).

ey

As it was shown in [6], under general conditions on the potential ¢ and the parameters
B, z, there exists a stationary Markov process {7(t), t € R} on I' with the stationary
measure fig ., such that the generator (2.4) of the process can be extended to a self-
adjoint operator in L*(T', ug.), what is equivalent to the reversibility of the process
~(t). This process is called the equilibrium Glauber dynamics which corresponds to
the Gibbs measure g ..

2.2 Glauber dynamics of continuous Potts models

In this section we extend the above definition and constructions to the case of two-
component continuous systems. The configuration space is the product of two config-
uration spaces associated with each component of the system:

v=(y4,7-) €T x T

Both T'y and I'_ are defined as above in 2.1, and we can consider the product of

Poisson measures 7r£+) X wﬁ. A Gibbs measure for considered two-component system

is formally defined as follows

1 .
A =(14:7-) = — exp{=BU (11, 7-)}r (. )dm{ ) (1)

with a Hamiltonian

Uer-)= Y. osle—y)+ Y. o(z—y)+ Y. oslz—y).

TEYL,YET+ TEY_ Y€y TEY4,YEY-

The generator of the birth-and-death dynamics of the stochastic Potts model has the
form

(HF)(y.7-) = Y (F(r:\z,72) = Flye, 7)) + Y (F(y4.7-\2) = F(9+,7-)) +

TEY+ rEY—
(2.3)
=B 3 d+(z—y)-B X ¢x(z—y)
+z/e Vet Ve (F(y+ Uz, v-) = F(v4,7-)) dz +

-8 > o_(z—y)—F > o+(z—y)
2 / & (P U ) — Flasrs)) da,



and as above the existence of the corresponding stochastic process on I', x I'_ follows
from the relation between H and associated Dirichlet form, see, e.g., [6]:

gPotts(Fa F) = /

F+><F_

(Z |F(v:\z,7-) = F(y4,7-) P+

TEY+

+ > P (4, 7-\x) — F(%,’y)\Z) dpg, o (V5 7-)-

rEY—

The spectral analysis of the generator (2.3) (spectral gap in low density — high tem-
perature regime, construction of invariant subspaces) could be done in the same way
as in the paper [4].

Let us note, that the presence of many components in the model permits to consider
another action of the dynamics, namely, a change of the component type. However,
this action has no a natural description in the stochastic spatial Potts model setting.
In the next subsection we introduce a marked continuous system which gives a proper
framework for the consideration of mentioned stochastic dynamics.

2.3 Glauber dynamics of a continuous Ising model)

We will consider here a Glauber type dynamics of continuous marked system, and will
study the case when the mark takes only two values. Then the mark has a meaning
similar to the spin in classical Ising system and we will name this model a continuous
Ising model.

The marked configuration space [ of the model is:

~

I':= {’? = (770-7)77 € Fv Oy = {O-ac(’y)}acey = {U:c}wew Oz = j:l}
We consider a reference measure /i, on I with the following decomposition:

dpio () = dvy (o) dmaz (7).

Here we use the Poisson measure o, on v with activity 2z and the conditional Bernoulli
measure (under given configuration «y for positions of marks)

v, () = [ dv(.)

rey

that is the product of the Bernoulli measures with parameter p = 1/2 over all points
from the configuration 7. Another way to construct this measure is the following one.
We consider the extended underlying space {—1,+1} x RY 5 & = (0,z) with the
measure di = dv(o)dz. Then T' € T({—1,+1} x RY) and it is easy to see that the

5



measure dfi .(7) is nothing but the Poisson measure with the intensity 2zdz. This
measure is defined at first on I'({—1,+1} x R%) and after may be considered on I' as
on a full measure set.

Let us consider a Gibbs measure on the marked configuration space r (marked
Gibbs measure for short). To make our reasoning more clear we assume coupling only
between points with different marks, so that the formal Hamiltonian can be written as

= 3 e —y)(o.—a,)

&,9ey

Using the reference measure and this Hamiltonian as above we construct the Gibbs
measure [tz , on r.

A generator of a Markov stochastic process involving a spatial birth-and-death
process as well as a single-spin flip dynamics on the configurations of spins o, has the
following form in the functional space L(T', u3..)

HRYG) =32 (FGAD) - F@) +2 [ B G ua) - ) e
- (2.4)
—p Z ¢(z—y)(oxtoy)?

+AY e 0© (F(3") = F(%)),

e

where ( L
. s y.0y), ity #x, yenr;
g :(%Uv):{ (z _y;) ify=
) x ) y I? x e ’y
The choice of death and birth rates and spin flip rates depends on a general condition
of symmetry for the operator H in the space L*(T', j15..).
The corresponding Dirichlet form can be written as

(—HF,F) = E(F,F) = Epap(F, F) + Aesp(F, F) = (2.5)
-8 Z ¢($ y) Ux+0y) . R R
/ SO IFGAE) — F() (3 / S i F37) — F(3) Pdusa (7).
TEY TEY

We denote by H® the generator of the birth-and-death part of the dynamics (when
A = 0 in the expression (2.4)):

—B 2 dla—y)(oa—0y)*

(HOP)() = 3 (FGN &)~ F@) +2 [ ¢ = (F(GU3) - F(3))di

ey

(—HOF F) = Egap(F, F).



Let us note that the Gibbs measure is invariant with respect to the space transla-
tions on I
78’3/:*}/+S:{[E2-—|—S, JAIZ'E’AY}, Ii,SERd.

We denote by Us the corresponding unitary group of the operators of space translations
acting in L*(T', ug ,):
(UF)(3) = F(r;7'9). (2.6)

It easy to see that the operators Us commute with the generator H (2.4).

2.4 Conditions on the potential ¢ and parameters 3, z

We formulate conditions on the pair potential ¢ and parameters 3, z which guarantee
the existence of the Gibbs measure as well as the existence of the first leading invariant
subspace of the generator, see Theorem 2 below.

(I a) (Integrability):
C(B) = / ‘1 — e 4|y, < +o0.
R4

(I b) (Positivity):
op(u) >0 foral uecR?

(I c) (Low activity-high temperature regime): We assume that the parameter of the
model

e=2C(B) <ep

is small enough.

2.5 Main results

We state now main results of our paper. Let us denote by Gy = {U(v) = ¢} C
L*(T, pg..) the subspace of constants. It is easy to see that Gy is an invariant subspace
of the operator H and the corresponding eigenvalue is equal to 0.

Theorem 1. Under assumptions (I a) - (I ¢) and for any A > 0

for any F € LA, ps.) © Go, where

-1
>1—4e.

(0) !
o = H (H |L2(f,#ﬁ,z)990>



Theorem 2. Let conditions (I a)-(I c) hold, and A > 0 is small enough. Then the
space L*(T, pg..) can be decomposed into a direct orthogonal sum of subspaces invariant
with respect to the operator H :

L2, jus..) = Go ® G1 & Go.

Let H, = Hlg,, k = 0,1,2, be restrictions of the operator H on the corresponding
invariant subspaces Gy, G, Ga, and o, = o(Hy) be their spectra. Then

oo ={0}, o1 C -1 =7y, —1+ ], 09 C (=00, =2+ ], (2.7)
where 1 = 3¢ + 4\, v2 = 30e 4+ 120\ are small under small enough € and A.

Remark. The subspace G; has the following structure:
1) it is invariant with respect to the generator H and the unitary group of the space
translations {U;, s € R} acting in L*(T', dpg..);
2) the operators H; = H|g, and Ul = Us|g, are unitary equivalent to the operators
of multiplication by a function (or a matrix function).
Then we call a subspace G; C L2(f‘, dps,.) one-particle invariant subspace of the gen-
erator H. In the physical literature the subspace G, is usually associated with states
of ”quasi-particles”.

Corollary 1. Under small enough € and X\ the spectrum of H s decomposed into at
least three isolated parts. As follows from (2.7) at least two gaps exist in the spectrum
of H. The first spectral gap is a gap between 0 and oy, which is estimated by 1 — ;.
The latter one is a gap between oy and os.

Corollary 2. Let F € L*(T',dug.) N LY(T, dus..) be a function with a non-zero
projection on the one-particle invariant subspace Gy. Then under conditions of Theorem
2 the correlation function meets the following sandwich estimate as t — oo:

Cre™H < (F(3(1), F(3(0)))p =

(F((t) - FG0))p — (F(7))2, | < Coe 07,
Here P is the distribution of the process with generator H, constant ~y, is defined in

Theorem 2; C,Cy are constants depending on the function F.
In particular, for any function Fa(¥) of the form

Fa(?) = ZXA(@ Oa;

where xA(%) = xal(x) is the characteristic function of a finite volume A C R? the
following decay of the correlation function holds as t — oo:

Cre™ ) < (Fa(3(1)), Fa(3(0)))p =

8



<Z xa@)os - Y XA<y>o—y> < Cpe—t-m)

eq(t) 5€4(0)
Proof follows the standard reasoning using the spectral theorem, see for example [3, 4].

Remark. Theorem 1 implies that the estimate from below on the spectral gap
is uniform over A, and the spectral gap of H is not less then the spectral gap of the
generator H® for the pure birth-and-death dynamics.

On the other hand, we have to impose an additional assumption on the parameter
A to prove the existence of the separated low-lying part of the spectrum o;. We don’t
state the result on oy for any A > 0 because the approach we used here is based on the
perturbation theory for the free generator of the birth-and-death part of the dynamics.
We admit that the analogous decomposition of the spectrum could be valid for any
A, but the analysis of this conjecture requires some modifications of the developed
technique.

2.6 The space of quasi-observables

Here we formulate main constructions for our model. Let us consider the space of finite

configurations
fo = I—I fén),
n=0

where X R
By = {i = (n.0,) € To 2 [ = n| = n}
is the space associated with all n-point subsets in R? for n € N, and 1;(()0) = {0}.
Analogously, we can consider configurations in a finite domain A C R%. For 4 € I put
a = {(z, ax)}x@A.A We will say that 41 C 42 if 91 C 72 and 01(712 = 0,(72), T € 7.
Denote by Bys(I'g) the space of all complex-valued bounded B(I'y)-measurable func-
tions with bounded support, i.e.,

G )E 0 for some N € N, and some bounded domain A C R%

Po\ (LN T

For any G € By,(Iy) we define a function KG : I' — C on the space I’ (so-called
K-transform) by the following way:

(KQ) ()= 3 G, (2.8)
=

Note that for every G' € By(Ip) the sum in (2.8) has only a finite number of terms
different from zero and thus KG is a well-defined function on I'. Moreover, if G €

9



Bys(T'g), then KG is a local function:
(KG)(Y) = (KG)(n)

and the function K'G is polynomially bounded:

(KG)A)| < L1+ )Y, foral§ €T,
where the bounded domain A C R? and N € N are defined by the function G, and
L = supp, |G(§)|- The inverse mapping of the K-transform is defined by

(K'F) (i) =Y _(-1)™NFE), fely.

£ci
The functions of the form (2.8) are known as additive type observables or summa-

tor functions. Summator functions form a commutative algebra, the product of two
summator functions is again a summator function. For every G, Go € Bys(I'g) we have

(KG1) - (KG2) = K (G1 % Go) (2.9)

where the %-convolution is defined on B(I'y)-measurable functions by

(G1xGo)(1) = Z G1(f Us) Ga(iiz Uis), 17 € Ly, (2.10)

(i1, M2, 13):
N1 Un2UN3=1

and G+ Gy € By(Ly), see [5]. Here the summation in (2.10) is over all three mutually
disjoint subsets (71, 72, 73) of 7 which may be empty, such that 7; U 7, U3 = 7.
2.7 Correlation functions

Let us consider a probability measure u defined on (I, B(I')) with finite local moments
of all orders. The latter means that for any bounded domain A C R? holds

/ |9a|" di(¥) < oo for all n € N.
r

Then one can define a unique o-finite measure o = o(x) on (Ly, B(Iy)), such that

I

[ 6 G anti) = [ 6 deti .11

for all G € Bbs(fo). We call p the correlation measure corresponding to . Assume
that o is absolute continuous with respect to the Lebesgue-Poisson measure dA(7)) on
I'y, where



r(n)

on I'y”. Then there exists the Radon-Nikodym derivative
oy _ do
0,() = (i),

and the functions g, (7)), 7 € Iy are called the correlation function of the measure Lb.
In our case of the Gibbs measure under above assumptions on the potential and the
parameters of the model, the correlation function exists, and moreover, it meets the
following Ruelle bound, see [11, 12]:

0u(R) < 2.

2.8 Auxiliary Hilbert space and reduced generator

Using formulas (2.8)-(2.9) we have the following representation for the scalar product
in L*(T, pg,.) of functions KGy, KGy when Gy, Gy € Bys(Tp):

(KGy, KGa) oy, ) = / (KG) () - (RGo) Gldpsa(3) = (2.12)

= [K (6@ Guse5) = [ (G Gaianiin

1)

Since equality (2.12) determines a positive quadratic form in the space Bbs(fo), we can
accept the relation

(G1.Gy) = / (Gy % o) (A)eu(A)AN(A).  Gi,Ga € Byu(o)

as a new scalar product. The closure of Bbs(fo) by this scalar product is denoted by
H.

It was shown in [5], that the K-transform can be extended as a unitary operator
K :H — LA, pg.). (2.13)

Direct calculations give the representation for the unitary image L := K 'HK of
the Glauber generator H acting in the Hilbert space H:

(LG)(1) = =InlG(n) (2.14)
—|—zZ/G ( —Bé(z—y)(oe—0y)? _ >H67ﬁ¢(:p v)(0o—0y)? di
Ve yen\v geq
A S (G~ F@) [ ettt T (edotevioson 1),
5Ch 2ex GeN gy

11



We call the operator (2.14) the reduced generator, and in what follows we will study the
spectral properties of the operator L in the space H. We denote by L) the operator
L for A = 0 (the generator of the pure birth-and-death part of the dynamics):

(LOG)(7) = (KT'HOKG) (7)) = —|n|G(n) (2.15)
- / ( ~B6(e—y)(oa—0y)? _ 1) [ e Pétevto—o® az.
ACA yen\v JeY

2.9 Main results in terms of the reduced generator L.

We formulate here the main results in terms of the auxiliary Hilbert space H and the
operator L. As follows from the unitary property (2.13) of the K-transform, statements
of Theorems 3 and 4 below are equivalent to Theorems 1 and 2.

Let Hy C 'H be an one-dimensional subspace, generated by the ”vacuum” vector
q)[)I

S S
RN

ot ={ o 120 (2.16)

It is easy to see, that L®y = 0.

Theorem 3. Under assumptions (I a) - (I ¢) and for any A > 0
(—LG,G) > g0 (G,G), G € Hf =HOSH,,

where gy is the spectral gap of the operator L©):

-1

go = H (L o) > 1 — 4e.

Theorem 4. Let assumptions (I a)-(I ¢) be valid and X is small enough. Then
the space H can be decomposed into a direct orthogonal sum

H = 7:{0 S%) 7:l1 ©® 7:f2 (2.17)

of the subspaces Ho = Ho,ﬂh Ho invariant with respect to the operator L. Let Lj =
L|H , k = 0,1,2, be restrictions of the operator L on the corresponding subspaces

Ho, Hi1, Ha, and o), = o(Ly) be their spectra. Then
oo =1{0}, o1 C[-1—m,—14+mn], o03C(—00,—2+ 7, (2.18)

where y1 = 3¢ + 4\, v = 30e 4+ 120\ are small under small enough £ and A.

12



3 Proof of Theorems 3,4. A general scheme of the
spectral analysis of the generator.

We denote by Cbs(f‘o) the set of all continuous functions on f‘g with bounded support,
and let us consider the following norm in the space Cps(I'):

Inl R
HGHM:s%p((é) IR sgp\G(ﬁusﬂM'ﬁd&)+|G<@>|, @)

€

where G € Cbs(fg) and d¢ is the Lebesgue-Poisson measure on the space of finite
configurations I'y. We take a constant M, such that M > 4z.

We denote by £ a closure of Cbs(f‘o) with respect to the norm (3.1). Let us note
that the Banach space £ and the norm (3.1) are invariant with respect to the operators
U, of the space translations:

UG el, |UGlu =Gl (3-2)

for any G € £ and any t € R".

Lemma 3.1. Let
M > 4z, (3.3)

then L C 'H, the space L is dense in 'H, and

1Gllw < NGl G e L. (3.4)

Proof of Lemma 3.1: see Section 4.

We denote the domain of the operator L in ‘H by Dy C H. Let us consider the
following set of functions

D,={GeLNnDy: LG e L}

Then Z7L is the domain of L as an operator acting in £. Since Cys(I'y) C Dy and
Cps(Fy) C Dy, then Dy, is dense in L.
For any £k =0,1,2,..., we define the following spaces of functions:

Ly ={GeL: G(n) =0, when |n| # k},

Lo =L ={GeL: G@) =0,y <k},

Jj=k

13



La=@DL;={GeL: G®H) =0,|n >k}
<k
All these subspaces are closed in £. By analogy we can define subspaces Hy, H>x, H<i C
‘H, which are also closed in the space H.
We describe now a general scheme of the spectral analysis of the generator. Let us
consider a decomposition of £ in a direct sum of two subspaces

L=TRi DR, (3.5)

This decomposition implies the following matrix representation for the operator L:

Lll L12
L= . 3.6
(L21 L22) (3.6)

where Ln . Rl — Rl, L12 . RQ - Rl etc. R
We will construct an invariant to the operators L subspace R, as the graph of a
bounded operator S : Ry — Ra:

Ry ={G+SG; GeRy}, SGeR,, (3.7)

(see the general description of this approach in [3, 7, 8]). The condition of the invariance
of the subspace R, with respect to L could be rewritten as the following equation on
the operator S:

S = —Ly; Loy + Lyy SL11 + L3y SL15S. (3.8)

The next step of the scheme is to write the representation for L restricted to the
invariant subspace R;. We consider the projection operator

P127Q,1—>,R,1, Pl(G+SG):G€R1,
and the inverse operator
Pl Ry — Ry, PG = G+ SG.

According to the construction of the invariant subspace (3.7) the operator L|z can be
written as

Llg, = P! (Lu + L12S) P, (3.9)
and analogously, for the inverse operator (L\le)_l we have
(L‘le)_l =P (L + LiS) ™! P (3.10)

It is clear from equations (3.9) - (3.10) that the norm of the operator L|s can be
estimated in terms of the norms of the operators S, P;, P!, L1, Li». In many
situations it will be more easy done in the norm of the Banach space L.

14



The last step is to obtain estimates in the Hilbert space H. Here we used the
following result.

Proposition. Let £ be a Banach space with a norm || - ||z, such that L C H is a
dense subset of a Hilbert space 'H, and for any f € L

12 < M1 fle-

Let L be a self-adjoint operator in H such that LL C L and the restriction L|; is a
bounded operator in L. Then L is a bounded operator in 'H, and

1Ll < [IL][2- (3.11)

Proof of Proposition: see [3, §]).

We will apply now this scheme to the proofs of Theorems 3-4. To find the bound
on the spectral gap in Theorem 3 we will estimate the norm of the inverse operator
L~! on the subspace orthogonal to the constant subspace. To do this we consider the
decomposition of £ in a direct sum

L="Lo Lo, (3.12)

then the operator L(®) has a matrix representation:

0 L
) _ 01
L _<o Ml)' (3.13)

with Loy : £51 — Lo, L11 : L51 — L>1. The subspace Ly is invariant for L and we
construct an invariant subspace 221 complementary to Ly as a graph of an operator
T 521 — £01

Loy = Loy +TLsy. (3.14)

The condition of the invariance implies that
T = Lo L} (3.15)
Lemma 3.2. For all small enough ¢
[ Loxl[ar < e

where ||| - |||m means the operator norm, generated by the norm || - ||a in the Banach
space L.
Proof of Lemma 3.2: see Section 4.
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Lemma 3.3. For all small enough e

L3 [ar <

. 3.16
T es (3.16)
Proof of Lemma 3.3: see Section 4.

Thus, lemmas 3.2-3.3 and representations (3.14)-(3.15) imply the following esti-
mates

€
T P2 <1+ —- P <1
T ar < 1P s <1+ 7—— [lIPaalllar < 1,

1— 7
with R X
le . 521 — ,621, Pz_ll . ,Czl — ,Czl,

and using these estimates together with (3.10) and (3.13) we have
l—(e—1)¢

H‘ “le) |||, S TTe oy

Then from (3.11) and (3.17) it follows that for any G € H © H,

(3.17)

(—LOG,G) > ¢ (G, G)

-1
> H(L(O)|é>1> ‘

and the last bound is valid under small enough . Finally, using that the operator (2.4)
is associated with the sum (2.5) of two Dirichlet forms Egap(F, F) and Esp(F, F), we
have for any F' € L*(T', pug.) with < F >, =0

where .
1|l
> 1 —4e,

go = H (L3404,
M

(—LG,G) = (—HF,F)12 = Epap(F,F)+ X\ Esp(F, F) > Epap(F, F) =
(_H(O)Fa F)L2 = (_L(D)G7 G) 2 90 (Ga G)

Theorem 3 is proved completely.

To separate a low-lying part of the spectrum of the operator L (the so-called one-
particle branch of the spectrum) we should consider another decomposition of £ into
a direct sum

L= ﬁgl D EZQ. (318)
That implies the following matrix representation for the operator L:
Ly Lo
L= . 3.19
(mle> (3.19)

where Ln . ,Cgl — ,Cgl, L12 . EZQ — Eﬁl etc.
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Following the above scheme we construct the invariant subspace
Lo={G + SG, Ge Ly} (3.20)

as the graph (3.7) of a bounded operator S : L1 — Lso that is a solution of the
equation (3.8). To prove the existence of S with a small norm we have to estimate the
norms of the operators from equation (3.8).

Lemma 3.4. For all small enough € and X\ the operator Lay is reversible in Lo,
and the norm of the operator Ly, has the upper bound

1
11222 [llar < 5(1+ 32 +6A). (3.21)

Proof of Lemma 3.4: see Section 4.

Lemma 3.5. For small enough € and \ we have

| Lull[ar < 1426+ 2, (3.22)
[ L1zl <, (3.23)
[ La1[|[ar < 4e + 362, (3.24)

Proof of Lemma 3.5: see Section 4.

We denote by F(S) the right-hand side of (3.8) and consider the mapping S — F(.5)
in the space of bounded linear operators O, 5, acting from L£<; to L>y. Let Bs C O
be a ball in the space O; 5 of the radius ¢:

B(S = {S - 0172 . |||S|||M < (5}

Then estimates (3.21) - (3.24) imply the following result.

Lemma 3.6. Under small enough € and X\ the ball Bs with 6 = 8¢ + 48\ is
mwvariant with respect to F:

FBs C B, (3.25)

and the mapping F(S) is a contraction on Bs:
1F(S1) = F(S2)lllar < ellS1 = Selllar, 51,5 € By, (3.26)

with 0 < ¢ < 1.
Proof of Lemma 3.6: see Section 4.
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Lemma 3.6 implies the existence and the uniqueness of the solution S of the equation
(3.8) with a small norm
1S]||p < & = 8 + 48\. (3.27)

Therefore, we constructed the subspace ﬁgl of the form (3.20), which is invariant with
respect to the operator L. We denote by L<; = L|ﬁ<1 the restriction of L to this
invariant subspace. -

The second "supplementary” invariant subspace ﬁzg of the form
Loo={G + TG, GeLsy)}, T:Lz— Lo (3.28)

can be constructed using the same reasoning as above, see also constructions from [4],
and in addition the norm of the operator T' can be estimated as

NITlar < 8¢ + 48X (3.29)

Lemma 3.7. The following decomposition into a direct sum of invariant subspaces
holds for any small enough € and \:

L= £<1 + ,C>2. (330)

Proof of Lemma 3.7: see Section 4.
We denote by Ly = L|;__ .
Lemma 3.8. Let € and \ be small enough, then the operator Lo is reversible in

;222 and

1
Ly ]2 < 5(1+145+58A). (3.31)

Proof of Lemma 3.8: see Section 4.

Estimate (3.31) implies inclusion (2.18) for the location of the spectrum oy. The
next step of the proof of Theorem 4 is to find the location of the first isolated part
of the spectrum. As follows from our constructions, the space ﬁgl contains the one-
dimensional invariant subspace of constants Ly = {®g}, such that LLy = 0. We denote
by L1 the following subspace of ﬁglz

Li=HiNL, (3.32)

where Hj is the orthogonal complement in H to Hy, and L1 is invariant with respect
to the operator L as an intersection of two invariant subspaces. Then oy is defined as
a spectrum of the operator L| ¢, restricted to the invariant subspace L.

18



The representations (3.20) and (3.32) implies that the subspace £; can be deter-
mined again as a graph )
£1 = {G1 + S/Gl; G, e £1} (333)

of an operator S’ : L1 — L9 @ Ly, where
S'G1=8,G1 +Co(G1)Po € Lsa® Lo, Gr €Ly, S:Lc — Lso,
and Cy(G1) is a projection of Gy + S|z, G to the space Hy:
QoG =~ (G4 S1e,Gr )y =~ [ Gu@E — [ (81e,6) ety
That implies the following upper bound:
Co(G1)] < (& + [ISTHar) [[Gallar, (3.34)

and (3.27), (3.34) come to the estimate

1S (|13 < 17 + 96 (3.35)
Thus we established the decomposition:

L=Lo+ L1+ Lso. (3.36)

Using the same reasoning as above we obtain the following representation for the
operator L:
Ly = Llg, = P (LY + Lia (Sz,)) P,

where L}, : £ — Ly,
Pi: Li— L, PG=G €L,
and the inverse operator
Pl Ly — Ly, PUIGL=Gy+ SG + Co(G)Po = Gy + S'Gy.

Then using (3.35) we can estimate the norms of the operators Py, P, ' and L; in the
space L, and eventually to find the location of the spectra from Theorem 4, for details,
see the proof of Lemma 3.9. We introduce the subspaces H, 7:{22 as the closure in 'H
of the subspaces /31, ﬁzg respectively.

Lemma 3.9. The subspaces Hy and 7%22 are invariant with respect to the opera-
tor L. Together with the invariant subspace Hy they give the orthogonal decomposition
(2.17) of the space H. In addition, the spectra of L on the corresponding subspaces
meet the condition (2.18).

Proof of Lemma 3.9: see Section 4.
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4 Proofs of Lemmas.

4.1 Proof of Lemma 3.1.

To prove estimate (3.4) we follow the similar reasoning as in our paper [4]. We prove
(3.4) first for the functions G € L, such that G() = 0. Using the estimate on the
correlation function p(f); U, Ufs) < 2T+l we have:

HGH%[:///G(ﬁlUﬁ2>G(ﬁ2Uﬁ3)p(ﬁlUﬁQUﬁB)dﬁldﬁZdﬁBS
1\ !
< / / / |G (72 U s) | (5) (G W) (32)™! 1 diydijodis <
1! s
<sup((3) 16 V)il + ) (57) M”3d773> (4.1)

32\ ™ 2 \iml
// sup |G i U772)‘ (M) (M) M'"”*'"ﬂdmdm <

On1Ung

[n2]
3z 2\ Iml
. X el
Ity /sip|c(g)| ;lc; (M) (M> Ml e,
s:nfunz

In the last inequality we applied the well-known formula, see [10]

/F(fl U &2)p1(81)p2(§2)dédés = /F(f) Z P1(&)p2(E\ &)dE. (4.2)

£&1C¢
Using the equality

Z 32\ ™! ( z )I??zl (32 N 2\ 4z el
« \ M M - \M M S \M)
monezs

and the condition M > 4z (together with the apparent inequality 7 < (%)) we have,
that the expression (4.1) can be estimated from above by

IGllas - [ sup GO < |G,
The estimate in the general case, when the function G € £ can be represented as a sum
G = gPo+ G of the "vacuum” vector @y and a function G such that G1(0) = 0, easily
follows from the above reasoning and the Cauchy-Schwarz-Bunyakovskii inequality.
Thus, estimate (3.4) holds together with inclusion £ C H. Since the space Cis(Io) of
continuous functions on Iy with bounded support is contained in £, and Cps is dense
in H, then L is dense in ‘H. Lemma is completely proved.
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4.2 Proof of Lemma 3.2.
Representations (2.15), (3.13) and (3.1) imply that

(LonG)o = = / G1(2)da,
and X
|G| = sup {gsqp\Gl(@!; /sup\Gl(:i')|de}.

Consequently, taking M = ﬁ we have

z
[|Low|[|ar < &

4.3 Proof of Lemma 3.3.

We refer for the proof to the next section (proof of Lemma 3.4) where the general case
is under consideration. The upper bound on the norm of the operator Lj; could be
found using the same reasoning as in Lemma 3.4 for bound (3.21) on the norm of L,
The operator L;;' can be written in the notations of Lemma 3.4. as

Lﬁl = (L(l)l + Lh)il = (Ezl + (L(l]l)ith)il(L(l]l)il?

and (3.16) immediately follows from the estimate on |||(L{;)"'Li;|||as, which is the
same as (4.14).

4.4 Proof of Lemma 3.4.

We consider the following decomposition for the operator L in the sum of operators:
L=L"+L"+L? (4.3)

where
(L°G) (7)) = =|n|G () (4.4)

is a "free” generator, and the "perturbations” L' and L? are given as

(L'A)) =2 / Gyua) [ (e-ttevlozmen® 1) TT e Pelevioeondz, (4.5)

5Ch JEN prgiss
and
(260 = AT T (667~ 63) ] e-re-stomiant [ (e-otemviosso” _1,
4CH 2y JEA\E 9EN\T

(4.6)
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Here we assume that [[ f(y) = 1. By analogy with the matrix representation (3.19)
)
associated with the decomposition (3.18) for the operator L we get matrix representa-

tions ) .
- L, L’

LJ_( i 1'2)7 j:()71727
Ly Ly

for each operators L7, j = 0,1,2. Consequently, we can write Ly, as
_ _ _ _ -1 _
L221 = (L(2)2 + L%z + L§2) t= (E22 + (L(2)2> 1L§2 + (LgQ) ngz) (L(z)z) ' (4-7)

with the identity operator E>, acting in Ls,. Let us estimate now norms of the
operators (L9,)*Li, and (L9,) 1 L2,.

The estimation of |||(LY,) 'L3,|||. Here we will follow the same lines as in [4]. It
follows from (3.1), (4.4)-(4.5) that

[1(L32) ™" Loy Gl s =

1]
=z sup (—) Z / (| + lm2]) sup /|G 1 U U Z)|
i\ \3 (Il +1ml) o, \ =,

H ‘(6—5@($—y)(0x—0y)2 _ 1)| H —,Bgo(g: y)(oz—0y) dl’ ]\4|772|d772 <
E(m\1)U(H2\92) JENUA2
A b0 ST T I 7 1| T e Peteviemon?
< z sup (—) plz—y)(oz—0y _1’ efapxyazay
" k YEn geM\N €M
sup /sup /|G A U U )|
41CM T2 \5,Cr
H |(@*W(I*y)(0z*0y)2 —1)] H e~ Prla—y)(oz—0y)? 15 Mmlgn, | . (4.8)
§EN2\F2 YET2

The inner sum in (4.8) for any 7; and any Z equals to 1:

Z H e Bele—y)(oz—0y)?® _ |H e Bele—y)(oz—0y)? _

1S gen\n JEN
- H <1 _ e Belz=y)oa—oy)® 4 e—W(ﬂc—y)(Uz—Uy)Z) -1 (4.9)
J€mM
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We use here the positivity of the potential ¢ > 0, so that

H e~ PeE—v)(oa=0y)? < | (4.10)
Y2
and
sup |(e @ 0E==0)* _ 1) =1 — 090 = oo (x — y). (4.11)

0,0y

We will also use below the following inequality that holds for any non-negative f(v):

() {aso}) <o () o)

Then we can continue (4.8) as follows:

|
< z sup (—) SUP// sup (Z |G(%U%Ui)|) H kg(x — y)de M™ldn,

C One ,0. N N
n =m 12°7% \A2Crija yen2\v2

|
<z sup (—) //Z sup |G(m U U )| H kg(x — y) M dxdn,

Ov9:0x

Y2CEn2 yeEN2\ 72
1]
=z sup ( ) / / / sup |G(n UAe U )| H ka(x — y) MMM dy dyda
I'g JTg J RY 09302 yET
= 2 MO g (1)'7“' [ (w160 ) Bl arlas | < Zeeo G,
M ﬁl 3 FO o5 M

(4.12)
where ¥ = 45 U Z. In the last step we use that for any z:

/ H kg(x —y)MMldy, = (4.13)
To

YyeEMN

o n]_ n
:1—|—ZM m/u.../unmg(yi)dyl...dyn:eMC(ﬂ)’
i=1

n=1

with C(8) = [ ks(y)dy. Taking M = we have

(ﬁ)

_ z
11(L22) ™ Laa|lar < MGMC(B) =c-e. (4.14)
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The estimation of ||[(L9,) *L3,|||»s- Here we will use again relations (4.9), (4.10),
(4.11) and (4.13).
H(ng)_ngzFHM

||
=\ sup <§) Z |771| + [n2])

m A1 C77 |771| + |n2 0'772

wp | > D (F((UA2)") — F(51 UA))

Y2 Crj2 2EH1UA2

I1 (e—ﬂm—y)(omy)?_l) [[ ot veton] aimlay,

9 \71)U(H2\%2) ge(F1UA2)\&

1 |771| 5 9
<\ su il su e Pela—y)(oa—0y)® _ 1 e Pela—y)(oe—ay)
vl (5) et $ T Dii

F1CN\E €M1 \2)\ 1 geEN
> sup /Sup<z [F((1UA2)") = F(51 US|
c ¥1CEM C
z 7]1 Y132 FO Y212

He—ﬁ<ﬂ(m—y)(0x+0y)2 H (e~ Pel=v)oata)® _ 1| | plelan, | +

YEY2 7€M2\ 2
1™ B B 2
A su - su p(z—y)(ox—0y)? _ —Bo(x—y)(oz—0oy
mp <3> fcerg Z ) H e |H
1S g€(i)\ 7€M
sup /SUP<Z D IF((r UA2)*) = F(31 UA))|
Em Lo 2 \72Cm2 2€%2

H e Pe@—y)(oatay)? H ‘(ef&p(wfy)(oﬁoy)Q_l)’ M|”2|d772

J€72\& 7€M\ Y2

Im|
1 A
<A sup (‘) |7 sup / E sup [(F((91 UA2)") — F(f1 UA2)| | | l{g(x—y)MW?‘an
i

3 Ch
F1EM o
€V T 72Cn2 "2 yEN2\ V2

|
+A sup (—) sup/ZsupZ|F Y1 UA)®) — F(5 UA)| H kg(z — y) Ml dn,

A C
n M=M - yyCp 72 2652 yeN2\v2

[71]
1
< 2\ sup (—) Iml/suplF (71 U A2)| M2 dry /H/{ﬁ yMElde +

m 3 ueé
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|71
1 PO
wxesw ( (3) / sup<§)| (U 3a)7) - F(muw)w'm

n €52

Im|
1 PO
<oves (3] [ml+ bab) sup PG UAIM s | =23l Pl (419

) 3 4 T
It follows from (4.4) that

) 1
11(Z22) " lar < 5,

then from (4.7) and (4.14), (4.15) we finally have

1 1
[(L22) ™ [l < 2T = (ez 1 200)) 2( + 3¢ 4 6A)

for all small enough ¢ and . Lemma 3.4. is proved.

4.5 Proof of Lemma 3.5.
4.5.1 Operator L

Functions G € L<; have the form:

G07 n= Q)a
G(n) =4 Gi(@), Inl =1, (4.16)
0, [n| > 2,

and

1 .
HGHM:sup{gsup]G’l(x)\ M/Sup|G1( )\dx} + |Gl

The function L;;G by (2.14) has the following components:

(LuuG)o = Z/Gl(?ﬁ)d??,

(L G)1 () = —G1(2) + 2 (/Gl “Belamyon=ay)® 1)dy>( )
+ AMG1(2") = G1(2)), (4.17)

with 2* = (¥, —0,). Then using the estimates kg(x —y) = 1 — e #(@=%) < 1 we have:

1 ‘77| . R
LGl s = sup (g) / sup [(Lu@)u(UEMEde | + (LGl
n 3

Lo Aué=é
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]- A Ak ~ — Tr— Ou—0y)? ¥
< Sup{gs% ((1+A)\G1(x)l+MGl(x >|+z/|G1<y>!-\(e pele)loa=ey) —1)|dy);

/ sup (<1 + V)| GL(@)| + NG (@) + 2 / |G1(5)] - |(ePelenoeman)® 1>|dz~7> M dm}

sup |G1(z)]; (1+2)\+2€)/sup\G1(i’)\de}

< (142X +2¢) [|Glar

Thus,
1 La1|l|lar < 142X+ 2e.

4.5.2 Operator Lo

The operator Lqs : L>9 — L<; has the following components:

(L15G)o =0, (L12G)1(2) = 2 / G U e Pele—v)loz—au) gy

where Gy € L4 is a two-spin configuration component of G € L>5. Then

2 g 2 A
||G2\|M:sup{§ sup |Go(T U 9)|; 3 Sl}p/sup|G2(acUy)|Mdy;

Uy T Oy

//Sup |G ny)|M2d:Edy} < |G||n,

Oz30y

and hence,

Y

<z A AN —Bo(z—y)(oz—0y)? 75
[L12Glly = [[(L12Ghllm = SuP{gs‘}p‘/Gﬂl'Uy)@ pelemuloa=an) g

z/sup

z 1 . SN
Msup{gsqp [swlca@upivag: [ [ s 1G2<ny>|M2dasdy} < el|Gal s

Thus (4.18) implies

/Gz(fc Ug)e_ﬁ‘P(x—y)(Uz—Uy)2dg‘ de} < (4.18)

[ Lazlllar <e.

26



4.5.3 Operator Lo
Using again representation (4.16) for the function G = (G, G1) € L<1, we get

(LaG)(i) = (LaGr)(i) = = [ Gr(@) [J(e el oof — 1y
IS
LA Y@ - 6@ [ et Jn =2 @)
TEN geEN\T
We denote the first term in (4.19) by ®,(7) and the second one by ®o(7), |n| > 2.

The first term ®,(7) can be estimated in a similar way as in [4]. Using the equality
MC(B) =1 and estimates (4.10) - (4.11) we have:

|®uf[r =

||
1 2
= zsup <—) /(W‘Hf\ sup /G1 (%) ( —Bp(z—y)(oz—0y) —1)di Ml dg

! k genué
1" —Bo(z—y)(oz—0 §
<z fle@disp | () | (nl+lehsup T e = 1) Ml
EnU§
_/Sup|G1 )| Mdz - sup (—) /n—|—|§| H/{ﬂ )Ml dg
nintlgl>2 \ \3 wet
1 n
< Gl [ s ((5) <n+ra>Hnﬂ<u>M'6'd5>
nin-+g[>2 weE

< e [|Gillu (f}g{(%)nn} + 0B M igll){(%)n(nﬂ)}
- S ap{(3) e} )

oo k
< <lGallu (§+§o<ﬁ>M+Zk%> < 4elCullar
k=2 '

For the second term we have the following estimate:

In|
sl < 3sw ((5) [ G+t s | 3 166 - G

In|+[€1>2 IEnU£
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H ‘ —Bo(z—y)(outoy)? _ | H | —Bp(z—y)(oz+0y)? 1)) M£d§>

gEMNZ geé\a

I
< 2/\Sl}p|G1(i’)| sup ((—) |77|/ (In| + |€]) SupH’ —Bp(z—y)(ozt0y)? 1)M5d§)

7, £EN
geé

A sup ((é)' JACES

sup (ZGl _ )| H (e —Bp(z—y)(oz+oy)? 1)) M5d§>

TEE y€£\$

< Ao lci@)] [ sw ((g)n (n-+16D) T sat) 3% +

Po nin-+lg|>2 e
; o g
+ 2\ [ sup |G (z)|Mdx sup ) (n+1+) H/ig )Ml ag
Oz Lo n:n4|€|>1 3

1
<24 A\ <§sgp|G1(i)|) + 12 A /sup|G1(§c)|de < 36 A |G| -

Oz

P ((%)n“) Fe@Mawp (G)n“" o)

Here we use that

Finally,
[ L21|[|ar < 42 + 36 (4.20)

Lemma 3.5. is proved completely.
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4.6 Proof of Lemma 3.6.
Using (3.8) with (3.21)-(3.24) we have for all small enough € and A:

NIF () ar < 11 Zaa el Lo [+
1Lz Harlll Zaalllae 1S ar + 1122 sl Lzl adl 1S3, <

1
< =(1+43e+6X)(4e + 36A) + 5(1 +3e 4+ 6M)(1 + 22 + 2)) (8 + 48))

N | —

1
+§(1 + 32 4+ 6X)e(8e + 48)\)* < 8¢ + 48)\,

what proves the inclusion (3.25).
Further,

-7:(51) - f(SZ) = ngl(sl - 52)[/11 + ngl(sl - 52)L1251+

+L2_2152L12(Sl — SQ)
consequently, using again (3.21)-(3.24) we have for any S;, Ss € Bs.

IIF(51) = F(So)lllmr <

1
< (5(1 +3e+6M)(1 422 +2)\) + (1 + 3+ 6))(8 +48>\)€) 151 = S|l

Since for small enough ¢ and A:
1 1
c= 5(1 +3e 4+ 6A)(1 +2c +2X) + (1 +3e + 61) (8 + 48N\ )e = 5t O(e) +O(N) < 1,

the inequality (3.26) is proved.

4.7 Proof of Lemma 3.7.

To prove (3.30) we have to find for any G € £ functions g<; € L<; and g2 € Lo,
such that

G = (9<1 + Sg<1) + (g2 + Tg>2), (4.21)

and to prove that the decomposition (4.21) is unique. The decomposition (4.21) is
equivalent to the following relations

g<1 +Tgs2 = G<1, g2 + Sg<1 = G, (4.22)

where G<; € L4 and Gy € L9 are the components of the function G = (G<1,G>2) €
L. Then (4.22) implies that

G —TGse = g<1 —TSg<,
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consequently,

g<1 = (B<1 = TS) (G — TGy),

and analogously,
922 = (B> — ST) (G2 — SG<1).

By (3.27), ( 3.29) for small enough ¢ and A the operators 7'S in L<; and ST in L9
have small norms, consequently the functions g<;, g2 are unique defined. Lemma is
proved.

4.8 Proof of Lemma 3.8.

According to the general scheme, see (3.9) and (3.10), the operator Ly can be repre-
sented in the following form

LQ - Pz_Ql(LQQ -+ LQIT)PZ% PZQ : ,CAZQ — ‘6227 PZ_21 . ,ng — ﬁzg, (423)
and an analogous representation holds for the inverse operator L;
Lyt = P2y (Lag + Loy T) ™' Pss. (4.24)

Since
(Log + Loy T) ™" = (Esa + Loy Loy T) 'Ly,

then using estimates (3.21), (3.24), (3.29) we have for small € and A
| Las Laa T ||ar < (42 + 360)%(1 + O(e) + O(N)),

and consequently,

1
|(Lag + LonT) || < 5(1+55+8A) (4.25)
for small enough € and A. Estimate (3.29) on the norm of 7" imply that
11Po2lllar <1, I[P ]llar < 1+ 8+ 48X, (4.26)

Finally the estimate (3.31) follows from (4.24), (4.25) and (4.26). Lemma is proved.

4.9 Proof of Lemma 3.9.

Using our constructions above we obtain that the subspace ﬂl = ﬁl is invariant for
the operator L, so that the restriction L|y, is a bounded self-adjoint operator in Hj.

Analysis of the operator L, see (4.17), shows that the operator L}, acting in £;
has a form

(L G)(F) = —Gi () + 2 / G (§) (e PV _ 1)y



+AG1(2%) — G1(2)), Gi € L.
Now (3.23), (3.27) imply that the operator Li2S|., has a small norm:

[ L2 (Sle,) [llar < (82 + 48X)e,
hence, the operator L}, + L3 (S]|z,) can be rewritten as
Ly + Lz (Sle,) = —E+ R,

where
(RGY)( / G (§) (e PE@ D=0 _1)d 1 MG (5*) — Cr(2)) + Lna (S|, ) Ga(2),

and
IRI||ar < €+ 2X 4 (8 4 48)\)e < 2¢ + 3\

for small enough € and A. Using the estimates on the norms of the operators P; and
Pt see (3.33) - (3.35):

P < 1,0 [P Il < 14172 4 96,
we have for small enough ¢ and A

L1+ Eg e = 12T RP|ar < (1R - (112011

< (26 +3XN)(1 4+ 17 + 96)) < 3e + 4.
Finally, the proposition (3.11) implies that

L1+ B lne < 1L+ Eg [l < 32+ 44,

that gives the position for the spectrum oy in (2.18) with v = 3¢ 4 4.

Applying the similar reasoning to the operator <L|ﬂ>2> ' in the invariant subspace
Hs, together with the estimate (3.31) we obtain that under small enough & and X the
spectrum o9 of the operator Ls is bounded from above by the value —2 + 7, with
72 = 30e + 120\. Thus, we proved the inclusions (2.18).

The last step is to prove the decomposition (2.17). Since for small enough e and
A the spectra oy, 01,09 are not overlapping the subspaces Hy, Hi, H>2 are mutually
orthogonal. Let us prove that the sum (2.17) gives a complete decomposition of the
space H. We know that according to the decomposition (3.36) any function G € £ has
a representation of the form

G = Go + G+ GZQ, Go < £0, G, € [:1, GZQ & ﬁzg. (427)
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Moreover, any component of the decomposition (4.27) equals to the orthogonal projec-
tion of G to the corresponding invariant subspace

G() - PHOG, G1 - PH1G7 GZ2 - PH22G,

so that all vectors Gy, G1, G'>2 are mutually orthogonal and

G113 = [|1Pro Gl + [1Pry Gl + 1 Prsu Gl

This equality holds for a dense set £ in H, consequently it is true for any element from
H, what is equivalent to the decomposition (2.17). Lemma 3.9 is completely proved.
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