Stochastic evolution equations of jump type:
existence, uniqueness and large deviation
principles

Michael Rockner! Tusheng Zhang?
January 8, 2007

Abstract
This paper has two parts. In part I, existence and uniqueness
results are established for solutions of stochastic evolution equations
driven both by Brownain motion and by Poisson point processes. Ex-
ponential integrability of the solution are also proved. In part II, a
large deviation principle is obtained for stochastic evolution equations
driven by additive Lévy noise.
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1 Introduction

Stochastic evolution equations and stochastic partial differential equations
driven by Wiener processes have been studied by many people. There exists
a great amount of literature on the subject, see, for example the monograph
[DZ]. In contrast, there has not been very much study of stochastic partial
differential equations driven by jump processes. However, it begun to gain
attention recently. In [AWZ] we obtained existence and uniqueness for so-
lutions of stochastic reaction diffusion equations driven by Poisson random
mesasures. In [F], Malliavin calculus was applied to study the absolute con-
tinuity of the law of the solutions of stochastic reaction diffusion equations
driven by Poisson random measures. In [MC], a minimal solution was ob-
tained for the stochastic heat equation driven by non-negative Lévy noise
with coefficients of polynomial growth. In [ML], a weak solution is estab-
lished for the stochastic heat equation driven by stable noise with coefficients
of polynomial growth.

In this paper, we consider the following evolution equation:
dY, = —AYidt + b(Y)dt + o(Y,)dB, + / F(Vi 2)N(dt, dz), (1.1)
X

Yo = heHd, (1.2)

I Department of Mathematics, University of Bielefeld, 33501 Bielefeld, Germany;
Departments of Mathematics and Statistics, Purdue University, West Lafayette, USA

2 Department of Mathematics, University of Manchester, Oxford Road, Manchester
M13 9PL, England, U.K. Email: tzhang@maths.man.ac.uk




in the framework of a Gelfand triple :
VcCH=H CV”", (1.3)

where H,V are Hilbert spaces, A is the infinitesimal generator of a strongly
continuous semigroup, b, o, f are measurable mappings from H into H. The
solutions are considered to be weak solutions (in the PDE sense) in the space
V' and not as mild solutions in H as is more common in the literature. The
stochastic evolution equations of this type driven by Wiener processes were
first studied by E.Pardoux in [P] and subsequently in [KR]. For stochastic
equations with general Hilbert space valued semimartingales replacing the
Brownian motion we refer to [GK1], [GK2], and [G]. A large deviation prin-
ciple for this type of stochastic evolution equations driven by Wiener process
was obtained by P.Chow in [C].

The purpose of this paper is twofold. The first one is to establish the
existence and uniqueness for solutions of equation (1.1). Our approach is
similar to the one in [P], [GK1], [GK2], [G]. We, however, don’t use Galerkin
approximations. Instead, we get the solution via successive approximations.
Secondly we will study the large deviation principle and exponential inte-
grability of the solutions. We will prove that the solution is exponentially
integrable both as a random variable in D([0,1] — H) and in L*([0,1] — V).
These estimates are of their own interest and also necessary for the study
of large deviations. For the large deviation principle, we confine ourselves
to the case of additive Lévy noise. The situation is quite different from the
Gaussian case. If X;,t > 0 is a Wiener process, the solution of the equation:

1
dY;" = —AYdt + —dX,
n

is still Gaussian. The large deviations of Y™ follows from the well known
large deviations of Gaussian processes. However, if X;,¢ > 0, is a Lévy
process, the solution Y™ is no longer a Lévy process. The additive noise case
is already quite involved. Large deviations for stochastic evolution equations
and stochastic partial differential equations have been investigated in many
papers, see e.g. [CM2],[CR], [CW], [Z]. To the best of our knowledge, this is
the first to study large deviations for stochastic evolution equations driven
by Lévy processes. Large deviations for Lévy processes on Banach spaces
and large deviations for solutions of stochastic differential equations driven
by Poisson measures were studied by de Acosta in [A1], [A2].

The rest of the paper is organized as follows. In Section 2 we present our
framework. Existence and uniqueness are proved in Section 3. In Section 4,
exponential integrability is established for the solutions. Section 5 is devoted
to the large deviation principle.



2 Framework

Let V', H be two separable Hilbert spaces such that V' is continuously, densely
imbedded in H. Identifying H with its dual we have

VCH=H CV”", (2.1)

where V* stands for the topological dual of V. Let A be a bounded linear
operator from V to V* satisfying the following coercivity hypothesis: There
exist constants v > 0 and A\g > 0 such that

2( Au, u) + Nolul3; > o ul|} forall u € V. (2.2)

(Au,u) = Au(u) denotes the action of Au € V* onu € V.

We remark that A is generally not bounded as an operator from H into H.
Let (€2, F, P) be a probability space equipped with a filtration {F;} satis-
fying the usual conditions. Let {B;,t > 0} be a real-valued F;- Brownian
motion. {W;,t > 0} will denote an H-valued F;- Brownian motion with
covariance operator () which could be degenerate. Let (X, B(X)) be a mea-
surable space and v(dz) a o-finite measure on it. Let p = (p(t)),t € D, be a
stationary JF;-Poisson point process on X with characteristic measure v. See
[IW] for the details on Poisson point processes. Denote by N(dt, dz) the Pois-
son counting measure associated with p, i.e., N(t,A) = > p . Ta(p(s)).

Let N(dt,dz) := N(dt,dz) — dtv(dz) be the compensated Poisson mesasure.
Let b, 0 be measurable mappings from H into H, and f(y,x) a measurable
mapping from H x X into H. For a separable Hilbert space L, we denote
by M?([0,T],L) the Hilbert space of progressively measurable, square in-
tegrable, L-valued processes equipped with the inner product < a,b >=
E[fOT < az, by >, dt]. Denote by M*%([0,T] x X, L) the collection of pre-
dictable mappings:

g(s,z,w): [0, T] x X xQ — L

such that E[fOT Jx lg(s, z,w)|7dsv(dr)] < co. Denote by D([0,T],L) the
space of all cadlag paths from [0, 7] into L. Consider the stochastic evolution
equation:

WV = AV o)+ o (VB + [ (Vi) N d), (23)
X
Yo = heHd. (2.4)

We introduce
(H.1) There exists a constant C' < oo such that

Ib(y)lfq+IU(y)I?{+/X|f(y,ﬂf)I?IV(dx) < C(1+ lyls). (2.5)

forall y € H.



(H.2) There exists a constant C' < oo such that

b(y1) — b(y2) [ + lo(y1) — o (y2)|H
+ fX ’f(ylal.) - f(y27x)‘%-ly(dx)
< Cly — yalH, (2.6)
for all y1,y, € H.

We finish this section by two examples.
Example 2.1 Let H = L*>(R%), and set
V = HY(RY) = {u € L*(RY); Vu € L*(R* = R%)}.
Denote by a(z) = (a;;(x)) a matrix-valued function on R? satisfying the
uniform ellipticity condition:

-1y <a(x) <cly for some constant ¢ € (0, 00).
c

Let b(z) be a vector field on R? with b € LP(R?) for some p > d. Define
Au = —div(a(z)Vu(x)) + b(z) - Vu(z).
Then (2.2) is fulfilled for (H,V, A).

Example 2.2 Stochastic evolution equations associated with fractional Lapla-
cian:

dY, = AYdt +dL, (2.7)
Yo = hedHd, (2.8)

where A, denotes the generator of the symmetric a-stable process in R,
0 < a< 2 A, is called the fractional Laplace operator. L; stands for a
Lévy process. It is well known that the Dirichlet form associated with A, is
given by

Ko [ [ SIS0

( )_{UELZ Rd |U ( )|2 dxd ©.¢)
T d+o y < }7
Rix R4 | |

where K (d,a) = a2 37 —45 sin(%)M(42)0(2). To study equation (2.7),
we choose H = L2(Rd), and V = D(&) with the inner product < u,v >=
E(u,v) + (U, V) p2(gay.-

Define

Au = —A,.

Then (2.2) is fulfilled for (H,V, A). See [FOT] for details about the fractional
Laplace operator.



3 Existence and uniqueness

In [GK1], [GK2] and [G] it is explained how under certain conditions results
on existence and uniqueness of solutions for equations with random measures
as driving term can be derived from there results. In this section we prove
existence and uniqueness for solutions of our equation (1.1), however, directly
by a different method.

Proposition 3.1 Letb € M*([0,T],H),c € M*([0,T], H) and f € M*2([0,T]x
X, H). There exists a unique solution Y;,t > 0 to the following equation:

Y € M*[0,T),V)nD(0,T],H),

QY, = —AYdt + b(t,w)dt + o(t, w)dB,
N / F(t,2,0)N(dt, d). (3.1)

X
Yo = hed. (3.2)

Proof. We prove the existence in two steps.

Step 1. Assume b € M?([0,T],V),oc € M*([0,T],V) and f € M"*([0,T] x
X, V). Set

Ut:/Otb(s)ds—i—/ota(s)st—|—/Ot/Xf(s,x)N(ds,dx).

It is easy to see that U € M?([0,T],V). Consider the random equation:

d’Ut = (—Avt — AUt)dt, (33)

Vo = h.

It is known from [L] that there exists a unique solution v to equation
(3.3) such that v € M?([0,T],V) N C([0,T],H). Set Y; := v; + U;. Then
Y € M?([0,T],V) N D([0,T], H). Moreover, it solves equation (3.1).

Step 2. General case.
Choose b, € M*([0,T],V),0, € M?*([0,T],V) and f, € M**([0,T] x
X, V) such that b, — b, 0, — o in M?([0,T], H) and f,, — fin M**([0, T] x

X, H) as n — oo. Denote by Y;" the unique solution to equation (3.1) with
b, o, f replaced by b,, 0., f,. Such a Y™ exists by step 1. By Ito’s formula,



we have
Yy -
t
= 2 [y v s s
0

t t
+ 2/ <Y =Y bp(s) — bn(s) > ds + 2/ <Y =Y 0,(s) — om(s) > dBs
0

v o) o
b [ (10500 = sy 2 < Y ) — ) 2 ) N, )
+ /ot/x |fn(5,7) — fin(s, )|} dsv(d). (3.4)

In the following, C' will denote a generic constant whose values might change
from line to line. Set

Mt:/t/ (yfn<s,x)—fm(s,x)\§,+2<3g’1—3g"1,fn(s,w>—fm(s,x) >H)J\7<ds,dx)-
0 JX

Then,
1
[Mv M]tz =
%

{ > (Ifn(s,p(S))—fm(s,p(S))I%Jrz VY f (58— o (5.0(5)) S )2}

s€Dy,s<t

1
2

<X Inlsne) — fuloiplol )

s€Dp,s<t

+C( 3 |Y:—nmmn(s,p(s»—fm<s,p<s>>|z)2

s€Dp,s<t
<C Y fals,p(s)) = fnls,p(s))[
s€Dp,s<t

+C sup (72 =¥ (30 Ul ~ Sl

Oss<t s€Dy,s<t

1 n m
<SC Y0 (falsp(s) = Flsp(9)) [ + 5 sup (V] = Y27,
s€Dp,s<t Osss<t
By Burkholder’s inequality,
1
Elsup |Mi|] < CE(IM, M];)

0<s<t



SCEL Y 1fuls.p(s)) — funls.p(s)) ) + 1 ELsup [¥7 — Y3

<s<
s€Dp,s<t Oss<t

= CEL[ [ 10(5.0) = fuls.a)fidsvida)] + 1B sup [V =Y. 35)

0<s<t

It follows from (3.4) and (2.2) that

t
Elsw [Y7 — Y"4] < —aE] / Y7 — Y| ds)
0

0<s<t

(M + O)E] / Y - Y ds) + CE / 16a(5) — bun(3)[ 2yl
+CE[(/0 <Y'=Y" 0,(8)—0om(s) >§{ ds>2}—|—CE[/O |an(s)—am(s)\12qu]

OB + CEL [ 17,(5.) = flss)fydsvt)]
Applying (3.5) we have

Elsup [Y]" = Y"[}]

0<s<t

t t
< —aE| / Y7 — Y™|[Rds] + CE| / Y- Y s
0 0

+%E[Os<ggt(|32’1 =Vl + CEL| () = b
+OBL[ louts) = o 6] + OB [ Vo) = ) vt

(3.6)
By Gronwall’s inequality, this implies that

t
Elsup |V =Y["[};] < Ceot{E[/ [bn(s) = b (5)[Frds]
0

0<s<t

+CE] / 04(5) — o () yds] + CE / [ 1852 = Bl ydsaz)

(3.7)
Therefore,
lim E[sup |Y —Y™3] =0. (3.8)
nM—00 <<t
This further implies by (3.6) that Y™ n > 1 is also a Cauchy sequence in
M?([0,T],V). Let Y;,t > 0 denote an element in M?([0,T],V) such that

lim E[sup [Y" = Yi[3] =0,

n—oo 0<s<t



and

n—oo

t
hmEMHW—m%mza
0

Letting n — oo , we see that Y;, ¢t > 0 is a solution to equation (3.1).

Uniqueness: If X;,Y; are two solutions to equation (3.1), then

L = A ),
Xo—Yy= 0.

By the chain rule, we have

t
|Xt—Yt|§{:—2/ < X, — Yy, A(X, —Y.) > ds
0

t t
<—a [ 1%~ YilRds %0 [ X, = Vifids
0 0
By Gronwall’s inequality, we obtain that Y; = X, which completes the proof.

Theorem 3.2 Assume (H.1) and (H.2). Then there exists a unique H-
valued progressively measurable process (Y;) such that

(i) Y € M?(0,T;V)ND(0,T; H) for any T >0, )

(ii) Y; = h— [ AY,ds+ [ b(Yy)ds+ [y o(Yy)dBo+ [ [ f(Yee,2)N(ds, dz)
a.s.,
(iii) Yo = h € H.

Proof.
Existence of solution.
Let Y2 := h,t > 0. For n > 0, define Y™ € M?(0,T;V)ND(0,T; H) to be
the unique solution to the following equation:
Ay =AYt + b(Y)dt + o (Y,)dB,
+f(Y", x)N(dt, dx), (3.9)
Yo' = h. (3.10)

The solution Y™ of the above equation exists according to Proposition 3.1.
We are going to show that {Y™, n > 1} forms a Cauchy sequence. Using It6’s



formula, we find that

Y- Y,
t
=2 [ YA Y
0
t
2 [yt o) - b > s
0
t
w2 [ <YYo - a7 ) > dB,
f
+ [ o) = a7 s

t+
/ /|f (Vo) = fO )l + 2 <Y =Y f(YV o) — F(V

/ / PR x) — fO ) dsv(dz). (3.11)
By a similar calculation as in Proposition 3.1, it follows from (3.11) that

E[sup [V =Y

0<s<t

t t
< —aE / Y —Yr|Rds] + CE| / Y YT Rds)
0

1 t
+3Elsup (V7= Y2+ CEL [ bY7) - by s
0

0<s<t

LCE| / o (Y™) o (Y1) 2yds] +CE| / /X PP 2)— Y ) s (da)].

(3.12)
By virtue of (H.1), this implies that
t
Bl sup |V = Y7 ly) <CE([ V74 = ¥
0<s<t 0
t
LCE| / VP YR ds) (3.13)
0
Define :
g = Elswp V7 =Y ). Gr = [ gas
0<s<t 0
We have
gttt < CGrtt + Cqar. (3.14)
Multiplying above inequality by e~¢*, we get that
d Gn—H —Ct
% < Ce~Ctar, (3.15)

x)

>

N(ds, dx)



Therefore,

t
Gt < CeCt/ e~ GMds < CeC'tGY. (3.16)
0

Combining (3.14) and (3.16) we see that for a fixed T'> 0, and t < T,

t
gt < C%eCUGT + CGY < CT/ grds, (3.17)
0

for some constant Cr. Iterating (3.17), we obtain that

Co T
Bl sup [vr —yr) < oG
0<s<T n!

This implies that there exists Y € D([0,T], H) such that

lim B[ sup |Y]" —Y,|}] =0.

n—0oo  0<s<T

In view of (3.12) we see that Y™ also converges to Y in M?(0,T;V). Letting
n — oo in (3.9) it is seen that Y is a solution to equation (ii) in the statement
of the theorem.

Uniqueness.
Let X,Y be two solutions to (i) in M?(0,T;V) N D(0,T; H). By Ito’s

formula, we have
2
Y — Xel

_ —2/t<ys X, A(Y. — X.))ds
0

+2/ <Y, = X, b(Y.) — B(X,) > ds

0
+ 2/ <Y, — Xs,0(Y;) —o(X,) > dBs

0
n / 0(Y) — 0(X,) [yds
+ / /X 1f (Yo, 2) — F(Xom )+ 2 < Yy — X, f(Yoos@) — f(Xoo,2) 5] N (ds, da)
v t [ 00 = £ s, (3.18)
By virtue of (H.2), it follows that

Bl - X.[2]

t t
< —aBl [ V.= X.JRds) + CE[| Y, = X[y
0 0

10



1
5Bl [V, - X|H+CE/|b ) — (X[ ds]

| / 0 (Y) — o(X,)ds] + CE / /X F(Yar) = F(Xo, ) Bds(dz)

t
< OE[/ Y, — X,|3ds]. (3.19)
0
Hence, X; =Y;.

Next we move to a more general equation which includes terms involving
also Poisson measures. Let U be a set in B(X) such that v(X \ U) < oc.
Let g(y,z) be a measurable mapping from H x X into H. Introduce the
following conditions:

(H.3) There exists a constant C' < oo such that

b)I + o () + / 9. 2)Eu(dn) < C(L+ %) (3.20)

forall y € H.
(H.4) There exists a constant C' < oo such that

b(y1) — b(y2)[ + lo(y1) — o (y2) %
+ Julgy2) = g(ye, @) [Fv(d) (3.21)
= Clyr — ol (3.22)

for all yy,y, € H.

Consider the stochastic evolution equation:

t t t
Y,=h-— /AYds+/ b(Y)ds+/ o(Y,)dB,
0 0

// (Yo, 2)N(dt, dx) + // g(Ye_, 2)N(dt,dx). (3.23)
X\U

Theorem 3.3 Assume (H.3) and (H.4). Then there exists a unique H-
valued progressively measurable process (Y;) such that

(1) Y € M*(0,T;V)ND(0,T; H) for any T > 0,
(i)
¢ t t
Y= h— /AYds+/ b(Y)ds+/ o (V.)dB,

// (Y, 2) N (dt, dz) + // oY, 2)N(dt,dz),  (3.24)
X\U

(i) Yo = h € H.

11



Proof. Having Theorem 3.2 in hand, this theorem can be proved in the
same way as in the finite dimensional case (see [IW]). For completeness we
sketch the proof. Let 741 < 7 < - - - be the enumeration of all elements in
D ={seD,; p(s)e X\U}. Itisclear that 7, is an (F;)-stopping time
and lim,,_,o 7, = 00. First we solve the equation on the time interval [0, 7].
Consider the equation

t t
X /AX ds—i—/ b(Xs)ds—i-/ o(Xs)dB
0

/ / (X,_, 2)N(dt, dz). (3.25)

Following the same proof as that of Theorem 3.2, it is seen that there exists
a unique solution Xy, ¢ > 0 to equation (3.25). Set

}/;1 :Xt70§t<7—1a :Yﬁ—_l_g(yﬁ—)p(Tl)))t:Tl-

Clearly the process {Y,' }+e[0.-,] is the unique solution to equation (3.24). Now,

set By = Biyr, — Br, P(s) = p(s + 7). We can construct the process Y;®
on [0, 7] with respect to the initial value Y = Y;1, Brownian motion B and

Poisson point process p in the same way as Y,!. Note that 7; defined with
respect to p coincides with 75 — 7. Define

Y=Y te[0,n], =Yi,,t€m,
It is easy to see that {Y}}c[o,-] is the unique solution to equation (3.24) in
the interval [0, 73]. Continuing this procedure successively, we get the unique
solution Y to equation (3.24).
4 Exponential integrability

(H.5) There exists a measurable function f on X satisfying

sup f(y, @)l < fla), (4.1)
and
/X(f(x))Qexp(af(x))y(dx) < oo, forall a>0. (4.2)

In this section, for simplicity we assume that b = 0,0 = 0 in equation (1.1).
Again we denote the solution of (1.1) by Y;.

Lemma 4.1 For g € C}(H), M{ = exp(g(Y;) — g(h) — [, h(Ys)ds) is an
Fi-local martingale, where

h(y) =< —Ay,q'(y) > +/ (explg(y+f(y,2))—g(W)]—-1— < g'(y), f(y,z) >)v(dx).

X

12



Proof. Applying It6’s formula first to exp(g(Y;)) and then to exp(g(Y;) —
g(h))exp(— fot h(Y5)ds) proves the lemma.

Proposition 4.2 Assume (2.2) with \g = 0 and also (H.5). Then forr >0
and any A > 0, there exists a constant C such that

1
P(sup |Yy|y >r) < Che 02,
0<t<1

Proof. For A > 0, set g(y) = (14 A|y|%)z. Then
1
9'(y) = M1+ Alyli) "2y,
_3 _1
g"(y) = =N (14 Alyl3) "2y x y + ML+ Alyl3) "2 .
where [y stands for the identity operator. It is easy to see that

1
sup|g’(y)] <A, suplg(y)| < A=
Y )

Moreover,

< Ay, ' (y) >= M1+ Nyl%) 2 < —Ay,y ><0 (4.3)

for y € V. Write G(y) = ¢9W). By Taylor’s expansion, there exists 6 between
0 and 1 such that

explg(y + f(y,2)) —g9(y)] —1— < g'(y), f(y,z) >
=e WGy + fly,2) — Gly) — Gly) < g (v), f(y,x) >]

= eI < Gy 0y, 2)). F(y. ) x [(y.) > (1.4)
Note that
G"(y) = G(y)g'(y) x g'(y) + G(y)g" ().

It follows that
\G"(y) |y < AG(y), forall y e H. (4.5)
By (4.4),
lexplg(y + f(y.2)) —9(W)] — 1= < g'(y), f(y.x) > |

< Xexp(g(y +0f(y,x)) — gw)|f(y, )%
= Xexp(< g'(y + 01 f(y, ©)), 0f (y,x) >)|f(y,2)|%
< Neap(N2| £ (y, )| a)| £ (5, ) (4.6)

13



Applying Lemma 4.1, with the above choice of g, MY = exp(g(Y;) — g(y) —

fot h(Y5)ds) is an Fi-local martingale, where

hy) =< — Ay, g (y) > + /X (expla(y+F(y,2))—g(w)] -1 < &' (v), f(y z) >)v(dx)

< /X Nezp(\E £y, )il f (9, @) o (d)

< [ deap(H @) @)l (dn) = My < o (4.7)

We have )
P(sup |Yilg >7r)=P(sup g(Y;) > (1+ )\T2)§)

0<t<1 0<t<1

— P(sup (g(¥;) — g(h) - / W(Y.)ds + g(h) + / h(Y,)ds) > (1+ M)

0<t<1

< P(sup (50 g - [ W(Y2)ds) + g(h) + My > (1+ Ar)h)

0<t<1

— P(sup (9(Y)) — g(h) - / B(Y2)ds) > (14 Ar)E — g(h) — My)

0<t<1

< E[sup Mf)exp(—(1+ Ar?)z + g(h) + My). (4.8)

0<t<1

Since M} is a non-negative local martingale (hence, a supermartingale),
Elsupg<;<; M{] < 1. Therefore the assertion follows with C = exp(g(h) +
M,).

Corollary 4.3 Assume (2.2) with \g = 0 and also (H.5). Then for any
[ >0,

Elexp(l sup [Yi|n)] < oco.
0<t<1

Proposition 4.4 Assume (2.2) with \g = 0 and also (H.5). Then for any
[ >0,
Elexp(l||Y]r2j0,11-v))] < 00.

Proof. Let Z) = fol(l + MY, %) 2||Ya]|2 ds. We first prove that
P(Zy > 1) < exp(—arr + My + (1+ Ah|%)?), (4.9)

where M, is the same constant as in (4.7). For A > 0, define g(y) = (1 +
Aly|%)z. In view of (2.2) we have

< —Ay,d'(y) >= M1+ Nyl4) 2 < —Ay,y >

14



_1
< —aA(1+ Alylz) 2 Iyl (4.10)

So the estimate in (4.7) can be strengthened as follows:
h(y) < =oAL+ Alylz) "2 [lyll} + M. (4.11)
Let Mt > 0 be defined as in the proof of Proposition 4.2. By (4.11), we

have )
P(Zy> 1) = Plad [ (L4 V) HIYi[fds > a)
0

< Pl +ax [+ ATl Y s > )

= (o0~ o)~ [ 0 + g + [ s
v [ (AR ds > )

< PO~ g0) ~ [ HOR)S) +90) + 1y > o)

— P(g(¥) — g(h) - / W(Y2)ds) > ar — g(h) — M)

< E[M{lexp(—aAr + g(h) + M)
< exp(—adr + g(h) + M)

which proves (4.9). It is easy to see from (4.9) that for any [ > 0, one can
choose \; > 0 large enough so that Elexzp(IZ),)] < co. Now for every A > 0,

1 3
1Y ]2 goar) = ( / Hm\%ds)

1 3
< ( / <1+A\mz>%!rm\%d5) (1+A sup m!z)
0 0<s<1

(4.12)

N

1 2
ZA+—(1+)\ sup |YS|§{> : (4.13)

2 0<s<1

1
< Z
-2

By Holder’s inequality, for [ > 0,
Elexp(l]|Y]|22(0,11-v))]

[NIE

1 1
< E[exp(élZ,\)ea:p(al <1 + /\OS<U51 |}/;|§{) )]

< (Bleariz)) . (Bteapte(1 s W) 1)

15



According to (4.9), we can choose A such that Flexp(IZ))] < oco. On the
1
3

other hand E[exp(l (1 + Asupg<,<; [Ysl7 ) )] < oo for all A > 0 according to

Corollary 4.3. So we conclude that Elexp(l||Y||12(jo1—v))] < 0o proving the
assertion.

5 Large deviations

In this section we consider the following Lévy process:

Lt:bt+Wt+/t/ f(x)N(ds, dz),
0 JX

where W is the H-valued Brownian motion introduced in Section 2, b is a
constant vector in H and f is a measurable mapping from X into H. The
following Ornstein-Uhlenbeck type stochastic evolution equation was first
studied in [CM1] and subsequently by many other authors (cf. e.g. [FR]).

dY;, = —AY,dt+ dL,, (5.1)
Yo = heH (5.2)
The following Theorem can be proved similarly as in Section 3. See also
[CM1].
Theorem 5.1 There exists a unique H-valued progressively measurable pro-
cess (Y;) such that

(1) Y € M*(0,T;V)ND(0,T; H) for any T > 0,
(i) Yo = h — [} AYds + L, a.s.,
(iii) Yo = h € H.

To get large deviations estimates, it is natural to impose the following
exponential integrability. Assume throughout this section that

/X |f(2)|3exp(alf(z)|g)v(de) < oo, forall a > 0. (5.3)

Consider the stochastic evolution equation:
t 1 1 t B
Y'=z— / AY'ds + bt + —W, + —/ / f(z)N,(ds,dx), (5.4)
0 nz nJo Jx

where N, (ds,dz) denotes the compensated Poisson measure with intensity
measure nv. The purpose is to establish a large deviation principle for the law
pn, of ;" t > 0 on D([0,1] — H). To this end, we first do some preparations.

For g € D([0,1] — V), define ¢(g) € D([0,1] — H) N L*([0,1] — V) as

the solution to the following equation:

blg) = 7 — / Adu(g)ds + g(t). (5.5)
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Lemma 5.2 The mapping ¢ from D([0,1] — V) into ¢(g9) € D(]0,1] —
H)N L*([0,1] — V) is continuous in the topology of uniform convergence.

Proof. Let v (g) = ¢i(g) — g(t). it is easy to see that v(g) satisfies the
equation:

ale) =2 [ Autoyis— [ agls)is

It suffices to show that the mapping
() : D((0,1] = V) — D([0,1] — H) N L*([0,1] — V)

is continuous. Taking # < «, where « is the constant in (2.2), by the chain
rule and (2.2),

) — ) = =2 [ < AGlan) — o)) ) — ) > s
2 [ < Alga = 9)6).ulan) — o) > s
< [ hton) ~ @)l + 30 [ lnla) — o)
+a/|mgn— DlIvlAlgn — 9)(s)lv-ds
< a/ﬁws% - nw%+w¢/\%gn—m4m@%

v-ds.

-%/H%%— >mm+%/HA 9)(s)]I

This gives that

M@M—w@mﬁwa—m/mew—%wm%w

<&/wwn— ﬂmwwwmjw% o(s)|[2ds

Applying Gronwall’s inequality it is easily seen that the mapping v(-) is
continuous, which completes the proof.

For [ € H, define

F() = /X[ea}p(< F@) 1) — 1= < f(2),] ()4 < QLi >+ < bl > .

Set, for z € H,
F*(2) = sup[< z,l > —=F(l)]. (5.6)
leH
Define a functional Iy(-) on D([O 1] — H) as follows: if g € D([0,1] — H)
and ¢’ € L*([0,1] — H), [ fo F*(¢'(s))ds; otherwise I(g) = oo.
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Lemma 5.3 Let a > 0.Then G = {|¢'|; [o(g9) < a} is uniformly integrable on
the probability space ([0, 1], B, m), where m denotes the Lebesque measure.

Proof. Recall that G is uniformly integrable if and only if
(i) G is equi-absolutely continuous, i.e., for any given € > 0, there exists
6 > 0 such that m(A) < ¢ implies [, |g'|pm(ds) < e for all g € G.
. 1
(i) supycg J} |9'lm(ds) < oo.
We will modify the proof of Theorem 3.1 in [A2] to get (i) and (ii). Let
a;,b;,i = 1,..n be any given numbers such that 0 < a; < by < as < by <
- < a, < b, <1. For any partition 7" = {t{ = a; <t} <--- <t! =b;} of
[ai, b;] and any 7} € H with |ni|g < 1, define 8 € M([0,1], H) by

g= Zznk tl_}cl’

=1 k=0

where M([0,1], H) denotes the space of H— valued vector measures on
([0,1], B). Let p be the law of fol [ f(x)N(ds,dz) on H. Denote the char-
acteristic functional of p by fi. Then,

/0 logi(B(s, s = 35 logal)(th — ti_y).

i=1 k=0
Let p > 0. By the characterization of Iy in [A2], for g € G, we have

1 n o im
p/ <g dB>=p) > <gty) —g(ti).m >
0

1=1 k=0

< / logii(pB(s,1])ds + Io(g)

<sup\l0g,u o |ZZ (e —t: )+ Io(g)
i=1 k=0

< log /H cap(plel)(dn) Y0 — o) + a (5.7)

Taking sup in (5.7) over all possible i, € H with |0} |z < 1 we get

> lolth) = glth)la < pog( | conlpleln)n(dn)) S 0~ a) + o'

i=1 k=0 i=1

(5.8)
Let V(g)[a, b] denote the total variation of g over the interval [a,b]. Taking
sup in (5.8) over all possible partitions we obtain

S V(g)lar. b Z / Mads = [ |g/(5)wds
i=1 Uiz (ai,bi)
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n

< o7ltog( [ explplalwu@n) Yo —a) + o (59)

i=1

For every ¢ > 0, choose first p, large enough such that py'a < 5. Set 0 =

slon tog( [ exp(plalm)n(de))] e, TEUL (ai, b;) C [0,1] with m(Ur, (a;, b)) <

0, by (5.9 ) we have [, , ,.19'(s)|nds <. for all g € G. This implies (i).
i=1\Ai,0%

Take particularly a; = 0,b; = 1 in the above proof to see that (ii) also holds.

Let Ty, t > 0 denote the semigroup generated by —A. For g € L'([0,1] —
H), define the operator

t
Ry(t) :/ Ti—sg(s)ds, t>0,
0

which is the mild solution of the equation:

o) =~ [ avtsyis+ [ a5yt

Proposition 5.4 Assume that Ty, t > 0 are compact operators. If G C
LY([0,1] — H) is uniformly integrable, then S = R(G) is relatively compact
in C([0,1] — H).

Proof. The proof is a modification of the proof of Proposition 8.4 in [DZ].
According to the Ascoli-Arzela theorem we need to show
(i) for every t € [0, 1] the set {Rg(t); g € G} is relatively compact in H;
(ii) for every € > 0 there exists 6 > 0 such that if 0 < s <t < 1,t—s <4,

|Rg(t) — Rg(s)|ly <e forall geg. (5.10)

To prove (i), fix t € (0,1] and define for ¢ > 0 R°¢g(t) = fot_e Ti—sg(s)ds.
Since

t—e
Reg(t) = T€/ Ti—c—sg(s)ds
0

and T;,e > 0 is compact, { R°g(t), g € G} is relatively compact in H for every
g > 0. On the other hand,

mww—RmmHng;m@mw, (5.11)

where M = supicjoq||Ti||. Since G is uniformly integrable, (4.52) implies
that

lim._osup |R°g(t) — Rg(t)|lg =0
geg

which furthermore implies that {Rg(t);g € G} is also relatively compact.
Let us now prove (ii). For 0 <t <t +u < 1, we have

|Rg(t +u) — Rg(t)|n
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t t+u
< [ s =T llg s + [ [ Teca o)
0 t
= I IT.
By the uniform integrability of G, it is clear that

t+u
hm sup I < Mhm sup/ lg(s)|uds = 0.
—0 geg u=0 geg

Since the semigroup T is compact, ||T;1y—s — Ti—s|| — 0 for any t — s > 0 as
u — 0. By the dominated convergence theorem, we have that

t

lim [ [Ty = Tislds = 0. (5.12)
uU—" O

Now we prove

hm sup I = 0. (5.13)
0 geg

For given € > 0, sine G is uniformly integrable, one can choose p > 0 such
that 2M fg|>p |g s)|mds < 5 for all g € G. For the fixed p > 0 above, there
exists § > 0 such that v < ¢§ implies that

t
p/uﬂmﬂ—ﬂﬂWSS
0

DO | ™

for all ¢ € [0,1]. Therefore if u < 0, for all g € G, t € [0, 1],

g:/}|mﬂﬂ—ﬂgm@m@+/'|mwﬂ—EAM®m%
gl>p

lg1<p

t
<onr [ 1g(s)luds +p / Toi s — Ty d||ds
0

lg|>p

<e. (5.14)

This proves (ii), hence the assertion.
Theorem 5.5 Assume that A has discrete spectrum with eigenvalues
0< A< A< A<--— +oo

and H-normalized eigenfunctions {e;}. Suppose that the Brownian motion
Wy admits the following representation:

W, = Z%ﬂi(t)eia (5.15)
i1

where B;(t),i > 1 are independent standard Brownian motions, and q;,i > 1
are non-negative real numbers satisfying Y .o, qi < 0o. Then {u,,n > 1}
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satisfies a large deviation principle on D([0,1] — H) ( equipped with the
topology of uniform convergence ) with a rate functional I given for k €
D([0,1] — H) by

I(k) = inf{lo(g);9 € D([0,1] — H) satisfying
) =Tio + [ Tiug/(s)ds): (5.16)

Proof.
Denote by P, : H — H the projection operator defined by

m
PmiL‘:Z <z e > €.
i=1

As {e;} C V, we have Rang(P,,) C V. For any integer m > 1, introduce
a mapping ¢"(-) from D([0,1] — H) into D([0,1] — H) as follows: for
g € D([0,1] — H) define ¢}"(g) as the soltuion of the following equation:

¢mm=x—éﬂwmmw+aw@. (5.17)

By Lemma 5.2 the mapping ¢™(-) is continuous. Let

L”—bt—i——Wt—i- //f w(ds, dx).

Then it is easy to see that Y, := ¢[*(L}') is the solution to the following
equation:

t
Y=g — /AY”mds+bmt+ — W+ //fm n(ds, dx), (5.18)
0

where [ (z) = P, f(z) = Y10, < f(x),e; > e;, W™ = P, W, and b™ = P,,b.
Let v, be the law of L"™. It was proved in [A2] that {v,,n > 1} satisfies a large
deviation principle with rate function Iy. Applying the contraction principle,
we see that {Y ™™} satisfies a large deviation principle on D([0,1] — H) with
a rate functional I, given by, for k € D([0,1] — H),

I,(k) = inf{ly(g9);9 € D(]0,1] — H) satisfying

k() = Tyr + /O T Pog(s)ds). (5.19)

According to the generalized contraction principle Theorem 4.2 in [DZ], the
theorem now follows from the following two lemmas.

Lemma 5.6 For any 6 > 0,

1
lim limsup —logP( sup |Y,"" — Y|z > 0) = —oc. (5.20)

m—0o0 p oo N 0<t<1
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Proof. Set X;"" = n(Y,"™ —Y;). Then it can be seen that

xrm = / AXTm s 4 / / F(x) = f(2)) No(ds, der)

(™ — )t + nz (W — W) (5.21)
For A > 0, set g(y) = (1 + Aly|%)2. As in Section 4, we know that M7 =
exp(g(X;"™) — ¢(0) — fot h(X™™)ds) is an Fi-local martingale, where
by) = n [ (caplyly+ I(2) = 1) = 9lw)] ~ 1= < g (0), £ (2) — ) >)v(d)
X
—- < Ay g'(y) > +n <™ —b,g'(y) >

+n Z ¢ < V@4 (y)+ 9" (y))es, e; > . (5.22)

i=m-+1
Furthermore (See Section 4), we have
h(y) < caxmn, (5.23)
where
Com = A/ exp(\?| ™ (@) = f(@)| ) (| ™ (@) = f(2)] ) v (de)
X
FAZ[ =Dl 20 D (5.24)
i=m-+1

We have

P(sup | X"y > r) = P(sup g(X;"™) > (1 + Mr?)2)

0<t<1 0<t<1

= P( sup (g(Xf’m)—g(O)—/Oth(Xf’m)ds—i-l—i-/0 h(X™)ds) > (14 Ar )%)

0<t<1

t
smwmmwm—am—/mmmmwu+qwzu+m%>
0

0<t<1

:mmmmmmww@—lh@ﬁ%@zu+Wﬁ—rwmm

0<t<1

< B[ sup Mf)exp(—(1+ Mr?)2 + 1+ CamN). (5.25)
0<t<1
This gives that

P(sup [Y"" =Y"[g > 0) = P(sup |[X;""[g > nd)

0<t<1 0<t<1
<exp(—(1+ )\(né)z)% + 1+ camn).
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Therefore,

1
lim sup —logP( sup |Y;"" = Y|y > 0)
n—oo T 0<t<1

1
< limsup —[—(1 + )\(né)Q)% + 1+ cymn]

n—oo N
< —A0 + exam- (5.26)

Note that by the dominated convergence theorem, for fixed A, lim,, oo cxm =
0. Taking m — oo in (5.26) we get that

1
lim limsup —logP( sup |Y,"" =Yy > 0) < —M\0.
n 0<t<1

m—00 n—oo

Let A — oo to get (5.20).

For g € D([0,1] — H), let ¢:(g),t > 0, be defined as in (5.5).
Lemma 5.7 For any r > 0,

lim  sup  sup |67 (f) — éu(f)] = 0. (5.27)

=00 { £ (f)<r} 0<t<1

Proof. For f € D([0,1] — H) with [(f) < oo, we note that

o (f) = / T, P f(s)ds = Py, / T, f (8)ds = Pudi(f),  (5.25)

where we have used the fact that A has a discrete spectrum to exchange P,
and Ts. Since by Lemma 5.3 L, := {f’; Io(f) < r} is uniformly integrable
on the probability space ([0, 1], B,m), it follows from Proposition 5.4 that
S ={o(f); L(f) < r} is relatively compact in C([0,1] — H). Therefore,
for any € > 0, there exist fi, fo,..., fn € {f;lo(f) < r} such that S C
Uns1 B(6(fk), £), where B((fi), 5) stands for the ball centered at ¢(fi) with
radius £ in C([0,1] — H). Since limy, . Supg<;<1 |07 (fr) — ¢:(fr)| = 0 for
every k, there exists my > 1 such that

€
sup |67 (fr) — oe(fr)] < 3 for all k< N,m > my. (5.29)
0<t<1

Fix any f with Io(f) < r. Then there is & < N such that ¢(f) € B(é(fx), 5)-
Hence, if m > my,

sup [67"(F) = (/)]

< s [0 (f) = Pudi(fi)l + sup [6"(fi) — 6u( /)]
+ sup [6:(fi) — &u(f)]

< 2 sup [&i(fi) = ()] + sup 67 (fr) = &l fi)]

2¢ ¢
< =4z = 5.30
3 + 3 g, ( )

which proves (5.27).
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