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Abstract. We consider a particle moving in R® accordingly to a jump Markov process
and interacting with an evolving random environment. The latter is represented by a sta-
tionary Glauber type dynamics in the continuum. Assuming a low activity-high temperature
regime for the Glauber dynamics and small coupling between particle and environment, we
obtain the large time asymptotics for the particle position distribution.
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§1. Introduction and main results.

In this paper we study the asymptotics for large time of the distribution of the position
of a tagged particle in R? interacting with other particles, described by a random Markov
point field in R%. For this field we assume that it is a stationary birth-and-death Markov
process, namely, the equilibrium Glauber type stochastic dynamics of a gas of particles,
which was studied in [8, 11].

The study of the asymptotic behavior of lattice random walks in random environments
is a quite well developed area of modern Mathematical Physics and stochastics. (See [3,4]
for the case of evolving environment. For the problem of fixed environment, which is much
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more studied, we refer to the recent review [15].) The main novelty of the present paper
consists in considering a continuous space random walk in interacting with an equilibrium
Markov process on a continuous configuration space.

Passing to precise definitions, we take as state space of the model R? x I', where R? is
the state space of the tagged particle, and I', the state space of the random environment,
is the space of all locally finite configurations of points in R¢.

The free random walk of the tagged particle is a jump Markov process in R? starting
from a given position o € R%. The intensity of the jumps from z to y is given by a
nonnegative function a(x — y) > 0, which we assume to be even, continuous, and fast
decreasing at infinity. The generator of the corresponding stochastic semigroup of the
process is a self-adjoint operator in Ly(R?) of the form

Lawf)@) = [ alw-nf@ - f@dy,  feL®). (LD

The Fourier transform of the function a,
a(\) = / a(u) ™Y du, A e RY, (1.2)
Rd

is an even real function, and satisfies the relation |a(\)| < a(0). Moreover
la(A)] < a(0) A#0, (1.3a)

and the Taylor expansions of a(\) in a neighborhood of A = 0 is of the form

A0 = a(0) 5 O ayhiy + O, (1.3b)

ij=1
where the matrix A = {a;;} is positive definite.

The free evolution of the random environment is a birth-and-death Markov process
with state space I'. The particles do not move, they only randomly appear and disappear
in R?. A particle configuration (a point of I') is denoted . The rates of the process (see
for more detail [2,11]) are

d(z,v) =1 for death of a particle at x € ~ (1.4a)
b(x,y) = 26 20er PV for binth of a particle at 2 € R%. (1.4b)

¢ is an even interaction potential between particles. The activity z and the inverse tem-
perature 3 are the parameters of the model.

The corresponding stationary Markov process {7; : t € R} with the rates (1.4a,b) was
constructed in [11, 12], where it was also shown that the stationary measures are Gibbsian
measures fig . generated by the formal Hamiltonian

H(y)= Y é(z—y)

T,y
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with parameters 3, z.
We now formulate general assumptions on the parameters (3, z and the potential ¢
which guarantee existence and uniqueness of the Gibbs measures fig_ .

1. Integrability.

cpB) = / 11— e P*Wdu < 400 for any 6 >0 (1.5a)
Rd

2. Positivity.
p(u) >0  wuecR? (1.5b)

3. Low activity-high temperature regime. We assume that z and ( are such that
e:=20(B) << 1, (1.5¢)

i.e., we assume that € is small enough.

The generator of the process {7} acting on Ly(T", 13,,) has the form

(LreF)(7) = Y (F(y\z) — F(7)) + 2 / ¢ 2 T (F(y ) — F(y))d (1.6)

d
rey R

The operator Lrg is defined on the set of the bounded local functions and under our
assumptions is an essentially self-adjoint operator in Lo(T', g ) (see details in [11]).

The interaction of the tagged particle with the random environment is given by a term
which modulates the intensity of the jumps of the particle in dependence of the field:

a(z —y) <1+/£Zp(x—u)) . (1.7)

uey

Here k is a constant which will be assumed to be small enough, and the function p(u) is
continuous, nonnegative, even, bounded and rapidly decreasing at infinity. Observe that
such interaction implies that the particle moves faster in regions with high concentration
of points of the environment. We set

po := max p(u) < oo, P1 ::/ p(u)du. (1.8)
u Rd

The first result to prove is an existence theorem.

Theorem 1.1. Under the assumptions above on the functions a(u), p(u), the constant
K, and (1.5,a,b,c) on ¢, B and z, for a.a. choices of the initial data (x¢,70), with respect
to the measure dxo X dug (7o), there is a Markov process {(X¢,v),t > 0} on the space
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R? x T' starting at (xo,70) . The generator of the corresponding stochastic semigroup S(t)
on H = La(R?) @ La(T', pg ) is

(LF)(z,7) = (Lrw @ I2)F)(z,7) + '{/Rd a(x —y) > plx—u)(F(y,7) — F(z,7)) dy

+ (([1 ® L) F)(x,7) (1.9)

where Iy and Iy are the identity operators in La(R?) and Lo(T, pg .) = La(T) respectively.

Theorem 1.1 is a particular case of a general problem of constructing processes for
a system consisting of a particle in interaction with an equilibrium field. The proof is
necessarily rather lengthy, and will be fully published in a separate paper. Here we give
only a sketch, which deals with a central point for the existence problem, that of obtaining
a convenient bound on the number of jumps of the particle.

Sketch of the proof. We will prove that the number of jumps in any finite time in-
terval is a.e. finite under some simplifying assumptions, namely that the function a(-), p(-),
defined in (1.1), 1.7), are finite range (without loss of generality we may assume that they
have the same range r > 0).

Let 75 : s € [0,T) be a trajectory of the environment, and {(Xo,0), (X1,%1),...} be a
trajectory of the random walk. It is easy to see that the positions Xg, X1, ... are a Markov
chain with transition probabilities P(X,, = 2| X1 = 2,_1) = a(0) " ta(x, — x,_1). The
jump time at position z € R? at time s € R has intensity

Mz, vs) = a(0) (1 +r Y pla- u)> .

UEYs

To prove that the random walk is well defined for a.a. trajectories of the environment we
need to prove that the number of jumps is finite in any fixed time interval [0, 7).

We do this by constructing a random walk with the same trajectories, and intensities
Ar(z), which depend on the set of births of the trajectory s, s € [0,7'), and are such that
Ar(z) > A, 7,) for all s € [0,T). We then prove that for any random walk trajectory
Z;io At (X;) = oo, which implies (see [5]) a finite number of jumps up to time 7T for the
process with rates Ap(z). The proof will follow by a simple coupling between the latter
process and the original one.

In fact, consider a pure birth process with intensity z > sup,, ., b(x, ) starting from
the initial configuration 9. Denoting the new process by 7, by a trivial coupling, which
should be such that the births of « are a subset of the births of 4, we have v(s) C 7(s),
almost-surely for any s € R.. As 75, C 7, for all s; < s9, we have, for all s € [0,T),
v(s) € A7 = v(0) U A, where 47 is a Poisson process with intensity z7'. Therefore

Az, 7(5)) < M, 3r) =a(0) " |1+ Y plz—u) | = Ar(z), (1.10a)

for all s € [0, 7). By a result of the paper [10] we have, a.s., the following bound
370 Bl, )] < oy () In(2 + [, (1.10)
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where B(z,r) is the ball with center z € R? and radius r > 0 and Cs,.(r) is a constant
independent of z. Therefore by (1.10a,b) we have

Ar(x) < a(0)™" (14 rpoCs, (r) In(2 + |))

As a(-) is finite range, |A7(X,)| < a(0)~! 4+ Cs,. In(2 + nr), so that Z;}io A HX;) = oo

The original random walk can be coupled to the random walk with intensities Az (x)
in such a way that the trajectories are the same and at each site of these trajectories the
original random walk leaves the site not earlier than the new random walk.

To do this, consider that for a fixed trajectory, the random walk can be determined
by assigning to each site x a Poisson process in [0, 00) which gives the jump times. For
the original random walk this is process 7, (s) with intensity A(x, ), depending on time,
and for the new one it is a process 77 (s) with constant intensity Ar(x). We now, for
each x in the given trajectory, couple the processes 7, (s) and w1 (s) in such a way that
the realizations of the first one are a subset of the realizations of the second one (which
is possible because A(z,vs) < Ar(x)). Then the original random walk leaves the starting
point zg not earlier than the new one, and the same clearly happens at all the subsequent
points of the trajectory. Hence the number of jumps of the original random walk is always
less than the number of jumps of the new one.

We introduce the normalized displacement u; = Xt\;{”o, and for any bounded region

G C R? with piecewise smooth boundary, we consider the probability

Pr (us € G|Xo = 0) = / djig.= () / I (ur) dP (X0, 711 X0, 70)

= /(S(t)CI)G)(x()a'YO)dH/@,z('YO)v (1'11)

where ¢ (u,y) = Ig(u), I is the indicator function of the region G, and P(X4,v:|Xo,Y0)
is the conditional distribution of the process (X¢,7;) at time ¢ under the condition that
the initial state is fixed. We want to study the limit of the probability (1.11) as t — oc.

Theorem 1.2. Under the conditions above, for k and e small enough the limit of the
probability (1.11) exists and is given by

lim Pr(u; € G| Xo = o) = —3(A7e8) ge (1.12a)

1 / .
(2m)2 v/ det A Ja

Here A = {aij} is a real symmetric positive definite matriz, with elements verifying the

following estimates
max |a;; — aij| < C'e, (1.12b)

’

where the matriz {a;;} is defined by (1.3b), C is an absolute positive constant and € is
given by (1.5¢).



In what follows we first consider the asymptotics for a more general quantity. Let ¢
be a bounded function on R%. Consider the average

E ()| Xo = 20) = [ (SE?) (w0, 70)dhss (20 (1.13)
r

where ®¥(u,vy) = ¢(u). We first prove that the limit of the quantity E(o(u:)|Xo = x0) as

t — oo exists for a sufficiently regular function ¢ and is given by

1

lim E (p(u)| Xo = 20) = e~z (47180 () de. (1.14)

1
f=o0 (27)2 v/ det A Jrd
From this result we then deduce the assertion of Theorem 1.2.

It would be of course interesting to consider as environment process some other Markov
processes on the configuration space, such as equilibrium Kawasaki dynamics in the con-
tinuum, see [12]. But the problem is that in order to apply the approach developed in
our paper one needs first of all a careful analysis of the spectral properties of the envi-
ronment process. The latter was done in [8] for the case of the Glauber type dynamics
in the continuum and this information is used in an essential way in the present paper.
Taking into consideration other types of equilibrium infinite particle processes will need,
as a preliminary step, an analogous spectral analysis of their generators.

§2. Preliminary constructions.

2.1. Decompositions according to the eigenspaces of the translation group.
We denote the translation operators in H by Vi, s € R%:
(Vsf) () = fla+ 5,9 +s), feM,seR?, (2.1)
where v+ s = {u+s: u € v} denotes, as usual, the space shift of 4. We have the canonical
isomorphism

T :H— HadA (2.2)

Rd
and the space Hy can be identified with the space Lo(I, p13,,), and T acts according to the
formula

(TD)x(v) = /R (w7 + 1) NV dy = dy(y), DeH. (2.3a)

Clearly, the action of the group V; on H, reduces to multiplication by e~**%) i.e.,
(TV®)a(7) = e "M D5(). (2.3b)

The inverse transformation 7! acts according to the formula

(T7'®,) (z,7) = @) /]Rd Dy (y — z)e D), (2.4)
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The operators L and S(t) commute with the translation group and are decomposed
by the decomposition of the space (2.2), i.e.,

L= / L\, S(t) = / S (1),
R Rd

where the operators Ly and Sy(¢) for A € R? act on Hy, i.e., in La(T, pg, .). Moreover the
operators {S\(t),t > 0} form a semigroup with generator L) given by

L80) = [ aw) (Ba(y + 0™ = Ba(3) du+ 3 (@13 {0) ~ Ba() +

yey

2 [ 7R M @ (U u)) - @2 (1))du +

< Sp(0) [ atw) (210 + e~ 23()) du = (La@2)(3). (25)

vey

2.2. Spectrum of the ”free” (unperturbed) generator.

In what follows we will deduce Theorem 1.2 by the analysis of the upper branch of
the spectrum of the full generator L. However for a better understanding of the picture of
such spectrum we first study the spectrum of the unperturbed generator (for k = 0)

LO=Lpw®©L+1,®Lgg (2.6)

where I, I are the identity operators in the spaces La(R%) and Lo(T, ug . ), respectively.
Let by us, Us be the unitary shift operators on Ly(R?) and Lo(T, ug,,), respectively:

(usf)(@) = flx+s),  (Us®)(y) = 2(v+5)

As it follows immediately from formula (1.1), by Fourier transform the operators Lz
and us go into multiplication operators, respectively, by the functions eg(\) := a(\) — a(0)
and e~ *(*%) acting on Ly(R%). Therefore the spectrum of Lz is the whole interval
[miny eg(A), 0].

The spectrum of Lrg in Lo (T, ug, ») (more precisely, its upper branch), was extensively
studied in the paper [8]. We briefly recall the results. The operator Lrg has the following
properties.

1. It has an eigenvector &y = 1 with eigenvalue 0. We denote by hy = {C®y} the
one-dimensional subspace spanned by ®q. It is clearly invariant with respect to Us.

2. It has a ”one-particle” subspace hi, i.e., a subspace invariant with respect to
Us and Lrp, on which such operators are both unitarily equivalent to the operators of
multiplication by the functions e=***) and m(\), acting on Ly(R%). The function m()\) is
a smooth real-valued function which has the form m(\) = —14/¢()), where max [/(\)| < 2e,
and € is the constant in (1.5¢).



3. In the orthogonal complement hy = (hg + h1)+ (also invariant with respect to Ul
and Lrg) the spectrum of Lrp admits for small € the estimate

spec Lrp|n, < —2+ 2e. (2.7)

From the description of the operators Lry and Lgg, it follows immediately that the
operator L(?) has the following properties.

i) It has an invariant subspace Ho = L2(R%)®@hg ~ Ly (R?), invariant also with respect
to the group Vi = us ® Uy, on which the operator L(®) acts as the multiplication operator
by ep(A) and the operator Vy acts as the multiplication operator by etXo8),

ii) It has an invariant subspace H; = Lo(R?)®h; ~ La(R% x RY) in which the operator
L) acts as multiplication by the function eg(A1) + m(X2), A1, A2 € R, and the operator
V, acts as multiplication by e!(*122:5),

iii) It has an invariant subspace Hy = L2(R%) ® hy, invariant both with respect to
L and V, in which the spectrum of L(®) admits the estimate (2.7).

Looking at equation (2.5) we see that the decomposition (2.2) reduces the operator
LO) a5 LO) = fLE\O)d)\, where

(L) () = / afu) ($(y +w)e' ) = p(y)) du+ D0\ {y}) — (7))

yeY

2 / &P e P (43 U fu)) — (7)) d

By the description above of the invariant subspaces Ho, H1, Ha of the operator L(®)
the following properties follow for the operators LE\O).

i’) It has an eigenvector (ID&O) = 1 with eigenvalue eg(\).

ii’) It has an invariant one-particle subspace Hiy x C Lo(T', p3,») in which Lg\o) is unitary
equivalent to the multiplication operator by the function ey »(z) = eg(z)+m(A—z), x € R?,
acting in the space Lo(RY).

iii’) It has an invariant subspace Ha x C Lo(T', 3,2), in which the spectrum of LE\O)

verifies the estimate (2.7).

From the picture drawn above it follows that, for A in some neighborhood Ojs of the

point A = 0, the operator Lg\o) has an eigenvector with eigenvalue eg()\), separated from
the remaining spectrum and located above it:

eo(A) > r(N) = maxe; x(x), max e y(x) < —1+ 2e.

When A ¢ Os the spectrum of LS\O) is uniformly separated from zero. We show below
that if x and € are small enough the picture is still valid for the perturbed operator L.

2.3. K-transform formulation.



We now go over to a representation for functions of Ly (T, 13,,) which is more conve-
nient for computation, and is known as K-transform (see, e.g., [1, 9] ).

We denote by I'y the collection of all finite subsets of R?, and by F(n) the collection
of its subsets with n points, n = 0,1,..., with F = (), so that Ty = U2 OF(") As a set
I‘(()n) is equivalent to the factorization

r{™ = [®R4)"/S,,

where (R)" = {(z1,... ,xn} : o # z; if & # j}, and S, is the permutation group over
{1,...,n}. The space of the finite configurations I'y is equipped with the natural topology
of a disjoint union of topological spaces, and the corresponding Borel o-algebra is denoted
B(T'y). We define the Lebesgue-Poisson measure on I'y as

dzy...dz,
dnzu, n={x,...,z,} €To.

n!
We say that the function ¥ on the space I'y has bounded support (or is ”finite”) if one
can find a bounded region A and an integer non-negative number N such that ¥(n) =0
unless n C A and |n| < N. We then consider a mapping (the so-called K-transform)
K : Cps(To) — Lao(T, pp.»), where Cps(Ip) is the set of the continuous bounded functions
with bounded support on I'y:

(K6)() = 3" 6(n) € Lo(T' 1g.2).

ncy

Here the notation 1 C v denotes the sum over the finite subsets n of the configuration ~.
Moreover it was proved (see [9]) that KerK = {0}, and that, if p(n) is the correlation
function of the measure pg . (with the condition p()) = 1)), then

(G Goon) i) = / (61 % G2)()p(n)dn

/F G1(m Unz) d2(n2 Uns)p(n)dn. (2.8)

(n1,m2,13)
n=n1UnaUng

The right side of equality (2.8) can be taken as a scalar product in Cys(I'g), and we denote
by H* the closure of Cys(I'g) with respect to such scalar product. The set of functions in
the image K(Cps(I'g)) turns out to be dense in Lo(T', g ). This implies the existence of
an extension of K to a canonical unitary transformation between the Hilbert spaces H*
and Lo(T, pug ) (see [9] for more detail).

Using the notation 1(v) = 1 for the function identically equal to 1, observe that (again
we refer to [9] for more detail)

(K11)() = 6,0 = W
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and therefore, for any ® € Lo(T', pg3,,)

/F B(1)dpp (1) = (B,1) oy ) = / (K1) (n)p(n)di. (2.9)

0

The operator Ly turns, under the K-transform, into the unitary equivalent of the
operator Ly = K~ 'L, K acting on functions of Cys(I'g) C H* as follows:

(E3w) ) = [ als)¥n+ s)e"ds = (0} (n) o)+
2 Z/ (vu{z}) H (e~ PE=V) _ 1) H e PPEW g4

7SN ven\y uey
/ (Zp (n\ {z} + 8)) '™ ds — (Zp (n\ {w})>
mZp / YU (n + 5)e'Mds — ka( )Zp(x)\ll(n) (2.10)

Here n + s, s € R%, denotes the shift of the configuration 7. The operator Ly, for any
A € RY, is the generator of a stochastic semigroup {Sy(t),t > 0}, with Sy (t) = K ~1S\(t)K
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§3. Basic lemmas and proof of Theorem 1.2.

Let § > 0 be such that the set O5 = {\ € R? : ¢y(\) > —4} is a connected neigh-
borhood of the origin. By conditions (1.3a,b), if ¢ is small enough, Qs does not contain
more than one critical point of the function eg(\) and supy¢e, €o(A) < —4. Clearly if such
properties of Oy hold for some value § = 6y > 0, they also hold for all values ¢ € (0, dp).

Lemma 3.1. Under the conditions listed above, if k is small enough, one can find a
positive number 61 so small that the following assertions hold:

i) for any X € Os, the space H* can be decomposed in a (non-orthogonal) sum of two
closed subspaces

H =HO +HY, (3.1)

where Hg\o) s a one-dimensional eigenspace of the operator Ly spanned by an eigenvector
of the form

B () = 6.0 + Xa(n), (3.2a)

with eigenvalue q(N), to be described below. Moreover the vector xx € H* is smooth in A
(or analytic) and such that for some constant C' and \ € Oy,

Ixallzes < C AP, xx(0) = 0. (3.2b)

2 the vector = 18 represented as a sum of vectors o an
i) If th O () =6, ¢ i d f FH and H(Y

vO — cpP + 0, 0 enlV (3.3a)

then c(\) is a smooth function (or analytic) which for small A can be represented in the
form c¢(\) =1+ O(|\|?), and the norm of \Tlgo) is uniformly bounded on Oy, :

1) < ¢, A€ Oy, (3.3b)

i11) The spectrum of the operator Lf\l) = j—’A’H“) on the space Hf\l) lies in the rectan-
A

gular region of the complex z-plane
R={z:Rez< —q, Imz| <1}

where o > 0 s a constant, which will be given below .
For z ¢ R the resolvent (Lg\l) — 2)7 1 is uniformly bounded, i.e.,

1LY - 271 < ¢, AeOs, z¢R, (3.4)

where C is a constant independent of A and z.
iv) The eigenvalue q(N), for A\ € Os,, is a smooth real function (or analytic) with
expansion

d
1 .
q()\) = —5 Z aij)\iAj + O(|)\’4), A E 051, (35&)

4,j=1
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where the matriz A = {a;;} is positive definite and for some absolute constant C' > 0

max |a;; — ai;j| < C'e, (3.5b)
i\]

the elements {a; ;} being defined by (1.3b). Moreover hg\o) s a real eigenvector.

The functions appearing on lemma 3.1 for which we write an alternative are either
smooth or analytic according to whether the operator Ly in (2.10) is smooth or analytic
in A (see [13,14]). It is easy to see that Ly inherits the properties of a(\).

For the proof of Lemma 3.1, see §4

Corollary 1. For A € Oy, the operators Sg\l)(t) = S’,\(t)]Hu) are contracting for t
A

large enough:
IS\ @l < Cem ], wen, (3.6)

where the positive constants C' and a > 5 are independent of \,t and V.
Proof of the Corollary. We use the resolvent representation of the semigroup

SWp):
» (1) 1 tz (1 () -
st (t)\I/——/Se (LA —zI) U d. (3.7)

2
Here I is the identity operator and the integral is along a contour & in the complex

plane which goes around the spectrum of the operator Lg\l). According to point iii) of the
preceding lemma, we choose the contour as the boundary of the larger rectangle

S = {Rez:—%,|1mz| <2}U{Rez< —%,]Imz| :2}.
It is easy to deduce the estimate

—1 ) o
/6275 (L(;) _zI> Vdz|| < C ||\If\|/Re e*|dz| < C||¥] (26—§t+2/ e_mda:)
S S .
< Cofe s,

for some positive constant C. This implies (3.6).

Lemma 3.2. For A ¢ Os, the spectrum of the operator Ly in H* lies inside the
rectangular region

R = {Rez< —a/,‘ImZ’ <ﬁl},

for some positive constants o', 3', and the resolvent (I:A — 2)7 Y is uniformly bounded for z
outside R.: R
H(L,\—zl)_lH <, (3.8)

where the constant C' does not depend on X ¢ O, and z ¢ R.
For the proof of Lemma 3.2, see §4
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Corollary 2. The operator Sy (t), for X ¢ Os, and t large enough , is contracting:
[ENOMErer ]} (3.9)
Proof. The proof follows from Lemma 3.2, in analogy with the proof of Corollary 1.

Proof of Theorem 1.2. The conditional average (1.13) may be written in the form

Blip(un) Yo = 20) = [ dig2) [ (SO0~ zo)e Oelan (3.10a)
R
where, denoting by ¢ the Fourier transform of ¢, we have set
(1) = (T9)a(7) = BN1L(), (3.10D)
where ®¥ is as in formula (1.13).

We go over to the space H} by applying the K-transform, and, by formula (2.9) the
integral on the right in (3.10a) can be written as

/ dn/ SA \Iﬂ’ (n — xo)e " MT0) )\ (3.11a)

E1®%) (n) = @(A)‘I’(O)( )- (3.11b)

Let wi,ws be two smooth nonnegative functions which provide a decompostion of
unity relative to the neighborhood of the origin Os, C R% mentioned in Lemma 3.1, i.e.,
such that wi(\) + wa(A) =1 and

1 )\605_1 0 )\605_1
mN=10 aeo, wN=V 0 o,
(51 61

The integral (3.11a) becomes

Jue g [ ($s0%) 1= wo)otndn
+ [ (e O )i / (552 ) (1~ o)l (3.12)

0

The first integral is over A € Oy, and we can use the expansion (3.3a) so that, as hg\o) is
an eigenvector of Sy (t) with eigenvalue e?™?* we find

(S22 ™) () = e h P () + (Sr ()T ) (). (3.13)
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By translation invariance of the Gibbs measure, by Corollary 1 and (3.3b), the contribution
of the second term in (3.13) can be estimated as

(G082 -] = || (508 ot | (S8, 9°)

0 =~ _ o
< || (¢ w&)r\ H\v || < Ce 51,

H*

where C' is an absolute constant. Therefore, setting g(\ = [ hx( n)dn, the first term
in (3.12) is equal to

/ w1 (A)e T G(\)e(N)g(N)edMte IR g) 4 O(e™2Y). (3.14)
Os,

Observe that, in force of (2.9) and (3.2a,b), we have g(0) = 1.

The second integral in (3.12), the one containing ws, is easily estimated with the help
of Corollary 2, and gives a term which falls off exponentially in time.

By applying to the integral (3.14) the standard methods of proof of the integral limit
theorem (see [6]), and using the expansion (3.5a) of ¢(\), we find that the limit as t — oo
of the first term in (3.12) has the form (1.14). This proves relation (1.14).

The proof of the theorem is obtained by choosing two smooth functions ¢, ¢_, which
approximate the indicator function I from above and from below. As one can choose such
function close enough to each other, the integrals (1.14) of such functions are as close as
we want, and we can conclude that the limit exists and is given by the integral on the right
of (1.12a).

84. Proof of Lemmas 3.1 and 3.2.

We introduce the auxiliary Banach space Ly, for M = max{4, ( B)} where C(3) is

defined by (1.5a), as the closure of the space Cps(I'g) with respect to the norm

(Glari= [ sup |l + DI U O 21+ 1GO)L (1)

nNE=0

Proposition 4.1. The space Ly; is an everywhere dense subset of H* and

|Gl <Gl G € Ly (4.2)

Proof. For the proof see [8].
If D) C H* is the domain of the operator f)A in ‘H*, the domain of ZALA in Ly is

YSA = {(; € Ly NDy 31;A(; € Z:A1} C L.
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As Cps(Iy) C Dy, the domain D, is everywhere dense in H*
We represent L), as the direct sum of two subspaces

Ly =LO 4 21 (4.3)

where £(©) := span{¥(?} is the one-dimensional span of the vector ¥ (n) = ¢, ¢ and
L2V = {WU € L : U(P) = 0}. The operator Ly is then represented as a matrix:

N Lll L12
b (i i) =

where L : £(0) — £O) 112 £>1  £0) etc. By the representation (2.10) we have

LU0 () = eg(\) T (1) (4.5a)

(LX) (0) = » /R U({u})du, We L, (4.5b)
21 [ mp(z)eo(N) (D), We L0 n={z}

(LX) () = { . GO 2 (4.5¢)

As for L3% we have (here || > 1!)
(L20) (1) = [ a) B+ 5)e'Cds ~ GOV ) ~ )+
; Z/ (uah [ (P —1) [] e P dit

vCn veEN\y u€y
ke Lgi>13 (0 [/ (Zp (n\ {=} + S)) e'®)ds — a(0) Y p(x)¥(n\ {z})| +
K ZE: p(z ( / T(n+ s)e'M)ds — a(())xp(n)> , (4.5d)

I} being the indicator function. For = {z} the third line disappears and the last line is

rp(x) (/ ()0 ({z} + s)e'™Vds — ()‘P({x}))- (4.5¢)

To prove Lemma 3.1, we need to find an eigenvector of Ly of the form hg\o) = 0O 4y,
with x () = 0. We shall prove that there is a unique function x € £, such that Q) +X
is an eigenvector of Ly. In fact, the eigenvalue equation, in analogy to what is done in [§],
leads to the following equation for y

o= —(L) LN + (L3O + L) (0)(L3) " xa (4.62)
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and the eigenvalue has the expression
g(\) = (Lilxlf@) + L%\ZX/\> (©). (4.6b)

To prove the existence of x we estimate the norms of the operators in equation (4.6a).
Lemma 4.2. For all A € Os,, € small enough, and k such that

C
K< —— (5) = (4.7)
a(0)(a(0) +1)(8poC(B) + 4p1)

we have
LA = leo (V)] (4.8a)
LX) < e (4.8b)

21 ~ ~ Po

HE 1 = wla) - )] (2 + Mpy) = Culeo() (4.50)
INLR2) I < Co (4.8d)
where ||| - ||| denotes the operator norm generated by the norm || - ||ar in the Banach space

Ly, and Cy,Cy are constants which do not depend on \ € Os, .
Proof. The proof is deferred to the Appendix.

We denote by Fx(x) the right side of (4.6a) and consider it as a map of £=! into itself,
Falx) : L2V — £21 By B, C £=! we denote the open ball of radius 7:

B, ={x¢€ £z lIx|lar <7}

In what follows é > 0 is a number so small that Os satisfies the properties required at the
beginning of §3.

Lemma 4.3 For all € and k small enough one can find 0 < 61 = 01(¢) < 6, and for
all X € Os, a ball B, C L2 of radius r, invariant with respect to the map Fy, and such
that for x1,x2 € B, the inequality

IFA0cn) = Falxa)llvr < e lixa = xallar, (4.9)

holds for some constant c € (0,1), independent of A € Oy, .
Proof. From the expression (4.6a) of F) and the estimates (4.7), (4.8a,b,c,d), one
can see that if » and A € O, verify the inequality

0102|60<)\)| + 02(|€0()\)| + E’I“) r<r
then the ball B, is mapped by F) into itself. Moreover if Cs (|eg(A)]| +2€ ) = ¢ < 1, then
the map F) is a contraction in B, with contraction constant c.

Lemma 4.3 is proved.
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By Lemma 4.3 there is a unique solution of Equation (4.6a) for € and x small enough.
As for the proof on Inequality (3.2b), it is not hard to find a constant C3 (say, C3 = 2C1C5)
and a value of ¢; such that both inequalities are satisfied for r = Csleg(A)| and for all
A € Og, . Therefore, by the expansion (1.3b), Lemma 4.3 implies the estimate (3.2b).

As the family of operators Ly on £, depends smoothly (analytically) on A, the family
of operators F) possesses the same property, and the same holds for their fixed points (see
13, 14]).

We now show that there is an invariant space Hg\l) under the transformation L, such
that the expansion (3.1) is valid. In fact the adjoint operator Lt =K ~1 L% K has the form

(£59) 0 = [ o+ w)e®du - a(0)¥(n) ~ o¥(n)+
z Z/ (vu{z}) H (e PeE—v) _ 1) H e PPE—W g4

vCn vEN\y uey

/ z(sx\)sz+s 'r]\{:p}—{—s S—Iﬂl ZP 77\{95})

TEN xen

f@/a(s)ei(s”\) Zp(:c + s)U(n + s)ds — ka(0 Zp (4.10)

TEN ren

Repeating for f)j almost the same considerations as for IALA, we see that it has an
eigenvector h3 of the form
ha(n) = 0y0 + XA (4.11)

and the function x5 € Ly has the same properties as x», in particular it is a smooth
(analytic) function of \. It is immediate that the space

H = (¥ e H*: (¥,h%) =0} (4.12)

is invariant with respect to L. Moreover for any vector ¥ € H* the vector

W X

U=y (4.13a)
0) 74y A
(13", h3)

belongs to Hg\l), so that we get the decomposition of ¥ as

(W, h3)

U =0+ cy (VR cu(N) = ——2
(", 13)

(4.13b)

Observe that by (3.2a), the estimate (3.2b), (4.11) and the analogues for h%, we have

(B, 5) =1+ (0 B0) + (0O 35) + (G, x5) = 1+ O(AP). (4.142)
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For A = 0, by (3.2a,b) and similar properties for h%, we have h§ = h(()o) = U 50 that
ey (0) =1. (4.14b)

Therefore the first assertion of Lemma 3.1 is proved.

For the second assertion, observe that (3.3a) follows from (4.13b) with ¢(A) = cg) (A),
and the stated property of ¢(A) from (4.11) and (4.14a). The estimate (3.3b) follows from
(4.11) and (4.13a) for ¥ = WO by using (4.13b) and (4.14a) for cy (\).

We pass to the proof of the third assertion. Let P>; be the projector in L£3; on the
subspace £Z!. For U € L, we set P>V := ¥, so that

U =Ty + Uy, UeLly, Uoell® o ezt

It is clear that |[|P>1]|] < 1. We set HS}W = Hg\l) N Lyr. Any vector ¥ € Hf\lgw can be
written as
(\1117 h;)

_ 0) ._ >1 S ) A
U=y, + C(\Ifl)qf = Uy + TPy, U, e L7, C(‘Ijl) = (\P(O),hi) .

(4.15)
We denote P>1 5 = P>1],,. By (4.15) it follows that the inverse of the operator P>y is
A

(Po1p) "= I+ T, PIl o £20 = H), (4.16a)

where I is the identity operator in £Z'. By (4.11), [(T© %) > 1 — [(TO x3)| >
1 — ||x3]laz, so that the following inequality holds

(@1, ) [0, O )]+ (1%l A llar

[T\ || = - .
(T, h) L —|Ix3llas

(4.16Db)

For the first term on the right in (4.16b), using, as in [8], the Ruelle bound p(n) < 2l it
is easy to check that if e = zC'(8) is small enough, we have

zZ
(0, 7)) < / 0 ()| My < W lar. (4.160)

In|>1

@1 (n)lp(n)dn <> %

[n|=n

By inequalities (4.16b,c), one can find §; > 0 such that |[|T}|]| < 1 for A € Os,.

Furthermore for any vector ¥ = ¥y + ¥, € HE\13\4 with Uy € £°, ¥, € £2!, we have, by
(4.15),

<IA/)\\I/>1 = Lil\yo +L§\2q]1 — (LilT)\ +L§\2) U, (4.17&)
so that
L/\|H§1>M = Lg\l) = P2_11,,\ (LX'Tx + L3?) P>y a- (4.17b)
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Therefore the resolvent is

A, M

-1
B 1
(LE\I) — &L, > = P2y (IX'Th + L3? = € p=1) Poin (4.18)

(Here I;>: and I H, are the unit operators in the corresponding spaces.) We write L32

as a sum, L3? = L?\Q © + L22 (1) (see (4.5d,e) ), where

(L32Ow) ) = ~(nl +a()w(m),  we L, (4.19)

22,(1 22,(0
1 _ L§\2_L>\()

and L) is the difference. One can write the resolvent as

-1 -1
(L3 + L2T) — €lp21) ! (Ipl + (L22 (0) 51,;;) <Li2’(1) + LilTA>) :
—1
: (Liz’“” . glﬁl) , (4.20a)

and, as a(0) > 0, it is clear that for any « € (0,1) we have

—1 1 —t— Ref>—a
(L2 = ele) < — o O T gy
min,, > [£ +n + a(0)] 1 Im &| > 1

Lemma 4.4. If{ ¢ R:={ € C' : Re{ < —3,[Im | < 1}, then for A € Os, and

and € small enough, the following inequality holds

-1
(232 = ere=) (220 + L3 NI < 1. (4.21)

Proof. The proof is deferred to the Appendix.

From Lemma 4.4, Inequality (4.20b), the inequality ]HPZ_11|H < 2, which follows from

(4.16a), and the inequality |||T3||] < 3, we find that, for £ ¢ R and A € Os,, the norm of
the resolvent is bounded:

—1
I (20 et )l < c (4.22)

We will also need the following assertion.
Proposition 4.4. Let A be a self-adjoint operator acting on the Hilbert space H, and
let L C 'H be a Banach space everywhere dense in H and with norm || - ||z such that

1Rl < [lhlle,  heL. (4.23)

19



Suppose furthermore that A acts on L as a bounded operator and that AL C L. Then A is
a bounded operator in H and | A|| < |||Al||, where ||A|| and |||Al|| are the operator norms
in H and L respectively.

Proof. For the proof see [7, 14].

If A is not self-adjoint, but A and A* act as bounded operators on £, making use of

the representation
A+ A" A-AF
g —"— 1

A —,
2 27
we see that, by inequality (4.23), we get
A< AN+ [[1A%]]]- (4.24)

Consider now the operator I:j‘\, given by equation (4.10), adjoint of the operator Ly
on H*, and its matrix representation, analogous to the representation (4.4)

LA:(L—il L—§\2 . (4.25)

Then the operator (Lf\l))* on the space Hf\lgw, adjoint to the operator Lf\l), has a repre-

sentation analogous to (4.17b):
<L§1)> = P21, (L—?TA + L_§2> Poi

The resolvent is then written as

-1\ * -1
(1) _ _ ( <1>)*_—
L I —( (L I
((A by, ) () o)
_ - _ —1
=P, (I + IE ~ 8= ) Poron

Making use of the explicit representation (4.10) of the operator L} and repeating the
preceding considerations, we can show that, uniformly for all A € O, and £ ¢ R, the norm

—1\ *
H|((L&”—§IH;9M) ) I (4.26)

is bounded. From (4.22) and (4.26) we get inequality (3.4).

Let us now prove the fourth assertion of Lemma 3.1. Observe that

a(\) = eo(N) + (L3%x») (0). (4.27)
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Relation (3.5b) then follows from the estimate (4.8b). Moreover the considerations above
show that ¢(\) depends smoothly (analytically) on J, is an even function, and its second
derivatives at the origin

Fa o _a
NN N0 T

)\:<)‘17"' 7)\1/)

differ by quantities of the order e from the derivatives % IA=0 = aij.
1OA;j
We now prove that ¢(\) is a real function. Let R be the reflection operator in H:

(R®)(x,v) = &(—=z, —), —y={z: -z e}

The operator R commutes with L, as it follows from definitions of §1, in particular
from the symmetry of the functions a(s),p(s). As for the shift operator Us we have

RU, =U_4R.
Therefore it is easy to see that the operators Ly and L_) are equal. On the other hand, as
it follows from (2.5), for any real function ® we have L_,® = L)®, so that Ly® = L)®.
The equality holds when we pass to the space H* as well, so that the eigenvector h) € H”,

and consequently its component xy € £Z! are real.
Lemma 3.1 is proved

Proof of Lemma 3.2.
We write the resolvent as

R -1 LM ¢ 12 -1
_ — A A —
(LA U) ( L3 L§2—§I)
10, L' —¢ 0 o0 LR
0 I£21 0 22 ,(0) f[ Lil Li2,(1)

A 0 -1
(Aog 22(0) §I) (4.28)

with I = I,>:. Furthermore we have

Ly —¢ 0 B e over: 0
(AO 220 g[) :< (B)g (L220) _ ¢yt ) (4.29a)

Lt —¢ 0 oLy
0 22(0) Y Lil Li&(l)

_ 0 ol LAH 3 (4.29b)
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Observe that, by inequality (A.1) in the Appendix, the estimate (4.8b) is valid for all .
Hence if £ ¢ R we have

1 € 2¢
— LY < — e < =
e = 1< femy=a <5
The estimate for ]|\(Li2’(0) — & I)~! L3Y]| follows from (A.2) in the Appendix and is also

independent of .
As for |||(Li2’(0) —¢0)t L§2’(1)||| observe that by inequality (A.5) in the Appendix,
which is also independent of A\, we find that

a(0) + 3
O e 2O < e o PO
N ) 1 Il + €1 a0) + D

From this it is easy to see that |||(L32 — & I)7!||| < C for € ¢ R and A ¢ Os,, where the
constant C' does not depend on £ and A.

By applying similar considerations to the estimate for the resolvent (I:j —¢I)~tand
using the estimate (4.24), we find that the norm ||(Ly — &£I)71| is bounded uniformly for
A¢ O and € ¢ R.

Lemma 3.2 is proved.
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APPENDIX

Proof of Lemma 4.2. By (4.5a), L1, for any )\, is a multiplication operator and
equality (4.8a) is satisfied. For the norm of the operator L1? we find, by (4.5b)

/ U (u)du

so that (4.8b) is also valid for all A. Moreover the representation (4.5¢) implies

IR < 2

<z / W () [Mdu < €| 9] ar, (A1)

ILX @[ = gleo(k)l(sgpp(x))l‘l’(@)l +rleo(M] [T(0)] /p(w)de

1
— cleaV (3supp(e)) + 1 [ pla)de) [w(0)
and, again for all \, if k satisfies the bound (4.7), as M = max{4; C’(ﬁ)_l}, we have

I1Z311 = wleaN)| (5 + Mp1) = Cileo(N). (A-2)

Let us now estimate the norm of the operator (L3%)~!. As in §4 we split L3? as a sum
of two terms, L3% = L?\Z(O) + L?\z’(l), with Liz’(o) given by (4.19). We then write

1 —1
(L§\2)—1 _ (LiQa(O) +Li2’(1)> (I-l- (L22 (0)) 1Li2a(1)>

O (a3
We now show that |||(Li2’(0))_1L?\2’(1) || < 1, so that (I+(Li2’(0))_1L?\2’(1))_1 is a bounded
operator, and therefore (L3?)~! is also bounded.

By (4.19) we have ((LiQ’(O))_l\I/)(n) = —(In| +a(0))~1¥(n) (|n| > 1), and therefore

(L3>~ (Ada)

<

LiQ ‘(1 ig the sum of several terms, of all terms in expression (4.5d) which are not included
in L22 (0, Starting with the first line of (4.5d), we have

||/ U(n+ s)e Z<“>ds||M<H\v||M/ $)ds = | ¥]|as a(0)

as it follows from the positivity of a(s) and translation invariance of the norm || - ||as
Therefore by (A.4a)

a(0)

22,(0)\ — i(\,s
1(L220) 1/a(s)\11(7]+8)e 9 ds|ar < Tra

][ ar- (A.4b)
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Passing to the last line of (4.5d), setting (AMW)(n) = Liag, D) we find

a(0)+nl
HA(l)\I;HM:/Sup (l)lnﬂ m1| + [m2] Z p(z) | [T (m Un)l ]\4|nz|d772
m \\3 |+ el +a(0) \ 2=,
1 [71] o]
<po [sup( (5] (ml+ 020 Un2)| | M dnz < pol|¥ar- (A.4c)
m

The other term arising from the last line of (4.5d) is estimated in a similar way:

+ 8)etMs)ds
\77!+a Zp / Vin+s)e

xren M
[71]
1 I | + [12] /
su T a(s) [W(m Uny + s)|ds | MI™ldn, <
/ p<<3) Im| + |nz| +a(0 ):LE%L:JnQp( ) | als) [¥lm Uz +5)] up
[71]
pO//S“P ( ) (Il =+ |m20) [® (e Unz + )| | MI"\a(s)ds d(nz + s)
< poi(0) |9 )
From the third line of (4.5d) we get the following estimate
5 P\ (b =
|77| + ) &
M

N N\ ] (el 2]
a(())/s}vllp((ﬁ) Im |+ [n2| + a@(0) %;Ump(x)w((munz)\{x}) M

1]
<o) [ suw ((g) Zp(x)l‘lf(nzu(n1\{fﬁ}))!> My, +

|771‘>0 xefrll

[71]
a(0) [ sup ((g) S pla) ¥ U 2\ {:c}>>|> Mg, <

m

[71]
a(o)gpollxllHM + a(O)/ (Z p(w)) sup ((%) 0 (1 U (12 \ {x}))l> M

m

= a(0) 3ol + a0 [ dx/sup<( >|m||‘1’(munz)|> M=
— 19l ) (50 + M1 ). (A te)

The other term on the same line is estimated in a similar way:

ﬁ [ats (Zp (n\ {} + s>> ¢/ ds

reN

B 2
< a(0) (gpo + Mp1> 1 || as -

(A.4f)

M
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Finally, for the terms of the second line of (4.5d) we find, using results from [§],

u{z —peE-v) _q e PPE-Wazll < CzC v
e o [ vauin I1 e I < €2 C() |l
vCn ven\y uey M
(A4g)
where C' is a constant.
The above estimates imply, for x satisying (4.7) and € small enough, that

H(LZZ,(O))—1L22,(1)\IJHM < (—?—(72) + 2/£p0&(0) + 2K (gpo + Mpl) &(0) +C 6) H‘I’HM
a(0) + 5
(0)+1

Therefore |||(L?%(©)=1122(M||| < 1, so that

a(0
< ol (A5)

IHEH I < Co, (A.6)

where the constant (5 does not depend on A.
This argument completes the proof of Lemma 4.2.

Proof of Lemma 4.4. By repeating the same arguments as in the proof of the
preceding lemma we get that for Re & > —%, if € and k are small enough, then

22,(0) -1 22,(1)
H(LA —¢r) L3

4+ 1
< S
T3

Furthermore, using the estimate (A.1) for |L3'|| and the estimate for the norm ||T} ||

given by (4.16¢), and the fact that ||(L} L0 _¢ DY < ﬁi(o) for Re { > —1, for &
2

and e small enough, we get the proof of Lemma 4.4.
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