Convexity properties of harmonic measures
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Abstract
It is shown that any convex combination of harmonic measures u!*, ..., uUk,
where Uy, ..., Uy are relatively compact open neighborhoods of a given point

r € R% d > 2, can be approximated by a sequence (u/"),ex of harmonic
measures such that each W,, is an open neighborhood of z in Uy U --- U Uy.

This answers a question raised in connection with Jensen measures. More-
over, it implies that, for every Green domain X containing x, the extremal
representing measures for x with respect to the convex cone of potentials on X
(these measures are obtained by balayage of the Dirac measure at x on Borel
subsets of X') are dense in the compact convex set of all representing measures.

This is achieved approximating balayage on open sets by balayage on
unions of balls which are pairwise disjoint and very small with respect to
their mutual distances and then reducing the size of these balls in a suitable
manner.

These results, which are presented simultaneously for the classical poten-
tial theory and for the theory of Riesz potentials, can be sharpened if the com-
plements or the boundaries of the open sets have a capacity doubling property.
The methods developed for this purpose (continuous balayage on increasing
families of compact sets, approximation using scattered sets with small capac-
ity) finally lead to answers even in a very general potential-theoretic setting
covering a wide class of second order partial differential operators (uniformly
elliptic or in divergence form, or sums of squares of vector fields satisfying
Hormander’s condition, for example, sub-Laplacians on stratified Lie alge-
bras).
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1 Introduction and main results

The original motivation for this paper is the following problem on harmonic measures
in classical potential theory.
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Question 1. Can every convex combination of harmonic measures %', ... uU*,
where Uy, . .., Uy, are relatively compact open neighborhoods of a given point z € R¢,
d > 2, be approximated by a sequence (u!"),cx of harmonic measures such that
each W, is an open neighborhood of x in U; U ---U U7

Here approximation is understood in the sense of weak convergence of measures,
that is, pointwise convergence on continuous functions with compact support. In
a slightly less demanding form (where the sets W), are not required to be contained
in the union of the sets Uy, ..., U) this problem has been raised in [32, p.229] and
[14, p. 32| as being essential for the understanding of Jensen measures.

We consider only dimensions d > 2, since the answer would of course be negative
on the real line. For every z € R? and r > 0, let

Ulx,r) ={ye R ly—x| <r} and B(z,r):={yeR%: |y—z <r}.
It may help to illustrate Question 1 by a simple example. Let d =2, U = U(0, 1),
V=U(0,R), R>1,and A € (0,1). Given n € N, let

t
Cp = {(cost,sint): = < — <
2m

3 |~.

+ Y, 0<j<n} and W, :=V\C(C,,

where, by continuity, we may choose 7, € (0,1/n) in such a way that uy "(C,) = A
and hence py " (0V) =1 — X (see Figure 1). Since p, " is obviously invariant under
rotations by the angle 27 /n, we then obtain that

lim g™ = Mg + (1= Mg -

n—oo

Figure 1. A simple example

Let us note that, by the minimum principle, v, < A/n. Moreover, due to the
recurrence in the plane, =, is very small if R is very large. In fact, for every R > 1,
lim,, . 17y, = 0 (cf. Proposition 8.1).

But how can we approximate A\uY + (1 — X)) if 2 € U \ {0}? How to proceed
inR3, ifz=0,U=0U(0,1),and V =U(0,R), R > 1?

A problem which is closely related to Question 1 can be formulated in terms
of representing measures. Let X be an open set in R¢ such that R?\ X is non-
polar, if d = 2. Let (X)) denote the linear space of all continuous real functions
on X with compact support, let M (X) be the set of all (positive) Radon measures
on X, and let P(X) denote the set of all continuous real potentials on X. Given
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r e X, let M, (P(X)) denote the set of all representing measures p for z, that is,
of all measures u € M(X) such that u(p) < p(z) for every p € P(X). In terms
of Brownian motion (X;), starting at = and killed upon leaving X, u € M, (P(X))
if and only if there is a stopping time 7" such that pu is the distribution of X (see
16, 19, 17]).

The extreme points of the convex set M, (P(X)) have been identified almost
forty years ago [31]:

(1.1) (M.(P(X))), = {e: A Borel in X}.

In other words, the extreme points of M, (P (X)) are the measures 7', A Borel in X,
obtained by reducing (with respect to X) the Dirac measure ¢, at z on A. Viewed
probabilistically, 2 is the distribution of the process, starting at z, at the first entry
time Dy := inf{t > 0: X, € A} (for the analytic definition of €2 see Section 2).
We note that, for every open subset U of X containing , the measure €/° is the
harmonic measure uY.

The convex set M, (P(X)) is compact and metrizable with respect to the topol-
ogy of weak convergence (see, for example, [6, p. 336]). We recall that, by definition,
a sequence (u,) in M(X) converges weakly to p € M(X) if lim,, o pun(f) = p(f)
for every f € K(X).

The following question is certainly very natural. It remained without any answer
even after knowing (1.1).

Question 2. Is the set (M,(P(X))), of extreme points dense in M, (P(X))?

Since the set H,(X) of harmonic measures eV°, U relatively compact open in X,
x € U, is dense in (M,(P(X))),_ (see Lemma 2.3), the Krein-Milman theorem
implies that M, (P (X)) is the closed convex hull of H,(X). Therefore a positive
answer to Question 1 immediately yields a positive answer to Question 2.

Our basic idea consists in approximating balayage on arbitrary sets by balayage
on finite families of balls which are very small with respect to their mutual distances
and then reducing the size of these balls in a suitable way. This approach works as
well for the theory of Riesz potentials related to the fractional Laplacian —(—A)*/2
on R% 0 < o« < 2 Ad. Therefore we shall also cover the case of Riesz potentials
from the very beginning. We recall that classical potential theory of the Laplacian
is the limiting case o = 2. The reader, who is interested in the classical case only,
may neglect this generality and will hardly notice any difference in the presentation
except for the additional discussion of the “Poisson kernel” for a ball with respect
to Riesz potentials (which has a density with respect to Lebesgue measure on the
complement of the ball). So we shall deal simultaneously with the following two
situations (for a more general potential-theoretic setting see Section 10):

e Classical case: a = 2, X is a non-empty open set in R? d > 2, such that
R?\ X is non-polar, if d = 2.

e Riesz potentials: a < 2, X is a non-empty open set in R%, d > 1, d > «a.



Given Y C XY := X\Y will always denote the complement of Y with respect to X.
Let B(X) denote the o-algebra of all Borel sets in X and let M(P(X)) be the set of
all v € M(X) such that v(p) < oo for some strictly positive p € P(X). Obviously,
every finite measure on X and hence every v € M(X) with compact support is
contained in M(P(X)). For all v € M(P(X)) and A € B(X), let v* denote the
measure obtained reducing v on A with respect to X. It can be defined by

v = /af dv(x).

Let ke N, k> 2, and

A= {\ € 0,1)": Z)\j =1}

J=1

The following main results (Theorem 1.1, Corollaries 1.2 and 1.4) immediately yield
positive answers to both Question 1 and Question 2.

THEOREM 1.1. Letv € M(P(X)), Ay,..., Ay € B(X), and X\ € Ay. Further, let
Ap be a Borel subset of AN+ -NAy and let (V},) be a sequence of open neighborhoods
of (AyU---UAg) \ A in X. Then there exist finite unions C,, of pairwise disjoint
closed balls in V,,, n € N, such that

k
lim p©Y40 — E )\jI/Aj .

n—0o0
J=1

In the classical case we have the following consequence (see Figure 2).

COROLLARY 1.2. Let a = 2 (classical case), let U,V be open sets in X, and
suppose that v € M(P(X)) is supported by U N V. Then, for every A € (0,1),

there exist finite unions C,, of pairwise disjoint closed balls in a (1/n)-neighborhood
of QUNV)YU @V NU) inUUV such that

(1.2) lim (VYN — AU (1 = AV

n—0o0

Figure 2. Approximation in the classical case



REMARK 1.3. [If, in addition, the sets OU NV and OV NU have a weak capacity
doubling property (see Section 9), then we may choose compact sets C,, in the union
of OUNV and OV NU such that (1.2) holds (see Figure 3 and Corollary 9.7).

A related notion of reqularity, the capacity density condition, has been widely
investigated and used in various situations [1, 2, 3, 35, 12, 18, 30, 29]. It is easily
verified that the capacity doubling property is weaker (see Proposition 14.2). In fact,
a result in [30] implies that it is much weaker than the capacity density condition:
there exists a Cantor set K which is not thin at any of its points such that no point
of K satisfies the capacity density condition, whereas K has the capacity doubling
property at every point in K (see Proposition 14.3).

Figure 3. Approximation using the weak capacity doubling property
It is known that, for any measure v € M(P(X)), the set
M, (P(X)) :={n € M(P(X)): u(p) < v(p) for every p € P(X)}

of representing measures for v is a metrizable compact convex set and that the set
(/\/l,,(P(X)))e of its extreme points consists of all reduced measures v4, A € B(X)
(see [31] or [6, VI.12.4]).

COROLLARY 1.4. For every v € M(P(X)), the set (M,(P(X))), of extreme
points is dense in M, (P(X)).

REMARK 1.5. Let us note that Corollary 1.4 has the following consequence re-
lated to Skorokhod stopping (see [33, 16, 19, 17, 5]). Let v be a probability measure
on X and let (X;) be Brownian motion or an a-stable process on X with initial dis-
tribution v. Then, for every measure pn € M, (P(X)), there exists a sequence (T,)
of hitting times at relatively compact open subsets U, of X such that the distribu-
tions P)”(Tn converge weakly to p as n — oo.

In fact, Theorem 1.1 implies a more general statement on representing measures.
Given a set W in X which is open or, more generally, is finely open and Borel, let
S(W) denote the set of all continuous functions on X which are P(X)-bounded
(that is, bounded in modulus by some p € P(X)) and (finely) superharmonic on W.
Of course, P(X) C S(W). Let v € M(P(X)) such that v is supported by W and
v(p) < oo for every p € P(X). Let M, (S(W)) denote the set of all up € M(P(X))
such that u(s) < v(s) for every s € S(W). If W = X, then S(X) = P(X) and
therefore M, (S(X)) = M, (P(X)).



Ifv =¢,,x € X,itis known by [6, VIL.9.5] that the extreme points of M, (S(W))
are the measures ¢4, where A € B(X) contains W¢ (as customary, we write M,
instead of M., ). In fact, this holds for any v € M(P(X)) such that v(p) < oo for
every p € P(X). Then the set of extreme points of M, (S(W)) consists of all v4,
A € B(X), We C A (see Section 13, where, in addition, various characterizations
of measures in M, (S(W)) are given). So we obtain the following consequence of
Theorem 1.1.

COROLLARY 1.6. Let W be a finely open Borel set in X and let v € M(P(X))
such that v(p) < oo for everyp € P(X). Then (M, (S(W))), is dense in M, (S(W)).

An important tool for the proof of Theorem 1.1 will be the use of families of
compact sets which are very small with respect to their mutual distances. Given
¢ > 1, we shall say that a family (K;);c; of pairwise disjoint compact sets in X
is a c-Harnack family in X provided that, for each ¢ € I and all compact sets A
in the union of (J,,; K.

4 < cs‘; for all z,y € K.

For every closed ball B with center z and radius r and every v € [0,1], let
B? denote the downsized ball with center x and radius yr. For every ¢ > 1, there
exists a € (0,1) such that, for every family (B;);c; of pairwise disjoint closed balls
in X, the family (B{);es is a c-Harnack family (see Proposition 3.3).

The key to Theorem 1.1 is the following result on simultaneous dilations of closed
balls which may be of independent interest.

THEOREM 1.7. Let § > 0 and let Ly, ..., Ly be pairwise disjoint sets such that
LiU--- ULy is the union of a (1 4 0)-Harnack family of closed balls By, ..., By,
n X.

Then, for every A € Ay and every measure v € M(P(X)) which does not charge
the centers of By, ..., By, there exist v1,...,vm € [0,1] such that the union C of
the downsized balls B}, ..., BI™ satisfies

I/C(B (1+9)” Z Aj VLJ for every 1 <i < m.

Theorem 1.7 will be applied using balayage relative to an open subset W of X
and the fact that balayage on Borel sets can be approximated by balayage on (1+0)-
Harnack families of balls (see Proposition 5.2).

To establish the result stated in Remark 1.3, that is, to obtain an approximation
using compact sets C), contained in the boundaries of the open sets U, V', we can no
longer use balls. We have to enlarge our toolkit to deal with arbitrary compact sets
instead of balls.

In Section 7, we shall see that, for any compact set K in X not containing atoms
of the measure v, there is an increasing family (K*)o<i<1 of compact sets in K such
that v, 0 < ¢ < 1, varies continuously from 0 to v (Proposition 7.1). This will



allow us to obtain an analogue of Theorem 1.7, dealing with downsizing of disjoint
balls, for arbitrary Harnack families.

Assuming a capacity doubling property of the relevant part of the boundaries
and proving a Faraday cage result, we obtain the necessary approximation of the
balayage on U¢ and V¢ using Harnack families contained in OU NV and 0V N U,
respectively (Sections 8 and 9).

The methods developed in these three sections are general enough to be ap-
plied to harmonic spaces (Section 12). This will cover second order elliptic partial
differential operators of the form

d

52 P p i 5 M P d 9
Zaijmjugbia—%jtc or ;a—%(zaija—%+di)+;bia—%+c>

ij=1 i=1

and even degenerate operators Z;Zl Xj2 + Y, where the vector fields Xy,..., X,
satisfy Hormander’s condition of hypoellipticity (see Examples 10.1). Additional
ingredients are intrinsic metrics on harmonic spaces related to Green functions (Sec-
tion 10) and corresponding scaling invariant Harnack’s inequalities obtained using
Moser’s trick (Section 11).

In the last Section, we discuss the relation between the capacity density condi-
tion, which has been studied extensively in the literature, and the weak capacity
doubling property we use in Section 9.

2 Some facts on reduced measures

In this section, we collect some basic facts we shall need. To begin with, let us recall
the analytic definition of reduced measures (see [6, Chapter VI| for further details).
For every open set U in X, let ST(U) denote the set of all superharmonic functions

v >0onU. Given v € M(P(X)) and A € B(X), let v* denote the measure
obtained reducing v on A with respect to X, that is, for every v € ST (X),

vA(v) = /vduA = /Rfdl/,

where R/ is the infimum of all functions in S*(X) majorizing v on A.

We stress that in [6] such a reduced measure is denoted by U4, whereas there
v denotes the swept measure defined by v4(v) = [ }A%f dv, v € ST(X), using the
regularized function x — RA(z) := liminf, ., RA(y).

If A is open, then R4 € S*(X) for every v € ST(X). Of course, v (v) < v(v).
Moreover,

(2.1) v = /5;‘ dv(z) = v|a + (V]|ac)?

and v* is supported by the closure of A. Further, by [6, VI.1.7],

(2.2) Ry 1 Ry,
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whenever Aq, As, ... are subsets of X such that A, T A.
Let P,(X) denote the set of all ¢ € P(X) such that v(q) < occ.

LEMMA 2.1. Forallv € M(P(X)) and 01,09, ...,05 € M,(P(X)) the following
holds. If lim,, .o, 0,y = 0o, then lim,_ .o 0,(p) = 0 (p) for every p € P,(X). Con-
versely, there exists a sequence (qy,) in P,(X) such that lim, ., 0, = 04 provided
limy, o0 00 (@) = Too(qm) for every m € N.

Proof. Let p € P,(X). There exists a strictly positive ¢ € P,(X) such that p/q
vanishes at infinity (see [6, p. 321]). Let ¢ > 0 and f := (p—eq)™. Then f € K1 (X)
and f <p < f+eq. So, for every n € N U {oo},

on(f) < onp) < on(f) +€0nlq) < onlf) +ev(q)

and therefore |0, (p) — 000 (p)| < ev(q).
The converse follows from the separability of (X ) and a standard approximation
result (see [6, 1.1.3]). O

A potential p € P(X) is called strict provided that p = v, whenever p, v € M(X)
such that p(p) = v(p) < oo and p(q) < v(q) for every ¢ € P(X). For every
v € M(P(X)), there exists a strict p € P,(X) (see [6, p. 321]). The following result
on convergence of reduced measures will be very useful.

LEMMA 2.2. Let v € M(P(X)) and let A, Ay, As, ... € B(X) such that

lim pAn04( A4 (p) = v4(p)

n—oo

p) = lim v

for some strict p € P,(X). Then lim,_. vi» = v4 .

Proof. Of course, lim,, o, v4"(p) = v(p), since v4"4(p) < v (p) < vA=Y4(p) for
every n € N. Since M, (P (X)) is a metrizable compact set, we may assume without
loss of generality that the sequences (v4""4), (v4), and (v47Y4) are convergent. Let

p:= lim v o= lim v, 7:= lim v

n—~0o0 n—oo n—oo

AnUA

By our assumption and Lemma 2.1,
p(p) = o(p) = 7(p) = v*(p) < v(p) < 00
Let ¢ € P(X), m € N, and ¢, := ¢ A (mp). Then v(g,,) < mv(p) < oo,
v (gn) < v gn) SV gn), v gn) < v (gm) < v (am).
Hence, by Lemma 2.1,
p(an) SV (am) < 7(@m)  and  plgm) < 0(gn) < 7(gm).
Letting m tend to infinity, we obtain that

plq) <vi(q) <7(g) and p(q) <olq) < 7(q).

Thus p = 0 = 7 = 14, since p is strict. O



LEMMA 2.3. For allv € M(P(X)) and A € B(X), there exists a sequence (K,)
of compact sets in A and a sequence (V,,) of open neighborhoods of A in X such that

(2.3) lim %" = lim v"» = 4,
In particular, for allz € X and A € B(X), there exists a sequence (U,) of relatively
compact open neighborhoods of x in X such that
(2.4) lim eUn = &2,
Proof. The first part follows immediately from [6, VI.1.9].

So let x € X and A € B(X). By (2.3), it suffices to consider the case, where A
is compact. Let (W,,) be an increasing sequence of relatively compact open neigh-

borhoods of z in X such that UnEN W, = X and let U, := W, \ A, n € N. Let
q € P(X). For every n € N,

R} < RUn = RYWi < R} + R}

where lim,, RZV " = 0, since the greatest harmonic minorant of ¢ is 0. Evaluating
at z, we hence see that lim,_.. 5" (q) = £4(q). So (2.4) holds. O

LEMMA 2.4. Let A, A, B € B(X) such that A C A, and let ¢ € P(X). Then
AUB AUB A A
0< RV — R <R —R;.

Proof. By Lemma 2.3, it suffices to show that, for all open sets U,U,V and all
compact sets K, K,Lin X suchthat K CcUCU, KCKcU,and LCV,

(2.5) w:= RV + RV — REVL _ RE >,

If © € K, then w(z) = Rguv(x) + q(z) — q(z) — Rf(x) > 0. If z € L, then
w(z) = q(z) + R (x) — q(x) — RX(x) > 0. Sow > 0 on K UL. By [6, VI.2.6],
the function w is superharmonic on X \ (K U L) and lower semicontinuous on X.
Therefore w > 0 on X by the minimum principle. O

Ifve M(P(X)), z € X, and r > 0 such that B(x,r) C X, then vV®") = pB@r)
(see [6, pp. 276,277]) and hence, by Lemma 2.4, for every A € B(X),

(26) VAUU(x,T’) _ VAUB(x,T’).
LEMMA 2.5. Let v € M(P(X)) and A, B € B(X). Then
.1 P = () = By g (AP )P

Moreover, (v1)B(X) < vB(X).



Proof. Let p := vAYB. By Lemma 2.3, there exists a sequence (V) of open neigh-
borhoods of B such that lim,, ., ' = v® and lim,,_.,, p"" = pP. Let ¢ € P(X).
Trivially,

R{ < Rge? <Ry (neN).

Integrating with respect to v we obtain that, for every n € N,

P(q) < p(By") < v (q),
where p(R)") = p"(q). Letting n tend to oo, we hence see that v7(q) = p”(
which together with (2.1) proves (2.7).

To prove that (¥4)B(X) < vP(X) we may assume that B is relatively compact
(see (2.2)). Then we may suppose that all sets V,, are contained in a compact
neighborhood K of B. For every n € N, (v")P(X) = v4(RP) < vA(R/") <
v(RY") = v"*(X). Since the measures v'* are supported by K, we finally conclude
that (v1)B(X) < vB(X). O

q)

In particular, formula (2.7) on iterated reduction of measures will be used again
and again. In the classical case and for v = ¢,, A, B closed, and x € (AU B)°,
it is equivalent to the following property of the Perron-Wiener-Brelot solution to
the generalized Dirichlet problem for the open sets U := B® and V := (AU B)".
If ¢ is a continuous P(X)-bounded function on the boundary oU, then the PWB-
solution h for U and ¢ coincides on V' with the PWB-solution for V' and the boundary
function 1, where ¢ = ¢ on JU NIV and ¢ = h on UNOV (see [4, Theorem 6.3.6]).

Let us also note that the strong Markov property of the corresponding process
and a consideration of the entry times involved immediately would yield a proba-
bilistic proof of (2.7).

3 Harnack families of closed balls
We recall the following definition from the Introduction. Given ¢ > 1, a family

(K;)ier of pairwise disjoint compact sets in X is a c-Harnack family in X provided
that, for each ¢ € I and all compact sets A in U#i K;,

(3.1) e < ca‘; for all z,y € K.

For later use of (3.1), let us observe the following.

LEMMA 3.1. Let A,B € B(X) and ¢ > 1 such that e} < ce;} for all x,y € B.
Then, for all measures o, T which are supported by B,

(3.2) o(B)r* < er(B)o?.

Proof. Fixing y € B and integrating the inequality ¢4 < ca with respect to 7,
we obtain that 74 < ¢7(B)e;. Integrating next with respect to o, (3.2) follows. O

The following result is useful for the discussion of examples.
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LEMMA 3.2. Let ¢ > 1 and let (K;);er be a family of compact sets in X such that
there exist pairwise disjoint open neighborhoods V; of K;, i € I, which are relatively
compact in X and satisfy

C

(3.3) et < csg‘fc for all x,y € K;.
Then (K;)er is a c-Harnack family in X.

Proof. Let i € I and let A be a closed subset of | J i+ Ij. Defining o, := evi we know
by (2.7) that
(3.4) et =gt

T

(l’ € Kz)
Obviously, (3.1) follows from (3.3) and (3.4). O

We recall that, for every a € [0, 1] and every closed ball B in R? having center z
and radius r, we denote by B® the ball obtained by scaling of B with the factor a,
that is,

B :=xp+a(B — xp).

PROPOSITION 3.3. Let ¢ > 1 and a € (0,1) such that (1+a)* 2 < ¢(1—a)¥t2.
Let V be the interior of a closed ball B contained in X. Then ¥ < cs?‘jc for
all x,y € B°.

In particular, for every family (B;)icr of pairwise disjoint closed balls in X, the
downsized balls BY, i € I, form a c-Harnack family in X .

170

Proof. In the classical case o = 2, the harmonic measure £/ has the Poisson density
py (2) =15 20 =[x —ap)le — 217! (2 €0B)

with respect to normalized surface measure on 0B. For Riesz potentials (the case
0 < a < 2), e’ has a density pY with respect to Lebesgue measure on B¢ (see
[6, p. 192 and VI.2.9]). More precisely, there exists ¢, > 0 such that

(rh — |z — p*)*

—d c
— € B°).
(|2 — 25| — 1)/ |z — z (2 )

py(2) = ca

If a € (0,1) and z,y € B%, then in both cases

(3.5) pY (2) - 1 1+ a)? _ (14 a)i2 oy
| e S M- (l-a)f  (1—a@s =
and hence V" < CE;/C. An application of Lemma 3.2 finishes the proof. O
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4 Simultaneous dilation of disjoint balls

Let A be a union of disjoint closed balls By, ..., B,, in X and let us suppose that
v is a measure in M(P(X)) which does not charge the set
My :=A{zp,,...,x5,}
of the centers of the balls By, ..., B,,. Moreover, we define
A =B'U---U B t=(t1,...,tm) € [0,1]™
LEMMA 4.1. The mapping t — vt is continuous on [0, 1]™.
Proof. Let p € P,(X) be strict. By (2.3), (2.2), and (2.6),

At (N Tivn 1, Ay — Vi A
(4.1) v (p) = limv™ (p) = lim v (p).

Since A, U Ay = Ay and Ay N A; = Agpy, an application of Lemma 2.2 yields that
lim,_,, v4 = 4, O

LEMMA 4.2. Let vy, ...,%m € [0,00) and
D= {te[0,1]™: vY(B) <, 1<i<m}.

Then there exists s € I' such that s >t for everyt € I'. Moreover, v4:(B;) = v; for
every i € {1,...,m} such that s; < 1.

Proof. Let us note first that v (B;) = vA(B}") for every t € I' and for every
1 < i < m, since v is supported by the subset A; of A.

0. Of course, (0,...,0) € I, since v(M4) = 0.

1. If t,t €T, then t Vt € I'. Indeed, let us fix 1 < i < m. We may assume
without loss of generality that ¢; > #;. Since A, C A,;, we conclude by (2.7) that

At (B = v (B < v (BE) < .

By Lemma 4.1, for every f € K(X), the mapping ¢t — v4¢(f) is continuous. Since
the closed balls By, ..., B,, are disjoint, we obtain that the mapping

t— (VAt(Bl)a T VAt(Bm))

is continuous on [0, 1)™. Therefore I is closed.
2. Combining the previous two parts of the proof, we see that

s:= (supty,...,supt,,) €I
tel teT

Of course, s >t for every t € I

To finish the proof, let us consider i € {1,...,m} such that s; < 1 and suppose
that v4:(B;) < 7;. Let us define § := (s1,...,8i_1,b,8i41,...,5n), where s; < b < 1.
By continuity, we may choose b in such a way that v45(B;) < 7;. Since A, C Aj,
we obtain by (2.7) that v*5(B}?) < v (B;’) < ~; for every j € {1,...,m}, j # i.
Thus s €', s <s, b=35; <s;, a contradiction. O
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Let us note the following simple consequence.

PROPOSITION 4.3. Let (y,...,Bn be arbitrary numbers in [0,1]. Then there
exist s, ..., Sm € [0, 1] such that the union C of the scaled balls By, ..., BS™ satisfies

vY(B;) = B (By) for every 1 < i < m.

Proof. Tt suffices to take v; := B;v4(B;), 1 < i < m, and to choose s = (s1,...,5,)
in [0,1]™ according to Lemma 4.2. Then v%(B;) < BivA(B;) for all 1 < i < m.

Furthermore, equality holds whenever s; < 1. If, however, i € {1,...,m} such that
s; = 1, then v9(B;) > vA(B;) by (2.7) whence as well v%(B;) > BivA(B;) (and
B; = 1 unless v4(B;) = 0). O

Here is the key to Theorem 1.1 (cf. Theorem 1.7).

THEOREM 4.4. Let 6 > 0 and let Ly, ..., Ly be pairwise disjoint sets such that
Ly U---U Ly is the union of a (1 + 0)-Harnack family of closed balls By, ..., By
in X such that v € M(P(X)) does not charge the centers of By, ..., B,,. Moreover,
let \€ Ay, and By, ..., Bm €0, (1+6)71].

Then there exist sy, ..., Sm € [0,1] such that C := By* U---U B™ satisfies

k
(4.2) vY(B;) = f3; Z v (By) for every 1 < i < m.
j=1

Proof. Since the measures v’ are supported by L;, the sum on the right side of (4.2)

reduces to the term \;v%i (B;) if B; C L;. For every 1 < j < k, let I; denote the set
of all 1 <¢ < m such that B; C L;. Of course, Iy, ..., I} is a partition of {1,...,m}.
By Lemma 4.2, there exists s € [0,1]™ such that C':= Bj* U--- U B;» satisfies

(4.3) v (By) < B\ (By) forallie I;, 1<j <k,

with equality whenever s; < 1. We claim that we have

(4.4) v (By) > M\t (By), ifs;=1,i€l;, 1<j<k,

and this will clearly finish the proof, since 3; < 1 (in fact, it shows even that s; cannot
be equal to 1 for i € I;, unless \;p™i(B;) = 0).

Indeed, let us suppose, for example, that s, = 1 for some n € I; and let [] :=
I\ {n}. Then B := B,, = B, that is, B is a subset of C, and we get by (2.7) that

(4.5) VB = I/C\B + (I/C\C\B)B,
where
k
(4.6) lews =Y 1 s+ ) 1 s
iel] J=2 i€l;
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Since 3; < (1+46)7%, (4.3), (3.1), and Lemma 3.1 imply that
(VC|BZ.)B S (1 + 5)ﬁi)\1(VL1|Bi)B S )\1(1/L1|Bi)B for all 7 € I{

Similarly, (v%|p,)? < X;j(v|5,)P for all i € [}, 2 < j < k. Taking sums we see that

> )" <M Lp)?  and ) (0

iel] i€l

Bi)B < )\j(VLj|Lj)B

for every 2 < j < k. Therefore, by (4.5) and (4.6),

(4.7) v2(B) < v9(B) + M ag) P (B) + ) N(5]L,)P(B),

=2
where (v%i],)?(B) < v”(B) by Lemma 2.5. Hence
)\1VB(B> S I/C(B> -+ Al(VLl‘Ll\B)B(B).

By (2.7), v® = vP|p + (v |1\5)B. Thus \iv™(B) < v9(B) and the proof is
finished. O

5 Approximation by balayage on small balls

Balayage on open sets can be approximated by balayage on subsets consisting of
finitely many balls having radii which are arbitrarily small with respect to their
mutual distances (see Proposition 5.2). Since this does not seem to be widely known,
we include a complete proof.

Let a € (0,1/2) (for example, a = 107", P being the largest known prime
number) and let Z denote the union of all closed balls B(z,a), z € Z¢. For every
n € N, let Z(n) be the union of all B(z,a), 2 € Z4N B(0,n — 1) (see Figure 4), and
let v,, denote the equilibrium potential of Z(n) with respect to U(0,n), that is,

v, = 1inf{v € ST (U(0,n)): v > 1 on Z(n)}.

We extend each v, by 0 on R¢.

.......
e

e
e
.........

Figure 4. The set Z(6)
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LEMMA 5.1. The sequence (vy,) is locally uniformly increasing to 1.

Proof. Each v, is superharmonic on U(0,n), and the sequence (v,) is increasing.
Therefore v := sup,,cy vy, is superharmonic on R?. Of course, v =1 on Z.

If d = 2, we conclude immediately that v is identically 1 and that hence (v,)
converges locally uniformly to 1.

So let us consider the case d > 3. We claim first that v attains a minimum
on RY. Indeed, let T denote the translation by some y € Z? with |y| = 1. Then
Ups1 > vy, 0T and v,4q 0o T > v,. Therefore v o T = v. So there exists x € [0, 1]d
such that v(x) < v on RY. Thus v is constant, v = 1 on R O

PROPOSITION 5.2. Let U, W be open sets in X, U C W, 29 € R¢, a € (0,1/2).
For every n € N, let A, denote the (finite) union of all balls B(z,a/n) such that
z € (1/n)(xo + 72%) and B(z,1/n) C UN B(0,n). Then, for every q € P(X),

(5.1) lim RO = RUOY

n—o0

Proof. 1t suffices to consider a strictly positive ¢ € P(X). Let K be a compact set
in U and 0 < ¢ < 1. We intend to show that

(5.2) ROV > (1 — e)REI,

if n is sufficiently large. Since ¢ is continuous and strictly positive, there exists
r € (0,1) such that r < dist(K,R¢\ U) and, for every x € K, q > (1 — &/2)q(z)
on B(z,r). By Lemma 5.1, there exists ng € N, ng > v/d, such that K C B(0, n)
and

(5.3) Upy > 1 — % on [—1,1]%

Now let x € K and n € N such that ng < nr/2. Then B(z,r) C B(0,n), since
r € K C B(0,ng) and ng + 7 < n. There exists a point & € xy + Z% such that
nx — I € [—1,1]%. We define
| | - .
U:==(2+U(0,ng), Z:==(&+Z(no)), v:=inf{oeS"(U):v>1onZ}.

n n

By translation and scaling invariance, (5.3) implies that
- € 1, d
(5.4) 0>1-— 5 on the set —(z + [—1, 1]9)
n

containing the point 2. Moreover, |(1/n)# — x| < Vd/n < r/2 and ng/n < r/2.
Therefore U € B(zx,r) and hence Z C B(x,7) N Ay, since & + Z¢ = 2y 4+ Z% and
B(x,r) Cc UNB(0,n). Defining ¢ := (1—¢/2)q(x) and knowing that ¢ > con B(z, 1),
we conclude that

R;‘” > ch”mB(m’r) >cR?>ctv onU.

In particular, by (5.4),

R (z) > ci(x) > c(1 — %) > (1 - e)g(a).
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Since, of course, R?”UWC =q> (1 —¢)qg on W we arrive at the inequality
A UWe Kuwe
(5.5) Ry > (1-¢)R, .

If (/) is a sequence of compact sets which is increasing to U, then RFW* 7 RUUW
by (2.2). Thus (5.1) follows, since trivially RVVW® > R{»OW*. O

COROLLARY 5.3. Let Uy, ..., Uy be open sets in W, v € M(P(X)), q € P,(X),
and 6 > 0.

Then there exist compact sets L; in U;, 1 < j < k, such that Ly,..., Ly are
pairwise disjoint, L1 U --- U Ly is the union of a (1 + d)-Harnack family of closed

balls By, ..., By, of radius r < 6 in W, the measure v does not charge the centers
of By,...,B,,, and
(5.6) }I/LjUWc(q) — VUfUWC(q)‘ < 0.

Proof. Taking ¢ := 1+ §, we choose a € (0,1) according to Proposition 3.3. More-
over, we fix 7y € R such that v does not charge any of the sets (1/m)zo + Q¢
m € N, and define .
;= w0+ (%,0,...,0), 1<j<k

Let M € N and, for every 1 < j < k, let L; be the (disjoint) union of all balls
B(z,a/(3kM)), z € (1/M)(x; + Z%), such that B(z,1/(3kM)) C U;. By Proposi-
tion 5.2, the inequalities (5.6) will hold and r := a/(3kM) will be at most ¢ provided
that M is sufficiently large.

By definition, the sets L4, ..., L; are pairwise disjoint. By Proposition 3.3, the
set Ly U---U Ly is the union of a (1 4 §)-Harnack family of closed balls By, ..., B,
in W. The measure v does not charge the centers of By,..., B,,, since they are
contained in the set (1/M)xq + Q. O

6 Approximation of convex combinations
of reduced measures

To prove Theorem 1.1 we shall first settle a special case.

THEOREM 6.1. Let W be an open set in X, let Uy,..., Uy be open sets in W,
ve M(P(X)), and X € Ax. Then there exist finite unions C,, n € N, of pairwise
disjoint closed balls in Uy U --- U Uy such that

n—~o0

k
. CLUWe __ L U;uWe
lim v = E % .
J=1

Proof. Let Q be a finite subset of P,(X) and n € (0,1]. By Lemma 2.1, it suffices
to construct a finite union C' of pairwise disjoint closed balls in Uy U - - - U U}, such
that, for every q € Q,

k
(6.1) [ (q) - Z A ()] <
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(having chosen (g,,) according to Lemma 2.1, then, for every n € N, we may consider
Q={aq,...,q} and n=1/n).

1. Let p denote the sum of all ¢ € Q. By Lemma 2.3, we may assume without
loss of generality that U := U; U - - - U Uy, is relatively compact in W and that p > 1
on U. Let ¢ := (6v(p) + 1)~'n. There exists 0 < § <  such that

(6.2) la(y) — q(2)| <&, whenever ¢ € Qandy,2 €U, |y—z| <.

By Corollary 5.3, there exist compact sets L; in U;, 1 < j < k, such that Ly, ..., Ly
are pairwise disjoint, Ly U---U Ly is the union of a (1 + §)-Harnack family of closed
balls By, ..., B, of radius r < ¢ in W, the measure v does not charge the centers
of By,...,B,,, and

B () = 5 )] <

Hence, for all g € Q and 1 < j <k,
(6.3) 0< VUjUWC(q> _ VLjUWC(q) < VUjUWC(p) _ VLjUWC(p) < 6.
Let
k
A=LU---UL, and pu:= Z)\jVLfUWC.

=1

Obviously,
k k
p(p) =Y A" (p) < Nwlp) = v(p).
=1 j=1

We intend to apply Theorem 4.4 to W in place of X. To that end we have to
consider measures V¥ obtained by reducing the measure v on E C W with respect
to W. By [6, V1.2.9]) and (2.1), "o = vFYW*|y, for every subset E of W. So, by
Theorem 4.4, there exist sq,..., S, € [0,1] such that the union C' of the scaled balls
By', ..., Bim C A satisfies

(6.4) vOYU(B) = (1 +0) " u(B;) for every 1 <1i < m.
2. We now fix ¢ € Q and consider ¢ := ", q(xp,)1p,. By (6.4),
) v (g) = (1+6) " (o).
By (6.2), |¢ — 1aq| < ely < ep. Therefore
) [ () = v (1ag)|
) (@) = n(lag)l < epn(p) < v(p)e.
Combining (6.5), (6.6) and (6.7), we see that
[ (1ag) = p(1ag)| < [ (Lag) — (14 6) " u(1ag)| + 0p(1aq) < 3v(p)e.
In fact, since v““"* and p do not charge W \ A, we have shown that

(6.8) v (lwg) — p(lwg)| < 3v(p)e.

(6.5

&?I/CUWC(

(6.
(6.

IA

6 p) < v(p)e,
7
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3. It may be surprising that (6.8), which merely indicates that z““"*

approximation for ¢ on W, also implies that v““"*
We claim that

is a good
approximates u as well on X\ V.

(6.9) p =1 e — plwe >0, and  p(p) < 3v(p)d.

Kuwe

Indeed, for every compact subset K of W, vW* = v we+ (Y)W by (2.7).

Therefore

we _ VCUWC|WC + (VC'UWC W)WC-

plwe + (ulw)"" = v

Defining o := u|y and 7 := v°“"|;;; we hence see that
p=0c"" -7V,

Let B € {By,...,By}. By (6.4), 7(B) = (1+6)"'o(B). By (3.1), " < (1+5)EZV
for all z,y € B. Hence, by Lemma 3.1,

(1BT)WC S (1BU)WC S (1 + 5)2(1BT)WC S (1 + 35)(1BT)W

Taking the sum we obtain that 0 < p < 367", where 7" (p) < " (p) < u(p) <
v(p). Thus (6.9) holds and

(6.10) [V (Lweq) — n(lweq)| = plg) < p(p) < 3v(p)d.

4. Combining (6.8) and (6.10),
CUWC Z >\ L UW < 61/( )

Together with (6.3), this estimate finally yields
I Z)\ VIV (g)| < 6v(p)e + 6 <,

that is, (6.1) holds. O
As a consequence we now obtain our main theorem (see Theorem 1.1).

COROLLARY 6.2. Let v € M(P(X)), let Ay,...,Ax € B(X), and A € A4.
Moreover, let Ay be a Borel subset of Ay N ---N Ay and let (V,,) be a sequence of
open neighborhoods of (A1 U ---U Ag) \ Ag in X. Then there exist finite unions C,,
of pairwise disjoint closed balls in V,,, n € N, such that

k
lim p“nY4 = E A

n—oo
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Proof. Again, let n € (0,1], Q be a finite subset of P,(X), and let p denote the sum
of all ¢ € Q. Moreover, let V' be an open neighborhood of (A4; U --- U Ag) \ Ay.
By Lemma 2.3, there exists a closed set F'in Ay such that

(6.11) v (p) — v (p) <
and there exist open neighborhoods U; of A; \ Ay in V' \ F such that
(6.12) Wilp) —viVe(p) < (1< <k).

By Lemma 2.4 and (6.11), for every E € B(X), v4YE(p) — vFYE(p) < n. Since
trivially v4oYF(q) —vFYE(q) > 0 for every q € Q, we hence obtain that, for all ¢ € Q
and F € B(X),

(6.13) 0 < v Y (q) — vIVE(q) < n.
In particular, for all ¢ € Q and 1 < j <k,
0 < v(q) — v (g) < .
Similarly, by Lemma 2.4 and (6.12), for all ¢ € Q and 1 < j < k,
0 < vFi(q) — MO (g) <
and hence
(6.14) v (q) = v ()] <.

Applying Theorem 6.1 with W := F° (and using Lemma 2.1), we obtain a finite
union C' of pairwise disjoint closed balls in U; U - - - U U}, such that, for every q € Q,

(6.15) v (g Z AP (g

In particular, C'is contained in V' \ F. Let us now fix ¢ € Q. By (6.13),

‘VCUAO( CUF(

q) — v (q)] <n.

So we conclude, by (6.14) and (6.15), that
(6.16) yC40 (¢ Z N (q)| < 3.

As before the proof is finished by Lemma 2.1. O

To obtain Corollary 1.2 from Corollary 6.2, we take k = 2, Ay := (U U V),
Ay = Ay U (OU NV), and Ay := Ay U (OV N U). Indeed, then v = U by
Lemma 2.5, since A; C U¢ and vY" is supported by the subset OU of A;. Similarly,
vA2 = V. Moreover, (4, U Ay)\ Ag = (AU NV)U (OV NU). Finally, having taken
C,, according to Corollary 6.2, it suffices to observe that C,, U Ag = (UUV)\ Cy)°.
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7 Continuous growth of balayage on compact sets

In this section we shall see that the choice of balls in the dilation result is not as
essential as it might seem. All we really needed was that, starting with a finite
union A of closed balls By, ..., B,, which are pairwise disjoint, there is an increasing
family (A;)iejoaym of compact sets such that, for the given measure v € M(P(X)),

We intend to prove that this can be achieved for finite unions A of arbitrary
compact sets K1, ..., K,, which are pairwise disjoint. The proof will show that such
a result holds in the general context of balayage spaces provided points are polar.

PROPOSITION 7.1. Let K be a compact set in X such that v € M(P(X)) does
not charge points in K. Then there exist compact sets K' in K, 0 <t < 1, such
that K' = K and the following holds:

(i) The family (K")o<i<1 is increasing and right continuous, that is, K* C K*
if s <t, and each K*, t € [0, 1), is the intersection of all K*, s > t.
(i) The mapping t — v%" is continuous on [0,1] and v%° = 0.

Proof. Let p € P(X) be a strict potential such that v(p) <1 (see [6, p. 321]).
1. Firstly, we intend to show the following. Given any two compact sets L°
and L' in K with LY C L!, there exists a compact set L such that L° ¢ L C L' and

(7.1) vh(p) = %VLO(p) + %V“(p) =: 7.

To that end we shall recursively construct an increasing sequence (L%) and a de-
creasing sequence (L) of compact sets in L' such that L° ¢ L% c Ll c L' and

(7.2) vi(p) <y <vin(p) <vip)+27Y, =12,

Defining LY := L% and L} := L', (7.2) trivially holds for n = 1, since v(p) < 1.
Suppose that n € N and that compact sets LY, L! satisfying L C L) C K and
vl (p) < 4 < vhn(p) have been constructed.

Let us consider y € L.. Since points are polar and v({y}) = 0, we know that
v} = 0. So, by Lemma 2.3, there exists r, > 0 such that

(7.3) yBumINL (p) < 277,

There exist y1, ..., ym € L,, such that L, is covered by the sets A; := B(y;,r,,)NL,,
1 <7 <m. We define

Then LY = Cy c Cy C --- C Cp, = LL. Since v(LY) < v < v(L}) and, for every
0<k<m,

v (p) < v (p) < vk (p) + v (p) < v (p) + 27"
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by ([6, VI.9.3]), there exists [ € {0,1,...,m} such that
v (p) <y < VO (p) < v (p) + 27

The induction step is finished defining LY, := C; and L}, | := Cjy1.

By (7.2), the set L := (., L. has the desired properties.

2. We now begin our construction of the family (K*)o<;<; taking L° := ) and
L' := K. By part one, we obtain a compact set LY? such that L/? ¢ K and
vE (p) = (1/2)v%(p). Continuing in an obvious way, we obtain compact sets L*
in K,seD:={k27":neN, k=0,1,2,...,2"}, such that L* C L if s < 3, and
v (p) = s - vE(p) for all s € D. We finish the construction defining K'! := K and

K':= () L ((0<t<l).

seD,s>t

Then (K")op<t<1 is an increasing and right continuous family of compact sets and

(7.4) v (p) =t -5 (p) forall 0 <t < 1.
In particular, ¢t — v%'(p) is continuous on [0, 1]. Thus, by Lemma 2.2, the mapping
t +— K" is continuous on [0, 1]. O

COROLLARY 7.2. Let v and (K')o<i<1 be as in Proposition 7.1. If, in addition,
v(U) > 0 for every non-empty open subset U of K€, then, for every pn € M(P(X))
not charging K, the mapping t — p'' is continuous on [0,1].

Proof. Let us fix p € M(P(X)) not charging K and let p € P(X) be strict such
that (v + p)(p) < 1. Let us fix 0 <t < 1 and let s, 5, € [0, 1] such that s, | t and
$n 1t. Of course, e (p) < Efft(p) < el (p) for all n € N and y € K¢. We define

L Ksn_ Kgn
hy = RE™ — RK™.

Then h, > 0, h,, is harmonic on K¢ (see [6, V1.2.6]), and v(h,) = vX™(p) — v5™"(p).
The sequence (h,,) is decreasing to a harmonic function 2 > 0 on K¢ (see [6, 111.3.1])
satisfying v(h) = 0. Therefore h = 0 on K°¢. This implies that, for every y € K¢,
lim,_; e (p) = 55t(p), whence lim,_; u*(p) = p*(p), since p is supported by K¢.

So, by Lemma 2.2, lim,_, u** = p%". O

Now let Ky, Ko, ..., K,, be disjoint compact subsets of X such that v does not
charge points of K U---UK,,. Foreachi € {1,..., m}, we choose an increasing right
continuous family (K%)o<; <1 of compact sets in K; such that K} = K;, v57 = 0,
and t; — v is continuous on [0, 1].

As we did earlier with finite unions of balls, we then define
(7.5) A=K UK U---UKM™ t=(ty,...,t,) €10,1]™

The continuity of t — vt will be an easy consequence of the following general result.
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LEMMA 7.3. Let (B")o<i<1 be an increasing family in B(X) such that the mapping
t — 18" is continuous on [0,1]. Then, for every B € B(X), the mapping t — v5'VB
is continuous on [0, 1].

Proof. Let us fix ¢ € P,(X). By Lemma 2.1, the function ¢ — v (g) is continuous
on [0,1] and we only have to show that the function t — v5'“B(q) is continuous
as well. So let t € [0,1] and 5,5 € [0,1] such that § < ¢t < s. Then trivially
VBB () < vB'VB(g) < vP°VUB(q). By Lemma 2.4,

VP g) = PP (g) < v (a) = v (a),

where the right side converges to 0 as s — 5 — 0. Thus lim,_, % Y8 (¢) = v5"VB(q).

O

q)

PROPOSITION 7.4. The mapping t — vt is continuous on [0, 1]™.

Proof. Let ¢ € P,(X). By Lemma 7.3, the function ¢: t — v4(q) is separately
continuous on [0, 1]™. Moreover, ¢ is obviously increasing. Therefore ¢ is continuous
on [0, 1]™. O

Proceeding almost word by word as in Section 4 we now obtain the following.

THEOREM 7.5. Let 6 > 0 and let Ly, ..., Ly be pairwise disjoint sets such that
L := L U...Ly is the union of a (1+9)-Harnack family of compact sets K, ..., K,
in X and v € M(P(X)) does not charge points in L. Moreover, let By, ..., Bm €
[0,(1+6)7'] and X € Ag. Then there exists a compact subset K of L such that

k
VI (K;) = s Z A\vh (K) for every 1 < i < m.
=1

8 A Faraday cage result

The following result is inspired by the proof of [13, Théoreme 1]. It immediately
yields an alternative proof for Proposition 5.2, a proof which shows that a similar
approximation by balayage on disjoint compact pieces which are small with respect
to their mutual distances can be established under very general assumptions on the
potential theoretic setting.

Moreover, it will allow us to strengthen Corollary 1.2 provided the boundaries
of the open sets U and V have the weak capacity doubling property (see Section 9).

PROPOSITION 8.1. Let K be a compact set in X and let q be a continuous
potential on X which is harmonic outside K. Moreover, lete,n € (0,1), and M > 1.
Then there exists po > 0 such that, for every 0 < p < pg, the following holds:

If xq,...,xy € K such that the balls B(x;, p/M) are pairwise disjoint, the set K
is covered by the balls B(x;, p), and A € B(X) (see Figure 5) such that

(8.1) cap (AN B(z;, Mp)) > n cap(K N B(z;, p)) for every 1 <i < N,

then
A
R} > (1—-¢)q.
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“A A

Figure 5. Illustration of (8.1)

Proof. We may assume without loss of generality that ¢ > 1 on a compact neigh-
borhood L of K in X. Let u denote the Riesz measure for ¢, that is,

G" =q,

where G denotes the Green function for X. Let § := ¢/4 and let a € (0, 1) such that
(14+a)™2 < (1+6)(1 —a)? 2. We define

(8.2) c:=((1+ a_l)Mz)d and [ := 77_05

There exists 0 < py < dist(K, L¢)/M such that
GlB@eh < 3 for every z € K

(cf. [11, Proposition 7.1]).

Let us fix 0 < p < py and consider A € B(X) and x1,...,xy € K such that the
assumptions of the Proposition are satisfied.

There exist measures u;, 1 <7 < N, such that Zf\il ;i = i and each measure p;
is supported by B(z;,p), 1 <i < N. Then certainly

(8.3) G <p for every 1 < i < N.
Let J denote the set of all 1 <7 < N such that u; # 0 and let ¢ € J. By (8.3),

cap(K N B(x;,p)) > %
Hence (8.1) implies that
cap(A N B(z;, Mp)) > 77“ng

So there exists a compact set L; in AN B(x;, Mp) such that

77“/%”
28

Let v; denote the equilibrium measure for L;, that is, the Riesz measure for f?fl,
and

(8.4) cap(L;) >

N
cap(Ls) " = [
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Then, by (8.4),

i el il 26
8.5 G" = G < < —.
(8:5) cap(L;) “cap(L;)) 7
By Proposition 3.3, for all z,y € B(x;, Mp) and z ¢ V; :== B(x;, Mp/a),

G(z,2) = ey (G(-,2)) < (1+ 8)ey (G(-,2)) = (1 + 8)G(y, 2).

Since ||f;|| = ||i]] and the measures fi;, u; are supported by B(x;, Mp), we conclude
that, outside B(x;, Mp/a),

G < (146)G" and G < (1+6)G.

Defining
Ji:={j € J: B(xj,Mp/a) N B(x;, Mp) # 0}

we hence know that, for every j € J\ J; and for all z € B(z;, Mp),
(8.6) GM(z) < (1+6)G" (x) and GM(x) < (1+0)GM (x).

It is easily verified that B(zj, p/M) C B(z;, (1 +a~)Mp) for every j € J;. Since
the balls B(z1,p/M),...,B(xy,p/M) are disjoint by assumption, the sum of the
volumes of the balls B(z;, p/M), j € J;, is certainly bounded by the volume of the
ball B(x;, (1 4+ a~')Mp). Therefore J; has less than ¢ elements (see (8.2)).

Let us define
= 0.

jeJ
Of course, u=3_,; ;- So, by (8.5), (8.3), and (8.6), the inequalities
) 23
(8.7) Gt < (1+0)GH+ r ¢ < (1+20)q,
(8.8) G' < (146)G" + Be < (14 6)GH + 6G*

hold on each B(x;, Mp), i € J, and hence on X, by the minimum principle. By
definition, [ is supported by a compact set in A. So, by (8.7) and the domination
principle,

R} > (1+26)7'G".

Since

1+
by (8.8) and (1—24)/(1+26) > 1—46 > 1—¢, we finally see that RS > (1—¢)g. O

—
o)

G" > q = (1-20)q
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9 Approximation using a capacity doubling
property

Given v € (0,1) and an open set U in X, let us say that a set A is a vy-ball set
in U, if A is compact and if there exist pairwise disjoint closed balls By, ..., B,
contained in U such that A C By U---U B}. We know that, for every § > 0, there
exists 7 > 0 such that every v-ball set is the union of a (1 + J§)-Harnack family
(see Proposition 3.3).

We recall that the base b(A) of a subset A of X is the set of all points x € X
such that J%pA(x) = p(x) for every p € P(X). It is a Gs-set, the fine closure of A
is AUb(A), and the set A\ b(A) is polar whence b(A \ b(A)) = (). Moreover, the
mapping b: A — b(A) is additive (see [6, Section VI| for details). Therefore

b(A) = b(A N b(A)) Ub(A\ b(A)) = b(A N b(A)).

This shows that b(A) is the fine closure of A N b(A) and hence, assuming that
A € B(X), VW = pAA) for every v € M(P(X)). In particular, if v does not
charge the (polar) set A\ b(A), then

(9.1) A = A
since, for every p € P(X),
I/(Rﬁ) < I/(Rﬁ\b(A)) + V(R]fﬂb(A)) = I/(Rﬁﬁb(A)) < I/(R;‘).

Finally, let us recollect that a set A C X is called subbasic, if A C b(A), that is,
if b(A) is the fine closure of A.

For every A € B(X), let D(A) denote the set of all points x € AN b(A) such
that, for some ¢ > 0 and r¢ > 0,

(9.2) cap(ANU(x,2r)) < ccap(ANU(z,r)) for every 0 < r < ry.
Let us note that then, for every v € (0,1), there exists n > 0 such that
(9.3) cap(A N B(x,~vr)) > ncap(AN B(z, 1)) for every 0 < r < ry.

Indeed, assume that (9.2) holds and let 0 < r < ry. Taking k € N such that 2% < ~,
and then p € (r,2r0) such that 27%p < yr, we obtain that

cap(AN B(z,vr)) > cap(ANU(x,27%p))
> c Feap(ANU(z, p)) > ¢ *cap(An B(x,r)).

We shall say that A € B(X) has the weak capacity doubling property if D(A) is finely
dense in b(A). In applications of this property, we shall use the subsets D, (A),
n € N, consisting of all z € AN b(A) such that

(9.4) cap(ANU(x,2r)) <ncap(ANU(z,r)) for every 0 <r < 1/n.

Clearly, the sequence (D,,(A)) is increasing to D(A).

25



LEMMA 9.1. For every A € B(X), the sets D,(A), n € N, are Borel sets. In par-
ticular, D(A) € B(X).

Proof. Let us define
f(x,r) :==cap(ANU(z,71)) (re X, r>0).

For every z € X, the function r — f(x,r) is left continuous, since U(x,s) T U(z, )
as s T r. Therefore

D.(A)= [\ {z€AnbA): f(z,2r) <nf(z,r)}  (n€N).

0<r<1/n,reQ

We know that ANb(A) € B(X). So the proof will be finished, if we show that the
functions x — f(x,r), r > 0, are lower semicontinuous. To that end let us fix r > 0
and a € R such that f(x,r) > a. By the left continuity of s — f(x,s), there exists
0 < s < rsuch that f(x,s) > a. If y € U(z,r—s), then U(x,s) C U(y,r) and hence

fly,r) > f(x,s) > a. O

LEMMA 9.2. Let A € B(X) have the weak capacity doubling property. Then D(A)
is subbasic. In particular, b(D(A)) = b(A).

Proof. By definition of the weak capacity doubling property, b(A) = D(A)Ub(D(A)).
Since bb = b and b is additive, we hence obtain that

D(A) Cb(A) = b(b(A)) = b(D(A)) Ub(b(D(A))) = b(D(A)).
O

PROPOSITION 9.3. Let A € B(X) have the weak capacity doubling property, let
L be a compact subset of D(A), and let V' be an open neighborhood of L. Moreover,
lete € (0,1), v € M(P(X)), and p € P(X) such that v(p) < 1.

Then there exists an e-ball set A in'V such that A C A, the measure v does not
charge points of A, and v (p) > v*(p) — 2.

Proof. Knowing that D(A) NV is subbasic, we conclude from [6, VI.6.12] that there
exists a compact set L in D(A) NV with L C b(L). By [6, VI1.4.16], there exists
G € P(X) such that Rg <qg< RZ(L) and Rg(L) = ¢. In particular, ¢ is harmonic
outside L. Since L N D,(A) T L as n — oo, there exist n € N and ¢,¢ € P(X)
such that ¢ 4+ ¢ = §, ¢ is harmonic outside a compact subset K of L N D,(A), and
v(q") < e (see [6, 11.6.17]).

By (9.3), there exists n > 0 such that, for every x € K and r € (0, 1/n],

(9.5) cap(A N B(z, %7“)) > 25 cap(A N B(z, ).

Taking M := 3 we choose py < (1/n) A dist(K,R?\ V) according to Proposi-
tion 8.1 and fix p € (0, pp). There exist points 1, ..., 2y in K such that the balls
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B(z1,p/3),...,B(zN, p/3) are pairwise disjoint and the balls B(x1, p), ..., B(zy, p)
cover K (see [34, Lemma 7.3]).

Let 1 < i < N. Since countable sets in X have zero capacity and since there
are at most countably many points y € X such that v({y}) > 0, we may choose
a compact subset A; in AN B(x;,ep/3) such that v does not charge points of A;,
the capacity of A; is at least (1/2) cap(A N B(x;,ep/3)), and hence, by (9.5),

cap(4;) > ncap(AN B(z;, p)) > necap(K N B(xy, p)).

Let A:= A;U---UAy. By construction, Aisae-ballset in V, A C A, the measure v
does not charge points of A, and

cap(A N B(z;,3p)) > cap(A4;) > neap(K N B(x;, p)) forall 1 <i < N.
Thus Rf > (1 — €)q by Proposition 8.1 and hence

vA(p) > v (g) > (1 - e)v(q) > v(G) — 26 > v (p) — 2.
]

COROLLARY 9.4. Let Ay, Ay € B(X) such that A} := A\ A2 and Ay := Ay \ Ay
have the capacity doubling property. Moreover, let us suppose that v € M(P(X))
does not charge the sets A\ b(A%), j = 1,2, and let V' be an open neighborhood
of Aj U AL

Then there exist compact sets Ay, in A} and Ay, in Al respectively, such that
each union Ay, U Asp, n € N, is a (1/n)-ball set in V', the measure v does not
charge points in Ay, U As,p,, and

Aj,nU(AlﬁAz)

lim v = VAj> ] € {172}

Proof. Let us fix a strict potential p € P(X) such that v(p) < 1, and let ¢ €
(0,1). By (9.1) and the weak capacity doubling property, v”“) = 14 and hence,
by Lemma 2.3, there exists compact sets L; in D(A}) such that

(9:6) vhi(p) > vh(p) —e,  je{l2}

Let V; and V3 be disjoint open neighborhoods of L; and Ly in V, respectively. For the
moment, let us fix j € {1,2}. By Proposition 9.3, there exists an e-ball set A; in V}
such that A; C A;, the measure v does not charge points in A;, and

(9.7) v (p) > vhi(p) — 2.
Let Ag := A;NAy. Then A; = AZUA, and therefore, by (9.6), (9.7), and Lemma 2.4,
0 < v (p) — B0 (p) < whi(p) — v (p) < 3e.

Obviously, fll U 1212 is an e-ball set in V', since V; and V5 are disjoint subsets of V.
Taking ¢ = 1/n, n € N, we obtain sets A;, in A; \ Ay such that

3
0 < v (p) —vhn o p) <= je{l,2},
n

the unions A, ,, U Ay, are (1/n)-ball sets in V', and the measure v does not charge
points of A;,, U Ay ,,. Lemma 2.2 finishes the proof. O
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Using Corollary 9.4, Theorem 7.5, and proceeding as in the proof of Theorem 6.1
and Corollary 6.2, we obtain the following result.

THEOREM 9.5. Let Ay, Ay € B(X) such that A} := A1\ Ay and AYy :== A3\ Ay have
the weak capacity doubling property. Moreover, let us suppose that v € M(P(X))
does not charge the sets A%\ b(A), j =1,2.

Then, for every A € (0,1), there exist (1/n)-ball sets C,, C A} U A, and closed
sets F,, C Ay N Ay, n € N, such that

(9.8) lim YU = A 4 (1 — N2

n—oo

If Ag := Ay N Ay is closed, then the sets F,, can be replaced by Ag.

COROLLARY 9.6. Let U,V be open sets in X such that U\'V and V \ U have
the weak capacity doubling property. Moreover, let us suppose that v is supported
byUNV, let W:=UUV, and X € (0,1).

Then there exist (1/n)-ball sets C,, in W, n € N, such that C,, C (U\V)U(V\U)
and

nlirglo yWACT — U (1= AV

COROLLARY 9.7. Let a = 2 (classical case) and let U,V be open sets in X such
that OU NV and OV NU have the weak capacity doubling property. Moreover, let us
suppose that v is supported by UNV , let W :=U UV, and X € (0,1).

Then there exist (1/n)-ball sets C,, in W, n € N, such that each C,, is contained
in (QUNV)YU @V NU) and

lim MW\ = U (1= AV
Proof. Let A; := (U N V)U W€ and Ay := (0V NU) U W¢ Then vt = Y°
and v42 = V" (see the end of Section 6). Moreover, A} = A; \ Ay = U NV,
Ay = A\ Ay =0V NU, and Ay N Ay = W€ Thus the result follows immediately
from Theorem 9.5. ]

10 Intrinsic metric on Brelot spaces

Let X be a locally compact space with countable base which is not compact. More-
over, we assume that X is connected and locally connected.

Given a harmonic sheaf H on X such that (X,H) is a P-harmonic space, let
us say that a Borel measurable function G: X x X — [0,00] is a Green function
for (X, H) provided the following conditions are satisfied:

(i) For every y € X, G(+,y) is a potential on X which is harmonic on X \ {y}.

(ii) For every continuous real potential p on X which is harmonic outside a com-
pact set, there exists a measure p on X such that p = [ G(-,y) du(y).
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We observe that GG determines the harmonic sheaf ‘H uniquely, since continuous real
potentials determine the harmonic kernels and hence harmonic functions.

In the following let H be a harmonic sheaf on X and G: X x X — [0, co] such
that (X, H) is a P-harmonic Brelot space and G is a Green function for (X, H),
G >0, and G(x,z) = oo for all x € X. We define the adjoint *G of G by

“G(r,y) =Gy, z) (r,y€X)

and suppose that *G is a Green function for some Brelot space (X,*H). Notions
related to (X,*H) will be distinguished from those related to (X,H) by adding
an asterisk (for example, *-harmonic function and p*4).

It may be of interest to note that, in view of the axiom of proportionality
(cf. [10, Satz 3.2]), G is almost uniquely determined by the harmonic sheaves H
and *H (see [22, Remarks 2.1]). Indeed, suppose that G has the same properties
as G and let zg € X. Then there exists a function ¢ : X — (0,00) such that
G(-,y) = o(y)G(-,y) for all y € X. Moreover, *G(-, zy) = a*G(-, z) for some a > 0,
that is, G(xo, ) = a G(xo, -). Therefore (y) = a for all y € X and hence G = a G.

Let

pi=Gt+*G7h

We assume, in addition, that G and *G are locally comparable and that the triangle
property holds locally, that is, X can be covered by open sets V' having the following
property (see [22, p. 102]). There exists ¢ > 0 such that, for all points x,y,z € V,

(10.1) G(z,y) <c*G(z,y) and min(G(z,y),G(y,2)) < cG(z,2).
or, equivalently, there exists ¢ > 0 such that, for all x,y,z € V,

(10.2) pla,y) < cGz,y)™  and  p(a,y) < c(p(z,2) +p(z,y)).

Let L be an arbitrary compact subset of X. By [22, Lemma 2.2], there exists
¢ > 0 such that (10.2) holds for all z,y,z € L. By [23, Proposition 14.5], there
exists a metric d on L and 7 > 0 such that p ~ d” on L x L, that is, there exists
¢ > 0 such that

cld(w,y) < plw,y) < cd(w,y)’  (v,y€L).
Consequently,
(10.3) G~d"? onlLxL.

Let us note that the topology induced by such an intrinsic metric d is the original
topology of L. Indeed, for every y € L, the sets L N {G(-,y) > a}, a > 0, form
a fundamental system of neighborhoods of ¢ in L and ¢™'d™? < G <cd™7 on L x L
implies that, for every r > 0,

LN{G(,y)>cr Y c{d(,y)<r} C LN{G(,y)>c'r 7},
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We recall from [24, Theorem 31.1] that, for all x,y € X and A C X,

(10.4) RG( () = RE, o (y) = / G(z,2)dei = G (x).

Moreover, let us note that the fine topologies for (X, H) and (X, *H) coincide (see
[22, p.103]) and hence, by [27, Theorem 2.4|, the axiom of domination is satisfied
for both (X, H) and (X,*H) (cf. [15, Section 9.2] for the definition). Hence all
semipolar sets are polar (see [15, Corollary 9.2.3]). In particular, for every set A
in X, the set A\ b(A) is polar.

EXAMPLES 10.1. Various classes of linear partial differential operators of second
order on open subsets X of R? lead to Green functions and Brelot spaces satisfying
our assumptions:

1. If
0
L= Z o0, 0:)3,0@ + Z_: b e axz

such that the functions a;;, bi, c are Holder continuous and the quadratic forms
£ > a;(x)&€;, v € X, are positive definite, then

HU) = {u € C*U): Lu=0}

yields a Brelot space (X, H) ([24, 7]). See [28] for the case where the coefficients
are only assumed to be continuous.

2. If
d d d
0 0 0
,C = ;:1 a—xj(i:gl aija—m’i + dz) + ZEZI bla—xl +c

such that the functions a;; are measurable, bounded and the matrix (a;;(x))
is uniformly elliptic, then (under mild restrictions on the functions b;,d;,c,
see [25]) we obtain a Brelot space defining a harmonic function v on an open
subset U of X to be (a continuous version of) a weak solution of Lu = 0,

that is, such that v € HL (U) and, for all ¢ € D(U),

loc

/[Z Zama +du Zb - cu) )| dA =0,

3. If .
L=) X7+Y
j=1
with smooth vector fields Xy, ..., X,,Y such that Hormander’s condition for

hypoellipticity (full rank of the Lie algebra generated by Xj,..., X,) is satis-
fied, then we get a Brelot space (see [9, 8, 26, 6]) defining

H(U) = {u € C*(U) : Lu=0}.
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In these examples, we have Green functions G which are (at least locally) equiv-
alent to the classical Green function (cases (1) and (2)) or rather different, but still
equivalent to some negative power of a metric (case (3)). In particular, in all these
examples, G' and its adjoint *G are locally comparable and satisfy locally the triangle
property (see (10.1)). Details may be found in [21, 22].

11 Scaling invariant Harnack’s inequalities

In this section, we shall see that, even in our general setting of Brelot spaces, Har-
nack’s inequalities hold which locally are scaling invariant with respect to an intrinsic
metric and which will help us to construct suitable (1 4 §)-Harnack families for any
given 9 € (0,1).

Let V be a relatively compact open subset of X and let d be a metric on V and
v > 0 such that G &~ donV x V. Forallz € V and r > 0, let U(x,r), B(z,r)
denote the set of all y € V with d(z,y) < r, d(z,y) < r, respectively.

PROPOSITION 11.1. There ezist § € (0,1/3) and ¢ > 0 such that, for all points
y1,y2 € U(z, Br) and z € U(x,30r) \ U(z,20r),

(111> GU(m,r)(zayl) < CGU(m,r)(Z7y2)7
whenever x € V and r > 0 with B(xz,r) C V.

Proof. Let ¢; > 1 such that cl_ld_'Y <G <c¢d7onV xV and let h be a harmonic
function on V' which is bounded and bounded away from 0 (for example, h = 1,
if constants are harmonic, or h := G(-,x1)|y, 21 € X \ V). Let ¢; > 1 such that
02_1 < h < ¢y. We define

4 1 d c
= =V an Ci=m ——.
6(0102)2/7 4=7 — 5=

For later use, let us note that 5(c1¢2)?73 = 1 — (c1¢2)*73 < 1 — 3 and hence
(11.2) (1=0)7" < (are)*(58) 7.

Let us fix x € V and r > 0 such that B(x,r) C V. Obviously,

(11.3) Hy@nl < eoHyapyh = coh < 63,

fo<t<s<1lyeU(x,tr),and z € OU(x,sr), then (s —t)r < d(y,z) < (s+t)r
and therefore

(11.4) s+ < Gzy) <c(s—t) 7.

Let us now fix y € U(z, fr). By (11.4), G(-,y) < c1(1 — 5)"r=7 on 9U(z,r) and
hence, by (11.3) and (11.2),

HU(ac,r)G('ay) S 0301(1 - /6)_%6_7 S 01_1(5/67’)_’y on U(ZL’,T’).
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Finally, let z € U(x,30r)\ U(z,20r). Applying (11.4) with ¢t = 5 and 20 < s < 3[3,
we obtain that
i (4r) T < Glz,y) < a(Br)7.
Since GU(x,T’)(Za y) = G(Z>y) - (HU(x,T’)G('a y))(Z), we see that
(477 =5 '(Br) 7 < Guemy(2,y) < aa(Br)7.
Thus (11.1) follows by our definition of c. O

PROPOSITION 11.2. There exist 3 € (0,1/3) and ¢ > 0 such that, for allz € V
and r > 0 with B(xz,r) CV and all harmonic functions h > 0 on U(z, 1),

h(y1) < ch(ys) for all yy,ys € Ulx, Br).

Proof. Applying Proposition 11.1 to *G, we obtain 5 € (0,1/3) and ¢ > 0 such that,
for all y1,ys € U(x, Br) and z € U(x,367) \ U(zx,2067),

(115) GU(x,r) (y1> Z) S CGU(:C,T) (y27 Z)a

whenever x € V and r > 0 with B(z,r) C V.

Let us fix x € V and r > 0 such that B(z,r) C V and let h > 0 be a harmonic
function on U(z,r). We may choose a continuous function 0 < ¢ < 1 on U(z,r)
such that ¢ =1 on U(x, 20r) and the support L of ¢ is contained in U(x, 357r). Let
p denote the smallest superharmonic function on U(x,r) majorizing @h. Then p is
a continuous potential on U(x,r) and p = h on U(x,20r). Moreover, p is harmonic
on U(z,r)\ L. So there exists a measure p on L\ U(z,20r) such that

pi= /GU(m(-, z) dp(z).
By integration with respect to i, we see by (11.5) that, for all y;,ys € U(z, fr),

h(y1) = p(y1) < cp(y2) = ch(ys).
]

By Moser’s trick, leading from scaling invariant Harnack’s inequalities to Holder
continuity, Proposition 11.2 can be improved considerably.

PROPOSITION 11.3. For every 6 > 0, there exists v € (0,1) such that, for all
x €V and r > 0 with B(z,r) CV and all harmonic functions h >0 on U(x,r),

(11.6) h(y1) < (1+6)h(y2) for all yi,y2 € Uz, yr).

Proof. We choose § € (0,1/3) and ¢ > 0 according to Proposition 11.2; and fix
d€(0,1). i

1. Let us first suppose that 1 € H(V). We define C := =, n:=In :Cl/ln% and
choose v > 0 such that Cy" < /3.
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Let x € V, r > 0 with B(z,r) C V, and let h > 0 be a harmonic function
on U(z,r). Then, by [22, Proposition 7.1],

(11.7) |h(y) — h(z)| < C <M)" h(x) for every y € U(x, fr).

r

In particular,

(1—8)h(x) <h(y) < (1+3)h(x)  for every y € U(z,yr)

and hence
R(yr) < (14 6)h(yz) for all yy,ys € U(x,vr),

since (1+$)/(1—-2)<1+4.

2. Let us now consider the general case. Let hy be a strictly positive harmonic
function on a neighborhood of V' and let ry > 0 such that d(z,y) < ry for all
x,y € V. There exists ¢ > 0 such that

(11.8)  ho(y1) < (1 + g)ho(yg), whenever g1, 1y, € V such that d(y;,y) < €.

By Proposition 11.2, we know that

Br) 5 h(y)
ho(@) = < ho(y)

Using [22, Proposition 7.1] and proceeding similarly as in part one, we may now
choose v € (0,e/2) such that, for all y;,y> € B(z,yr),

h(yl) 0 h(yz)
ho(y1) = 3 ho(y2)’

where ho(y1) < (14 2)ho(y2) by (11.8), and hence

h(yr) < (1+ $)h(y2) < (1+6)h(y2).

for all z,y € U(z, Br).

0

COROLLARY 11.4. For everyd > 0, there exists a € (0, 1) such that the following
holds. If x1,...,xpm € V and ry,... 7y € (0,00) such that B(x1,r1), ..., B(Tm,Tm)
are pairwise disjoint subsets of V', then (B(x;, ar;))i<i<m s a (1+38)-Harnack family
mn V.

Proof. Proposition 11.3 and Lemma 3.2. O

12 General convexity properties of reduced mea-
sures

In addition to the hypotheses made at the beginning of Section 10, let us assume
that the following doubling property related to the Green function G holds:
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(DG) For every compact set K in X, there exist mo € N and ay > 0 such that, for
all @ > ag and = € K, the set {G(-,x) > a} contains at most m, pairwise
disjoint sets of the form {G(-,y) > 2a}, y € K.

Let K be a compact set in X and V' a relatively compact open neighborhood
of K. Let d be a metric on V and ¢,y € (0,00) such that ¢c7'd™ < G < cd™
on V x V. It is easily verified that (DG) is equivalent to the following property:

(DB) There exist mg € N and ry > 0 such that, for every 0 < r < ry and for
every x € K, the set B(x,2r) contains at most mg pairwise disjoint sets of the
form B(y,r), y € K.

Clearly, (DB) holds if there exist ¢ > 0 and a finite measure p on V such that K is
contained in the support of p and p(B(x,2r)) < éu(B(x,r)) for all x € K and
0 < r < rg. Indeed, then, for every y € K such that B(y,r) C B(x,2r), we have
B(x,2r) C B(y,4r), hence p(B(z,2r)) < ¢u(B(y,r)), and therefore (DB) holds
with some mg < ¢2.

In particular, (DB) and (DG) are satisfied in the examples considered at the end
of Section 10.

For simplicity, let us assume in the following that the constant 1 is both su-
perharmonic and *-superharmonic. Let cap denote the capacity associated with G,
that is, for every A € B(X),

cap(A) = sup{u(A): p € M(X), G" <1}
Of course, we expect the following estimates.

LEMMA 12.1. There exist ¢ > 0 and ro > 0 such that, for all x € K and
0<r<rg,

(12.1) et < cap(B(z, 1)) < err?.

Proof. Let us fix functions ¢ > 1, h > 1 which are harmonic, *-harmonic, respec-
tively, on a neighborhood of V. Let b € R be an upper bound for g and h on V, and
let ¢; := b%c. Finally, we choose 19 > 0 such that, for every y € K, both G(-,y) and
G(y,-) are strictly smaller than (bc)™'r;” on OV and hence on V¢ by the minimum
principle.

Now let us fix y € K, 0 < r < r9. To obtain the first inequality in (12.1),
we consider U := {G(-,y) > cr~7g}. Then U C B(x,r), the set U is regular, and
Rgz,’y) = G?ZUC by (10.4). Of course, Rgz,’y) < cr7™7g < ber™ on V', and hence
on X by the minimum principle. So the measure v := (be)'r7e;U" satisfies G < 1.
Moreover, v is supported by oU C B(x,r) and

v(B(x,r)) > (be) eV (b7 h) = 7' h(y) > e,

Y

Therefore cap(B(z,r)) > ¢;'r?.
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Next let U = {G(y,-) > (be)"'r=7h}. Then B(x,r) C_E, U is s-regular, and
R*G[g;_) = *G% . Let 0 := bcr'yagc. Then *G° > h > 1 on U and o(X) <olg) =
ber7g(y) < epr?. If p is any measure on B(z,7) such that G* < 1, then

u(B(z,r)) < /*G" dy = /G“ do < o(X) < crr.

Thus cap(B(x,r)) < ¢ir” finishing the proof.
U

PROPOSITION 12.2. Leta,e € (0,1), M > 1, and let q be a continuous potential
on X which is harmonic outside K. Then there exists pg > 0 such that, for every

0 < p < po, the following holds:
If A= B(xy,ap) U---U B(zy,ap), where x1, ..., x5y € K such that the d-balls
B(x;, p) are pairwise disjoint and the d-balls B(x;,3p) cover K, then

Ry >(1-¢)g.
Proof. 1t suffices to note that, by Lemma 12.1,
cap(A N B(x;,9p)) > cap(B(xi,ap)) > ¢, (ap)™ > ¢;%(3a)™" cap(K N B(z;, 3p))

and to proceed as in the proof of Proposition 8.1 (with M = 3 and 3p in place of p).
U

PROPOSITION 12.3. Let Uy, Us be open sets in X, g € P(X) withv(q) <1, and
0 > 0. Then there exist mi,me € N and a (1 + 0)-Harnack family (K;)i1<i<my+ms
in the union W := Uy U Uy such that the compact sets Ly := Ky U---U K,,, and
Lo =K1 U UKy 1m, satisfy

v () > % (g) -0, je{1,2}.

Proof. Each of the sets Us \ U; and U; \ Us is a countable union of compact sets.
So, by (2.2), there exist compact sets L? C Uy \ Uy and LY C Uy \ U, such that

c ¢ 0 ,
(122) v g) > i) -5 G e {12}

Let V; and V;, be disjoint relatively compact open neighborhoods of L? and L9
in W, respectively. Applying the previous considerations to V := V; U V5 and the
compact subsets LY, L9, respectively, and arguing as in the proofs of Proposition 9.3
and Corollary 9.4 as well as Corollary 11.4, we obtain my,my € N and a family
(K;)1<i<my+m, having the desired properties. O

Using Proposition 12.3, Theorem 7.5, and proceeding as in the proofs of Propo-
sition 6.1 and Corollary 6.2, we obtain the following result.

THEOREM 12.4. Let v € M(P(X)), A1, Ay € B(X), and X € (0,1). Moreover,
let (Vi) be a sequence of open neighborhoods of (A1 U As) \ (A1 N As). Then there
exist compact sets Cy, in V,,, m € N, such that

lim pMAiNA2U0n  — A (1 — \)pA2,

m—0o0
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In particular, Question 1 raised in the Introduction has a positive answer in this
general setting as well. Moreover, we obtain analogues of Corollary 1.4 and Corol-
lary 1.6 (see the Section 13 for a discussion of M, (P(X)) in the context of balayage
spaces). Generalizing the definition of the weak capacity doubling property, we
finally see the following.

THEOREM 12.5. Let U,V be open sets in X such that OU NV and OV NU have
the weak capacity doubling property. Moreover, let us suppose that v is supported
byUNV, let W:=UUV, and X € (0,1).

Then there ezist compact sets Cy, in (OU NV )U (OV NU), n € N, such that

lim MW\ = U (1= AV

n—oo

13 Appendix: Representing measures

To cover all situations discussed before (classical case, Riesz potentials, Brelot
spaces) let us assume that (X, W) is a balayage space satisfying the axiom of polar-
ity (see [6]). Let W be an open set in X or, more generally, let W be a finely open
Borel set in X. Let S(W) denote the set of all continuous functions on X which are
P(X)-bounded (that is, bounded in modulus by some p € P(X)) and finely super-
harmonic on W. Moreover, let H(W) be the set of all continuous P(X)-bounded
functions on X which are finely harmonic on W, that is, H(W) = S(W)N(=S(W)).
If W is open, then S(W), H(W) is simply the set of all continuous P (X )-bounded
functions on X which are superharmonic on W, harmonic on W, respectively (see
[20, Theorem 9.8]). We fix v € M(P(X)) such that v(p) < oo for every p € P(X),
and define

M,(SW)) :={pu e M(P(X)): u(s) <wv(s) for every s € S(W)}.
Given 0,7 € M(X), let us write o < 7 if o(p) < 7(p) for every p € P(X).

THEOREM 13.1.

M, (S(W)) = {pe M,(P(X)): u(h) =v(h) for every h € H(W)}
= {ne M(P(X)): " ="}

c

= {pe M(P(X)): V""" < pu<v}
Moreover, M, (S(W)) is a closed face of M, (P(X)) and
(M, (SW))), = {v': Ae B(X), W C A}.

Proof. We replace the measure ¢, in the proof of [6, VII.9.5] by v. Since semi-polar
sets are polar, we know that 3(W¢) = b(W¢) and W) = p*W) = ,W* for every
pe M(P(X)) (see [6, VI.6.1, VI.6.6]). Therefore we obtain the first three identities,
the fact that M, (S(W)) is a closed face of M, (P(X)), and that every measure v4,
where A € B(X) and W* C A, is contained in (M, (S(W))) .

e
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Conversely, let pn € (M, (S(W))),. Of course, p € (M,(P(X))),, since the set
M, (S(W)) is a closed face of M, (P(X)). So there exists A € B(X) such that
u = v4. We intend to show that u = v4Y"". This will finish the proof, since
AUuWe e B(X).

By the characterization of M, (S(W)) given above, v"V° < v4. By Lemma 2.3,
this implies that, for every p € P(X),

we — we we — : we U < : A U — A we
v =) = e ) S ) =T
that is,
(13.1) v <A e + (A )

(see the proof of [6, VI.9.9]). In addition,
(13.2) vAYE LA e + (A )Y < A 0V

Indeed, if v(A) = 0, this follows from [6, VI.9.8]. And if v(A¢) = 0, then A" =
v = v and (13.2) reduces to the trivial statement v + """ < v+ v"*. The general
case follows decomposing v into 14cv and 14v.

Combining (13.1) and (13.2), we see that vA“"" < p4. Since v4 < pAYW*

holds trivially, we conclude that u = v = v4Y"* as claimed above, and the proof
is finished. O

14 Appendix: Weak capacity density condition

Let us consider again the classical case or the case of Riesz potentials as described
in the Introduction. For every open subset U of RY, let cap; denote the Green
capacity with respect to U where, as before, we simply write cap instead of capy.

For every A € B(X), let C'(A) denote the set of all points © € ANb(A) for which
there exist € > 0 and r¢ > 0 such that U(x,2r,) C X and

(14.1)  capy(gon (AN B(z,1)) > € capyyon(B(x, 1)) for every 0 <r <.

Of course, C'(A) contains the interior of A.

Generalizing the usual definition of the capacity density condition, given for the
complement or the boundary of an open set (see, for example, [1, 2, 3, 35, 12, 18,
30, 29]), we say that A € B(X) satisfies the capacity density condition, if there exist
e>0and 0 < ry < (1/2)dist(A, R?\ X) such that, for every z € A, (14.1) holds.

Let us say that A satisfies the weak capacity density condition, if the set C'(A)
is finely dense in b(A). We shall prove that C(A) is a subset of D(A) defined in
Section 9 and hence any A € B(X) satisfying the weak capacity density condition
has the weak capacity doubling property.

To that end let us discuss the relation between capy, o) and cap. Trivially,

x,2r
capy (g2, = Cap, since, given any two open sets U,V in X (or in RY, if d — a > 0)
such that U C V., then Gy < Gy on U x U and hence

(14.2) capy(B) > capy (B) for every Borel set B in U.
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If d — a > 0, there exists a constant £ > 0 such that, for all z € X and r > 0
with U(xz,2r) C X, Gu,2r) > KGre on B(x,r) x B(z,r) and hence

(14.3) capra(B) > K capy (g 0m)(B) for every Borel set B in B(z, 7).
Let us now consider the case d = o = 2. Then
capy(z,r) (B(x, 1)) = (In(R/r))~* (r€R*0<r < R<o0).
In particular,
(14.4) by (un)(B(z. 1) = (n2)"*

and, if for example X = U(0, 1), there is no constant ¢ > 0 such that cap(B(0,7)) >
ccapy o,z (B(0,7)) for every 0 <r < 1/2.
Nevertheless the following result holds also in the case d = a = 2.

LEMMA 14.1. There exists k > 0 such that the following holds. If x € X and
r > 0 such that U(x,2r) C X, and if e > 0 and A € B(X) such that

(145> CapU(x,2r) (A N B(Iu T)) > € CapU(x,2r) (B(LU, T))v
then cap(A N B(x,7)) > ek cap(B(x,r)) .

Proof. Because of (14.2) and (14.3) it remains to consider the case d = a = 2.
In this case, we define

k= inf{Guq1)(z,y): z,y € B(0,1/2)}.

Let ¢ > 0, z € X, and r > 0 such that B(z,2r) C X and (14.5) holds. Let

v denote the equilibrium measure for AN B(x,r) with respect to U(x,2r), that is,

Ue2r)pAnBler) GYi(z.2r)- Then, by translation and scaling invariance,

U RANB@n > wlyl| on B(z,r),

where ||v|| > ¢/In2 > ¢ by (14.5) and (14.4). So ]A%me(m’r) > ke on B(x,r) and
therefore cap(A N B(z, 7)) > excap(B(z,1)) . O

PROPOSITION 14.2. For every A € B(X), the set C(A) is contained in D(A).
In particular, A € B(X) has the weak capacity doubling property, if A satisfies the
weak capacity density condition.

Proof. Let 1 := capy o) (B(0,1))/capy s (B(0,4)). Let x € X and r > 0 such
that U(z,8r) C X. Then capy, s (B(x,7)) = ncapy s (B(z,4r)). Finally let
A € B(X) and € > 0 such that

CapU(z,2r) (A N B(I7 T)) > € CapU(z,2r) (B(LU, T))
Then, by Lemma 14.1,

cap(B(z,7)) > nxcap(B(x,4r)) and  cap(AN B(x,7)) > ek cap(B(x,7)).
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Therefore

cap(ANU(z,4r)) < cap(B(z,4r)) < (nk)~* cap(B(z,7))
< (ens?)teap(AN B(x,r)) < (enk?) "t cap(ANU(x,2r)).
O

The following proposition shows that the weak capacity doubling is much weaker
than the capacity density condition.

PROPOSITION 14.3. Let X = R? and d — o > 0. Then there exists a Cantor
set K and ¢ > 0 such that, for allz € K and 0 <r < 1/e,

(14.6) /| Inr| < cap(K N B(z,7)) < cr™/|Inr|.
In particular, (K) = K, C(K) =0, and D(K) = K.

Proof. The first part is a special case of [30, Corollary 1] taking N =d, s = d — «,
and g = 1.
Let us fix € K. Then, in particular,

/1/6 cap(K N B(z,r)) dr — /1/6 1 dr
0 B 0

m(1/r) r

rd-a r
and therefore x € b(K) by Wiener’s criterion. Moreover, for every 0 < r < 1/e,

cap(K N B(z, 1)) < _¢
cap(B(x,r)) ~ In(1/r)

and hence x ¢ C(K), since lim, _o(In(1/r))~! = 0. Finally, for every 0 < r < 1/e,

cap(K N B(z,7)) 2ed—a(2/T) 2od+1-a
@p(KNBwr2) =% mam =%

since In2 <1 <In(1/r). Thus z € D(K). In fact, this shows that even K = D,,(K),
if n € N is large enough. O

Let us observe that, for d — a > 0 and relatively compact open sets V' in X, the
capacity density property for V¢ is equivalent to a uniform regularity of V', which
for the Laplacian has been studied in [3]. As shown there, it is closely related to the
existence of strong barriers. The proof for the equivalence of the capacity density
condition and the uniform regularity given in [3] can be adapted to our more general
situation including Riesz potentials.

PROPOSITION 14.4. Let X = R¢, d—a > 0, and let V be a non-empty relatively
compact open set in RY. Then the following properties are equivalent:

1. V¢ satisfies the capacity density condition.
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2. There exists v > 0 such that, for all z € OV and r > 0,

(14.7) cap(V°N B(z,7)) > yrt ™

3. There exists v > 0 such that (14.7) holds for all z € V¢ and r > 0.

4. The set'V is uniformly regular (with respect to —(—A)*/2), that is, there exists
0 > 0 such that, for all z € OV and r > 0,

(14.8)  VWEID(VenU(z,r)) >0 for every x € VN B(z,1/2).

If & = 2, the minimum principle shows that (14.8) holds if and only if
eVE (VenU(z,r)) >0 for every x € VN OB(z,1/2).

Proof of Proposition 14.4. (1) < (2): By (14.3), (2) implies (1) and (1) implies
that (14.7) holds for all z € 9V and 0 < r < ry. Let z € OV and let R be the
diameter of V. Assuming that cap(V¢N B(z,7)) > yrd~® we obtain that, for every
ro <r <R,

cap(VS 1 B(z,7)) 2 cap(VS 1 B(z, 7o) 2 = 2 ("2) e

Finally, for every r > R, cap(V¢ N B(z,r)) > cap(dB(z,7)) = rd=.
(2) < (3): Trivially, (3) implies (2). So let us assume that (2) holds and let us
fix z € U°. If B(z,r/2) C U®, then obviously

cap(U¢ N B(z,r)) > cap(B(z,r/2)) = 2274+,

So let us assume that B(z,7/2)NU # (). Then there exists a point 2’ € OUNB(z,r/2)
and B(z’,r/2) is contained in B(z, 7). So, by (14.7),

cap(U° N B(z,r)) > cap(U° N B(#,r/2)) > 20412,

(4) = (2): Let V be uniformly regular, z € 0V, r > 0, and E := V°N B(z,7).
Then, for every x € VN B(z,1/2),

RE(z) > VOUVED (venU(z,r) > 6

Of course, RF = 1 > § on the subset B(z,7/2) \ V of E. So we see that R¥ >
SRPE™?) hence RE > §RPE™ and

cap(E) > 6 cap(B(z,1/2)) = 620 4,
(2) = (4): Suppose that (14.7) holds, let 7 := 3%"%y, and M > 4 such that
Mo=% < 5/2. By Harnack’s inequalities, there exists ¢ > 0 such that h > ¢ on

B(0,M/2)\ U(0,2) for every function h € H*(U(0,M) \ B(0,1)) satisfying h > 1
on 0U(0,2).
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Let us now fix z € OV and r > 0. We define W := U(z,7), p := r/M, and
F :=V°N B(z,p). Let u denote the equilibrium measure of F. Then ||u| > vp?=
and therefore
R =@t >3"9% =5 on B(z2p).

Since F' C B(z, p), we obviously have

d—a
p 1
14. R{ (y) < <
( 9) 1 (y> —= ‘y—Z‘d_a — Z‘[d_a <

DO |-

) whenever |y — z| > Mp =r.

Defining v, := ¢,""", y € X, we obtain that, for every y € B(z,2p) \ F,

. v
¥ < Ri(y) = w(By) < wy(F) + 5,
since v, is supported by FUW®, RI' <1, ||v,|| <1, and Rf < 5/2 on W¢. Therefore
vy (F) > 7/2 for every y € B(z,2p) \ F.

Since the function y — f“"W*(F) is harmonic on U(z, Mp)\ B(z, p), we conclude

Yy
by scaling invariance and Harnack’s inequalities that

el (F) 20%2:5 for all y € B(z,7/2) \ F.
Fixing # € V N B(z,7/2) and defining 7, := et """ = efYW° where F 1= W\ V,

we know by (2.7) that v, (W¢) > 0, (W¢) and thus finally

Po(F) = 1= 5(W) > 1= 0,(W*) = 0, (F) > 6
]

Finally, let us restrict our attention to classical case a = 2 and let V' be a bounded
domain in R%, d > 2. If V is regular, then the boundary OV satisfies the capac-
ity density condition, if and only if, for some 3 > 0, the Dirichlet solution to any
B-Holder continuous boundary function is §-Holder continuous on V' and the corre-
sponding operator is bounded. In the plane case, JV satisfies the capacity density
condition, if and only if V' is uniformly perfect, that is, if there exist rq > 0 and
¢ € (0,1) such that, for all z € 9V and 0 < r < rq,

OV N (B(z,r)\U(z,cr)) #0

(see [2] for details).
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