Stochastic porous media equations and
self-organized criticality

Viorel Barbu,
Institute of Mathematics “Octav Mayer”, Iasi, Romania ,
Giuseppe Da Prato,
Scuola Normale Superiore di Pisa, Italy
and
Michael Rockner

Faculty of Mathematics, University of Bielefeld, Germany

and
Department of Mathematics and Statistics, Purdue University,
U.S. A

July 3, 2008

Abstract. The existence and uniqueness of nonnegative strong solutions
for stochastic porous media equations with noncoercive monotone diffusivity
function and Wiener forcing term is proven. The finite time extinction of
solutions with high probability is also proven in 1-D. The results are rele-
vant for self-organized criticality behaviour of stochastic nonlinear diffusion
equations with critical states.

AMS subject Classification 2000: 76505, 60H15.

Key words: nonlinear stochastic diffusion equation, Brownian motion,
maximal monotone operator, self-organized criticality.

1 Introduction

The phenomenon of self-organized criticality is widely studied in Physics from
different perspectives. (We refer to [1],[2], [19], [23], [9], [16], [18], [13], [8],
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[14], [10],[17],[15] for various studies). Roughly speaking it is the property
of systems to have a critical point as attractor and to reach spontaneously a
critical state.

In [2] Bantay and Janosi beautifully explained that the continuum limit
of the sand pile model of Bak-Tang-Wiesenfeld in [1] (“BTW model”), which
was based on a cellular automaton algorithm, can be interpreted as a solution
of an anomalous (singular) diffusion equation of the type

dX(t) = AH(X(t) — z.)dt, (1.1)

where H is the Heaviside function and z. is the critical value. In [12] (see
also [13]) Diaz-Guilera pointed out that for this and a similar model due to
Zhang [24] given by

dX(t) = (X(t) — 2)AH(X(t) — z.)dt, (1.2)

it is more realistic to consider equations (1.1) and (1.2) perturbed by (an
additive) noise to model a random amount of energy put into the system
varying all over the underlying domain. The resulting equations are then
stochastic partial differential equations (SPDE) of evolution type, however,
with very singular (non continuous) coefficients which mathematically can
only be treated as multi-valued functions.

The purpose of this paper is to analyze such type of equations within the
framework of multi-valued stochastic evolution equations with (1.1) and (1.2)
as the underlying motivating examples. To the best of our knowledge this is
the first time this is done in the presence of a stochastic force and in such
generality in a mathematically strict way. Let us introduce our framework.

Let @ be an open bounded domain of RY,d = 1,2, 3, with smooth bound-
ary 00. We shall study here the nonlinear stochastic diffusion equation with
linear multiplicative noise,

dX(t) — AV (X (t))dt 3 o(X(t))dW (t), in (0,00) x O,
U(X(t)) 20, on(0,00)x 00, (1.3)

X(0,z) =x on0,

where z is an initial datum and ¥ : R — 2% is a maximal monotone (possibly
multivalued) graph with polynomial growth and random forcing term

o(X)dW =Y XdBy er, t>0,

k=1



which is linear in X. Here {e;} is an orthonormal basis in L*(0), {u} is a
sequence of positive numbers and {3} a sequence of independent standard
Brownian motions on a filtered probability space (€2, .%,{.% }1>0, P).

We note that the linear operator o(X) is defined by

o(X)h =" X (h e)er, VheL*0),
k=1

where (-, -) is the scalar product in L?*(0).

Apart from the self-organized criticality phenomena mentioned above,
equation (1.3) models the dynamics of flows in porous media and more gen-
erally the phase transition (including melting and solidification processes) in
the presence of a random forcing term o(X)dW .

Existence for stochastic equations of the form (1.3) with additive and
multiplicative noise was studied in [6] under the main assumption that ¥ is
monotonically increasing, continuous and such that

U(0)=0, V(r) <ayr|™ ' +ay, VreR,

: (1.4)

/ U(s)ds > as|r|™™ + a4, VreR,
0

where a; > 0,3 > 0, ag, g > 0 and m > 1. (See also [7] and [22] for general
growth conditions on W.)
Here we shall study equation (1.3) under the following assumptions.

Hypothesis 1.1 (i) ¥ is a mazimal monotone multivalued function from
R into R such that 0 € ¥(0).

(i1) There exist C >0 and m > 1 such that
sup{[0|: 0 € U(r)} <CA+|r[™), VrekR

(11i) The sequence {ug} is such that

D AT <+,
k=1

where N\, are the eigenvalues of the Laplace operator —A in O with
Dirichlet boundary conditions.



We recall that the domain of A is H*(0) N H}(0). A multivalued function
U : R — 2% is said to be mazimal monotone if it is monotone, i.e.,

(v1 —vo)(ug —ug) >0, Vo €VU(y), v, eR, i =1,2,

and the range R(I + V) of I + VU is all of R.

Standard examples of maximal monotone functions (or graphs) are con-
tinuous and increasing functions, the subdifferential of the indicator function
I of a closed interval K of the form [a, b] or (—o00,b), [0, +00), i.e.

Le(r) = 0, ifrekK,
KV 400, ifré K

or for —co=ay<a; <---<ayy; =ocand for0 << N —1

‘Il(r) — ‘;01'(7“), for a; <r < aj4q,
(pilair1 —0), piy1(aip1 +0)), for r = a1,

where {p;}Y, are monotonically non decreasing continuous functions on
(a;, a;41) and such that lim, .., , @i(r) < lim,_q,,, @iy1(r). Of course, any
linear combination of maximal monotone graphs is maximal monotone.

It should be noticed also that the subdifferential 95 : R — 2% of a lower
semicontinuous convex function j : R — (—o0, +0o0], i.e.,

djiry={meR: jir)<nlr—7)+j(), Vr e R}

is maximal monotone and conversely every maximal monotone function ¥ is
of the form 9j where j is a lower semicontinuous convex function on R.

Since for x € H™(0)

|we|” ) < Chlexltzo 22y < CLAF|z)?, (1.5)
and hence
lo (@) 15220y 1-1(0)) = ZMZ’xekF—l <Ci Zﬁbz)\ﬁﬂfﬁp (1.6)
k=1 k=1

it follows by (i) that o(z) € Lo(L*(0), H*(0)) (the space of all Hilbert-
Schmidt operators from L?(&) into H~'(£)) and that it is Lipschitz con-
tinuous from H~1(0) into Ly(L?(0), H(0)). Under these assumptions we
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shall prove that if z € LP(0), p > max{2m, 4}, then there is a unique strong
solution to equation (1.3) which is nonnegative if so is the initial data x.

With respect to the situation considered in [5], [6], [7], in the present case
one does not assume that the range of ¥ is all of R. This general setting,
motivated by the diffusion models mentioned above, requires, however, a
different treatment of existence.

It should be mentioned that several other physical problems with free
boundary and with phase transition can be put into this functional setting.
For instance if

aj(x —a), forx<a
U(x)=1<¢ [0,p], forz=a (1.7)
as(x —a)+p, forz>a,

with a, p, a1, as € (0, +00), then (1.3) models the phase transition in porous
media or in heat conduction (Stefan problem). If U(z) = p sign & where

p > 0 and
]i\’ ifx #0
(1.8)

sigh © =

[—1,1], ifz=0,
then (1.3) reduces to the nonlinear singular diffusion equation
dX(t) — p div (§(X(£))VX(t))dt = o(X(t))dW (t),

where ¢ is the Dirac measure concentrated at the origin.
We already mentioned the Heavside step function

0, ifx<O
H(z)=< [0,1], ifz=0
1, ifx>0.

Furthermore, ¥(z) = |z|* sign  with 0 < a < 1 also satisfy Hypothesis 1.1.

Typical examples considered in literature are W(r) = (r — x.)® where
a < 1 and the key result is that the density X (¢) of the system converges
to the critical value. In the same category fall the stochastically perturbed
versions of equations (1.1) and (1.2), that is e.g. in the first case the highly
singular diffusion equation

AX(t) — AH + N)(X(t) — 2)dt = o(X(t) — z)dW(t),  (1.9)
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where A > 0. This is a diffusion problem with free boundary driven by a
random forcing term proportional to X (t) —x. where z.. is the critical density
and X () is the density at the moment ¢.

Taking into account the numerical simulation in 1-D (see [2]), one might
expect that the time evolution of the system displays self-organized criticality,
i.e. the supercritical region {X(¢) > z.} is absorbed asymptotically in time
by the critical one {X (t) = z.}.

A few of the previous works (see e.g. [11]) on self-organized criticality in
singular diffusion equations based on numerical tests brought attention on the
failure of the self-organized behavior in the presence of random fluctuations
(white noise perturbation).

Here we shall prove, however, for systems of the form (1.7)-(1.9) that the
self-organized criticality takes place with high probability under appropriate
assumptions on the parameters and more precisely that the supercritical
region “vanishes” into the critical one in finite time with high probability, at
least if pp = 0 for all K > N + 1 for some N € N. We emphasize that this
is in particular true when the noise is zero. In this case one gets an explicit
bound for the time when this happens (cf. Remark 4.4 below).

The plan of this paper is the following. The main results are presented
in Section 2 and are proven in Section 3. In Section 4 we prove a finite time
extinction type result for solutions to (1.3) which displays a self-organized
criticality behaviour.

The following notations will be used. LP(&), p > 1, is the usual space
of p-integrable functions with norm denoted by |- |,. The scalar product
in L?(0) and the duality induced by the pivot space L*(&) will be denoted
by (-,-)o. H¥(0) C L*(0), k = 1,2, are the standard Sobolev spaces on
O, while H}(0) is the subspace of H'(€') with zero trace on the boundary.
For p,q € [1,400] by Lj,((0,7); LP(%; H)) (H a Hilbert space) we shall
denote the space of all g-integrable processes u : [0, 7] — LP(2; H) which are
adapted to the filtration {.%; }+>o.

By Cyw ([0, T]; L*(Q; H)) we shall denote the space of all H-valued adapted
processes which are mean square continuous. L(H) denotes the space of
bounded linear operators equipped with the usual norm.

In the following by H we shall denote the distribution space

H = H(0) = (H}(0))



endowed with the scalar product and norm defined by
(o) = [ A€ul€)dg, el = ()"
o
where A = —A with D(A) = H*(0)N H(0).

In terms of A equation (1.3) can be formally rewritten as
dX(t) + AV (X (t))dt 5 o(X(t))dW (t),
(1.10)
X(0,2) =

Its exact meaning will be precised later (see Definition 2.1 below).
It should be recalled, however, that the operator x — AW(x) with the
domain

{r € LY(O)NH Y(O) : there isn € Hy(O),n € ¥(x) a.e. in O}

is maximal monotone in H := H!(0) (see e.g. [3]) and so the distribution
space H offers the natural functional setting for the porous media equa-
tion (1.3) or its abstract form (1.10). However, the general existence theory
of infinite dimensional stochastic equations in Hilbert space with nonlinear
maximal monotone operators (see [12], [21]) is not applicable in the present
case and so a direct approach must be used.

Fnally, in this paper we use the same letter C' for several different positive
constants arising in chains of estimates.

2 Existence, uniqueness and positivity

Definition 2.1 Let © € H. An H-valued continuous .%-adapted process
X = X(t,x) is called a solution to (1.3) (equivalently (1.10)) on [0,T] if

X e P2 x (0,T)x 0)NL*0,T; L*(Q, H)), p>m,
and there exists n € LP/™(Q x (0,T) x O) such that P-a.s.

(X(t,x),ej)2 = :Uejg—l—// £)Ae;(€)dEds

—|—Z,uk/ (s,x)ex, ej)2d0k(s), YjeN,tel0,T],
(2.1)



nev(X) ae in Qx(0,7)x0. (2.2)

Below for simplicity we often write X (¢) instead of X (¢, z).

From the stochastic point of view the solution X given by Definition 2.1
is a strong one, but from the PDE point of view it is a solution in the sense
of distributions since the boundary condition W(X) 5 0 on 00 is satisfied in
a weak sense only.

Theorem 2.2 below is the main existence result.

Theorem 2.2 Assume that d = 1,2,3 and that Hypothesis 1.1 holds. Then
for each x € LP(0), p > max{2m,4} there is a unique solution X €
Ly (0,75 LP(Q; 0)) to (1.3). Moreover, if x is nonnegative a.e. in O then
P-a.s.

X(t,z)(€) >0, fora.e. (t,&) € (0,00) X O.

As mentioned earlier, Theorem 2.2 was proven in [6] for a differentiable
U satisfying conditions (1.4) and for p > max{m + 1,4}. It should be said,
however, that in contrast with what happens for coercive functions ¥ arising
in [6], here it seems no longer possible to extend the existence result to all
re HY(0O), x> 0.

3 Proof of Theorem 2.2

We shall consider the approximating equation

(3.1)
X\(0,z) =z,

where A > 0 and
Uy(z) =~ (z— (1 +20) H2)) € U((1+AT)(z))

is the Yosida approximation of W. We recall that ¥, is Lipschitzian and
monotonically increasing and so x — W, (x) + Az is strictly monotonically
increasing and bounded by Ci(1 + |z|™) and (Ux(z) + Azx)x > A|z|? for all
r € R. By [6, Theorem 2.2] (applied with m = 1), for each z € H(0)
equation (3.1) has a unique solution

X, € L*(Qx (0,T) x 0)N L (Q,0([0,T); H))
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in the sense of Definition 2.1. Here as usual C([0,7]; H) is equipped with
the supremum norm. Moreover, ( see e.g. [21, Theorem 4.2.5]) the following
Ito6 formula holds

BIX\ (]2, + QIE/Ot/ﬁ(\IJA(XA(s))+)\XA(s))XA(s)d£ ds

(3.2)
= Jaf?, + Zuk [ sgent s
We note that since
| Xoex|—1 < Cler] 20| Xa|-1 < O X |1,
(cf. (1.5)) we have by Hypothesis 1.1(iii) (cf. (1.6))
t
Z,@E/ | X (s)ex|? ds < CE?/ | X\ (s)|? ds. (3.3)
0

Lemma 3.1 There exists a constant C' > 0 such that for all p > 2 and all
x € LP(0),

-1
ess.supP;epo, ) Bl Xa(t, 7)) < exp (CPT) lz[b, VA >0. (3.4)

Proof. We know from [6, Lemma 3.4] (with m = 1) that as ¢ — 0

X5 — X\ strongly in L3S(0,T; L*(Q; H)),

(3.5)
X5 — X, in the weak® topology in L3y (0,75 LP(SY; LP(0))),
where X7 is the solution to the approximating equation
AX3(E) + (An) X5 (0)dt = o(X5()AW (), >0,
(3.6)

X5(0) = =,
where

A)\.Z‘ = A(\I/)\<LL’> + >\JI) = —A(\If)\(l’) + )\I),
D(A)) ={r e HNLY (O): Vy(z)+ \x € H}(O)},
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and (A, ). is the Yosida approximation of Ay,
1
(Ay)e = - (I —(I+eA)™), e>0.

Furthermore, by [6, Lemma 3.2] we have that X§ € L*(Q; C([0,T); L*(0)).
As a matter of fact the results of [6] were proven for smooth nonlinear func-
tions while U, is only t7.15z; but the extension to Lipschitzian functions
U satisfying (1.4) is immediate. In fact, one might take a smoother ap-
proximation of W, for instance the mollifier Wy * px (pA(r) = 5 p(A/1),p €
C°(R),p > 0, [ pdr = 1) which still remains monotonically increasing and
has all properties of U,.

Next we apply Ito’s formula (3.6) for the function p(z) = 113 |z[P. More

precisely, we first apply It6’s formula to ¢, (z) = % (14 ~A)" zp, v > 0,
and then we let v — 0. We have (for details see the proof in [6, Lemma 3.5]),

Bp(X3(0) + B [ (A1) X5(6), IR X5 (5)ads
= o)+ 5 SouE [ ISl ds e 3

< o(z) +—CE//|X€ )|Pd¢ ds,

since by Sobolev embedding |ex|. < CAg for all k € N. If Y¥ is the solution
to the equation

VY — eA(UA(YY) + YY) = X5, UA(YY) 4+ Y5 € Hy(0),
then (see [6, (3.25)]) |Y<|, < |X5|, and therefore
1
(A0 X5, IXSP 250 = £ (X5 = V5, [T X5)2 2

Then by (3.7) it follows, via Gronwall’s lemma, that

€ p— 1
IE|X/\(t)\£ < |x|§ exp <OT ) ,
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where C' is independent of z, A and t. Now one obtains (3.4) by letting ¢
tend to 0 and taking into account (3.5). O

From now on let us assume that p > max{4,2m} and = € L?(&). From
Lemma 3.1 it follows that for a subsequence {\} — 0 we have

[ X, — X weakly in LP(Q x (0,T) x 0),
and weak® in L>(0,T; L?(Q2; LP(0))),

UA(Xy) — 1 weakly in L¥/™(Q x (0,T) x &), (3:8)
\ in particular in L*(Q x (0,7) x 0),
because by Hypothesis(ii),
Wy(@)] < [9(a)] < C(1+ |a™), ¥z eR.
(Y is the minimal section of ¥). By(3.4) we have for A — 0
AX, — 0 strongly in LP(Q x (0,T) x O). (3.9)

Clearly X and 7 are adapted processes. On the other hand, we have
d(XA(t) = Xpu(t)) = AUAXA(E)) = V(X (1) + AXA(E) — pX,u(2))dt

= (0(Xa(1)) = o(Xu(1)))dW (1)

and therefore once again applying It6’s formula (cf. (3.2)) we obtain for
a>0,telo,T)

X0~ X2
+/o / (WA(XA(5)) = (X, (5)) (AA(X(5)) = 10, (X,(5))

+OMXA(5) = X (8) (X (5) = X (5)) | e ds

) 1 t
< (C’Zuz)\i ~ 5 a) /0 1 Xa(s — X,(8))2 e ds + My ,(t), VA u>0,
k=1

(3.10)
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where
J%MO:Ae”%&M—XuﬂdeW%&®MW®b

is a real local valued martingale. To derive (3.10) we used that z = AW, (x) +
(1+ A¥)~!(z) and thus for all z,y € R

(Wa(z) =Wy —y) = [Wale) = Lu@)I[1+A0)" (@) — (14 p¥) ()]

HUa () = V()M (z) — 0P, (y)],

and that the first summand on the right hand side is nonnegative because ¥
is monotonically increasing and ¥, (z) € ¥((1+ A¥)~!(x)). Hence for a > 0
large enough we obtain for all A\, u € (0,1) and ¢ € [0, T

S 10 = X, (0) e

SCmaX{/\,,u}/O/ﬁ<|\IIA(X,\(3))|2—|—|XA(3)\2+|\IJM(XM(3))]2 (3.11)

—|—]X#(5)|2>6_0‘5d§ ds + My(t).

Hence by the Burkholder-Davis-Gundy inequality (for p = 1) we get for all
A\ p€(0,1), rel0,T],

1 —a
LE sup [X,(1) — X, () e
te[0,r]

gCmax{A,M}E/Or/ﬁ(|\11A(XA(S))|2+|XA(s)I2+|\IJM(Xu(s))I2 (3.12)

r 1/2
+|Xu(s)\2>e_a5df ds+ CE (/ | XA(s) — Xﬂ(s)\fle_%‘sds) :
0
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1 T
< 1 E sup |Xy(s) — X,.(s))[2 e + C’E/ X (s) — X,(s)]2 e “%ds.
0

s€[0,r]
(3.13)
Taking into account that by Hypothesis 1.1(ii)

(WA(XN)] < C(L+ [ XN™), VA>0,

and that by (3.4) {X,} is bounded in L(Q2 x (0,T) x ©) for p > max{4,2m},
we infer by (3.12), (3.13) and Gronwall’s lemma that {X,} is a Cauchy net
in L?(Q; C([0,T]; H)) Hence for A — 0

X\ — X in L*(Q;C([0,T]; H)). (3.14)

In order to complete the proof of the existence part of Theorem 2.2 it suffices
to show that

n(w,t,§) € ¥ (X(w,t,8)) aein Qx(0,7)x 0. (3.15)
Since the operator
LP(Q%(0,T)xO) — Lw(Q2x(0,T)x0) C L1 (Qx(0,T)x0), X — ¥(X),
in the duality pair
<Lp(Q % (0,T) x 6), LP(Q x (0,T) x ) = L#"T(Q x (0,T) x ﬁ)) ,

is maximal monotone, it suffices to show that (see e.g. [3])

A—0

T T
lim inf B / / Uy (Xy) Xydédt < E / / nXdedt.  (3.16)
0 o 0 0
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To prove (3.16) we first note that by (3.2) we have

A—0

T
1
0 %
(3.17)
_! |z)? Jr1 iuQE/t|X(s)e ? ds
2 —1 2 — k 0 kl—1 I

because by (1.5), |(Xx — X)ex|-1 < CAg| X\ — X|-1 and so by Hypothesis
1.1(ii)

0 t o0 t
>4 [ 1Xsts)enads = 3 [N G)enf s

Next letting A tend to zero in (3.1) and using (3.8) we see that P-a.s., for all
t€10,7],

(X (1), e3)2 = (2, ¢3)2 + / 1(5), Aesods + 3 / (X (5)er €020k (5).

(3.18)
Note that by continuity the P-zero set does not depend on t € [0, 77, since

S [ (X (s)enseadfi(s) = [ e o (X ()W (s)

In order to get (3.18) we have used the fact that by (3.14) we have

2

E /0<X,\(s)ek,ej>2dﬁk(s)ds—/0(X(s)ek,ej>2dﬂk(s)ds

t
= E/O ((Xa(s) — X(s))ex, €j>§d3 < C)\gz)\iﬂX/\ - X|%2(Q,C([O,T];H))

and therefore

lin%Zuk/ (X(8)ex, €;)2dfrds = Z,uk/ (X (s)ex, €j)2dBds.
k=1 0 0

k=1
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Therefore (3.18) follows and this yields, via Itd’s formula (applied to (X (), €;)3,
t € [0,7]) and summation over j that

—IE|X +IE/ /ndeds

(3.19)
_—E|x| L+ Zﬂk /|X (s)ewl? 1ds, ¥ € [0,T).

Comparing (3.17) and (3.19) we get (3.16). Hence X is a solution to (1.3) as
claimed.

To prove uniqueness we take two solutions XV and X ® with correspond-
ing n™™ and n®. Repeating the argument above we obtain

5 EIX(0) - X0,
ey — @ (X D(s) — XD ()\deds
+E/O/ﬁ(77 (5) — 1®(s))(XD(s) — XP(s))ded

1 !
— 5 B [ IXO(s) = XO el ds, Vie T
k=1 0

Since, because ¥ is monotone, the second term on the left is positive, by
(1.5), Hpothesis 1.1(iii) this implies X} = X2 by Gronwall’s lemma.

Finally, if £ > 0 a.e. in ¢ we know by [6, Theorem 2.2] that X, > 0
P-a.s. and so by (3.14) it follows that X > 0, a.e in Q x (0,7") x & as desired.
This completes the proof of Theorem 2.2. [J

Remark 3.2 Theorem 2.2 extends to any dimension d > 1 if one modifies
condition (%) in Hypothesis 1.1 as in [6, Condition 4.1], i.e., one assumes

o0
ZM%UGIJOO + Ak‘lek‘|L%(ﬁ))2 < +00.
k=1

Remark 3.3 The existence part of Theorem 2.2 remains true for stochastic
porous media equations with additive noise, i.e.

dX — AU(X)dt = \/Q dW (t)
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where U satisfies Hypothesis 1.1 and

VQ dW (t) = i perd(t)

with

Z A e < oo
k=1

The proof is exactly the same and so, it will be omitted.

Proposition 3.4 Let Xy, A € (0,1), be as above, x € L*(0). Assume that
U satisfies Hypothesis 1.1 with m =1 and for some § > 0,

(T —g)(x—y) >0z —y)* V(z,2),(y,9) € V. (3.20)
Then X, X € L,(0,T; L*(Q, Hy(0))) and
lim E|LX, — X[i207:02(0)) = 0. (3.21)
Proof. A simple calculation reveals that
(UA@) @)@ —9) 2 2 e~y VryeR

for A sufficiently small. Then U, defined byW,(r) := Wy(r) — Sr,reR,is
increasing and so by 1to’s formula we have

(5 t
EIX\(0)3+ 5 IE/ X (8) 230y ds < C. (3.22)
0

As a matter of fact, we shall apply It6’s formula not directly to equation (3.1)
but to equation (3.6) (cf. the proof of Lemma 3.1 to obtain (3.7)). Thus we
get

t

1 ¢ 1
3 EIXGOB+ E [ ((A)-X5(6), X5(5Dhads < 5 [olf + CE | X505
Next we have
((ANX5, X5)2 = (AN + €42 X5, (1 242) 7 XD)s + €l(A2). X3
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Taking into account that Ay = A(W¥, + AI) and that r — W,(r) — dr/2 is
monotonically increasing we get

)
(ANX5 X322 5 [ 190+ 47 X3P + el(A). X
Hence .
E/D (1 -+ £A43) X5 ()2 s < C

and letting ¢ — 0 we get (3.22) and the first assertion (taking also into
account (3.5)).

To prove the second part we note that

1
d(X)\ — Xﬂ) — A[\I/)\(X)\) — ‘I/#(X“) + )\X)\ — /VLXM + 5 5 (X)\ — XH)]dt

— (0(X) — o(X,.))dW.

Hence exactly the same arguments to derive (3.11) lead to

1 —Q 6 ! —Qs
3 00 = K0P+ 5[ X00) = X, (o) s

< Cmax{n i} [ (IB3GDE + 19X

HX(6) 3 + 1 Xu(3)13 ) s + Mau(t),
for o large enough and A\, u € (0,1), t € [0,7]. Since m = 1, we have

|Wa(z)| < C(1+|z|) for all x € R, XA € (0,1), hence taking expectation we
get

5 t t
SE [ 13066) = X, 0)lds < Cmax{A ) [ (X0 (0) +1X, ()P
By Lemma 3.1 with p = 2 and (3.8) this implies (3.21). O

Besides Hypothesis 1.1, we shall now assume the following

(iv) W¥(r) = p sign r + U(r), for r € R, where p > 0, ¥ : R — R s
Lipschitz, ¥ € C*(R\ {0}) and for some § > 0 it satisfies V'(r) > 6
for all r € R\ {0}.
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Here the signum is defined by (1.8).
Below we shall use an approximation to W which is slightly different from
U, defined before. Namely, below we consider

U, (r) == p (sign)x(r) + \Tf(r), r € R,

where (sign), is the Yosida approximation of the sign, i.e.

1 ifr>A\
(sign)a(r) :==q & ifre =X\ A
-1 ifr< -\

We shall use the symbol ¥, also for this approximation and denote also by X
the corresponding solution of (3.1). This approximation in the special case
of condition (iv) is much more convenient. We emphasize that all previous
results remain true for this modified approximation. The proofs are the same
and some parts even simplify. We therefore shall use all previous results for
v, and X, as above without further notice.

The following technical result will be used in Section 4 (cf. Lemma 4.1)
in a crucial way.

Proposition 3.5 The solutions Xy to (3.1) and X to (1.3) satisfy all con-
ditions of Proposition 3.4 and in addition

T
E / / IV (sign)x(X,)[2dedt < C, ¥ A >0
0 0

and consequently n € L,(0,T; L*(Q; HY(0)).

Proof. We set .
ga(r) ::/ (sign)r(s)ds, r € R,
0

and choose ) € C?*(R) such that

(i) ©(0) =0.
(ii) ©)\(r) = % for |r| < A, @\(r) = 1+ X for r > 2X, p\(r) = —1 — A for
r < =2\

(i) 0 < @}(r) <& forallr € R.
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It is easily seen that such a function exists and can be constructed simply by
smoothing the function (sign),. Let us denote the resulting function by fi.
Then define

oA(r) = /OT fir(s)ds, reR

As mentioned above the arguments of the previous proofs extends to the
present situation in order to prove that {X,} is convergent to the solution
X to (1.3).

Now we shall apply Itd’s formula to equation (3.1) (or, more exactly, to
(3.6) and then let ¢ — 0 as in the proof of Proposition 3.4) with ¥, defined
as above and to the function fﬁ o (X))dE.

Arguing as in the proof of Lemma 3.1 to obtain (3.7), we get (recall that
X\(t) € Hi(6)),

E / oA(Xa(£))dE — E / (A(sign)s(Xa(s)) + AT(Xa(5)), 04 (Xa(5))2 ds

< / preic + O3B / / (X0 (5)) [ X (3)ex [Pdéds

o0 t
< [ er@ig+ ¢ Y iNE [ [ s olePasas
o P 0o Jo

where 1, is the characteristic function of the set {(s,£) : 0 < |X,(s,§)] <
2)}. )
Concerning the first line we note that, since ¢, and ¥ are monotonically

increasing while as seen earlier X, (t) € H} (&), we have by the Green formula
that

(AT A = = [ FE)FEIVIPE <0

This yields

T
E / / (V(sign)x(Xy), Vi (X3))s déds < C, ¥ A € (0,1).
0o Jo
Taking into account that
—(A(sign)A(X2), g3 (Xa))2 = (V(sign)a(Xi), VEA(X3))2 2 0, ace.
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and that V) (X)) = 1 VX, on {(s,€) : [Xi(s,€)] < A} we get

T
IE/O /{le(sign),\(X,\)Pdfds <C, VAe(0,1),

because V(sign),(X,) =
| XA)] > A
Then we get the desired estimate and since also by (3.22)

V(X/\) if ’X/\)| < A and V<S1gn))\(X)\) = 0 if

i
A

T
E/ /|V\IJ(XA)|2d§ds <O, VYXe(0,1)
0 %

and (sign)y(X») + U(X,) — 1 weakly in L2(Q x (0,T) x &) as A — 0 we
infer that n € L%, (0,T; L*(Q; Hy(0)) as claimed. O

4 Extinction in finite time and self-organized
criticality

In this section we shall prove a finite extinction property for solutions of
(1.3) in 1-D for a special density dependent diffusion coefficient function W.
However, Lemma 4.1 below can be proved without restriction on dimension.
So, for the moment we remain in our general framework.

For simplicity we choose the Wiener process

W(t) = merBe(t), t>0, (4.1)

where N € N.
Besides Hypothesis 1.1, we shall assume Hypothesis (iv) (see page 16),
Le.
(iv) U(r) = p sign v+ U(r), for r € R, where p > 0, ¥ : R — R is
Lipschitzian, ¥ € C*(R\ {0}) and for some 6 > 0 it satisfies ¥'(r) > 6
for all r € R\ {0}.

Here the signum is defined by (1.8).
Now let 7 be the stopping time

r=inf{t > 0: |X(¢,2)|-1 = 0},
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where X (t,x),t > 0, is the solution to (1.3) given by Theorem 2.2 for x €
LP(0O), p > max{4,2m}.

Lemma 4.1 Under assumptions (i)-(iv) we have
X(t,x) =0, fort>r, P-as.
Proof. Set A = —A, D(A) = H*(O) N H}(O). Define p : [0,T] x Q —
C7(O;R) by
N
_Zﬂkekﬁk(t)7 t €[0,17,
k=1

and [ : [0,T] — CZ(O;R) by

N
L= e
k=1
Define
Y(t) =e!DX(t), t>0.

Let D(A) be equipped with the graph norm of A and let D(A)" be its dual
space, hence

D(A) c Hy(0) Cc L*(0) c H ' (0) c D(A). (4.2)

It is easy to see that for all w € Q, ¢ € [0, 7] the function e***) is a multiplier
both in D(A) and in H, hence e***)JAz € D(A)" is well defined for all
z€ L*0)and Y(t) € H.

Claim. We have
t 1 t
Y(t)==x +/ e An(s)ds — 3 / aY(s)ds, tel0,7], (4.3)
0 0

where the fist integral on the right hand side is a Bochner integral in D(A)’,
the second by (3.8) is one in LP(€) C L*(0). In particular a posteriori the
first integal is in H, continuous in H as a function of t € [0, 7], P-a.s.

Proof of the Claim. Let ¢ € D(A). As before we shall use (-, -)2 also for
the extended dualizations with pivot space L?*(&) as the ones in (4.2).Then
for t € [0, 7]

(¢, "X Ze D)y (e, X(1))2
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Furthermore, we have by 1t6’s formula for all £ € &

t 1 [t
eh(tE) — 1 +/ "R dp(s, &) + 3 / O fi(¢)ds.
0 0

Now fix 7 € N. Then by the stochastic Fubini Theorem
N t
(e3P0 = (epela= 3o [ fes,cxc)adinls
k=1 0

1

¢
+§ /(ej,ﬂe”(s)@gds, t €10,77.
0

By It6’s product rule and (3.18) we hence obtain

(ej,e" D)y (e, X(1))2 = (ej, )2 (€5, 2)2

t
b [l 900 (Besn(oha s
0

N

-S> u / (e5,exe™ g} (e, X (s)er)s dBe(s).
k=1

After summing over j € N the two stochastic terms cancel and the claim
follows since ¢ € D(A) was arbitrary.

Below we work for P-a.s. w € ), w fixed. Hence all constants C' appearing
below may depend on w.
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Consider the solution X, € L#,(0,T; L*(Q2, H}(0))) to equation (3.1).
By Proposition 3.4 we have

lim E|.X — Xi20ri2(0y =0

and W, (X)) € L3,(0,T; L*(Q, H}(0))) because ¥, is Lipschitz.
On the other hand,we have as in (4.3) for Y\ = e# X,
dY\(t) 1

e e Any (t) — 5 AOYA(), ¥t>0 (4.4)

where
m(t) = r(Xa(t) € Hy(O).
It follows by (3.21) that

yf})]EWA - Y’%Q(O,T;LQ(ﬁ)) =0 (4.5)
and therefore for some sequence A, — 0
lim Yy, = Y|r200m22(6)) =0 a.e. on €2 (4.6)
Below we simple write A instead of \,. Next we have by (4.4) that
dY,(t 1,
(R0 = (0 AR, FORO): acte 0.7
2

(4.7)
Also we have (for simplicity we take p = 1)

(1), A" YA(1)))2

— ((sign)s (e OVA(®) + T (e O3 (), A(HOV; (1)),
- / (V(sign)s (e 02 (1)), V(e“OY; (1)) de

- /ﬁ V(e OV 0) (Ve OVA(1)), V(e OVA(1))dE

- /ﬁ(wn(tw — VA2 [V(t) )1 (t, €)d

_ / V(e OV, () (VYA (0)2 — [YA())? |V u(t) 2)de,
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because for y € H}(O)

V (sign), (y) =
% Vy, on{y e (=A\ N}

(Here 1, is the characteristic function of {(£,¢) € Ox[0,T] : |e *OY,\(¢,€))| <
A} and (-,-) is the euclidean scalar product in R™.) Since ¥ > § and
U e L*(R), p € C([0,T] x O) this yields

(1), A(e"OYa(t)2 < C (IVA@)]; +X) - (4.8)
Hence (4.7) and Gronwall’s lemma imply
YA(1)[3 < e“U) ([Ya(s)]3 + CAT) ae.t>s.
Now taking into account (4.6) and letting A — 0 we get
Y (1)2 < eI (s)2 ae t>s. (4.9)

If Y(-) is L*(O)-continuous then (4.9) holds for all s,¢ € [0, 7], t > s. Taking
in (4.9) s =7AT we get Y(t) =0 for all t > 7 AT and since T' > 0 was
arbitrary for all ¢ > 7 as claimed. So, we have to prove that Y is L*(0)-
continuous on [0, T]. For this we recall that by Proposition 3.5 we have

e'ne L*0,T; H}(0)), P-as.. (4.10)

Then by equation (4.3) we have @£ € L?(0,T; H~'(0)) and so, since Y €
L*(0,T; HY(O)) P-a.s. by Proposition 3.4, by a well known interpolation
result (see e.g. [3]), we conclude that Y € C([0,T]; L*(£)). This concludes
the proof of Lemma 4.1. [

For proving our extinction result we need &' C R, i.e. d =1. To be more
specific let & = (0, 7). Then e;(§) = \/g sink, &€ 0,7, \y = k% and
L*(0,7) C H continuously, so

yznﬁF““:xeL%a@}>o. (4.11)
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Theorem 4.2 Let x € LP(0,7), p > max{2m, 4}, be such that

|21 < Cx'ps
where
o
Cn =7 > (1t k) (4.12)
k=1
Then, for each n € N,
el (" —ews, )
P(r<n)>1--—— e ds | (4.13)
P 0

where by Lemma 4.1 we have
T(w) =sup{t > 0: |X(t,z)|-1 > 0}.
Proof. By condition (iv) we see that
rU(r)>plrl, VreR. (4.14)

Consider the solution Xy € L#%,(0,7;L*(Q2; H3(0,7))) to equation (3.1).
Then by first applying Krylov-Rozovskii’s 1t6 formula (cf.[20, Theorem 1.3.1]
or e.g. [21, Theorem 4.2.5]) and then the classical It6 formula to the real
valued semi-martingale | X (t)|%,,¢ € [0,T], and the function

pe(r) = (r+)'?, reR,

we find
dp-(|XA()[21) + (X121 + )7 V2(X0 (1), UA(Xa(1)))odt

LN LIl (X0, + ) — [(Xa e Xa(0) 1)
2 Z IXOF, + )7 .

(o (Xa(1)dW (1), LL(IXA()[21) XA (1))

< D g s+ RO X))

X012,

< C
= TN (XA@))2, + )12

dt + 2(o (Xx(8))dW (1), gL (| XA (H)]21) XA (1))
(4.15)
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Here Cy is given by (4.12) and

o (X)W (1) = uuXa(t)erdBi(t).

Integrating over ¢ and letting A — 0 we see that the right hand side of (4.15)
converges to the right hand side of (4.16) below in L?(2; C([0,T]; H)). But
by (3.5),(3.8), (3.12), (3.13) and by Proposition 3.4 the same is true for the
left hand side with limit

PR = laf ) + [ [ e s

Taking into account (2.2) and (4.14) we altogether obtain

| X ()] 0,m)

IXOE, + 2™

d=(|X (1)[%1) + p

(X (02,

<
= ONIXWOR, + )7

dt + 2{o (X (£))dW (1), eL(IX ()[2) X (1)).

Consequently by Lemma 4.1 for all £ > 0

P R e e

<edlelron [ g (L))(‘Qf)bz)mds (4.16)

2 / o (X ()dW(s), oL (X ()P )X (5)), Peas.,

where v is defined by (4.4).
Clearly, we have

tAT
. X (3)] s

ds=tAT, P-a.s..
=0 Jo (| X(s)2y + )1/
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Now, letting ¢ tend to zero we get
t
X))+ 96 A7) < fala + o [ 1X(9)]ads
0
(4.17)
t
+ [ o)X W) XX Pas

Hence by a standard comparison result

t
X0t g1 [ eI < fal
0

+/0 eV () (o (X (8))dW (), X (5)| X (s)|21)-

Taking expectation and multiplying by (py)~te=~!, we obtain

|1
P
Writing P(7 > s) = 1 — P(7 < s) we deduce that

¢
P(r<t)>1- |m|—_1 (/ e_CNsds)
Y 0

and (4.13) follows. [
In particular Theorem 4.2 applies to self-organized criticality stochastic
models (1.9)

t
/ e ONP(1 > 5)ds <
0

-1

(dX(t) — Apsign (X(t) — z.) + U(X (1) — x.))dt

N
S5 o(X(t) = xc) Y perdBi, >0,
k=1 (4.18)

psign (X(t) —z.) + V(X (t) —2.) 30, ond|0,7],

L X(0,2) ==z
Here the function ¥ is as in assumption (iv) and z, € R.
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Corollary 4.3 Assume that
|z — x| 1 < YO,
where Cy is as in (4.12) and v as in (4.11). Then for each n € N

n -1
P(r.<n)>1- Jz = el (/ e_CNSds> , (4.19)
P 0

where
T.=inf{t >0: |X(t) —x.-1 =0} =sup{t >0: |X(¢) —x.-1 > 0}.
and X = X (t,x) is the solution to (4.18) in the sense of Definition 2.1.

We note that equation (1.9) reduces to (4.18) by shifting the Heavside
function with z..

Remark 4.4 One must notice that if x > =z, i.e. if the initial state is
in the supercritical region then by the positivity result in Theorem 2.2 we
have X (t) > x., P-a.s. for all ¢ > 0. This means that the state remains
in the supercritical-critical region for all the time. However, by (4.19) if
Onlzlor g small, it reaches the critical state x, with high probability in a
finite time i.e. the supercritical-critical region is completely absorbed by the
critical one in a finite time. In contrast, if bzt g ot small, i.e., if the
magnitude of the random fluctuations induced by the noise is large compared
with the initial state x then the above conclusion might fail because the
random perturbations can push the density X (¢) over the singularity z..

So, in general we cannot expect 7. < oo, P-a.s. However, by (4.19) we
see that

P(r. < 00) = lim P(7. <n) > 1—w.

- Cn
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