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Summary: Let 0 > 0,0 > 1,b > 0, 0 < p < 1. Let XA be a continuous and positive
function in H*(R*). Using the technique of moving domains (see [9]), and classical direct
stochastic calculus, we construct a pair of continuous semimartingales (R, v/R) solving

weakly
2

dR, = o/ Ry dW, + UZ((S —bR,)dt + (2p — 1)dO(R — M?),

and
o o? (61 0
dvVR, = §th + sl 7= bV R, ) dt+ (2p—1)dl; (VR — \)

VR,
s
=GN (VR),

where the symmetric local times (R — A?), £°(v/R — \), of the respective semimartingales
are related through the formula

2WVRAC(VR — \) = d°(R — \?).

We only consider positive initial conditions. In particular, the pair (R, \/E) provides
another typical example for diffusions with discontinuous local time (see Remark 2.7).
Well-known special cases are the (squared) Bessel processes (choose o = 2, b = 0, and
A? = 0, or equivalently p = 1), and the Cox-Ingersoll-Ross process (i.e. R, with A? = 0,
or equivalently p = %) The case 0 < § < 1 can also be handled, but is different, see
Remark 2.9. We also explain how a generalized Longstaff’s model, known as the double

square-root model, is obtained (see Remark 2.5).
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1 Introduction and motivation

For parameters ¢ > 0,9,b > 0, consider the Cox-Ingersoll-Ross process, i.e. the unique
solution (in any probabilistic sense) of the 1-dimensional SDE

2

dR; = o/[Re|dW; + %(5 — bR,)dt,

and denote by ((77(R))a)er+xr its associated right-continuous family of local times
(upper local times), i.e. (t,a) — T (R) is a.s. continuous in ¢ and cadlag in a. Applying
the occupation time formula (see e.g. [4, VI. (1.6) Corollary, (1.15) Exercise|) we obtain

i ty t
/ {70} pat(RYdq = / 20 (R, R), < o / I, c0pds < 0™t
R a] o |Rsl 0

so that by non-integrability of a +— % in any neighborhood of zero, the upper (resp.

lower) local time at zero must vanish, i.e. €07 (R) = 0 (resp. 0 (R) = 0). Accordingly, the
symmetric local time

EO(R) — EOJF (R) + 60 (R)’
2

vanishes. In short, the lower (resp. upper, symmetric) local time corresponds to the right-
continuous (resp. left-continuous, point-symmetric) derivative of r +— |r| in Tanaka’s
formula for |R|. If we consider a continuous, and positive function A : Rt — R which
is locally of bounded variation, and if A # 0, then the symmetric local time at zero
O(R — N?) (here A\?(t) = A(t) - A(t)) of the continuous semimatingale R — A?, where now
R is a solution to (1) below, doesn’t vanish. In fact at least for A € H ?(R*), and § > 1,
its associated smooth measure is not identically zero (cf. Proposition 2.3 and subsequent
transformations). It is therefore natural to look at a solution to

2

AR, = /R, dW; + %(5 —bR,)dt + (2p — 1)AO(R — N?), (1)

where p € (0,1) and

t
/ I (s)=opdl2(R — A?) =0 a.s. for any ¢ > 0. (2)
0



In particular a.s.

2

t
(R — \?) = lim ‘7—/ T(_eo(Ry — A2(s))| Ralds.
el0 2€ 0

The reason to work with symmetric local times is given in Remark 2.7(ii). Applying
Tanaka’s formula for R~ (cf. Lemma 3.2), it is easy to see that a solution to (1) always
stays positive when started with positive initial condition. One can hence in that case
discard the absolute value under the square root in (1) as in the classical situation where
A? = (. Assuming that a solution to (1) is unique in a certain sense we shall call it p-skew
squared Bessel process on A2 if b = 0, 0 = 2, and p-skew CIR model on \? if b > 0.
Questions of uniqueness are handled in [10].

Let 6 > 1. Assuming that it is a semimartingale, one can similarly consider a solution
Y. Yy > 0 to

2 /51 Tis
dY; = %th + % ( - bYt) dt + (2p — DIpaqyd®(Y — A) + %dwm. (3)
t

Applying 1t6’s formula we observe that R; := Y2, Ry > 0, solves

2

AR, = o/ RydW; + %(5 CBR,)dE+ (2p — 1)2/Red®(VER — \).

Thus, if we want that R solves (1) then we must have

2V RidO(VR — \) = dO(R — \?). (4)

This relation reflects (2), and can be shown probabilistically using a product formula for
local times (see [12], and also [2]). In fact, we have R — A\? = (VR + \)(vVR — \), but see
also Remark 2.8(i).

In this work we will use new bilinear form techniques and classical stochastic calculus
in order to construct a pair of positive processes (R,+/R) which solve (1), (3), respec-
tively, and which are related by (4). The fact that VR is a semimartingale if § > 1 is
confirmed in Remark 2.4(i). Various properties of (R, \/E) are discussed, in particular, we
solve a martingale problem related to R on a nice class of test functions (see Proposition
3.5, and Remark 3.6). In Remark 2.7(i) we show that if |p| > 1, then there is no solution
to (1). The construction will take place for arbitrary A € H.?(R*), if 2p — 1 > 0, and
for increasing A, if 2p — 1 < 0. (cf. below (5), and Remark 2.4, 2.8(ii) for more general
A). Thus, if e.g. A? is a constant, then we obtain a solution for every p € (0,1) . The
construction of (R,v/R) is in the sense of equivalence of additive functionals of Markov
processes (see Remark 2.6). The case 0 < 0 < 1 can also be handled, but is different, see
Remark 2.9. In Remark 2.5 we explain how a generalized Longstaft’s model, known as the
double square-root model, is obtained.



2 Construction of the skew reflected process

Throughout this article I 4 will denote the indicator function of a set A. Let E := RT xR™*,
where R™ := {z € R|z > 0}. Let C}(R") = {f : RT — R|Ju € C}(R) with ullg+ = [},
and C}(R) denotes the continuously differentiable functions with compact support in
R. Let H“?(R") be the Sobolev space of order one in L*(RT), that is the completion
of CHRY) wort. |plmem = (fas [0ug|? + [¢?du)z. When considering an element of
H“2(R"), we always assume that is it continuous by choosing such a version. Later we
will use the notions d,,du for the space variable (notation u = z) as well as for the
time variable (notation u = ¢, or u = s). For the space-time variable we use y, e.g.
y = (s,2), y = (t,x). Let H:*(RT) denote the space of all continuous ¢ : R* — R such
that ¢ f € HY*(R™) for any f € C3(R™).

Ift\e H lﬂf(R*), then it has a uniquely determined continuous version w.r.t. the Lebesgue
measure dt. We will always assume that A is continuous. Furthermore we assume that A is
positive, i.e. A > 0. In particular A = F+ (so that § > —~), where 3,y € Hllof(Rﬂ, and
3 is decreasing, ~ is increasing. Indeed, since 9;A € L2 (R™) we may consider its positive

part (9;A)", and its negative part (9;A)”, and fix from now on

t t
B(t) = —/ (O:N)~ (s)ds + A(0), Y(t) == / (O:N)F(s)ds.
0 0
Consider the following moving domain
E :={(t,z) e R" xR|z > —(t)}.

Observe, that its t-section F; = {x € R|(t,x) € E} = [—7(t), 00) is increasing in ¢ since
—~(t) decreases in ¢. In particular £ = Ugso{t} x E}.
Let 6 > 1, b € R* (for the case 0 € (0, 1) see Remark 2.9). As reference measure on E we
take

m(dy) = m(dzdt) := p(t, x)dxdt,

where
sz

p(t,x) = (1= P)= )00 (%) + Plig(e) ) (2)) |2+ ()" e

is assumed to be increasing in ¢, that is
p(s,x) <p(t,x) VO0<s<t, xe€ kL, (5)

For instance, if p € (%, 1), so that 1 —p < p, then p(-, x) always increases, or if 5 = const,
then p(-, z) increases for any p € (0, 1).

Due to the monotonicity properties of p we are in the framework of [9]. More precisely,
there is a time-dependent generalized Dirichlet form £ with domain F x VUV X F on
H := L*(E,m) which we determine right below. For ¢ > 1 let

CUE) = {f: E— R|Ju € C{(R?) with uly = f},



and C¢(R?) denotes the g-times continuously differentiable functions with compact sup-
port in R?2. Let 0 < 0 € R

2 0 o)
A(F,G) =T /0 / | BF(.0) 0,006, 2)pls, 2)dads; RGECYE), (0
.

with closure (A,V) in H. The closability easily follows since p satisfies a Hamza type
condition (see [9, Lemma 1.1]). Let A, (F,G) := A(F, F) + a(F, F), a > 0, where (-,-) is
the inner product in H. For K C E compact, the capacity related to A is defined by

Cap™(K) = inf{Ai(F, F); F € Cj ()}, (7)

where Cj x (E) = {F € Cj(E)|F(s,z) > 1,V(s,x) € K}. For general A C E it is extended
by inner regularity. Define

UiF(s,x) = F(s+tz); Fe€CyE).

It then follows from results in [9] that (U;);>o can be extended to a Cp-semigroup of
contractions on H which can be restricted to a Cy-semigroup on V. For the corresponding
generator (0y, D(0;,’ H) on H it follows that

8, : D(, HNV) =V

is closable as operator from V to its dual V' (see [5, I.Lemma 2.3.]). Let (0;, F) be the
closure. F is a real Hilbert space with norm

|[Fl7 = \JIF[S + [0

The adjoint semigroup (ﬁt>t20 of (U)o in H can be extended to a Cp-semigroup on V'.
The corresponding generator (A, D(A,V")) is the dual operator of (0;, D(9;,V)). F =
D(A, V)NV is a real Hilbert space with norm

Flz = \/IFI; + AFR.

Let (-,-) be the dualization between V' and V. The time-dependent generalized Dirichlet
form is now given through

E(F.G) = A(F,G) - (O,F.G)  for FEF, GEV
T L ARG) - (AG F)  for GEF, FeV.

Note that (-,-) when restricted to H x V coincides with the inner product (-,-) in H.
In particular when F € C}(E), G € V, then

2 0 00
E(FG) = %/o / ()(%F(s,x) 0.G(s,x)p(s, x)dxds
(s
—/ / O F(s,2)G(s,x)p(s, x)dxds. (8)
0 J—v(s)
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For all corresponding objects to £ which might not rigorously be defined here we refer to
[9]. We also point out that the monotonicity assumption on E; as well as on the density
p in time is crucial for the construction of £. R

By [9, Lemma 1.6, Lemma 1.7] the resolvent (G, )a>0 and the coresolvent (Gy,)a>0 associ-
ated with & are sub-Markovian and C}(E) C F dense. Let £,(F, Q) := E(F,G) +a(F,G)
for o > 0. Then

Ea(GoF,G) = (F,Q)y = E4(F,GoG) F,G e V.
Proposition 2.1 (G,)as0 is Markovian, i.e. Gilg = I m-a.e.

Proof We start this proof with a general observation. In order to prove the conservativity
of £ it is enough to show that for one F € H N LY(E,m), F > 0 m-a.e., there exists
(W1 CF,0< W, <Ig,n>1,W,1TIgasn— oo,such that

lim E(W,, GiF) =

n—oo

Indeed, if this is the case then

0= lim EW,, G F) = lim [ (W, — G1W,)Fpdxds = / (Ig — G1lg) F pdxds,

— —

and GiIp = Iy as desired. We now fix I as above, and determine below (W,,),>1.
Let g, € C2(R"), u, € C2(R), n > 1, such that 0 < g, U, < 1, |0:9nloo, |Otin|ee < L-n1,
|022tin|oo < L -n~2 where L is some positive constant, and

(s) = 1 if s€[0,n]
IS =N 0 if s € [2n,00),

and 1 [@2n)] <z <[M0)+ 1] +n
un(2) = { 0 if x> [A(0)+ 1]+ 2n,

where [z] := sup{k € Z|k < x}. Then W, := gyu,lp € F, n > 1, satisfies W,, T Ig as
n — oo, and since 9, W, (s, 3(s)) = 0.W, (s, —v(s)) = 0 for all s, we easily find

~ 2 (0.9] o0 _ 1 .
EW,, G F) = —U—/ / Opa W, + (5— — bz | 0, W,, + E8,51/1/,1 G1Fpdxds,
8 Jo Jos) (z +(s)) o’

so that [£(W,, G1F)| is dominated by

L-o? [A0)+1]+2n 51 BA) + 1] 4 20)\ ~
/ / 0)+1]4+n ( " n([A(0) 4+ 1] +n + v(0)) + n ) G1F'pdxds

2n o0 L .
+/ / — G Fpdzds.
0 Jory(s) T




Noting that @1de:cd3 is a finite measure, we just apply Lebesgue’s theorem, and the last
sum is easily seen to converge to zero as n — oo. This concludes the proof.

O

Let us define the strict capacity corresponding to €. We fix ® € LY(E,m), 0 < & < 1.
Let (kG1P A 1)y be the 1-reduced function of kG1P A 1 := min(kG1P,1) on U, and let

Cap, 5,6(U) = lim [ (kG1® A1)y®dm if U C E is open.

k—o0 E

If A C E arbitrary then

Capl,@ﬂp(A) = in{CapL@l@(UﬂU D A, U open}.

We adjoin an extra point A to F and let Ex := FU{A} be the one point compactification
of E. As usual any function defined on E is extended to E putting f(A) = 0. Given an
increasing sequence (Fj)ren of closed subsets of E, we define

Co{Fr})={f:A—=R]| U F,. CACE, finugay is continuous Vk}.

k>1

A subset N C F is called strictly £-exceptional if Caplﬁlq)(N ) = 0. An increasing se-
quence (Fy)gen of closed subsets of E is called a strict E-nest if CapL@lq)(F,g) 1 0 as
k — oo. A property of points in E holds strictly £-quasi-everywhere (s.£-q.e.) if the
property holds outside some strictly £-exceptional set. A function f defined up to some
strictly -exceptional set N C F is called strictly £-quasi-continuous (s.£-q.c.) if there
exists a strict E-nest (F)ren, such that f € Coo({Fr})-

For a subset A C Ea let 04 :=inf{t > 0] Y, € A} (resp. D4 = inf{t > 0|Y; € A}) be
the first hitting time (vesp. first entry time) w.r.t. M. For a Borel measure v on F and a
Borel set B let P,(B) := [, P,(B)v(dy) and E, be the expectation w.r.t. P,. As usual we
denote by £, the expectation w.r.t. P,. If U C E is open, then

Capy g,0(U) = /E E,[e="]®(y)m(dy). (9)

If B C F is an arbitrary Borel measurable set, then
Caby gyolB) = [ ByleP¥10(y)m{dy).
E

Both follows from [8, Lemma 0.8].

By strict quasi-regularity every element in F admits a strictly £-q.c. m-version (see [8,
Proposition 0.9]). For a subset D C 'H denote by D all the s.E-q.c. m-versions of elements
in D. In particular ﬁ]—‘ denotes the set of all s.£-q.c. pdy-versions of 1-excessive elements in
V which are dominated by elements of . We have an analogy, namely [8, Theorem 0.16],



to [6, Theorem 2.3]. That is: Let @ € 7/5/;. Then there exists a unique o-finite and positive
measure fi; on (E,B(E)) charging no strictly £-exceptional set, such that

/ fdpg = lim &(f,aGa10) Yf € Pr—Pr.

E a—0o0

Also in analogy to [6] we introduce the following class of measures
§00 ={ua | we ﬁ@lH; and py(E) < oo}

where GyH; == {G1h | h € H/}.

For B € B(E) the following is known from [8, Theorem 0.17]: B is strictly -exceptional
if, and only if u(B) = 0 for all 1 in Spo.

Since (€, F) is regular, i.e. Cy(E) N F is dense in Cy(F) w.r.t. the uniform norm as well
as in F, it follows that (£, F) is a (strictly) quasi-regular generalized Dirichlet form on E.
On the other hand we can find a dense algebra of functions, namely C3(E), in F. These
two facts imply the existence of a Hunt process associated to £. Applying additionally
Proposition 2.1, and [9, Theorem 1.9] we have:

Theorem 2.2 There exists a Hunt process M = (€, (F,)i>0, (Y1)i50, (Py)y=(s.c)crs) With
state space E, and infinite life time, such that Ry F (s,z) == [° [, e ™ F(Y¢(w))Ps 2 (dw)dt
1s a E-q.c. m-version of G, F for any a > 0 and any F' € Hy. Moreover there exists a
E-exceptional set N C E such that

Py (t Y, is continuous on [0,00)) =1 for every (s,z) € E'\ N.

We want to identify Y. Let us first recall some basic definitions and facts about additive
functionals related to generalized Dirichlet forms.

A family (A;)i>o of extended real valued functions on € is called an additive functional

(abbreviated AF) of M = (Q, (Fi)i>0, (Y )iz0: (Py)yeras) (Wrt. Cap, g 4), if:
(i) As(+) is Fr-measurable for all ¢ > 0.

(ii) There exists a defining set A € F., and a strictly E-exceptional set N C F, such
that P,(A) =1forally € E\ N, 6;(A) C A for all £ > 0 and for each w € A, t — A(w)
is right continuous on [0, 00) and has left limits on (0, ((w)), Ao(w) = 0, |Ai(w)| < oo for
t <((w), A(w) = A¢(w) for t > ((w) and Ay (w) = Ar(w) + As(fpw) for s, > 0.

An AF A is called a continuous additive functional (abbreviated CAF), if ¢ — Ay(w)
is continuous on [0, 00), a positive, continuous additive functional (abbreviated PCAF) if
Ay(w) > 0 and a finite AF, if | A;(w) |< oo for all t > 0,w € A. Two AF’s A,B are said
to be equivalent (in notation A = B) if for each t > 0 P,(A; = B;) =1 for strictly £-q.e.
y € E. The energy of an AF A of M is defined by

e(A) = lim %oﬂE,,dz; {/ e_atAfdt} , (10)
0

a—00



whenever this limit exists in [0, 0o]. We will set €(A) for the same expression but with lim
instead of lim.

Let F be a strictly £-q.c. pdy-version of some element in H. The additive functional

AV = (F(Y1) = F(Y0))izo
is independent of the choice of F (i.e. defines the same equivalence class of AF’s for any
strictly £-q.c. pdy-version F' of F). The sub-Markovianity of (G4)a>0 implies

(AP = Tim <a(F —aG.F F)y — %/E(F2 - aGaF2)pdy)

< lim a(F — aG.F, F)y.

- a—oo

Since F C V7 (cf. e.g. proof of [7, Lemma 3.1]) it follows lim, ., aé\aF = I weakly in
V. Hence lim, oo a(F — oG F, F)y = lim, .o E(F, G F) = E(F, F) whenever F € F.
In particular

gAYy < 2|F|% for any F € F. (11)
Define

M = {M|M is a finite AF, E,[M}] < oo, E,[M;] =0
for strictly £-q.e y € E and all t > 0}.

M € M is called a martingale additive functional (MAF). Furthermore define
M = {MeM]e(M)< oo}
The elements of /\il are called MAF’s of finite energy.

Let A be a PCAF of M. Its Revuz measure p4 (see [6, Theorem 3.1]) is defined by
/ Gy)pa(dy) = lim aE,y, [/ e_o‘tG(Yt)dAt] for all G € BT. (12)
E o 0

The dual predictable projection (M) of the square bracket of M € /\jl is a PCAF of M. It
then follows from (10), (12), that one half of the total mass of the Revuz measure ji(yy) is
equal to the energy of M, i.e.

1

() = 5 [ () (13)

Therefore g5y is also called the energy measure of M. For M, L € j\jl let

(M, L) := 5 ((M + L) = (M) — (L))

N | —



Then ((M, L);):>o is a CAF of bounded variation on each finite interval. Furthermore the
finite signed measure g,y defined by piarzy = %(N(M+L> — puay — pury) is related to
(M, L) in the sense of (12). If G € B/, then [, Gdpy., is symmetric, bilinear and positive

on M X M.
Define

N, = {N|N is a finite CAF,e(N) =0, E,[| V{]] < o0
for strictly £-q.e. y € E and all t > 0}.

For FF € F, A can uniquely be decomposed (see [6, Theorem 4.5.(i)], [8, Remark 0.17])
as

APV = ML N M epq, N e (14)

The identity (14) means that both sides are equivalent as additive functionals w.r.t.
Cap, g,4- The uniqueness of (14) implies aMFl 4 p MG = plaF+061 g NIFL 4 pNIGT =
NEF+G] for any a,b € R, F,G € F.

From Lemma 2.1 in [9] we know that for F' € F

2
o
ey (dzds) = Z(amF)zpdxds,
and moreover, if F'is constant pdy-a.e. on a Borel set B. Then

vty (B) = 0.

Now let us come back to the identification of Y. In order to identify the drift part we
might proceed as follows. Denote by 4, the Dirac measure in x € R. If 5(s) > —7(s) a.e.
s, then integrating by parts in (6) we obtain that the generator of the diffusion is given
informally in the sense of distributions by
LF _ Co.F o 0=l s OF dz)d
(s,x) = g Oaa (s,:c)—l—gm F(s,2) + 0. F (s,x) + ve(dr)ds

where the boundary term vp is given by
2 >
vi(de)ds = {p0f F(s,x) — (1 —p)d; F(s,z)} %W’ + ()" e ™5 Gg(e) (da)ds

2 bx

(1= p)O Pls,) Tl + ()75 8y (do)ds,

and where as usually 9;

'+ resp. 0, , denote the right hand, resp. the left hand derivative
in space.

10



If we can show that |z + 'y(s)|5_1e’%5,{(s)(d:v)ds, k : RT — RT locally bounded and
measurable, is a smooth measure w.r.t. A, then there is a unique PCAF representing this
measure by Theorem 2.2 in [9]. Theorem 2.3 in [9] then allows to identify the drift part.
We will identify the corresponding diffusion when § > 1.

Let R* x R = |J,»; Ky, where (K,),>1 be an increasing sequence of compact sub-
sets of R* x R. Let E,, :== K, N E, n > 1. Since C}(E) C F dense, it follows from
[5, II1.Remark 2.11] that (E,),>; is an E-nest in the sense of [5, III.Definition 2.3(i)].
Consequently, P,(lim,,_. ope < o) = 0 for E-q.e. y € E, hence in particular for pdy-
a.e. y € E (see [5,IV. Lemma 3.10]). We obtain that (E,),>; is an strict E-nest by (9).
8, Lemma 0.8(ii)] now implies P,(lim, .o 05 < 00) = 0 for strictly £-q.e. y € E. We
may without loss of generality assume that £, C [0,n] x RN E, n > 1, and that E,, is
contained in the interior of E,; for any n > 1. From now on we will fix such a strict

E-nest (E,)n>1.

Proposition 2.3 Let § > 1, k : Rt — R be measurable and locally bounded, such that
(s,k(s)) € Es for each s > 0. The measure

b2

]IEN(S,x)|:E+7(s)|6_Ie_ 2 Op(s)(d)ds, N > 1,
is smooth w.r.t. (A,V).

Proof We only show the statement for 6 > 1. The proof for § = 1 works in the same

manner and is even easier since the derivative of y — |y|°~! disappears as it is constant,

so there are less additional terms (cf. below). Let N > 1. Let F € CJ(F), v € C°(R),
0 < <1, |0:9]e < 2. Since k is locally bounded, the following two values

KENmin = If{x(t)|t € [0, N]},  Enmae := sup{s(t)|t € [0, N]},
are finite. Let ¢ = 1 on [Knmin, KNmaz], ¥ = 0 o0 [Knmar + 1, 00[. For s € [0, N] we have

ba?

KNmaz+1
= —/ 0y (1/1(x)F(5,x)]a: +7(s)|° te 2 ) dz
K(s)

o b.»a(s)2
2

F(s, r(s))|k(s) +(s)" e
and thus

.172
/E |F|(5,2)x 4+ (5) P e~ "% 8 (dar)ds
N

N
< /
0

N KNmaz'f']- b2
< 2/ / (|0 F| + |F|) |z +~(s)|]"'e™ = dads
0 K(s)

KNmaz+1 bs2
[ o (@ Fts e 4 59 ) e as

(s)

N KNmaz+1 2
+/ / |F| ((6 = D]z 4+ ()" = bx|z +~(s)| ) e "% dads
0 K(s)
< Cw.JAn(F,F)+I(F), (15)
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with

KNmazt+1 2
/ / |F| — 1)|ac+'y(s)|5_2 —bx|x+7(s)|‘$_1) e_b%dxds,

and Cy = /I T a4 o )t deds.

n(s

Let K C E be compact, and Cap™(K) = 0. By (7)
Cap™(K) = inf{A,(F, F); F € C} x(E)},

where Cj i (E) = {F € Cj(E)|F(s,x) > 1,¥(s,x) € K}. Hence, there exists (Fy,)nen C
C}(E), F,(s,x) > 1, for every n € N, (s,z) € K, such that |F,|, — 0 as n — oo. Since
normal contractions operate on )V we may assume that sup,,cy Sup(s ,)ex [Fn(s, )| < C.
Selecting a subsequence if necessary we may also assume that hmrHOQ |F | =0 p(s,x)dxds-
a.e, hence dxds-a.e. Consequently, using Lebesgue’s theorem we obtain

I(F,) — 0 as n — oo.

Therefore by (15)

[ s e+ ()P e b (de)ds

n—oo

< limsup /E Fol(5,2) 2 + 4 (3)|"e™F ey (d)ds

< limsup {C’N A, (F,, F,)+ ](Fn)} =0

n—oo

Since 1z (s, )|z +(s)|° e~ (5 (s)(dx)ds, as well as Cap™ are inner regular we obtain

that the measure 1, (s, )|z +~(s)|°~ 16_%5H(5)(dx)ds is smooth w.r.t. (A4, V).
0

Let us choose (Jar)ar>1, (Ha)ars1 C CE(E), with

[z for(s,z) € Ey
Hu(s,) = { 0 for (s,2) € By s,

M > 1, and

[ s for (s,x) € By
W= { ] () B

M > 1. Let further



and
J(s,x) = s.

(Har) a1 (vesp. (Jar)m>1) is a localizing sequence for H (resp. J). Obviously

Al A,Efg}fc forany K > L > M.
M

tAoC=c T
B

We claim that

Mt[ffi] = MKIZ}C for any K > L > M.
9B, 9By

Indeed, for strictly £-q.e y € E, and any t > 0,

tNo+=c
B, [(MlH=tly, } - E, {/ By 1EM(78)d<M[HK_HL]>S:|
0

En

By Lemma 2.1(ii) in [9] i, (VodiHe L), = M(M[HK—HL]>(EM) = 0. Thus by injectiv-
ity of the Revuz-correspondence (see [6, Remark 5.2(ii)]) E,, [fot 1g,, (V) d{MWx=HL) | =
0 strictly £-q.e. y € E. Hence the same is true for E, [(M[HK_HL%AUE?VI] . We know that
<(Mt[HK7HL])2 — <M[HK_HL])t>t>O is a martingale w.r.t. P, for strictly £-q.e. y € E. The

optional sampling theorem then implies

E, [(M[HKfHL])z} =E, [<M[HK—HL]>MUEC ] =0
M

t/\UE(J:M

for strictly £-q.e. y € E and the claim is shown. The analogous statements hold for AMx],
MU=l Thus we may set

M= Tim Mg N = A
and
M= lim M NPT = AT - M

in order to obtain

AP = N AV = M N
Note that Nt[H] = limp/ oo Nt[HM}, Ntm = limp/ oo Mt[‘]M}. We want to find the explicit
expressions for M1 NV ML NI Tet F e C2(E). Integrating by parts we obtain for

13



any G € C}(F)

_E(F,G) = /E (%2 (amF + ((:in - bx) aggF) + 8tF) Gpdads
/ / S)a 8FG\x+7( ) )da:ds

—p—/ / 8FG|:c+7( )P )dxds

0—1

o? L _b?
e /E GOLF {(1 = p) Lpa)> (9 + PLipts)=— oy } |2+ ()" €7 % 0y (dz)ds

o? b2
+ % [ GOF 2~ Vool +9(6) e T by (do)ds. (10
E

Obviously, (16) extends to G € V,. By Proposition 2.3, the measure
o? «?
]IFM(S,:U)§|$+7( s)|° **6 o(dx)ds, M >1, 6>1,

Kk = —7, 3, is smooth w.r.t. (A, V). Let £f denote the unique positive continuous additive
functional (PCAF) of Y associated to —|x + (s )|5*1 —'5 4, (s)(dx)ds (see Theorem 2.2

n [9]). Then [) G(Y,)d(? is associated to G(s,z)% |z + (s )|5_1e_%5,€(5)(dx)ds for any
G € By(E). In partlcular ¢, vanishes, if 6 # 1. We obtain

N = /t (s Pi(=2Y ym)or) +ar (Y,)ds
t - 0 8 T H—i—’}/OJ T t s
t
+(2p_ 1)/ axF]I{ﬂoJ>—fyoJ}(Ys>d€§
0

t
+s5—1y / 0o F {(1 = p)Ligoss—yosy + PLigos=—on } (Ys)dC, 7. (17)
0

Indeed, if we denote the r.h.s. of (17) by A; then in particular by (16) —&(F, GiW) =
limg oo azE@IWp iy [J5 em @t Aydt] for all W € H,,. Hence Nt[F] = A, by Theorem 2.3 in
[9]. On the other hand, by Lemma 2.1(i) in [9] the Revuz measure ji yr), is equal to

2(9,F)?pdy. A simple calculation shows that the Revuz measure of fg 0. F)2(Y ,)ds
is also equal to "TQ((%F)?pdy. Consequently, we have (M), = 2= fo (0x F Ys)ds (see [6,
Remark 5.2(ii)]) and therefore we may assume that

M = / 8, F(Y (18)

14



with ((W3)i>0, Py, (Fi)i>0) being a Brownian motion starting at zero for strictly £-q.e.
ye k.
By (16), (17), applied to Jy, letting M — oo, we obtain

J(Y,)=J(Y,) +t.
We put

X, :=H(,), t>0,
so that

Yi=(J(Yo) +1tX).

Applying again (16), (17), but this time to Hyy, letting M — 0o, we obtain

o o [ 0—1 ¢ —
X, = Xo+ =W, +— = —bX5d+2—1/]Io ot (Y)dl?
t orTyWeT g 0 Xo+1(J(V) s+ (2p ) . {BoJ> 'yJ}( )

¢
+]I{6:1} / {(1 - p)H{BoJ>—'yoJ} +pH{ﬂoJ:—voJ}} (sz)dgsi’y (19>
0
(19) holds P,-a.s for £&-q.e. y € E.

Remark 2.4 (i) If § > 1, then (x + v(s))'p(s,x)dxds is a smooth measure, since
(z+~(s))"' € L,.(E, pdy), and therefore X is a semimartingale. If§ = 1, fot mds
disappears, and X is again a semimartingale.

If we had admitted § < 1, then clearly (x+~(s))™' & L}, .(E, pdy), hence X would not be a
semimartingale, and we would have to work with principal values in (19). Further Propo-
sition 2.3 wouldn’t apply. Nonetheless, it is clearly possible to consider the case d < 1, but
we didn’t do it because we want to work in the framework of semimartingale local times
where the representations are clearer and less involved.

Finally, since all subsequent transformations applied to X (0 > 1!) are keeping the class of
semimartingales invariant, the processes Y, Z, constructed below, and renamed as R, V'R,
in the introduction, will remain semimartingales.

(ii) If K is reqular enough, e.g. k € HJX(RT), then (5 (restricted to its support) is a
constant multiple of a classical semimartingale local time (see e.g. [4, chapter VI]). We
will determine these constants for k = 3, Kk = —7, but we remark that everything would
have worked exactly in the same way, if we only assumed (3, —v, to be measurable and
decreasing. Ezcept for the later Girsanov transformation, for which only v € H llg’f(R+) is

needed (see also Remark 2.8(ii)).

In order to determine the constants mentioned in Remark 2.4(ii), we will compare (19)
with Tanaka’s formula (20) below. We consider the point-symmetric derivative

1 if x>0
sgn(z) = 0 if =0
-1 if z <0,

15



the left continuous derivative

sg_n(x)::{ 1 if 2z>0

~1 if 2 <0,

and the right continuous derivative

1 if >0
sgn() =13 1 .20

of |z|. Let k be continuous, and locally of bounded variation. Since X — & is a continuous
semimartingale, we may apply Tanaka’s formula

ﬁ&—ﬁﬁﬂ:F%—ﬁ@ﬂ+[}ﬂXw—M$WXy+@WX—ﬁ% (20)

(cf. e.g. [4, VI.(1.2) Theorem, (1.25) Exercise|), where

(X — k) if f=sgn
O —r) =4 BX—n) it f=sgn
GT(X =) if f=sgn,

and (X — k) (resp. 97(X — k), £)7(X — k)), is called the symmetric local time (resp.
upper local time, lower local time) in zero of the continuous semimartingale X — k. In the
book [4] they authors decided to work with the left continuous derivative of z — |z|, and
they use the expression L? for our £)*. For our framework it is more intuitive to work
with the point symmetric derivative (see Remark 2.7 below).

By [4, VI.(1.9) Corollary, (1.25) Exercise] we have Pj-a.s. for £-qe. y € E

1 t
£?+<X - '%) = hlI(I)l g ]I[O,E)(XS - ’{<S))d<Xa X>8a
& 0

t

1
O (X — k) = 11%1 B Tico(Xs — K(s))d(X, X)s,
€ 0

and or o
fg(X—Ii)th (X—/f)—;—ft (X—/{)'

Lemma 3.4 below implies that {s > 0| X — x(s) = 0} is P,-a.s. of Lebesgue measure zero
for £-q.e. y € E.

Let (Fa)ms1 C C3(E), such that

Fag(s,2) = { 1 for (s,x) € Ey

0 for (s,z) € E?\/Hl’

16



M > 1, and let
R(s,z) = |z — K(s)|, ~e€ H2(R).

loc

It is easy to see that KF), € F for any M > 1. We will use the same localization
procedure as before. Thus, if M = limpy oo MF™ and N = limpy_.oo N then
AR = MR 4 NFLIE G e CLU(E), then

2 2
—E(BFy,G) = %/BﬁmFMGpdxds—k %/ 25gn(B3)0, FrrG pdads
E E

2 _ _ _
7 /E (% _ bH) (B0, Fys + sgn(B)Fur) G pdads

_ o2 1 _ba?
—(1—-p) fE(ﬁ@mFM = Fa)Glis> g lo + Y(s)* e b (d)ds

i 2 x2
+p / (B0 Far + Fu) G b+ ()% b (d)ds
E

2

_ — o _1 _ba?
_(1 —p) [E(ﬁéxFM — FM)Sgn(ﬁ)G]I{ﬁ(s)>_,y(s) §|JZ—|—7(3)|5 16 52 5_7(8)(d;p)d3

+/E (|ZE - ﬂ(s)latFM — Fysgn (x _ 5(3)) 6/(8)) Gpdy.

Obviously, the last equation extends to G € V. Thus, letting M — oo,

N = (e ) sonB) s — [ sonT 507

t
H(1-p) / Lsess—ory (V)2 + pt?
0
t
+(1-p) / 5g1(B) (V) Loy oy (V)0 (21)
0

On the other hand by Lemma 2.1(i) in [9]

0.2

’LL<M[EF]\/I]> - Zaﬁv (‘JI - ﬁ<8)|FM)2pdy

0.2

= (= B&)|0eFar)* + 2| — 5(s)|0:Fassgn (= B(s)) Far) pdy
7 (Fuysgn (@ 6(6))) iy

We obtain (M), = "; fg sgn(B)(Y,)%ds. Consequently, we may assume that

M =5 [ B oaw.

17



Note that fg sgn(B)(Y,)d¢? = 0, because for its associated signed smooth measure we
have sgn(x — 3(s))dges)(dx)ds = 0, since sgn(0) = 0. Therefore

X =BV ) = [Xo—BI(Vo)|+ /0 sgn(Xs — B(J(Y))d(Xs — B(I(Y5)))

t
-+p€f-F(1-—lﬁu/‘HU%J>—wmﬂ(71)d€f- (22)
0

For k : R™ — R, and u € R*, define
Ku(t) == k(u +t).

Recall that

By(J(Ye) = J(y) +1) =1,

so that B
k) () = 6(J(Yy)) Pyas.

Comparing (22) with Tanaka’s formula (20) we see that
5 t
(/X = Brwy) = pt; + (1 —p) /0 L8,y @>—u@}dls  Pras (23)
for £-q.e. y € E. In a similar way one can see that we have
1
GX +w) = 54”()( + %)

t
= /0 PLiss 0 (=53 T (1= D) s, ()5 vy 3dls s (24)

P,-as. for £-q.e. y € E. Therefore, (19) rewrites Py-a.s. as

o o2 [t 60—1
X, = X+—W+—/——bXsd
t T2y Xt yu)(s) °

t
Ii5—1
+(2p — 1)/0 ]I{BJ(y)(S)>—W(y)(8)}d£8<X - 5J(y)) + %6?*(}( + ’VJ(y))- (25)

Let b € RT. We define

1 t
B, :=W, + E/0 87}(70)(3) + azb’YJ(?o)(S)ds,

and
1t 1 t
de _ e—E fO 8’yf](y)(S)+O’2b’yj(y)(8)dws—m fO ‘S'Yf](y)(8)+0'2b’YJ(y)(S)|2dePy on E

18



Obviously, Novikov’s condition is satisfied since v € H.*(R*), hence B, is a Brownian
motion under the equivalent measure @,. Put

Y = Xi + v (1)
Then
(X = Bi) = X + 700 — Baw) +1w) = L = Aiy)  Qyas,

since @, is equivalent to P,. Analogously, ¢/ (X + v Iy) = 2 (Y) holds Q,-a.s. Thus,
under @y, Y; > 0 (since X; > —v(t)), and

o o [t5—1
Y, = Yo+ -B,+— — bY,
t 0+ 5 ¢+ 3 /0 Y. bY,ds
' 0 Lis=1} 04
+ 2= 1) | Lo es0d6Y = Ag) + =567 (), (26)
0

where Q, (Yo = H(y) +v(J(y))) = 1. Moreover, under Q,, Z, := Y;*, satisfies

t 2 t
7, = Z0+a/ \/stBS+GZ/((5—bZS)ds
0 0
t
+(2p_ 1)/ ]I{)\J(y)(s)>0}2 V Zs dﬁg(ﬁ_ AJ(Z/))? (27)
0

and Zy = (H(y) +7(J(y)))* Qy-as.

Remark 2.5 Setting b =0 , and replacing azb’yJ(y)(s) by o?c, c € RT, in the expression
for Q,, we construct instead of (27) a positive solution Z =Y? to

t 2 t
Z, = Z0+a/ \/ZSdBSqLUZ/ (6 — e\/Z,)ds
0 0
t
+(2p—1) / Linsg(12012V Zs AUV Z = D). (28)
0

For p = 3, (28) is well-known as the double square-root (DSR) model of Longstaff in
financial mathematics. Forp = %, (27) is the well-known Coa-Ingersoll-Ross model (CIR).

Remark 2.6 The equations (25), (27), (28), are in the sense of equivalence of additive
functionals. This means that they hold for initial conditions outside some exceptional set.
If N2 is constant, say \> = ¢ > 0, we are in the symmetric case, and it is clear that
the parabolic capacity is comparable with the elliptic one, so that we can start from every
X0, Y0, Z0 =2 >0, if 0 <2, and for every Xo,Yy, Zo=x >0, if § > 2. Indeed Y 1is e.g.

associated to the Dirichlet form, which is uniquely determined as the closure of

)

&)= [ Far@d@at e ¥ pada f.g € CF(0.00)
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in L*([0,00), 22~ % p(x)dx), where p(z) = (1 — P)acey + Pliz>ey, and it is clear that the
capacities are all equivalent for p € (0,1). p = % corresponds to the classical case.

The regularity of the equations (25), (27), (28), i.e. the question whether we can start
pointwise in the parabolic case, i.e. if N2 # const may be subject of forthcoming work.
Note however, that the structure of (25), (27), (28), is not influenced by these questions
of regularity.

Remark 2.7 (i) Rewriting (22) with Sgn,sgn, one can easily see that (;*(X — ) =
pl?, and (9~ (X-p8)=>0-p) fot Lig(s)>—(s)3dl2. This implies the following relations for
(R —X?) in (1):

PO(R—)N?) = i60+(R — %) = ;EO‘(R —\%)

' 2p " 2(1-p) " '
One observes immediately the discontinuity of the local times in the space variable, thus
we provide another example of diffusion with discontinuous local time (see e.g. [11]).
Moreover, if |p| > 1, then any of these local times is identically zero. Consequently, the
associated process is the CIR process, for which uniqueness in any sense is known to
hold. Regarding the time dependent Dirichlet form & (see [9]) correponding to the time
dependent CIR process (t, R;), then

oo oo 2
E(F.G) = / / T Jel0F (1, 2)0. Gt )l e % dodt
0 0

—/ / 8tF(t,x)G(t,a:)|x|g_1e_b7zdxdt;
o Jo

we can see that the local time (°(R — \?) is uniquely associated to the measure

0,2

7|x|ge_%5v(t)(dx)dt

which doesn’t vanish if \* is different from zero on a set of positive Lebesque measure.
Therefore (°(R — A?) cannot vanish identically.

(ii) One reason to work with the point symmetric derivative, is that it just simply better
works out the intuitive structure of the skew reflection, namely 2p—1 = p—(1—p), so up-
per reflection with probability p, and lower reflection with probability 1 —p. This is here so
far of course only intuitive, but at least in the classical case (6 = 1,0 =2,b=0,\2=0) it
is rigorously described for the squareroot process (the skew BM) through excursion theory
(see e.qg. [1], [11]). The other reason is that symmetric local times correspond to symmetric
derivatives, which are used in distribution theory, and therefore correspond to our analytic
construction of the Markov process generator.

Remark 2.8 (i) The relation (4) can easily be derived by writing down Fukushima’s
extended decomposition (14) in localized form for |Z, — N*(t)| = |(X +v(t))* = N2(t)| (Z
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as in (27)) and then comparing it with the symmetric Tanaka formula. More precisely,
we obtain

2V Z, 0N Z = Nyy) = A7 = Nj,)

by doing so.
(i) Coming back to Remark 2.4(ii), suppose that we had assumed N = [ + =, where

only v € H}.ﬁ(R*), and (3 not necessarily continuous, but decreasing. Then, we would

have obtained (26), (27), except that (°(v/Z — \y(,)) has to be replaced by ¢*, where (* is a
positive continuous additive functional of Y, which only grows when'Y = X, or equivalently
Z =\

Remark 2.9 (The case 6 € (0,1)) Since we are no longer in the semimartingale case
we can no longer make use of the Girsanov formula with . Therefore one puts v = 0.
Then one may still start as before with (6) and the following

2
p(t,x) = ((1 = p) Ty (@) + pLine o) (2)) |2 e 5.

Note that p(-,x) is still assumed to be increasing in t, and that Proposition 2.3 could no

longer be available.

One may preferably directly start with the squared process since the technique of changing

the measure will not be used. Thus one could proceed with the following (cf. (8)) time

dependent form

00 co 2
E(F,G) = /0 /0 %|x\3rF(s,x)8$G(s,x)p(s,x)dxds

[ st it s

with
bz

i
pt, ) = ((1 = p)To e (@) + PLpe,e0) (@) [2]2 e,
and where p € (0,1), and N2 € HJNRT), are chosen, such that p is increasing in t.

In order to convince the reader, we just line out the arqgument for the existence of the
corresponding local time on \2. In fact one only has to show that

2
%]m\%e’%é,\z(t)(dx)dt

18 smooth with respect to the symmetric part of £. This can be done analogously to Propo-
sition 2.3. Of course, if A\? is a constant, we consider the symmetric Dirichlet form of
Remark 2.6.

3 Some conclusions and the martingale problem

Let 0 > 0, §,b > 0, and A\? : Rt — R* be continuous and locally of bounded variation.
Throughout this section suppose that we are given a weak solution

0.2

t t
R, =R+ / o /TR AW, + / (5~ bR)ds + (2~ DAR(R-X),  (29)
0 0
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w.r.t. to some filtered probability space (2, (F;)i>0, P), where p € (0,1).

Lemma 3.1 We have
t
/ Ipes)=oydl2(R — N?) =0 P-a.s. for any t > 0. (30)
0

In particular
supp(df2(R — X)) C {\2 > 0}

Proof By an extension of the occupation time formula (cf. [4, VI. (1.15) Exercise]) we
have

L{az0} / ' 2 " g, - 22(5)£0) 2 2
Ineoy=rdli(R — N)da = — =T 2 ee=0y0° | Rs|ds < o“t.
/R |a| o {X2(s)=0} 0 |RS—>\2(S)| {N2(s)=0}

Since ﬁ is not integrable in any neighborhood of zero the statement holds for £°F (R —\?),
(°=(R — A\?), thus also for /°(R — \?).
O

Lemma 3.2 (Justification to discard |- | in (29)) If Ry > 0 P-a.s, then a solution
to (1) is always positive.

Proof Recall that as a direct consequence of the occupation time formula {1 (R) = 0.
Then, using (30), applying Tanaka’s formula (cf. e.g. [4, VI. (1.2) Theorem]), and taking
expectations (note that we may assume that all integrals exist, since otherwise we can
regard everything up to the exit time of balls of radius n and then let n — o00)

2

PR = FIRs] = B[ T T~ bR

t
1
~(20 = DB TocoToecomardeS(R = ¥)] + 3B ()

2

t
< —E[/ H{RSSO}UZ((S — bR,)ds] <0,
0

It follows that R; is P-a.s. equal to its positive part R;". This concludes the proof.
O

Lemma 3.3 The time of R spent at zero has Lebesque measure zero, i.e. fg I{gr,—0yds =0
P-a.s.

Proof Due to the presence of the squareroot in the diffusion part, we have (2t (R), 0~ (R) =
0. Using [4, VL. (1.7) Theorem], and (30), it follows P-a.s.
2

0 = OHR) -0 (R) = /0 L{r,—0} {"Z(a — bR,)ds + (2p — 1)dls(R — )\2))}

o5 [
= T H{Rszo}ds
0
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Lemma 3.4 The time of R spent on \* has Lebesque measure zero, i.e. fg Tir,—x2(sds =
0 P-a.s.

Proof By [4, VI. (1.16) Exercise 2°)], it follows P-a.s.

t
/ H{RszAQ(s)}UV ’RS|dWs =0.
0

This together with Lemma 3.3 gives

t
/ T g,—x2()}0° | Ra| T (g, 20yds = 0.
0

But P-a.s. 0%|Rs|I{r, 201 > 0 ds-a.e. and the assertion follows.

Let
L(A\?) = {(s,7) € Rt x R |z = \?(s)}.

Consider the following linear operator
2

LF(t,z) = J72|x|amF(t, x) + %(5 — bx)0, F(t,z) + 0. F(t,x)
acting pointwise on CH?(R* x R).
Proposition 3.5 Define
D(L) = Co(Rt x R)N{F € C*R" x R\T(M\))|(1 — )0, F(t, \*(t)+) = pd.F(t, \*(t)—);
O F (t, N (t)£), 00 F (2, N2(t)£) is bounded}.
Let F € D(L). Then

(F(t, R) = F(0.Ro) ~ | (s Rs)ds) -

1s a P-martingale.

Proof First observe that fot LF(s,Rs)ds, F' € D(L), is well-defined by Lemma 3.4. By
[3, Theorem 2.1], we have the following It6-formula for F:

t
1
F(t,R) = F(t,R0)+/ 5(éLgF(s,RSJr)JratF(s,Rs—))ds
0

t
1
+/ 5(8$F(5,R5+)+8$F(3,RS—))dRS
10 ¢
+§/ asz<S,RS)H{RS#)\Q(S)}d[R]S
0

t
%/ (0.F (s, Re+) — 0,F (s, Ry—))dl°(R — \?).
0
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Since fg Iir,—r2(s)yds = 0 P-a.s. by Lemma 3.4 ,we obtain P-a.s.
t
F(t.R) — F(t,Ro)+ / OuF (s, R.)ds

/8F5R Yo/ | Rs|dW,

(5 - bRs)axF(sa Rs>d

+
o\
|9,

~+

- %(a F(s, M (s)4) + 0,F (s, ¥(5))) (2p — VLR — 3
+/O 3|R 0,0 F (s, Ry)ds
% /0 (0.F (s, But) — 0,F (s, Ro—))d(R — \2). (31)

Since F' € D(L) we have

D F (5, X2(5)+) — D, F (s, \2(s)—) = %(‘LF(S, N(s)=),
and .
O F (5, \2(s)+) + 0, F(5,\*(5)—) = mﬂmﬁ’(s, N (s)-),

so that the expressions with ¢2(R — A?) in (31) cancel each other. Therefore

t t
F(t,Rt)—F(O,RO)—/ EF(s,Rs)ds:/ D, F (s, Ry)o/[Ra|dWs.
0 0

By our further assumptions on F' the left hand side is square integrable and the result
follows.

O

Remark 3.6 Observe, D(L) is an algebra of functions that separates the points of RT xR,
thus well suited as starting point to study uniqueness in law for R.
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