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AssTrACT. In this paper, we prove the existence of a unique strong solution to a stochastic tamed
3D Navier-Stokes equation in the whole space as well as in the periodic boundary case. Then,
we also study the Feller property of solutions, and prove the existence of invariant measures for
the corresponding Feller semigroup in the case of periodic conditions. Moreover, in the case of
periodic boundary and degenerated additive noise, using the notion of asymptotic strong Feller
property proposed by Hairer and Mattingly [15], we prove the uniqueness of invariant measures
for the corresponding transition semigroup.
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1. INTRODUCTION

The classical 3D Navier-Stokes equations (NSE) describe the time evolution of an incom-
pressible fluid and are given by

oau(t) = vAu(r) — (u(?) - Vyu(r) + Vp(r) + £(¢)

and

divu(z) = 0,
where u(t, x) = (u'(t, x), u*(t, x), u’(t, x)) represents the velocity field, v is the viscosity constant,
p(t, x) denotes the pressure, and f is an external force field acting on the fluid. In [19], Leray
initially constructed a weak solution for the Cauchy problem of NSE in the whole space, since
then, it is still not known whether there exists a smooth solution existing for all times. In [27],
we analyzed the following tamed scheme for the classical 3D NSE:

du(r) = vAu(r) — (u(t) - Vyu(r) + Vp(1) — gn(u@Pur) + £,
where the taming function gy : R, — R, is smooth and satisfies for some N € N,

gn(r) =0, ifr <N,
gn(r) = (r—=N)/v, ifr>N+1, (1.1)
0<gy(n<2/vAl), r=0.

Therein, we proved the existence of smooth solutions to this tamed equation when f and the
initial velocity are smooth. The main feature of this tamed equation is that if there is a bounded
smooth solution to the classical 3D NSE, then this smooth solution must satisfy our tamed
equation for some N large enough. Moreover, we can let N — oo to obtain the existence of
suitable weak solutions (cf. [27]). In this sense, the above tamed scheme can be considered as
a regularized equation for the classical equation.

Following the above tamed scheme, in the present paper we shall study the stochastic tamed
3D NSE. Let us now describe our model equation. Let D := R? or T? (in the periodic case),
where T = [0, 1) is the unit circle. Note that any function from T° to R? can be identified with a
periodic function from R? to R3. We consider the following stochastic tamed 3D Navier-Stokes
equation with v =1 in D:

du(r) = [Au() - (@) - V@) + Vp(r) — gu(u@)Pyu() + £t u()|de

+ (@@ - Vo) + V() + b, @) |dwf (1.2)

k=1
subject to the incompressibility condition

divu(r) =0 (1.3)
and the initial condition

u(0) = uy, (1.4)

where p(t, x) and p,(t, x) are unknown scalar functions, N > 0 and the taming function gy :
R* — R* as above satisfies (1.1), and {W,k;t > 0,k = 1,2,---} is a sequence of indepen-
dent one dimensional standard Brownian motions on some complete filtration probability space
(Q,F, P; (F)i=0). The stochastic integral is understood as Itd’s integral. The entries of the
coeflicients are given as follows:

R, xDxR? > (1, x,u) > f(r, x,u) € R,
R, xD >3 (t,x) - o(t,x) € R> x I,

R, xDxR?5 (¢, x,u) = h(r, x,u) € R* x 2,
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where [? denotes the Hilbert space consisting of all sequences of square summable real numbers
with standard norm || - ||2. In the following, f,o and h are always assumed to be measurable
with respect to all their variables.

The study of stochastic Navier-Stokes equations (SNSE) began with the work of Bensous-
san -Temam in [2]. Using Galerkin’s approximation and compactness method, Flandoli and
Gatarek in [10] proved the existence of martingale solutions and stationary solutions for any
dimensional stochastic Navier-Stokes equations in a bounded domain. In particular, when the
transition semigroup is well defined, the stationary martingale solutions will yield the existence
of invariant measures. We remark that their results cannot be used in the case of whole space
because of the absence of compact Sobolev embeddings. Recently, Mikulevicius and Rozovskii
in [24] proved the existence of martingale solutions to SNSE in R¢ (d > 2) under less assump-
tions on the coefficients (without the extra term gy). To avoid the use of compact Sobolev
embeddings, they used the approach of mollifying and cutting off the coefficients. In the case
of two dimension, they also obtained the existence and pathwise uniqueness of L>-continuous
adapted solutions.

On the other hand, the ergodicity of invariant measures for 2D stochastic Navier-Stokes equa-
tions has been studied extensively (cf. [11, 22, 7, 15] and reference therein). Especially, Hairer
and Mattingly [15] recently developed two important tools: the asymptotic strong Feller prop-
erty and an approximative integration by parts formula in the Malliavin calculus, and then used
them to derive an optimal ergodicity result for 2D SNSE in the sense that the random forces
only has two modes. As pointed out in [15], the asymptotic strong Feller property is much
weaker than the usual strong Feller property since many degenerated equations have the former
property rather than the later one.

Up to now, to the best of our knowledge, most of the well known results about the stochastic
Navier-Stokes equations such as the existence of invariant measures and the ergodicity under
different conditions on the noise are for 2D SNSE. As for the three dimensional case, there
are only a few results (cf. [4, 5, 1, 25, 12, 29]), of course, because of the lack of uniqueness.
Recently, in [4, 5, 25], Da-Prato, Debussche and Odasso proved the existence and ergodicity
of Markov solutions for 3D SNSE without the taming term gy, which are obtained as limits of
Galerkin’s approximations. Similar results were obtained by Flandoli and Romito in [12, 29] for
all Markov solutions. Moreover, using stochastic cascades, Bakhtin [1] explicitly constructed a
stationary solution of 3D Navier-Stokes system and proved a uniqueness theorem.

In the present paper, we shall prove the existence of a unique strong solution to our stochastic
tamed 3D Navier-Stokes equation (1.2) under some assumptions on f, o and h. Here, the word
“strong” means “strong” both in the sense of the theory of stochastic differential equations and
the theory of partial differential equations. Let H” denote the Sobolev space of divergence
free vector fields (see (2.2) below). Instead of working on the evolution triple H' ¢ H® ¢
H-!, we shall work on the evolution triple H> ¢ H' < H°. This will enable us to obtain
the “strong” solution in the sense of partial differential equations. For the “strong” solution
in the sense of stochastic differential equations, we shall use the famous Yamada-Watanabe
theorem: the existence of martingale solutions plus pathwise uniqueness implies the existence
of a unique strong solution. Different from the method in [24], we still use the classical Galerkin
approximation to prove our existence of strong solutions. To overcome the absence of compact
Sobolev embeddings, we shall use localization method to prove tightness. We think that it is of
interest in itself and can be used in other cases. Moreover, as in the deterministic case, we can
take limits N — oo to prove the existence of weak solutions for the true stochastic Navier-Stokes
equations (without taming term). This will be done in a further investigation.

After obtaining the existence of a unique strong solution to Eq. (1.2), we turn to the study of
uniqueness of invariant measures in the case of periodic boundary conditions and degenerated
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additive noise. As a first step, we need to prove the Feller property and the existence of an
invariant measure. Then, using the asymptotic strong Feller property and approximative inte-
gration by parts formula in [15], we can prove the uniqueness of invariant measures. As said
above, since we shall work in the first order Sobolev space H!, all of our discussions will take
place in H!. This requires some delicate analysis and calculations, and the special form of gy
plays an important role throughout this paper. It should be emphasized that the optimal results
in [15] seem to depend strongly on the structure of 2D Navier-Stokes equations, we can not
develop a similar non-adapted analysis along their lines to obtain some optimal result for our
tamed 3D SNSE.

This paper is organized as follows: in Section 2, we give some preliminaries, that include
some necessary estimates and a tightness result for later use. In Section 3, we shall prove the
existence and uniquess result by Galerkin’s approximation. In Section 4, we study the Feller
property of the solutions to Eq. (1.2) and the existence of invariant measures for the Feller
semigroup in the case of periodic boundary conditions. In Section 5, we study the ergodicity
of invariant measures. In the Appendix, for the reader’s convenience, the martingale characteri-
zation for weak solutions is proved, two necessary basic estimates are given, and the derivative
flow equation is proved.

2. PRELIMINARIES

2.1. Notations and Assumptions. Let C;(DD; R?) denote the set of all smooth functions from
D to R? with compact supports. When D = T?, a function f € CJ(D;R’) means that it is a
smooth periodic function from R? to R?. For p > 1, let L”(D; R?) be the vector valued L?-space
in which the norm is denoted by || - ||;». For m € Ny := N U {0}, let H™ be the usual Sobolev
space on D with values in R?, i.e., the closure of Cy(D; R?) with respect to the norm:

12
llallgm = (f (1 - A)m/zulde) )
D

Here as usual, (I — A)"/? is defined by Fourier transformation. For two separable Hilbert spaces
K and H, L,(X;H) will denote the space of all Hilbert-Schmidt operators from K to H with
norm || - ||z, xm)-

The following Gagliardo-Nirenberg interpolation inequality will be used frequently. It plays
an essential role in the study of Navier-Stokes equations (cf. [33]). Let g € [1, 0] and m € N.
It

I 1
Ll oma o cn,
qg 2 3
then for any u € H"
l[ulle < Cogllullfnlullz*. (2.1)
Set for m € N,
H" :={u e H" : div(u) = 0}. (2.2)

Then (H™, || - ||[g=) is a separable Hilbert space. We shall denote the norm || - ||g» in H” by || - ||gm.
We remark that H° is a closed linear subspace of the Hilbert space L*(D;R?) = H°.

Let & be the orthogonal projection from L*(D; R?) to H? (cf. [8, 20]). It is well known that
& commutes with the derivative operators, and that & can be restricted to a bounded linear
operator from H™ to H". For any u € H and v € L*(D; R?), we have

u, Vgo := @, V) = (W, V)2.
4



Let V be defined by
V= {u:u e Cy[D;R?),div(u) = 0}.
We have the following density result (cf. [27]).
Lemma 2.1. V is dense in H" for any m € Nj,.

We now introduce the following assumptions on the coefficients f, o and h:
(H1) Forany T > 0, there exist a constant Cr¢ > 0 and a function H(z, x) € L'([0, T]x D) such
that forany t € [0, T],x € D,u € R¥and j = 1,2,3
10,82, x, WI* + [f(#, x, w)* < Crg - uf* + Hy(t, %),
|0,£(t, x,u)| < Cry.
(H2) For any T > 0, there exists a constant C7 > 0 such that

sup  [|0y,0(, Ollp < Cor, j=1,2,3
t€[0,T],xeD

and

sup lo(t, 0I5 < 1/4. (2.3)

teR, ,xeD

(H3) For any T > 0, there exist a constant Crj, > 0 and a function Hy(z, x) € L'Y([0,T] x D)
such that forany 7 € [0,T],x e D,u€ R*and j = 1,2,3

10./h(t, x, w5 + I, x, w;, < Crp - uf* + Hy (2, x),
l0,/h(t, x,w)llz < Crp.

Remark 2.2. The factor 411 in (2.3) is related to the viscosity constant v assumed to be 1. That
is to say, the first order term appearing in diffusion coefficients will be absorbed by the Laplace
term. Here, the factor }L is not optimal (see [24]).

For any u € H?, define
A(u) := PAu— Z((u-Vu) - Z(gy(u)u), (2.4)
and for any v € H?, we write
[A(), v] := (A(u), (I — A)V)zo = A;(1, v) + Ax(w, V) + As(u, v),

where

Ai(w,v) := (Au, (I = A)V)yo,

Ar(u,v) = —((u- V)u, (I = A)V)m,

A3 (0, v) := —(gn(lu)u, (I = A)V)gp.

Below, for the sake of simplicity, the variable “x” in the coeflicients will be dropped. Define
fork e N

Bi(t,u) := Z((o(1) - VIu) + Zhi(t,u). (2.5)
Letting the operator & act on both sides of equation (1.2), we can and shall consider the
following equivalent abstract stochastic evolution equation in the sequel:
du(r) = [Au()+ 2t u@)]dt + T2, Be(t u@®)dwy,
u0) = wyeH.

(2.6)



2.2. Estimates on A and B. We now prepare several important estimates for later use. In
the sequel, we shall use the following convention: The letter C with subscripts will denote a
constant depending on its subscripts and the coefficients. The letter C without subscripts will
denote an absolute constant, i.e., its value does not depend on any data. All the constants may
have different values in different places.

Lemma 2.3. For any u € H?, we have

IAW)llzo < C(1 + [lullfo + [[ully), 2.7)
(A(w), wygo = —[IVullZ, — || Ven(uP) - [ull7, (2.8)
< =[IVullf = [lull}, + C - Nlul, (2.9)

1 1
[Aw),u] < —EIIUIlﬁz = 5l IVulll}, + C - NIIVullZ, + [Jull. (2.10)

Proof. Estimate (2.7) is direct from (2.4) and the Sobolev inequality (2.1). Estimate (2.8) fol-
lows from
(- Vyg,u)p = 0.
For inequality (2.10), we have
Ar(u,u) = —|[(7 = Ayl + Cu, (7 = Ay = —[lul, + IVal, + [,
and by Young’s inequality,

1 1 1 1
Ax(u,w) < Sl - Aulfz, + 5 lica- Vulf < EIIUIIQz + Sl - VullZ,

where

3 3
2 k)2 2 k2
P = > WP, VuP = ) 0P
k=1

k,i=1
Recalling v = 1, from (1.1), we also have

As(u,u) = —(V(gn(lul)w), Vuyg — (gn(lul)u, u)go

3
==, f Ot - D(gy(lufyu)dx fD jul® - gn(lul’)dx
D

k=1

3
<- Z fDa’Mk ' (gN(Iulz) Ol — g;v(|u|2)(9i|ll|2 . uk) dx

k=1

L,
= - f [Vul - gy(uf)dx - = f gy (uP)|ViuPPdx
D D

< - f [Vul* - [uf*dx + C - N[|Vul[Z,.
D

Combining the above calculations yields (2.10). O

Lemma 2.4. Let v € V, and let the support of v be contained in O := {x € D, |x| < m} for some
meN. Let T > 0. Foranyu,w’ € H* and t € [0, T], we have

TA@). V]I < Cy - (1 +[luls ). (2.11)
IKB.(2,w), V)il < o - (1 + [ Ha(@)lli o) + Ml ) (2.12)

and
[A) = A@), V]| < Cy - [l = Wl 20y - (1 + [[ullZ, + [[0’ll5). (2.13)
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Proof. For estimate (2.11), we have
Ai(w,v) = (u, (I = A)AV)go < Cllullz20 - [IVIlz#,
<

As(,v) = (u" 1, V(I = Ao < Cllull}, ) - sup [V = A)v(x),

xeD
where u* denotes the transposition of the row vector u, and
3
As(,¥) < ([0l o, - sup(Z = A)V().
xeD

Combining them gives (2.11).
For estimate (2.12), by (H2) and (H3), we have

IKB.(t,w), Vsl < € sup lo(t, 0l - sup [V = A)v(x) - [Julf}

L2(0)
teR, ,xeD xeD
+ Csup V.o (t, 0)II5 - sup [(1 = AV - [lull7, o,
xeD xeD
+ Csup|(I = AWVOP - (Crn - [l + 1Hn @)l )
xeD

< Cor - (14 HHa Ol o) + Nl ).
We now look at (2.13). For A;, we clearly have
A1(a, v) = A0, v)] = K(u — ') - 1o, (I = A)AV)o| < Cy - [lu = W[ 2.

For A,, we have

|A2(u,v) = Ax(u’, V)| = Ku" - u—u"™ - ', V(I — A)V)l

< Cy - flu =z - (allzo + [[0|lg0).

For As, by Sobolev inequality (2.1) we similarly have

A3(u, v) — A3 (', V)] < Cy - [lu = [l 20 - (Iull7, + [l0'][7,)

2 2
<Gy - lu =iz - (hllg + [l

O
Lemma 2.5. Forany T > 0 and u € H?,
1

1Bz, ll)||i2(,z;Ho) < §||ll||]12{1 + Crllull, + 1Hn@)llL o), (2.14)
1

1Bt WIF 2301, < §||ll||]12{z + Crllull, + ClHW®)l o) (2.15)

Proof. First of all, by (H2) and (H3), we have

B ey = Y, [ IButr o uC)P <
k=1 VD

<2 f llo(t, O)II% - [Va(x)lPdx + 2 f (Cralu(x)* + Hy(t, x))dx
D D

LI 2
< Sl + Crlully + 1Ol o)-

Secondly, noting that

2 2 2
”B(t’ u)”Lz(lz;Hl) = ”B(t’ u)”Lg(lz;HO) + ”VB(I’ u)”Lz(lz;HO)

and

0. Bi(t,u) = P20, (0w (1) - VIu) + 0.l (1, )
7



= P((0won(®) - V)u + (04(t) - V),u)

3
+ 2(@ () + Z Duu(t,w) - du')

i=1
by (H2) and (H3), we have

1
2 2 2
1B(z, u)||L2(lz;H1) < §||U||Hz + Crljullz; + CllHyDl|z o)

O

2.3. Tightness Criterion. In the following, we only give a tightness criterion in the case of
D = R3. When D = T3, since H' is compactly embedded in H’, the corresponding result is
simple and well known.

By H? we denote the space of all locally L*-integrable and divergence free vector fields

loc
endowed with the Fréchet metric: foru, v € H?OC
1/2
A 1] .

(w,v) := T'"([f lu(x) - v(x)P’d
p(a, v ; |)Clgmux v(x)[“dx

Thus, (HY . p) is a Polish space and H° ¢ H)

loc*

Let X := C(Ry;H) ) denote the space of all continuous functions from R, to (HY ,p)
equipped with the metric

pr(u,v) 1= ) 2—'"( sup p(u(?), v(1) A 1).
=1 t€[0,m]

In the following, we shall fix a complete orthonormal basis & := {e;, k € N} C V of H! such
that span{&’} is a dense subset of H* and, in the case of periodic boundary conditions, we also
require that & is an orthogonal basis of H’. Moreover, for u € H’ and v € H?, the inner product
(u, v)p 1s taken in the generalized sense, i.e.,

u, V) =, (I = A)V)po.
We need the following relative compactness result, which is essentially due to Ladyzhenskaya
[18, Theorem 13].

Lemma 2.6. Let K C X. If for every T > 0,

(1°) SUPyek SUPe(o.7) [la(s)llg < +oo,
(22) lim;s_0 SUPyc g SUP; sci0.77r—s1<s [{U(E) — u(s), €)n| = O for any e € &,
then K is relatively compact in X.

Proof. We only need to prove that K is relatively compact in C([0, T']; H?OC
Let {u,,n € N} C K be any sequence of K. Define fore € &,

G0 = (u,(1), €)1

Then, by (1°) and (2°), the sequence {t — G&(f),n € N} is uniformly bounded and equi-
continuous on [0, T']. Hence, by Ascoli-Arzela’s lemma, there exist a subsequence n; (depend-
ing on e) and a continuous function G*(¢) such that Gy, (¢) uniformly converges to G*(¢) on [0, T].
Since & is countable, by a diagonalization method, we may further find a common subsequence
(still denoted by n) such that for any e € &,

lim sup |G (t) — G*(r)] = 0.

=00 4¢[0,T]

) for every T > 0.
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Thus, by the weak compactness of closed balls in H', there is a u € L*(0, T; H') such that for
any e € &,
lim sup [(u,(?) —u(?), ey | = 0.

=09 4€[0,T]

By a simple approximation we further have for any v € H!,

lim sup [{u,(¢) —u(?), v)m| = 0.

=% 10,7
Note that (I — A)~'v € H? for any v € H°. Hence, we also have for any v € H,

lim sup [(u,(¢) —u(?), v)yo| = 0.

Nn—=00 1e10,T]
Hence, by Helmholtz-Weyl’s decomposition (cf. [32, 13]),
lim sup [Ku, () —u(?),v) =0 (2.16)
n—00 ter() T

for any v € L2(R*; RY).
‘We now show that

lim sup p(u,(?),u(r)) = 0.

=% 10,7
It suffices to prove that for any m € N,
lim sup f lu, (¢, x) — u(z, x)*dx = 0,
"% 1e[0.7] Jixl<m

which follows from (1°), (2.16) and the following Friedrichs inequality (cf. [18, p.176]): Let
O c R? be any bounded domain. For any € > 0, there exist N, € N and functions &; € L*(0),i =
1,---, N, such that for any w € WS’Z(O),

Ne 2
flw(x)lzdx<2(f w(x)hl-(x)dx) +ef|Vw(x)|2dx.
0 ' \Jo 0

O
Lemma 2.7. Let u, be a family of probability measures on (X, B(X)). Assume that
(1°) For each e € & and any €, T > 0,
limsupu,fu € X: sup  Ku(®) - u(s), )| > €} = 0.
ol0 y 5,1€[0,T1,|s—1|<6
(2°) Forany T >0
lim sup,u,,{u e X : sup [[a(s)|lg > R} =0.
Rooo 5€[0,T]
Then {u,,n € N} is tight on (X, B(X)).
Proof. Fix n > 0. For any [ € N, by (2°) one can choose R; sufficiently large such that
sup,un{u e X : sup |lu(s)|lg > R,} < % 2.17)
n SE[O,I]
For k,/ € N and e; € &, by (1°) one may choose d;;; > 0 small enough such that
1 1
sup u,ju e X : su [Ka(®) —u(s), e)m| > - < — (2.18)
np’u { s,te[O,l],IsI—)tIS(Sk,i,l " k} 2k+l+[

Now let us define

1
K, := ﬂ {u eX: sup [{u(?) —u(s), €| < —}
keN eicd 5,t€[0,1],|s—1|<k.is k
9



K> := ﬂ {u € X: sup [[u(s)|lg < Rz}-
.. s€[0,]]

By Lemma 2.6, K; N K; is a relatively compact set in X. By (2.17) and (2.18), we also have
sup 14, (K§ U K3) < 21,

In view of the arbitrariness of n, {u,,n € N} is tight on (X, B(X)). O

3. EXISTENCE AND UNIQUENESS OF STRONG SOLUTIONS

3.1. Weak and Strong Solutions. For a metric space U, we use £(U) to denote the total of
all probability measures on U. We first introduce the following notion of weak solutions to Eq.
(2.6).

Definition 3.1. We say that Eq. (2.6) has a weak solution with initial law ¥ € P(H") if there
exist a stochastic basis (Q, F, P;(F)s0), an H'-valued (F;)-adapted process u and an infinite
sequence of independent standard (F,)-Brownian motions {W*(t),t > 0, k € N} such that

(i) u(0) has law 9 in H';
(ii) for almost all w € Q and every T > 0, u(-,w) € C([0, T]; H') N L2([0, T]; H?);
(iii) it holds that in H°

u(t) = up + f [Au(s) + ZE(s u(s)|ds + ) f Bi(s, u(s))dW¥,
0 k=10

forallt >0, P-a.s..
This solution is denoted by (Q, F, P; (F1)=0; W; ).

Remark 3.2. Under (H1)-(H3), by (2.7) the above integrals are meaningful.

Definition 3.3. (Pathwise Uniqueness) We say that the pathwise uniqueness holds for Eq. (2.6)
if whenever we are given two weak solutions of Eq. (2.6) defined on the same probability space
together with the same Brownian motion

(Q,F, P (Fz0; Wi w)
(Qa T? P; (%)120; W; ﬁ)’
the condition P{u(0) = (0)} = 1 implies P{w : u(t, w) = 4(t, w), ¥t > 0} = 1.

We have the following martingale characterization for the weak solution (cf. [31]). For the
reader’s convenience, a short proof is provided in the Appendix.

Proposition 3.4. Let & be given in Subsection 2.3. For 9 € P(H'), the following two statements
are equivalent:

(i) Eq. (2.6) has a weak solution with initial law .
(ii) There exists a probability measure Py € P(X) such that for Py-almost all u € X and any
T >0,

ue L2([0,T1;H") N LX([0, T]; H?), (3.1)
and for any h € Cy(R), i.e., any smooth function with compact support, and any e € &,
M (1, u) := h({u(r), e)zr) = h((u(0), &)z)
- f H ((u(s), e)) - [A(u(s)), e]ds
0

10
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1 t
—Efo K’ ((u(s), €)zx1) - [KB(s, u(s)), €|l ds

is a continuous local martingale under Py with respect to B,X). Here and below, B,(X)
denotes the sub o-algebra of X up to time t.

In order to introduce the notion of strong solutions to Eq. (2.6), we need a canonical realiza-
tion of an infinite sequence of independent standard Brownian motions on a Polish space.

Let C(R,;R) denote the space of all continuous functions defined on R,, which is equipped
with the metric

pw,w) = Z 27k ( sup [w(r) —w' ()| A 1].
— 1€[0.4]

Define the product space W := [[ C(R,;R), which is endowed with the metric:
j=1

pW(W’ W/) = Z 2_j(ﬁ(wj’ W/]) A 1)9 w = (Wl’ Wz’ ot )9 W, = (W/l’ W/z, e )
j=1

Then (W, pw) is a Polish space. Let 8,(W) c B(W) be the o-algebra up to time . We endow
(W, B(W)) with the Wiener measure P such that the coordinate process
w(t) == W' (), W (1), )

is an infinite sequence of independent standard 8B,(W)-Brownian motions on (W, B(W), P).
Let B := C(R,;H') denote the space of all continuous functions from R, to H', which is
endowed with the metric

pz(a,v) = Z 27 ( sup [la(@®) — vz A 1.
=1 t€[0,k]

In the following, B,(B) denotes the sub o-algebra of B up to time 7. For a measure space

(5,8, 1), 3/1 will denote the completion of S with respect to A.

Definition 3.5. Let (Q, F, P; (F1)=0; W;u) be a weak solution of Eq. (2.6) with initial distribu-

IXP
tion 9 € P(H"). If there exists a B(H') x B(W) g /B(B)-measurable functional Fg : H' x W
B, with the property that for every t > 0,

FyeB/B,®B); B, := BEH)xBW) (3.2)
and such that
u(-) = Fy(u(0),WwW()), P-a.s.,

we call u together with W a strong solution.
We shall say that Eq. (2.6) has a unique strong solution associated with 9 € P(H") if there
exists a functional Fy : H' x W +— B with the same properties as above such that

(i) for any infinite sequence of independent standard (F,)-Brownian motions {W(t),t > 0}
on stochastic basis (Q, F, P; (F1)is0), and any H'-valued random variable u, € F with
distribution 9,

(Q, T, P; (F)is0; W; Fy(ug, W(-))) is a weak solution of Eq. (2.6);
11



(ii) for any weak solution (Q, ¥, P; (F1)=0; W;u) of Eq. (2.6) with initial law 8,
u(-) = Fy(u(0), W(-)), P-a.s..
The following Yamada-Watanabe theorem holds in this case (cf. [28]).

Theorem 3.6. Existence of weak solutions plus pathwise uniqueness implies the existence of a
unique strong solution.

3.2. Pathwise Uniqueness. We first prove the following pathwise uniqueness result.
Theorem 3.7. Under (H1)-(H3), pathwise uniqueness holds for Eq. (2.6).

Proof. Let u and @ be two weak solutions of Eq. (2.6) defined on the same probability space
together with the same Brownian motion, and starting from the same initial value uy. For any
T > 0 and R > 0, define the stopping time

T = inf{z € [0, TT : [u(®)llen V @@l > R}

By the definition of weak solutions, one knows that 7z T co as R T oo.
Set

w(?) = u(?) —u().

Then by It6’s formula, we have
!
Iwliz, =2 f (A(u(s)) — A(a(s)), w(s))gods
0

+ 2f E(s,u(s)) — f(s,0(s)), w(s))gods
0

+2) f (Be(s,u(s)) = Bi(s, W(s)), W(s))zod WY
k=1 0

+ i fot IBi(s, u(s)) = Bi(s, @(s)l[5ods
=: 1 IE:)I + (1) + (1) + 14(¢). (3.3)
By |gn(r) — gn(r)| < |r — | and a simple calculation, it is easy to see that
Ii(n) = -2 j: IVW(s)liZods + 2]; (Vw(s), (u"(s) - u(s) — 0 (s) - 0(s)))gods
-2 fot (gn(lu(s)Pyu(s) = gn(T(s)P)i(s), w(s))gods
< —fotIIVW(S)IIf{odS+ fotllu*(S)M(S) —@'(s) - 0(s)|[ds

+8 ﬁ IIW(s)] - (la(s)] + @)Dl ds.
Noting that by Sobolev inequality (2.1),
[[u*(s) - us) = @°(s) - @)l < NWEI(uls)] + sl (3.4)

< 20wl ()7 + [acs)I7.)

<2CT 4 - IWIZ WSl Al + 8],
12



we have by Young’s inequality,

IATR IATR
mwww<—j‘|wmm@m+cﬁf IW(IEZIW(S)Il ds
0 0

1 INTR INTR
_Ef IVW(s)ll5ds + CRf IW(s)Ilods.
0 0

N

Moreover, it is clear that
IATR
L(t Atg) < Crf Iw(s)I7,ds
0
and by (H3),
IATR IATR
Ly(t ATg) < sup [lo(4, x)l|e - f IVw(s)[I2ods + Cr f Iw(s)lI7,ds.
0 0

1>0,xeD

Taking expectations for (3.3) and combining the above calculations as well as (2.3), we find that
for any ¢ € [0, T,

IATR t
Ellw(z A 1)l < Cra E(f ”W(S)”%pds) < CR,Tf Ellw(s A Tp)ll5ods.
0 0

By Gronwall’s inequality, we get for any ¢ € [0, T'],
Elw(r A 7RIl = 0.
Now the uniqueness follows by letting R T oo and Fatou’s lemma. O

3.3. Existence of Martingale Solutions. We now prove the existence of a weak solution to
Eq. (2.6).

Theorem 3.8. Under (H1)-(H3), for any initial law ) € P(H'), there exists a weak solution for
Eq. (2.6) in the sense of Definition 3.1.

We shall use Galerkin’s approximation to prove this theorem. In the following, we fix a sto-
chastic basis (Q, 7, P; (F:)r=0), and an infinite sequence of independent standard (¥;)-Brownian
motions {W*(1),t > 0, k € N}, as well as an Fj-measurable random variable u, having law 7.

Recall that & = {e;,i € N} C V is a complete orthonormal basis of H!. Set

H,ﬁ :=span{e;,i=1,--- ,n}
and for u € HY,
Mu = (Wedme = > (u, (I - Ae)e;.

i=1 i=1
Consider the following finite dimensional stochastic ordinary differential equation in H}

du,(t) = [L,A(u,(0) + ILE(7, u,(0)1ds + 3, 11, Bi(, w, (1)) dWF,
un(o) = Iluy.

By Lemmas 2.3 and 2.5, we have, for some C, 5y > 0 and any u € H}l,
(u, 1L, A(w) + ILE(7, w))y < Cn,N(IIUIIfﬂ +1),
I, B, Wz, < Con(MZ, + 1.
Moreover, by (H1)-(H3) it is easy to see that
H! 5 u - I1,A) + I1,f(¢,u) € H!

and
H'! 5 u - II,B(t,u) € > x H!
13



are locally Lipschitz continuous. Hence, by the theory of SDE (cf. [17, 26]), there is a unique
continuous (¥;)-adapted process u,(¢) satisfying

un(t):un(0)+fHnA(u,,(s))ds+fan(s,un(s))ds+2fH,,Bk(s,un(s))de (3.5)
k=10

0 0

and for any n > i,

(u, (1), €)1 = (W, &)y + fo [Aw,(s)), e;]ds + fo (£(s, wu(5)), € ds

> f (Bi(5, u,(5)), € ) AW, (3.6)
k=1 V0

We now prove a series of lemmas.

Lemma 3.9. For any T > 0, there exists a positive constant Cry > 0 such that for any n € N,

T T
E( sup IIHn(t)Ilﬁl) + f Ellu,(s)lI7ds + f ElIVIu,(s)PlI7.ds < Cr, (3.7
0 0

t€[0,T]

and also in the periodic case

T
f Ellu, ()[[}ds < Cr. (3.8)
0

Proof. By Itd’s formula and Lemmas 2.3 and 2.5, we have
. OlZ = IluollFy, +2 fo t [A(u,(s)), w,(s)]ds + 2 ﬁ t (F(s, w,(5)), W, (5)) g ds
Mo+ | B, U, 5
< Jlwol ) — fo t [, (9)l7ds — fo l I, ()] - [Vu, ()]]17.ds (3.9)
+C-N j; t IV, ()lI7,ds + 2 j; t llu, ()10 ds
+2 fo t [I£Cs, wa(s)llzo - M, ()llgzds + M(2)

t
1
+ f (§||un(s)||12ﬂz + CT”un(S)”%[I + C||Hh(S)||L1(D))dS,
0
where M(¥) is a continuous martingale defined by
o ¢
M©)=2 ) [ B w6, o)W
k=1 Y0
Taking expectations and by Young’s inequality, one finds that for any ¢ € [0, T'],

1 ! !
Ellu, (07, < Eljugll — 1 f Ellu,(s)[17.ds — f Ell[u,(s)| - [V, (s)llI7.ds
0 0

t !
+C'NfE”V“n(S)”H2.HOdS+CTfE”un(s)”IZH[OdS
0 0

!
+Cr [ (1O e + I )ds
0
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Hence, by Gronwall’s inequality, we have for any 7" > 0,
T T
sup Ellu, (1)l +f Ellu,(5)|l52ds +f E||VIu,(s)’[I7.ds < Cr. (3.10)
1€[0,T} 0 0

Here, the constant Cry is independent of n, and we have used that |V|u|?| < Clu| - |Vu|.
Furthermore, from (3.9) and using Burkholder’s inequality, Young’s inequality, Lemma 2.5
and (3.10), we have for any 7 > 0 and € > 0,

1/2
(sup ”un(t)”Hl) CTN + CE(f ||B(S un(s))||L2(12 HO) ||un(s)||2 dS)

te[0,T]

T
CTN +€- E( Sup ||B(S un(s))”L (12 HO)) + Cef E”un(s)”]%ﬂzds
0

t€[0,T]

2
<Crnete- CTE( sup IIun(t)Ilﬂl).
t€[0,T]

Choosing € small enough, we get

E( sup ||un(t)||§{1) < Cra.

t€[0,T]

In the periodic case, since & is also orthogonal in H°, we have by (2.9) and (H1)-(H3),

Ellu, (1|20 = Elluoll, + 2 f E(A(u,(5)), u,(s))rods
0
2[ E(f(s,un(S)),un(S)>H0ds+fE”B(S u"(s))||L2(12H0)
0
< Elluollf, - f1EIIVun(S)|I2 ds—2 fEllun(S)ll‘;ds
0

!
+ CNf Ellu,(s)|l0ds + Cr,
0
which yields (3.8) by Gronwall’s lemma. O

Lemma 3.10. Let p, be the law of v, in (X, B(X)). Then the family of probability measures
{un, n € N} is tight on (X, B(X)).
Proof. Setfor R > 0

T = 1inf{t > 0 : |Ju, (|l > R}.
Then, by (3.7) we have for any T > 0,
CT,N
R
On the other hand, from (3.6) and using (2.11), Lemma 2.5 and Burkholder’s inequality, we
have for any ¢ > 2 and 5,1 € [0,T], e € &,

sup Pty <T)= supP( sup |[a, (Ol > R) 3.11)

n t[0,T]

Elu, (1 A k) — w,(s A Tg), €|

f (A (), e]ds

ATR

q

+ CE

q

ATy
< CE f (s, u,(s)), e)ds

n
/\TR

q
+ CE

AT
f (Bi(s, u,(5)), €)zn AW}
s/\‘rZ
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AT, q AT q
<Ce-E f (1 + lu,(s)IF)ds| +Ce-E f lIECs, w,(s))llzods
SATR SATR
AT q/2
+Ce-E f IB(s, W (DI7, oy ds| < Cerr - It = 512,
SATR

By Kolomogorov’s criterion (cf. [16]), we get forany 7 > 0and 0 < o < 1,

E( sup [{w, (2 A Th) — (s A Th), € I) < Cerr - 0°.

5,t€[0,T],|t—s|<6

So, for any € > 0 and R > 0,

sup P{ sup [(u, (1) — w,(s), ey | > e}

n 5,t€[0,T],|t—s|<6

< supP{ sup  [(u, (1) —w,(s), €| > €; 7% = T} +sup P{ty < T}

n 5,t€[0,T],|t—s|<6
Ce,R,T -0 CT,N
< + ==,
€ R

which then gives that

lim supP{ sup [(a, (1) — w,(s), e)m| > e} =0. (3.12)

6l0 4, $,t€[0, T, lt—5/<6

The tightness of {u,,n € N} now follows from (3.11), (3.12) and Lemma 2.7. O

In the sequel, without loss of generality, we assume that yu, weakly converges to u € P(X).
By Skorohod’s embedding theorem (cf. [16]), there exist a probability space Q, F, P) and
X-valued random variables @” and @ such that

(I) @" has the same law as u” in X for each n € N;

(I) " — @1 in X, P-a.e., and i has law p.

Moreover, by (3.7) and Fatou’s lemma, we have for any T > 0,

E“( sup llu(t)llﬁ]) = EP( sup IIﬁ(t)II;I]) < +00, (3.13)
t€[0,T] t€[0,T]
T T
f‘EWu@m%ds:JﬁEﬂm@m@ds<+m, (3.14)
0T ’ T
f EXIVu(s)Pl7,ds = f E”|IVIa(s)I’|12.ds < +oo (3.15)
0 0

and also in the periodic case

T T
f EXlla(s)|l;.ds = f E”[[a(s)[I}.ds < +oo. (3.16)
0 0
Leth € CY(R) and e € &. Define forany ¢ > 0 and u € X,
Mt a) == I1(t,u) - I(t,w) — [h(t,w) — L(t,u) — I2(¢,u),
where
I}(t,u) := h((u(?), e)u),

L2, ) := h((u(0), e)),
16



Li(t,a) = f K ((u(s), e)m) - [A(u(s)), e]ds,
0

It) = f 7 (Qu(s), ) - (F(s, u(5)), ey,
0

1 1
L(t,u) := _.E K ((u(s), €)z1) - [KB(s, u(s)), €[ ds.

2
Note that e € & C V has compact support, there exists m € N such that
supp{e} € O := {x € R?, |x| < m}. (3.17)

Lemma 3.11. We have
sup BP|M" (¢, w,)|* + EP M) (1, w)|*? < +oo. (3.18)

n

Proof. 1t is clear that Ii“(t, 4,) and Ié‘(t, 0,) are bounded by some constant C;,. For Ié“, noting that
in the whole space case,
llallze < Cl[Vul|z2,

by (2.11) and (3.7), we have

EP |8t 6, < C ]EP|[[A(u,,(s)) e]|"d

T

h

<Crue | E'(1+lla. (o)l

» (0))
T

<Crpe | E(1+ a9l

L‘2(0))

= CT,h,e

T

"
"

E” (1 + . (s)PI,) ds
"

<Crpe | EP(1+ IV, (9)PIZ) ds

hhhh

< Crpen-

In the periodic case, by (2.11) and (3.8), we have

Bl 6, < Cry f EP (1 + ()12 0, ) ds
0

T ~
< Crae f E” (1 + 18,(9Il}s 7o, ) ds
0

< Crpen-
For 1%, by (2.12), we similarly have
BRI 6P < Crpen.
For I}, it is clear that
E"|(t,8,)F < Cren-
Moreover, by (3.13)-(3.16), we also have
EP\M" (1, w)[*? < +co.

The proof is thus complete. O
17



Lemma 3.12. Foranyt > 0 and € > 0,
lim P(|M"(t,1,) — M"(t,®)| > €) = 0. (3.19)

That is, Mi’(t, 0,) converges to Mg(t, i) in probability P as n — .

Proof. Recalling the definition of X in Subsection 2.2, by (II) we have

lim | |&,@ x,&) -, x, o) dx=0, P-a.a @€,

n—o0o 0
where O is from (3.17). Thus, by the dominated convergence theorem, we have
lim EX|10(t, &,) — I(t,@)| = 0,
lim EP)%(t,@,) — I2(t, )| = 0.
For/’, define for any R > 0,
Tp = inf{t > 0 : [0, ()|lm > R}
Then, by (I) and (3.7), for any T > 0, we have
CT,N
R

Thus, by the dominated convergence theorem and Lemma 2.4, we have from the proof of
Lemma 3.11,

lim P(1(t, @,) — (1, )] > €)

sup P(¥, < T) <

< lim lim P(L(t,0,) - L, 0)| > 75 > 1) + lim sup P(#p < T)

< lim lim B (1 - 1E(1, 0,) — L(5, W)]) /e

R—00 n—oo

t
< lim EP(f lim (1{f7e>t} :
R— g "o

— W ((U(s), e)m) - [Aa(s)), e]]‘)ds)/e =0.

' (@,(s), €)z1) - [A(@4(5)), €]

Similarly, we also have
lim P(L(1,,) - I;(2, )] > €) = 0,
lim (L%t 0,) — I2(1,0)| > €) = 0.
Combining the above calculations yields (3.19). O

We can now give the proof of Theorem 3.8.

Proof of Theorem 3.8: Now let t > s and G be any bounded and real valued B,(X)-measurable
continuous function on X. Then by (3.18) and (3.19), we have

B (M2, 0) — Mi(s, W) - G(w)) = BP((MU(z, ) — MU(s, W) - G(i))
= lim E"((M{(t, §,) - M{(s,1,)) - G(1,))
= lim E"((M{(t. u,) - M{(s.u,)) - G(u,)) = 0,

18



where the last step is due to the martingale property of Mé’(t, u,) on (Q,F,P;(F1)=0) and
G(u,) € F,. This means that {Mff(t, u),t > 0} is a B,(X)-martingale. The existence of a weak
solution to Eq. (2.6) now follows from Proposition 3.4.

Summarizing Theorems 3.7, 3.8 and 3.6, we have the following main result in the present
paper.
Theorem 3.13. Under (H1)-(H3), for any u, € H', there exists a unique u(t, x) such that
(1°) u € L*(Q, P; C([0, T],HY) N L*(Q, P; L*([0, T],H?)) for any T > 0, and

E(Sup IIU(I)II]?{])+I Ellu(s)|;2ds < Cr(1 + [[ugl[3,)N; (3.20)

t€[0,T]

(2°) it holds that in H,
! © !
u() = uy + f [Au(s) + 28(s, u(s)]ds + ) f Bi(s,u(s))dW¥,
0 =1 Y0
forallt >0, P-a.s..

Proof. We only need to prove estimate (3.20). By Itd’s formula, (2.8) and Lemma 2.5, we have

Ellu()ll = ol +2 j; E(A(u(s)), u(s))mods
2 fo E(f(s, u(s)), u(s))pods + fo EIlB(s, w(DII; 2.300,d

1 t !
< gl + C - Ef Ellu(s)|[ds + Cf Ellu(s)|I5ds
0 0

By Gronwall’s inequality, we obtain
T
sup Elu(0)i3, + f Ellu(s)|l:ds < Cr(uglFo + 1)
1€[0,T] 0

Using this estimate, as in the proof of (3.7), we obtain (3.20). O

4. FELLER PROPERTIES AND INVARIANT MEASURES
In the following, we consider the time homogenous case, i.e., the coefficients f, o and h are
independent of ¢, and assume a stronger assumption than (H3), namely:

(H3)’ There exist a constant Cy, > 0 and a function Hy(x) € L'(D) such that for any x € D,u,v €
R*and j = 1,2,3,

16, h(x, w5 + [, w5 < Cp - [l + Hy(x),

16, /h(x,u) — 0 h(x, V)llp < Cp - [u -],
10.sh(x, Wl < Cy,

10,/h(x, w) = 9,/h(x, V)|l < Cy - [w -]

For fixed initial value uy = v € H', we denote the unique solution in Theorem 3.13 by u(z; v).
Then {u(z;v) : v€ H',t > 0} forms a strong Markov process with state space H'. We have:

Lemma 4.1. Forv,v' € H' and R > 0, define

Tp = inf {t > 0 : |[u®; V)|lm > R}
19



and , ’
Ty 1=Tp ATy,
Assume (H1), (H2) and (H3)', then
Elu(t Aty v) —u(t ATy s V)l < Cig - v = VI,
Proof. Write u(t) := u(t; v), a(¢) := u(¢,v') and
w(?) :=u(r) — u().
Set t; = T VAL By Itd’s formula (cf. [30, 26]), we have

w2, = IW(O)IZ, +2 f (A(u(s)) — Aa(s)), w(s))gds
0
+2 f ) (£(s,u(s)) — £(s,u(s)), w(s))ds
0
23 f (Bu(s,(s)) = Bi(s, T(5)), W(s)) dW*
k=1 0

+ ;} fo IBi(s, u(s)) — Bi(s, a(s))I2, ds

=1 W%, + 11 (tr) + L(tg) + L(tg) + Li(1g).
By |gn(r) — gn(r')| < |r — /| and Young’s inequality, it is easy to see that

() = =2 fo " IW(oIRads + 2 fo " W (IR, ds
+2 fo " (als) - V)u(s) - (@(5) - VY. (I ~ Ayw(s))guds
-2 fo " (an((U(s) — gn(BODE(S) U — Ayw(s)suds
- fo " Iw(s)IRads + 2 fo " w2, ds
+C fo " lows) - Vu(s)iPads + € fo " @) VW

+CfO Iw(s)] - (u(s)P + @) ds.

By Holder’s inequality and the Sobolev inequality (2.1), we further have

IR IR
Iitg) < - f IW()Ids +2 f Iw(s)IP, ds
0 0
'R IR
+Cr f IW(s)|Bds + C f aCs)I2, - VW)l ds
0 0
IR
C | W - Que)ls + lacs)2)ds
0
IR IR
- f IW()I.ds + Cr f IW()IP,ds

+ Cg f WIS - ||w(s>||”2ds+CR f W()llg2 - WSl ds



3 IR IR
<=7 f Iw(s)ll7.ds + CRf w(s)ll7,ds.
0 0
By (H1), (H2) and (H3)’, we similarly have

1 IR 'R
hte) < 5 f IW()I.ds + Cr f IW()Ids,
0 0

1 IR IR
I4(1g) < Ef IW(s)llzds + CRf (W ()l ds.
0 0

So,
IR
Ellw(r A T2 < IWO)IIE, + CRf W)l ds
0
!
< v = Vg + CRf IW(s A T)llds.
0
By Gronwall’s inequality, we get the desired estimate. O

LetC IIJOC(HI) denote the set of all bounded and locally uniformly continuous functions on H'.
Then C ffc(Hl) is clearly a Banach space under the sup norm

lI¢lleo := sup [p(w)].

ueH!

For t > 0, we define the semigroup T, associated with {u(¢; v) : v € H!, ¢ > 0} by

Ti(v) := E(p(u(s; V), ¢ € Cy(H).

We have:

Theorem 4.2. Under (H1), (H2) and (H3), for every t > 0, T, maps Ci*“(H') into Ci*(H").
That is, (T,)so is a Feller semigroup on C,l)”C(Hl).
Proof. Let¢ € C [’fC(Hl) be given. We want to prove that for any > O and m € N

lim sup IT:p(v) — Tip(v)| = 0, (4.1)

00 V.V €B . |IV=V' |71 <6

where B,, := {v € H' : ||v|lz: < m} denotes the ball in H!'.
For any v,v' € B,, and R > m, as in Lemma 4.1, define

Tp = {t > 0: |l V)l > R}
and
Y= TR A T
By (3.20), we have
Elp(u(t; v)) — pu(t A 75" ¥))| < 2/l - P(T}Y < 1) < 2/|@llo - sUp E( sup |lu(s; v)||§ﬂ1) /R?

veB,  \se[0.]
< 2llBlleo - Comn/R.
For any € > 0, choose R > m sufficiently large such that for any v, v’ € B,,
Elp(u(t; v) — ¢(u(t A 7" V)| < €, (4.2)
El¢(u(r; v) — p(u(r A 7" V)| < €. (4.3)

For this R, since ¢ is uniformly continuous on Bg, one may choose > 0 such that for any
u,u € Bg with [lu—u'|lp <7

lp(w) — p(u)] < e.
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Thus, for any v, v’ € B,, with [|[v — v'[[g1 < by Lemma 4.1 we have

\/TCtR
Elg(u(t A 7”5 V) — p(u(t A "5 V)
<€+2C, - P(lu(t A Ty" ,v) u(t ATy v MNet > 1) < 2e. 4.4)
Combining (4.2) (4.3) and (4.4), we get (4.1). O

In the periodic case, we have the following existence of invariant measures associated to
(T

Theorem 4.3. Under (H1), (H2) and (H3)', in the periodic case, there is an invariant measure
u € PHY) associated to the semigroup (T,);so such that for any t > 0 and ¢ € CZ"'(HI),

mewmwifﬂwmw
H! H!

Proof. In the following, we assume that uy = 0. Using Itd’s formula, we have by (2.9) and
(2.14),

Ellu()ll =2 f E(A(u(s)), u(s))pods + 2 f Et(u(s)), u(s))pods + f EllB())IF, 2,300, ds
0 0

0
3 [ ’ t
<-2 f Ellu(s)|2,ds - 2 f Ellu(s)lljuds + Curn f Ellu(s)lzods + Cig - .
0 0 0

In the periodic case, noting that for any € > 0
||u||20 < C||ll||24 < 6||ll||44 Ce’
H L L

we further have

3 ! t
Ellu())llzo < ) f Ellu(s)|I5,ds - f Ellu(s)llj.ds + Chn - 1.
0 0

Hence, for any 7 > 0

! f
Ellu(0)ll + f Ellu(s)|[,ds + f Ellu(s)l[;sds < Cng - 1. (4.5)
0 0

On the other hand, by Itd’s formula again and (2.10), (2.15), as above we have

Ellua()lf =2 f E[A(u(s)), u(s)]ds + 2 f Ect(u(s)), u(s))mds + f EllB())IF, 2501, ds
0 0

0
1 t !
< _Zf Ellu(s)|[;-ds + Chg - f Ellu(s)|fds + Chg - t
0 0
1 [ )
< ~1 Ella(s)|lzods + Chgn - .
0
Therefore, for any ¢ > 0
1
7 EIIU(S)IIszs Chtn.
0
In the periodic case, since H? is compactly embedded into H', the existence of an invariant

measure y now follows from the classical Krylov-Bogoliubov method (cf. [3]). O
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5. Ercobicity: UNIQUENESS OF INVARIANT MEASURES

In the following, we shall work in the case of D = T?, and suppose that for f € H°, the mean
value of f on T vanishes, i.e.,
f f(x)dx = 0.
T

In this case, we assume that the orthonormal basis & of H' consists of the eigenvectors of ZA,
i.e,

ngei = —/L'el', <e,‘,e,‘>H1 = 1, I = 1,2,' cey
where 0 < 4; < --- < 4, T oo. Recalling that the following Poincare inequality holds:

il < 1/4][Vul; .1

HO >
two equivalent norms in H' and H? are given by
lallg: = [IVullgo, llallg = l|Aualjgo.

We shall use these two norms in what follows.
For m € N, let Q := Cy(R,;R™) denote the space of all continuous functions with initial
values 0, P the standard Wiener measure on ¥ := B(Cy(R,;R™)). Then, the coordinate process

Wiw) := w(t), weQ,

is a standard Wiener process on (Q, 7, P).
Consider the following stochastic tamed 3D Navier-Stokes equation:

du(?) A(u(r)dr + dw(r),
u0) = uyeH,

(5.2)

where w(f) := QW, is the noise, and the linear map Q : R — H! is given by
Qe;=qe, ¢;>0, i=1,---,m.

Here, {¢;,i = 1, - - - , m} is the canonical basis of R™.

Set
& = Zq?//l,-, & = qu
i=1 i=1

Then the quadratic variation of w(¢) in H® and H' are given respectively by
[W.]mo(?) = Eot, [W.]m(?) = Et.

We remark that & < E;/4,.
Our main result in this section is the following:

Theorem 5.1. Let (T,)»o be the transition semigroup associated with (5.2). For any sufficiently
large m, = m,(E1,4,,N) € N, there exists a unique invariant probability measure associated
With (T[)[}O.

We shall divide the proof into two parts. In the first part, we shall prove the asymptotic
strong Feller property of (T;),so (cf. [15, Proposition 3.12]). In the second part, we shall prove
a support property of the invariant measure, namely that the origin O is contained in the support
of each invariant measure (cf. [6]). By [15, Proposition 3.12 and Corollary 3.17], these two

parts will imply Theorem 5.1.
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5.1. Asymptotic Strong Feller Property. Let u(z, w;u;) be the unique solution of Eq. (5.2).
For 0 < s < 1, let J,, denote the derivative flow of u(z, w; uy) between s and ¢ with respect to
the initial values uy, i.e., for every vy € H', v, € H! satisfies

01T s.¥0 = AT 5. v0 + K(u(t, w;u0), T5.v0), Js.5V0 = Vo, (5.3)
where K is linear with respect to the second component and given by
K, v) := =2((v-Vu+ - V)v) - Zgn(ul)v + 2gy(uf’)u, v)zsu).
In the Appendix, we shall prove that for each w

u(?, w; Ug + €vo) — u(t, w; Ug) in H'. 54)

(Fovo)@) = lim -

Let us now consider the Malliavin derivative of u(z, w; uy) with respect to w. Let 7 be the
Cameron-Martin space, i.e., all absolutely continuous functions from R, to R™ with locally
square integrable derivative. For any v € ¢, the Malliavin derivative is defined by

t’ + ; - ta ;
Dmmwm@:n%“(w Vi) —ut,willy) (5.5)
€ €

Notice that v can be random and possibly nonadapted to the filtration generated by W. For the
sake of simplicity, we write A,v := D"u(t, w; uy). Then
0 Ay = AAyY + Ku(t, w;ug), Av) + Ov(t), Ay =0, (5.6)

where V(¢) is the derivative of v(¢) with respect to ¢.
By the formula of variation of constants, it is easy to see that

?(,v:fjs’,Q\'/(s)ds.
0

Moreover, for any vy € H! and v € J7, set
v(t) := Jo,vo — Ap.
Then
0,v(t) = Av(?) + K(u(r), v(2)) — Qv(r), v(0) = vo. (5.7)

As done in [15], our main aim is to construct a suitable v such that v(#) exponentially decays
to zero in some sense as t — oco. We first introduce some necessary notations and prove some
preparing lemmas.

Let H; denote the following finite dimensional subspace of H' (called low mode space)

H} := span{ey, - ,e,}.
Then we have the following direct sum decomposition:
H' =H, ® H,
and for any u € H',
u=u +u, w €H, ueH.
The co-dimensional space H,l.l is also called high mode space. For any v € H°, we define

I, := Z ((-A)e;, v)oe; € Hy
i=1
and
HhV =V — HgV S HO.

In what follows, we shall always write v, := [1,v and v; := [1;v.
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The following lemma is immediate.

Lemma 5.2. For any u € H?
AT 2, > Al VITulf,.

We also need the following lemma. Recall that |[u|l2 = ||Au]|ge.
Lemma 5.3. For any u,v € H?, set
N () := [[ullZ, + lIlu] - [Vul||7,. (5.8)
Then
Vi, K@, V) < %IIAVhII%[o +Cy - N) - (IVallis + Ivell3)

and

T K, W2 < CullVilg - (1 + [[ull),
where the constant Cy (resp. C,,) only depends on N (resp. m).
Proof. For the first, we write

Vi, K, V))ep = L1 + L + 5 + 1y,

where

I = =i, (V- Vw)p,

b = (v, (0 V)V))p,

I = —(vi, Z(gn(ul)v))g,

Iy = =2(Vy, (g () (W, Vs ).
For I}, by Young’s inequality and the Sobolev inequality (2.1) we have

1 1
I < g”AVh”%IO + 2|1Vl - [Vulllf, < g”AVh”%IO + 2|VilZ, - [IVull7; <

1 2 2 2 2 2
< AVl + Clivallg - [l + Clivellg - llallz.

(o¢]

For I,, we have

1
2 2 2 2 2
b < GlIAValo + 20V - fulll < SlAVAllo + 2Vl - [l <

0| = OO =

2 2 2 2 2
< AVl + Clivallg: - [l + Clivellg - [l

For I3, we have
I = (Vv gn () VV)) o — (Vv gh(uP)VIulv))go
< alfZ - MVVal - 1YVl + 119Valls - IVl - (V]2
1
< C”u”]?{z . (||Vh||§]11 + ||Vc||ﬁ1) + gll%llﬁz + C||V||H24p < |la - |Vll|||iz-

For 1, noting that
144

lgn(MI < C - Linaran+1ys
we similarly have

1
2 2 2 2 2 2
Ly < Cliull - (Vallyr + 1Vell) + SlVallze + Civlivils, - lilal - [Vl

Combining the above calculations, we obtain the first estimate.
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As for the second one, we may write

m m 4 2
A, VI = > e, K, v = Z[ J,-j] :
1

i=1 i=1 \j=
where
Jii = —(e;, Z((v - V)u))pn,
Jio = —(&;, (- V)V))g,
Jiz = —(e;, 32(8N(|u|2)V)>H1,
Jis 1= —2e;, %g}v(lulz)(u CV)W))
For J;;, we have
Jit = (Ae;, (V- V)W) = —(VAe;, V@ w)yo < [[VAe]1=||IV] - ullzr < Ceil[ V], [l |,
Similarly, we have
Jio < Ce |Vl l10l|zz,,
Jiz < CelIVlkg, llull7,,
Jig < CelIVllgllullZ..

Summarizing the above calculations and by the Sobolev embedding theorem, we obtain the
second estimate. O

We now prove the following crucial estimate about the solution u(z).

Lemma 5.4. (i) For any n > 0, there exist constants Cy, Cg, 4, Ny > 0 such that for any t > 0
and uy € H!

'
E exp {77 f N (u(s; uO))dS} < exp{Cyllull?, + Ce, 1, Nt}
where N(u) is defined by ( 5.80 ).
(ii) There exist constants Cy, Cg, o, n > 0 such that for any t > 0 and uy € H,;
Ellu(t; wo)ll: < ol (Cy - £+ De™ + Cg, -
Proof. By Itd’s formula, we have
d||u(t)||]%10 = 2(u(?), A(u(?)))godt + 2{u(?), dw(?))go + Epdt. (5.9)
By (2.9) and Young’s inequality, we know

(u(n), AQu())zo < =IIVu@)lle = lla@lljs + Nlu@)l
2

1 N
< =@l = @l + = (5.10)
2 2

Using Lemma 6.2 in the Appendix, we get for any 7,77 > 0

t
Eexp {n f llu(s)IIZ, ds} < exp{nliugllZo + Ceynpt)- (5.11)
0

Again, by It6’s formula and (2.10), we have
d||u(t)||]§]Il = 2[u(®), A(u(®))]dz + 2{u(z), dw())y + E;dt
< (=N@()) + CN||u(t)||]%Il )dr + 2¢u(), dw(?))m + Edr. (5.12)

As in the proof of Lemma 6.2 in the Appendix, using (5.11) and exponential martingales, we

then get the first estimate.
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On the other hand, from (5.9) and (5.10), we have
1 1
dllu(®)liz, < _Ellu(t)nﬂz.ﬁodt + 2¢u(?), dW(H))po + (Eg + N> + E)dt'
It is direct by Gronwall’s inequality that
Elfu(t; uo)lZo < Iullfoe™" +2(E + N* + 1),
Thus, thanks to

2
la@®lly < lla@)llz[la@)||z,
we obtain

1
d(e” @) = e”*2[u@), A(u@)] + & + E”u(t)”]%p )t + 2¢"*(u(r), dw(0))z

< (@)l + Cylla@IE,; + Endt + 2e"*(u(r), dw(®))z
< e (Cylu®IZ, + E)dt + 2¢"*(u(t), dw (D).

Therefore,

!
2 . 2 2 2 . 2 2
¢PEllu(z; uo)lf < Iluolly, + Cwy f e’ Ellu(s; uo)l[fods + 28"
0

!
< lluollZ, + Cy f (lluollZo + 2€**(Eo + N* + 1))ds + 28, €'/
0

<ol + CullugliZet + ¢*(Cn(Eo + N* + 1) +28)),

which then gives the second estimate.

(5.13)

O

Based on the previous discussions and lemmas, we can now prove the following proposition,
which will imply the asymptotic strong Feller property of (T,)s¢ according to [15, Proposition

3.12].

Proposition 5.5. Let (T,)»o be the semigroup associated with (5.2). There exist a constant
m, = m.(&E,N) € N and constants Cy, C1,y > 0 such that for any t > 0, uy € H', and any

Fréchet differentiable function ¢ on H' with ||¢lle, [|[V@lle < +00,

VT (uo)lle < Co - exp{Cilluollz } - (lelleo + € [Vellco)-
Proof. For any vy € H! with ||vo|lz1 = 1, define

vi(t) = { Voo - (1 = #/QlIvoellzr)), 7 € [0, 2ol ]
0, 1 € 2l[vorllg, 00).

Let v;(¢) solve the following linear evolution equation:

0vi(t) = Allyvi(0) + I K (a(?), vi(®) + ve(2), vi(0) = Vop.

Set

V(1) := v(t) + vi(2)

and
o (Vf “Ly<avlig) )
v(it) =0 | ——— + Av,(t) + [T, K(u(@), v()].

2{[vellen

Then v(t) € 7 is a continuous adapted process. From the construction, one finds that v(¢)

together with v(7) solves the equation (5.7).
Thus, we have

(VTip(o), voym = E((Ve)(u(z;10)), Jo., V0 e

= E((Vp)(u(t; up)), Av(1))a + E(Vo)(u(t; ), v(1))wm
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= E(D"(¢(u(t; u9)))) + E{(Ve)(u(t; up)), V(1)

= E(‘P(U(t; u)) - fo \'/(S)dWs) + E((Ve)(u(z; o)), V(1))

: 1/2
< lelleo (f EIV(S)IZdS) + IVl BVl » (5.14)
0

where the last equality is due to the integration by parts formula in the Malliavin calculus (cf.

[21]).

By the chain rule and Lemmas 5.3 and 5.2, we have
AHvaDliZs = =2MATLVA(DIIE + 2(va(®), TLK u(e), v(1)))
< —[IATL VAl + Cn - N@(@)) - (IVa@)llg + VeIl
< (=Aw + Cy - N(®)) - [Va@DI5s + Cx - N((@)) - [ve(®)ll;
Noting that v(r) = 0 for ¢ > 2, by Gronwall’s inequality we get

VAl < 1IVa(O)IIZ, exp {—ﬂmt+CN f N(u(S))dS}
0

1 2
+ exp {—/lm(t -2)+ CNf N(u(s))ds}f ||Vg(s)||%[1ds.
0 0

By (i) of Lemma 5.4, since 4,, T oo as m — oo, there exist constants y > 0 and m, =
m.(&E1, 1, N) € N such that for all ¢ > 0,

4 Cnlluol? , —yt
Ellva()llfy < Cepaw-e 0
Hence, for any 7 > 2,

E”V(t)HHI < Cgl’/ll’N . eCN”UOHKZ_Hl _'Yt. (5.15)
On the other hand, by Lemma 5.3, we have

EW(OF < Co (1 +BANOIE(1 + [u)liE))
< G (1+ @IVl (1 + Blu@lI)'"?). (5.16)
Using Itd’s formula and (2.8), as in the proof of Theorem 4.3, we have
Ellu(l)ll < C||llo|| H(L+1),
and also by (2.10), ||u||2 < |[a]lgol[u]l2 and Young’s inequality,

Ellu@)2) < luol?; - pE f (IR l(s)l[Z.ds + CyE f ()| ds + Ct
|uo||2p——E f (IR ()l ds + CyE f (I lu(s)|Eods + Ct

< gl + CNEf la()|Zhds + Ct < Clluglh (1 + 7).
Thus, integrating both sides of (5.16) and using (5.15), we obtain

f Eln(DPdt < Corgy iy ny - ¢ -(1+ f e_yt(l+t)dt)<Cm’gl,,h,N,y-eCNluonizﬂ‘. (5.17)
0 0

The proof is thus completed by combining (5.14)-(5.17). O
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5.2. A Support Property of Invariant Measures.

Proposition 5.6. The point 0 belongs to the support of any invariant measure of (T,):o.

For the proof we need the following lemma, whose proof in turn is inspired by [6].

Lemma 5.7. For any ry,r, > 0, there exists T > 0 such that

inf  Plw : ||u(T, w;up)|lgm < rp} > 0.
ol <r1

Proof. Set
v(t) :=u(t) — w(r).
Then
V' (1) = A(v(t) + w(?)), v(0) = uy.
Let T > 0and € € (0, 1), to be determined below. We assume that

sup [W(D)llso < .
t€[0,T]

First of all, by the chain rule, we have

(%”V(t)”]lz.ﬂo =i+ L+ I3+ s,
where
Ty = =2lVVOl50 + 2(AW(D), V(1)
Jo 1= =2(v(), (v(1) + W(D)) - V)(V() + W(1)))po,
3 = =2((1) + W(D), gn(IV() + WOP)V(D) + WD)z,
Ja = 2w (D), gn(IV (1) + WOP)(V(E) + W(D))) 0.
For Ji, by (5.18) we have
Ty < 221Vl + Cellv(D)llzo.-

Here and below, C denotes an absolute constant.
For J,, by the Sobolev inequality (2.1) and (5.18) we have

Jo = =2(w(D), (v(1) + w(1)) - V)(V(E) + W(1)))zo
< 2/VW@)ls V() + WD
< Ce- V@I, + Ce.

For J3, we obviously have
J3<0.
For J4, by (2.1) and Young’s inequality we have
Ty < 2AW@ls - V@) + WO, < Ce - V@R, + Ce* <
< Ce- [IVWOIEL VIR + Ce*
<V + Ce* - VD)l + Ce®.

Combing the above calculations gives that

d
d—IIIV(t)Ilﬁo < =lIVVQ@)Il + Ce - VOIS + Ce

1
< —A—IIV(I)III%HO + Ce - IVl + Ce,
1

where the second step is due to the Poincare inequality (5.1).
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Note that ||V(l‘)||]12_1[0 depends on € through (5.18). By Lemma 6.1 in the Appendix, for any
0,h > 0, we may choose a T > 0 sufficiently large and an € small enough such that

sup [|[v(O)|lgo < 21y (5.19)
1€[0,To]
and
sup ||[v()|lgo < 6. (5.20)
te[Ty,To+h]

Let us now turn to the estimate of the first order Sobolev norm of v(7). By the chain rule
again, we have

d%IIV(t)IIﬁl =2[v@), Av) + W) = L1 + L+ 5 + I,
where
I :=2[[v(t) + w(t), A(v(t) + w(1))],
L = =2(A’w(1), V(f) + W())g0,
I := 2(AW(), (v() + W(D)) - V)(V(1) + W(1)))zp,
Iy == 2(AW(0), gn(Iv(2) + WOP)(V(E) + (D))o
For I;, by (2.10) and (5.13) we have

L < =lv(2) + W2, + Callv() + W)l

1
< —EIIV(I)IIHZ{Z + 4NVl + Cre

1
< —leV(l)llf{z + CylIv(D)IlE + Cre.

Here and below, Cy denotes a constant only depending on N.
For I,, we have

I, < Ce + Cel|v(?)||go-

For I3, we have
L < 2IVAW@)||= V(D) + WO)IZe < Ce + Cellv(D)lZ,.
For 1, we have
1
L < Ce+ Celvll}; < g”v(t)”%p + Ce + Cellv(D)|I%.

Combing the above calculations gives that

d 1
EIIV(I)IIQI < —gllv(t)llfmz + Cy - VO30 + Ce - IV(D)lIg + Ce
< =CollVOlEy + C - IVl + Cellv@)ll2, + Ce.

By Gronwall’s inequality, for any 0 < #; < #, we have

1
VIS < e IVEIE + = (Cv - sup VOl + Ce sup VD), + Ce).
0

t€[ty,12] t€[ty,12]

Firstly, letting #;, = 0 and #, = Ty and by (5.19), we find

1
IV(To)ll < 17 + C—(CN - sup [Vl + Ce - sup V(D)5 + CE) < Cre () + ).
0 1€[0,To] 1€[0,To]

30



Secondly, letting t; = Ty and #, = T + h yields

1
2 —Coh 6 2 6
IV(To + M < e"Chey (5 + 1)+ —(Cy- sup V@I, +Ce- sup V(@IS + Ce),
CO te[To,To+h] te[Ty,To+h]

which together with (5.20) implies that for some 7' large enough and € > 0 small enough
V(D) < r2/2.
Therefore, there exist T sufficiently large and € small enough such that for any |jug|lz < 7
(T, w; o)llzr < 7.

That is, if we set

Q. = {a) :osup |[w(t, w)|lge < e},

1€[0,71
then
Qe C Mgl < fw & (T, w3 w) I < 72}

The desired estimate now follows from the fact that €, is an open subset of Q and P(Q,) >
0. O

Proof of Proposition 5.6: For r > 0, let B, := {uy € H' : |lug|lzn < r} be the ball in H!. For
each invariant measure u, we can choose some r; > 0 such that

u@B,,) > 1/2.

By Lemma 5.7, we further have for any r, > 0 and some 7 > 0
u(B,,) = f (T,15,))(wo)u(dug) > f (T, 15,,)(Wo)u(dug) > u(By,) - inf (T,15,,)(w0) > 0,
H By, H0EEr,
which means that 0 belongs to the support of p.

Proof of Theorem 5.1: The assertion follows from Propositions 5.5 and 5.6 due to [15, Propo-
sition 3.12, Corollary 3.17].
6. APPENDIX

6.1. Proof of Proposition 3.4. In this subsection, we prove the martingale characterization of
weak solutions.

First of all, (i)==(ii) is direct by Itd’s formula. Let us prove (ii)==(i). Define for e € & (see
Subsection 2.3 for the notation &)

M(t,u) := (u(?) —u(0), ey — f(; [A(u(s)),e]ds — f(; (£(s,u(s)), e)mds.

Using (ii) and by simple approximations as in [31], one knows that {M,(#,u),t > 0} is a con-
tinuous local martingale under Py with respect to B,(X), and its quadratic variation process is
given by

[M](t,u) = f IKB(s, u(s)), e[ ds.
0
Set

M(tu) = )" Me (1, 0)e;. 6.1)
=1
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Then t — M(t,u) is an H'-valued continuous local martingale under Py with respect to B,(X).
Indeed, for any R > 0, define the stopping time

!
() := inf {r >0: f IB(s, u(DIZ, oz, ds > R}.
0
Then by (3.1) and (2.15) we have

Tr(1) T 0o, Py—a.a.u, as R — oo.

Set
MR u) = )" Mo (t A T 0.

=1
It is clear that M®"(¢,u) is an H'-valued continuous martingale with

n
< MR > (t,u) = Z[Mei, M 1(t A Tro0) - € @ e,
ij=1

:Z fo ((B(s,u(s)), €)1, (B(s,u(s)), €)z1)p - & @ e;ds,

ij=1

where < - >y denotes the square variation of M® in H!. Moreover, by Burkholder’s inequality
we have, forany T > 0

m T ATR
EF? ( sup [|[M®"(t,u) — M®" (2, u)||fﬁ[l) < CZ EF? ( f I(BC(s, u(s)),ej>H1||§2ds) — 0
t€[0,T] =n 0
as n,m — oo. Hence, the series in (6.1) converges in C([0, T]; H'"), Pg-a.s., and MR(t,u) :=
M(t A T, u) is an H'-valued continuous square integrable martingale with
< MR > (tu) = Z[Mei’ M ](t ATg,0) - €; Q€
i,j=1
© IATR

= f ((B(s,u(s)), €}z, (B(s, u(s)), €)sz1 )y - €& ® e,ds.

=10
Letting R — oo we obtain the desired property of M(z, u).

In particular, the following equality holds in H°

t

u(®) =u0) + f A(u(s))ds + f f(s,u(s))ds + M(t,u), Py —a.s..
0 0

By 1t6’s formula (cf. [30, 26]), we obtain that Py(C([0, ), H')) = 1. The existence of weak
solutions now follows from the representation theorem for martingales (cf. [23, Lemma 3.2] or
[3, Theorem 8.2]).

6.2. Two Basic Estimates. In this subsection, we prove two basic estimates used in Section 5.

Lemma 6.1. Let {¢o.(-,ry),€ € (0,1),rg = 0} be a family of positive real functions on R, with
©e(0, ro) = ro. Suppose that for some p > 1, Cyp,C{,C, >0, C3 > 0and any e € (0,1)andt > 0

@it 19) < =Cope(t, 1) + Cre - pc(t, 19)” + Cre + Cs.
Then: (i) For any T > 0 and R > 0, there exists € > 0 such that
sup (,OE(I, ro) < 2R+ 2C3/Cy.

te[0,T],e€[0,€0],70€[0,R]
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(ii) If C3 = O, then for any 6 > 0 and R, h > 0, there exist T > 0 and € > 0 such that

sup @e(t, ry) < 0.
te|T,T+h],e€[0,e],70€[0,R]

Proof. Let Cj := (Cy€ + C3)/Cy and set
¢(1) := e (pe(t, ro) — C5).
Then for fixed 7 > 0 and any ¢ € [0, T']
¢'(1) < C1e“e - @(t, o)’ < Cre- (§(1) + C§ - €T
Solving this differential inequality gives that

1
1-

$(T) < [(B(0) + C5 - e©T)' ™7 + Cy(1 = p)eT |7 = C5 - 7.

Hence,
1
(T, 19) < e T [(rg + C5 - (™7 = 1)) 7 + Cy(1 = p)eT |
1
< [(e—CoTR + CZ)l—P +Ci(1 - p)ETe(p—l)CoT] 1—p'
Now the assertions easily follow by suitable choices of € and 7. O

We now prove the following exponential estimate.

Lemma 6.2. Let X, be a positive Ito process of the form

f f
X, =xp+ f MdW, + f Nds, (6.2)
0 0

where s — M, N are two measurable adapted processes. Suppose that there exist a positive
process Y, and some a > 1 and Cy, Cy, C,, C3 > 0 such that for any s > 0

N, < =CoX® =Y, + C1, M, < CoX, + Cs. (6.3)
Then for any t,n > 0
Ee"™ < C,., - exple” " nx,) (6.4)
and
! CO
Eexp4n f (TXf + Yy)ds p < expi{nxg + Copt}. (6.5)
0

Proof. Let us first prove that for any 7,7 > 0
Ee™ < +oo. (6.6)

Set for R > 0
7 :=1nf{t > 0 : |X;| > R}.
By Itd’s formula, (6.3) and Young’s inequality, we have

2
de™ = ne”X’M,th + ne”X‘Ntdt + %e”X’IM,IZdt
< ™ MdW, + ne"™(—~CoX® + C, + g(czx, + Cy)dr
C
< ne™ M, AW, + neﬂxf(—%’x;* + C,)dt

C
< ne™ M,dW, + ne”Xf(—TOX, + Cy ).
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Set

fz(t) := Be™ .
Then

Jr(@®) < Coy fr().

Hence
fR(t) - EeUXtATR < enxoeca,q[.

By Fatou’s lemma, we obtain (6.6).
We now set
() := Ee™.

Then by Jensen’s inequality, we obtain

C
F'(0) < = f(0log £1) + Can f0).

Solving this differential equality gives the first estimate (6.4).
On the other hand, for any 7,77 > 0, we have by (6.2) and (6.3)

! C() N ! ! T]C() N
n (EXS +Y)ds<nxo+n | MdW,+ (_TXS + Cyn)ds.
0 0 0

Noting that by (6.3) and (6.4)

2 t 1 t
Eexp{%f |Ms|2dS} < ;f E exp{tn*|M,|*/2}ds < +co,
0 0

we know by Novikov’s criterion that

! 2 !
t > exp {n f MSdWS—% f |Ms|2ds} = &(M)(1)
0 0

is an exponential martingale. Moreover, by (6.3) and Young’s inequality

nCy

3 Xf: + C17] < Ca,n-

2
n 2
—|M, -
7 | M
Therefore,
' C
Eexp {77 fo (70X§’ + Ys)ds} < e™E (S(M)(t) . exp{Cmnt}) = €™ . exp{Cyyt}.

The proof is thus complete. O

6.3. Proof of the Derivative Flow Equation. In this subsection, we prove (5.3). Note that
(5.5) can be proved similarly.

Lemma 6.3. For any T > 0, there exists a constant Cy 1 > 0 such that for each w and u, € H!
T
2 2 6 12
sup [lu(t, w)[Z, + f la(r, )2 < Cur(1 + lluolll, + sup [Iw(e, w)[12):
1€[0,T1] 0 1€[0,T1

Proof. Following the proof of Lemma 5.7, let us give different estimates for J;,i = 1,2, 3, 4.
For Ji, by (5.18) we have

Ty < =209Vl + 2IAWD 0 - [IV(O]z0-
For J;, by the Sobolev inequality (2.1) and Young’s inequality we have

J2 = =2w(0), (v(1) + W(D)) - V)(V(?) + W(1)))go

= 2(Vw(2), (v(2) + W(2)) ® (V(?) + W(1)))po
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< 20VW@) IV + WD)l
< CIVWOll=Iv(2) + Wl
< V() + w)lljs + CIVWO--
For J3, we have
T3 < =2|v(2) + w(Olljs + NIIv() + WD)
For J4, by (2.1) and Young’s inequality we have
T3 < 2AW(@)ll - [1v(R) + WOl
20wl - V() + W),
< =) + Wl + CUWOI.

Hence
d
aIIV(t)IIHZﬂo < CylIVOIEZ, + CUWDIIE, + W12,

By Gronwall’s inequality, we get

sup (VD)5 < CN,T(”VOH%[O + sup (Iw@)liL, + ”W(t)”%p))- (6.7)
t€[0,T] 1€[0,T]

Using the similar calculations as in the proof of Lemma 5.7, one finds that

d 1
TIVOIE: < —gIVOIE: + Cy(1+ W) - (1 + IV,
which together with (6.7) gives the desired estimate. O

For vy € H', let us consider a small perturbation of the initial values given by u.(0) = uy+e€vj.
The corresponding solution of Eq. (5.2) is denoted by u.(z).
Set

Ve(t) 1= (u(r) —u(n))/e.
Then v.(¢) satisfies

V() = Ave(t) = Z[D) - VIV(D)] = P[(Ve(D) - VIu()]
- ZIgn(uOPWve®d] = 21en(un)P) = gn(u@)))/e - u@)],

with initial value v.(0) = vy.
We have:

Lemma 6.4. For any T > 0, there is a constant Cyr > 0 such that for any € € (0, 1)

T
sup [Ive()I, +f IVe(®)IIdr < Cr.
0

t€[0,T]

Proof. As in the proof of Lemma 4.1, we have
d
allve(t)llﬂzﬂl < =IVe®liZe + 20Vl + Clluc®li7, - 1YVl
+ CIIVe®ll - (@)l + Clve®Il3s - (ae®lizs + lha@)liys)
1
< —EIIVE(I)II%[Z + Cluc®ligy + @iy + 1) - V@i,

which together with Lemma 6.3 gives the desired estimate. O
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We are now in a position to prove (5.4). Set

Je(®) = ve(®) = Jo,v0,

where 7 vy satisfies (5.3).
By Taylor’s formula, we have

gv(luOP) — gy(u®P) = gy(u®OP (a0 = a@®P) + gy@ (a0l - la@®»)?/2
=€ - gh(u@OP)IveOF + 28y (@)D, u(®))zs
+ g @) (Ju ) - a(®O?/2,

where 6 takes some value between |u(?)|> and |[u.(?)|*.
Thus, it is not hard to see that j.(¢) satisfies

8
JU0) = Ajuo) = >~ (@),
i=1

where
Ji(@) =€ P[(ve(1) - V)Ve(D)],
L) = 2[(u() - V)jD)],
J3(1) := 2[(je) - VIu®)],
L@ := P[(gn(udl) = gv(u@®P)) - ve(@®)],
Js() := Pgn(u@)P) - je®)],
Jo() := € - Z[gy(u@P)Ive@®F - u@)],
J7(1) = 228\ (D) [e(®), u(D)zs - w ()],
Js(0) := Pgy@)(u ) — @) - u(r)/el.

By the chain rule and Young’s inequality, we have

d . . . :
SO < =IOl + 2150l + DO,

i=1
Here and below, the constant C is independent of e.
For J,(¢), we have

1Dl < CE - IVeDIZ - IVeDIze-
For J,(t), we have
20120 < Cl@IE - Nie®I -
For J3(t), we have

I35 < @I - 15eOlZs < Cla@IE, - 15l - @l <

. 1.
< Cllu®lig - i@l + Zlhe(t)llﬁz.
For J,(t), we have
4@l < CE - [IVeDll}s - (D)I[F6 + DI[76)

€ - V@I - U@y + a@)li,)-

SEES)

<
<

For J5(1), we have

75l < Cla@liys - e@ll7s < Clla@lig - Ol -
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For Jg(7), we have

IsDlZ0 < CE - IVeDIiZ, - (DI, -
For J;(7), we have

17020 < C - eI - @)l

For Jg(t), we have
< CE - Ive®F - (ue®) + @)l
< CE - IVl - (uedliys + @iy,
< CE - Vel - (el + [@)ll)-

Combining the above calculations and Lemmas 6.3 and 6.4 yields that

(RG]

d
d—tllje(t)llﬂzﬂ. < CE +IVe)llE) + C(1 + @)l - eIy -

By Gronwall’s inequality, we get

! !
IR, <c62(1+ f ||v6<s>||gzds)-exp{0+c f ||u(s>||§ﬂzds},
0 0

which together with Lemmas 6.3 and 6.4 clearly gives (5.4).
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