LONG-TIME ASYMPTOTICS FOR THE FOCUSING NLS EQUATION
WITH TIME-PERIODIC BOUNDARY CONDITION ON THE HALF-LINE
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ABSTRACT. We consider the focusing nonlinear Schrédinger equation on the quarter plane.
The initial data are vanishing at infinity while the boundary data are time-periodic, of the
form ae'“e?“!. The goal of this paper is to study the asymptotic behavior of the solution
of this initial-boundary-value problem. The main tool is the asymptotic analysis of an
associated matrix Riemann-Hilbert problem. We show that for w < —3a? the solution
of the IBV problem has different asymptotic behaviors in different regions. In the region
x > 4bt, where b := /(a? — w)/2 > 0, the solution takes the form of the Zakharov-Manakov
vanishing asymptotics. In the region 4bt — %Nlogt < x < 4bt, where N is any integer,
the solution is like a train of asymptotic solitons. In the region 4(b — aﬂ)t < x < 4bt the
solution takes the form of a modulated elliptic wave. In the region 0 < x < 4(b — a+/2)t the
solution takes the form of a plane wave.

1. INTRODUCTION

The discovery of the Lax pairs for nonlinear evolutionary equations and the inverse scat-
tering transform method (IST) for solving initial-value problems on the whole line turn out
to be very successful. This powerful method gives a huge number of very interesting re-
sults in different areas of mathematics and physics. In particular, at the beginnig of 90th
a new great achievement in the further development of the IST method has been done by
P. Deift and X. Zhou. It is a nonlinear steepest descent method for oscillatory matrix Rie-
mann—Hilbert problems. With this new method it came the nice possibility to rewrite known
asymptotic results for different nonlinear integrable models in a rigorous and transparent form
(see [8,11,12]) and obtain numerous new significant results in the theory of completely inte-
grable nonlinear equations, random matrix models, orthogonal polynomials, and integrable
statistical mechanics.

This paper continues the study of the initial-boundary-value (IBV) problem which has
been originated in [4-6], and which is related to the focusing nonlinear Schrédinger equation
in the quarter plane x > 0, ¢t > 0 with time periodic boundary data and vanishing at infinity
initial condition. The resulting spectral analysis [6] allows the solution to be represented in
a Riemann—Hilbert form. The initial and boundary conditions must satisfy a certain global
relation constraint for the IBV problem to be well posed. One of the important advantages
of this method is that we obtain the solution in a very convenient form to study its long
time asymptotics. Using the Deift—Zhou steepest descent method [8,11,12] for oscillatory
Riemann—Hilbert problems, the long time asymptotics of several IBV problems have already
been studied in [2,13-16], under the assumption that the boundary values of x = 0 vanish
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for t — 400. To the best of our knowledge IBV problems for the NLS equation with non-
vanishing boundary data have not been yet considered in the framework of the RH method.
We provide an implementation of the nonlinear steepest decent method for the matrix Rie-
mann—Hilbert problem associated to the IBV problem with simplest periodic boundary data.
Fortunately, this simple case contains all novelty ingredients which are necessary to pose
corresponding RH problem for general periodic boundary data.

The problem considered in this paper is similar, though not identical, to the shock problems
arising for integrable PDEs on the whole line with two different finite-gap boundary conditions
as * — to0o. The development of the RH method for these problems goes back to the
works done in 80-90s by R. Bikbaev, P. Deift, V. Novokshenov, and S. Venakides. Most
recently, an implementation of the RH scheme to the shock problem for the focusing nonlinear
Schrodinger equation on the whole line and the evaluation of the long-time asymptotics of
the corresponding solution have been performed in [7]. It is worth mentioning that our
construction of phase g-functions is different from that in [7]. Note also that there were
provided numerical simulations of the considered model. The numeric results, carried out by
Chunxiong Zheng, are in good agreement with our theoretical results.

The main results of this paper were announced in [3].

1.1. We consider the following initial-boundary value problem for the focusing nonlinear
Schrédinger equation:

(1.1a) ig; 4 quz + 2|q/%¢ =0, with z,t € R,
(1.1b) q(x,0) = qo(z),

(1.1c) q(0,t) = go(t) = ae'*e®™",

(1.1d) 00(0) = go(0) = ae',

where go(z) vanishes for z — +00, a > 0, o and w are real numbers. We suppose that the
solution ¢(z,t) of the IBV problem exists for z,¢ € R;. This solution is C'*°, continuous
with all its derivatives up to the boundary {z = 0} U {¢t = 0} of the quarter xt-plane and
q(z,t) € S(Ry) in x for any fixed t € Ry. Here S(R4) is the space of Schwartz functions on
R+Z

S(Ry) = {u(z) € C°(R,) | z"u'™ (z) € L>®(R,) for any n,m > 0}.
We assume the initial data go(x) € S(R4). It also worth noticing that all the considerations

of this paper are actually valid if the boundary condition (1.1c) is replaced by its natural
weaker version,

(1.2) q(0,1) = go(t) = ae'* ™™ + vy (t),

with vg(t) € S(Ry).

The focusing nonlinear Schrédinger equation admits [17] a Lax pair consisting of the two
linear eigenvalue problems presented below - equations (1.3) and (1.4). For the study of
the initial-boundary value problem (1.1) we shall use, following the methodology of [14], a
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simultaneous spectral analysis of two eigenvalue problems, one for the linear x-equation:

(1.3a) O, +ikos® = Q(x,t)P,
(1.3b) Q(z,t) = <—(j((:)17,t) q(m(),t))

_ (1 0
7=\ -1

and the other for the linear t-equation

(1.4a) d; + 2ik%03® = Q(x,t; k)P,
(1.4b) Q(a,t; k) = 2kQ(z,t) — (Q*(2,1) + Qu(x, 1)) 3,

where ®(z,t; k) is a 2 x 2 matrix-valued function, k € C. It is well-known that this system
of linear equations is compatible [1,17] if and only if g(x,t) solves the nonlinear Schrodinger
equation.

1.2. To formulate the Riemann—Hilbert problem related to the IBV problem (1.1), we need to
introduce spectral functions using the initial data, and the Dirichlet and Neumann boundary
data. Thus we have to make an assumption on the structure of the Dirichlet to Neumann
map. For w < —3a® we claim that this map takes the form (1.5) below.

Assumptions. We assume that the IBV problem (1.1) has a global solution ¢(x,t), suffi-
ciently smooth and with sufficient decay for x — 4o00. We also assume that for w < —3a?
the Neumann boundary values take the form

(1.5a) 42(0,t) = g1(t) = 2iabe'®e®™@ 1 v1(t),  with vi(t) € S(Ry),

2

a® —w

2
Note that numerical simulations provided by Chunxiong Zheng are in good agreement with

this last assumption. This assumption is also supported by the asymptotic results obtained
in section 5.4 (see Remark 4 at the end of section 5.4).

(1.5b) b= > 0.

Remark 1. The structure of the Dirichlet to Neumann map depends essentially on the relation
between the frequency w and the amplitude a. An exact example in the case w > a?/2 shows
that the condition (1.5) is no longer valid for every initial-boundary data. Indeed, it follows
from this example that there is a component in the space of the data where, instead of (1.5),
the relevant assumption about the behavior of ¢, (0,t) is:

(1.6a) 42(0,1) = 2abe'®e®@t 4 (t),  with vi(t) € S(Ry),
- w a?

1.6b b=4\/=-—— .

(1.6b) 51 0

The example is the following exact solution — stationary soliton — of the NLS equation:

el p2ivt ) it
q(z,t) = V2w = 2ne'®
(1) cosh vV2w(z — xg) K cosh 2n(x — xg)
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where

For this solution we have:

q(O,t) — aeiae2iwt

and
2 elin’t — o, 7 i 2iwt
q:(0,t) = 4n m tanh 2nzo = 2abe'¥e“*?,
where
2n
~ cosh 2nzo’
b= n tanh 2nxg.
In this case we have the relation
a® 4 4b% = 2w.

Thus the stationary soliton is the explicit solution of the IBV problem (1.1), satisfying (1.6),
with initial data .
1

e
cosh v2w(x — zq)

1.3. In this paper we restrict our attention to the case w < —3a?. The focusing NLS equation
admits the exact solution

q(z,0) = V2w

Qp(x, t) — aelae21bx+21wt7

b:=+/(a?—-w)/2>0, a>0.
In this case we have the relation
a? — 2% = w.
Let @p(t, k) = QP(O, t,k) where Qp(az, t; k) is defined like Q(z,t; k) but starting from qp(z, 1)
instead of ¢(x,t), i.e.
Qp(t, k) = 2kQp () — i(Qp (1) + (@p), (1)) o3,
with

_ae—lae—21wt 0

i 2iwt
Qult) = @p<o,t>=< 0 Lo e )

s alop 2wt
(Qp), (1) == (Qp),(0,1) = <21ae_1o?be—2iwt 2iae obe )

Qulet) = <_qp(()$7t) qp((x),t)> .

Consider now the t-part (1.4a) of the Lax pair associated with Q,(t), i.e.
(1.7) y(t, k) + 2ik%03 U (t, k) = Qp(t, k)W (t, k), t>0, keC
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where W(¢, k) is 2 X 2 matrix-valued. A particular solution of (1.7) is given by

(1.8a) U(t, k) = E(t, k)ello—UR)ast,

(1.8b) g(a k) — eiw&3tE(k) — eiwagtE(k)e—iw03t7

(1.8c) E(k) = 1 _ v(k) + ﬁl e (V(k) - 11,(%))
2\ g-ia (y(k) — m) I/(k) + )

(1.8d) Q(k) = 2(k — b) X (k)

(1.8¢) X(k) =/ (k +b)* + a?,

(1.8f) v(k) = <%>z

We fix the branches of the square roots by their asymptotics, for k — oo:

(1.9a) =\V(k+b2+a2=k+b+O(k™),

k+b—ia i ia
(1.9b) V(k)_<k+b+ia> =1 2/<;+O( 2
on the complex k-plane cut along any curve connecting the two branch points F and E.

In this paper we carry out the principal ingredients of the asymptotic analysis of the basic
Riemann—Hilbert problem which is formulated below and whose detailed presentation is given
in [6]. Under certain further technical assumptions on the Riemann-Hilbert data, we shall
describe the long time asymptotics of the solution of the related IBV problem.

Notations. (1) If x is a 2 x 2 matrix we denote its columns by [u], and [u],.

(2) Let @ be a function defined in a neighborhood of an oriented contour ¥ in the Riemann
sphere C U {oco} or in some Riemann surface and let & € 3 be a non self-crossing point. We
denote by @ (k) the boundary value of ® at k from the left side and by ®_(k) its boundary
value from the right side.

2. EIGENFUNCTIONS

We first define the contour
Y ={keC|ImQk) =0},

where Q(k) is given by (1.8d). Let us put k&; = Rek and ky = Imk. Then the equation
Im Q(k) = 0 means

ko =0 or
(12
kk2 = (ky — b)(k% bk + 7) — (k1 — b)(k1 — k) (k1 — ks with k1| < |b],

where 20> = a? — w. In what follows we suppose w < —3a?, i.e., b> > 2a%, and b > 0.
Therefore, k1 are real and
b b2
= 4=
T EVT T
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with —b < k_ < —b/2 < k1 < 0 (Figure 1).
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FIGURE 1. The domains D; for b2 >2a% a>0,b>0

The contour ¥ consists of the real axis R, the finite arc yU% whose endpoints are the branch
points £ = —b+ia and E = —b — ia, and the contour I'UT":

Y=RUyUyUTUT.

The D;, j = 1,2,3,4 are the following domains:

Dy ={keC|Imk >0, ImQ(k) > 0},
Dy ={keC|Imk >0, ImQ(k) < 0},
D3 ={keC|Imk <0, ImQ(k) > 0},
Dy ={keC|Imk <0, ImQ(k) < 0}.

We also define
Qp =D1UDs={keC|ImQk) >0},
Q_=DyUDy={keC|ImQk) <0}
So we obtain a partition of the complex k-plane C:
DiuDy;uUD3sUDy,UY =C.

We assume that there exists a unique global solution g(z,t) satisfying (1.1) and (1.5)
and we consider the associated functions Q(z,t) and Q(x,t; k) defined by (1.3b) and (1.4b),
respectively. Define the 2 x 2 matrix-valued functions {u;(x,t; k:)};-’:1 for 0 < z < oo and
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0 < t < oo, as the solutions of the following Volterra integral equations:
(21a)  pa(w,tik) =1 — / eFE=0T5 (Qug) (€, 15 k)dE,

t
(2.1b)  pg(x,t; k) = I 4 e 1203 / e 2R (=7)55 (9 119)(0, 73 k)dr
0

+/ e k@35 (Quu) (€, t: k)dE,
0
(2.1c) pn(w, ts k) = 7RO (k)

t ~
+e_ikx&35(t,k‘)/ ei[“’_Q(k)}(t_T)&?’é’_l(T;k‘)Qo(T;k),ul(O,T; k)dr

o0

+/0 o MmO Q) (€, 8 ) dE,
where E(k), £(t, k), and Q(k) are defined by (1.8b), (1.8c), and (1.8d) respectively, and
Qo(t: k) = Q(0, t: k) — Qp(t: k).

Proposition 1. The 2 x 2 matrices {p(x,t; k:)};-’zl have the following properties:
(i) For j =1,2,3:

(2.2) det pj(z,t; k) = 1.
(ii) The functions {tﬁj}?:l defined by
(2.3) O (2, t: k) = gy (x, t; ke heostilo—QR)ios
(24) q)] ($7 t’ k») : M‘] (ZE, t, k,)e—ikmcrg—Qithcrg, ] _ 2, 3

satisfy the Lax pair (1.3)-(1.4).
(ifi) Forj =1,2,3:

(2.5) pi(z,t;k) =T+ 0(k™), k—oco, Imk=0.

(iv) Near k = —b =+ ia, the matriz pi(z,t; k) exhibits inverse fourth-root singularities like
those the matriz E(k) has.

(v) The matriz py(z,t; k) has different boundary values along a cut vy connecting the two
points k = —b %+ ia, which are the branch points of the function X (k).

(vi) The matriz po(z,t; k) is entire in k € C. Furthermore

(2.6) [y = <N§2> N§3)> g = (Mgl) N§4)) g = (N§,34) M§12)> 7

where

(a)
(b)
()

2)

3)
)

ug means that the first column vector [ (z,t;k)]1 is bounded and analytic in Da,
pj

(
H3

means that the second column [y (x,t; k)]2 is bounded and analytic in Ds,
?) means that [ps(x,t; k)]y is bounded and analytic in D1 U Dy, etc.
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Let {tﬁj}?zl be the 2 x 2 matrix-valued functions defined in Proposition 1. Then in their

domains of definition the functions {®;(z,t;k)}7_, satisfy both equations of the Lax pair,
and their determinants (2.2) do not vanish. Hence they are linearly dependent and satisfy
the following dependence relations:

(2.7) O3(x,t; k) = Po(x, t; k)s(k), keR,
(2.8) Oy (x,t; k) = Po(x,t; k)S(k), ke,
where s(k) and S(k) are defined by

(2.9) s(k) == ®5(0,0, k) = (_“é(]z) 22@) ,
(2.10) S(k) = ®1(0,0,k) = (_Aé’gf)) igl’g) .
Furthermore, the scattering relations (2.7) and (2.8) yield

(2.11) Oy (2,85 k) = P3(x, t; k)T'(k),

where

T(k) = s~ (k)S(k).

We denote by {T;;(k )}” , the entries of the 2 x 2 matrix T'(k). Then (2.9)-(2.10) imply:
(2.12) Tu1(k) = Toa(k) = a(k)A(k) + b(k) B(k),
(2.13) Tia(k) = —To1 (k) = a(k)B(k) — b(k) A(k).
We define
_Tu(k) bk) _ B(k)
_— T T am) T am®

which is analytic and bounded in k € Dy and is O(k™!) as k — oo. That follows from the
definition of ¢(k) and from the corresponding properties of the functions a(k), b(k), A(k),
B(k) described below and in [6]. Let us also denote

(2.15) r(k) = & for ke R

the “reflection coefficient” of the z-problem, and
(2.16) p(k) = c(k) + r(k).
Let go(z) € S(R4). Then the map
(2.17) Se: {qo(x)} — {a(k),b(k)}
defined by (2.7), (2.9) has the following properties.

Properties of a(k),b(k). The spectral functions a(k) and b(k) satisfy:
(i) a(k), b(k) are analytic and bounded for k € C..

(i) a(k), b(k) € C=(R).
(iii) |a(k)|? + |b(k)|> =1, k € R.
(iv) a(k) =1+ 0(k™1), b(k) = O(k™Y), k — oo.
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The map S, has an inverse
Qz: {a(k),b(k)} — qo(z)
given by:
qo(x) = 2i klim k:Mg)(a;, k),

where M(*) (x, k) is the unique solution of some Riemann—Hilbert problem RH, [6].
Now let

go(t) = (0, ) = ac?!

g1(t) = q.(0,t) = 21abe2“"t + v1(t) with v1(t) € S(R4).
Then the map
(2.18) Se: {g0(t), g1 (t)} — {A(k), B(k)}
defined by (2.8), (2.10) has the following properties.

Properties of A(k), B(k). The spectral functions A(k) and B(k) satisfy:
(i) A(k), B(k) are analytic and bounded for k € Q4 = D1 U Dj.

(i) A(k), 7()EC°°(Z\{EE}) E=—-b+ia, E=—b—ia.

(iii) A(k)A(k ) B(k)B(k) =1 for k € X. B
(iv) A(k) — 1(v(k )+ﬁ) and B(k) — ;e‘a( (k) —ﬁ) are bounded for k € Q..
(v) A(k) =1+ O(k~') and B(k) = O(k™1) for k — oo.

The map S; has an inverse

Q:: {A(k), B(k)} — {90(t), 1 (1)}

given by
go(t) = 2i lim kMY (1, k),
g1(t) = lim [4K2M{5) (¢, k) + 2igo (DM (¢, k),

where M®) (¢, k) is the unique solution of some Riemann-Hilbert problem RH; [6].
The spectral functions satisfy the “global relation”

(2.19) b(k)A(k) —a(k)B(k) =0 for k € Ds.

The global relation yields that Ty2(k) = 0 for k € Dy and T (k) = 0 for k € Dy4. In particular,
it means that the spectral term (2.16) vanishes for k > r:

(2.20) p(k) =0 for k € [ky,+00).

The function c¢(k) defined by (2.14) is analytic in Dy and has a jump across the contour ~:

_ie—la

(2.21) flk)=c_(k) —cy(k) = W

for k€.
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The function p(k) and all its derivatives have jumps at k = x_. Since r(k) is smooth we have
forl =0,1,2, ...

l

l
(222) (k) .

dl
= filk-) = Wo(k‘)

— (k) ()

k=k_—0 dk!

k=rk_—0 k=rk_+0 k=rk_+0

There is also one more general constraint on the ¢-scattering data, the “dispersion relation”

dk ™
(2.23a) 2Re/ylog(f(k)5o(k))m =35 7o,
i [t 1o s)|?)ds
(2.23b) So(k) = exp{%/_ lg(ltt”(k” )d }

We will explain the appearance of this equation in Remark 2, at the end of Section 5.4.

3. THE BAsic RIEMANN—HILBERT PROBLEM

The relations among the eigenfunctions (2.7)-(2.13) can be rewritten in the form of a
Riemann—Hilbert problem RH,;:

(3.1) M_(z,t;k) = My (z,t;k)J(z,t; k), ke,
which is connected with the IBV problem (1.1). The orientation of the contour
Y=RUyuyul'UT

is shown in Figure 2.

—|+
E D, D,
N\t I
Y
—> ———— > —~
0
5
E D5 Dy
+_

FIGURE 2. The oriented contour ¥ for the case b? > 2a?, a > 0, b > 0
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The boundary values. In (3.1) M (z,t; k) denotes the boundary value at k € 3 of the 2x 2
matrix-valued function M (z,t; k) from the left of the oriented contour X, while M_(x,¢; k)
denotes the boundary value from the right, see Figure 2.

The phase function. We denote

x
2 =—.

(32) =12

Then the “phase function” is defined by

(3.3) 0(k, &) == 2k> + 4k = 2k + ’m

The jump matrix J(x,t; k). The jump matrix J(z,t; k) is given by different formulas:

1 = —21t6(k
_p(k)e2it6(k) 1 + |p (00, Ky),
1 —21t9
{ _,r.(k,)e2it0(k) 1 + |T‘ "{+7OO)7
1 0
(dk)eww 1) o keh
(3.4b) J(x,t; k) =
(1 a—2it0(k) B
(1 c(k)e ) , kel
L0 1
( 1 0 L
f(k,)e2it0(k) 1/’ €7
(3.4c) J(x, t; k) =
F(T\a—2it0(k)
1 —f(k)e Ckes
[ \O 1

Here c(k), r(k), p(k) and f(k) are defined by (2.14), (2.15), (2.16) and (2.21), respectively.
In presence of discrete spectrum the following residue conditions hold:

(3.5a) resg=k,; [M(z,t; k)]1 = 1m Q2w+ 2k31) (M (x,t; kj)]2, k;j € Dy,
(3.5b) resg—.; [M (v, t; k)] = 1m iz t223t) [M(x,t;25)]2, zj € Do,
(3.5¢) resg—z; [M (v, t; k)] = 1m2e_21(’zﬁ+2z ) [M(x,t;%;)]1, Zj € Ds,
(3.5d) resy_p, [M (@, t;k)]2 = 1mlezl(k TH251) [M(z,t;k)]1, kj € Da,
where k;, j = 1,2,...,n and 2, j = 1,2,...,m are simple zeros of the spectral functions

a(k) in Dy and of T11(k) in Dy, respectively. The corresponding residues are as follows:

= (ib(k;)a(k;)) m? = —iresy—,; c(k), m]l = (ib(k;)a(k;))~ ", m? = iresy—z; c(k).
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Then the solution ¢(z,t) of the IBV problem (1.1) for the NLS equation is given by
(3.6) q(z,t) =2i klim (M (x,t;:k))qq -

4. INVERSE 2t-SCATTERING PROBLEM: RECONSTRUCTION OF THE SOLUTION q(z, t)
In this section we recall results from [6].

The Riemann—Hilbert problem RH,;. Find a 2 x 2 matrix-valued function M (z,t; k)

such that

(4.1a) M (z,t;k) is sectionally meromorphic in k € C\ X.

(4.1b) Its first column [M(x,t;k)]; has simple poles at k; € Dy and z; € Dsy; the second
column [M (x,t; k)]2 has simple poles at k; € Dy and z; € D3. The associated residues
satisfy the relations (3.5).

(4.1¢) M (z,t; k) satisfies the jump condition

M_(z,t;k) = My (z,t;k)J(x,t; k), for keX
where the jump matrix J(z,t; k) is defined in terms of the spectral functions by (3.4).
(4.1d) det M(x,t; k) = 1.
(4.1e) Behavior at k = oo:
M(z,t;k) =T+ O(k™1).

Theorem 1 ([6]). Let qo(x) € S(R4). Suppose that the functions go(t) = ae'®e?«t and

g1(t) = 2iae'®be?“! + vy (t) are such that the spectral functions {a(k),b(k), A(k), B(k)} satisfy

the global relation

(2.19) b(k)A(k) —a(k)B(k) =0, ke Dj.

Then:

(i) The above Riemann—Hilbert problem RHyy has a unique solution M (x,t;k).
(i1) If we define q(x,t) in terms of this solution by

(4.2) q(w,t) = 2i klin;o(kM(x,t; k)) 1
then
(a) q(x,t) solves the NLS equation (1.1a),

—~
o

~

QQ

(x,t) satisfies the initial-boundary conditions:
Q($7 0) = QO($)7 Q(07 t) = gO(t)7 QI(()’ t) =g (t)

5. LONG-TIME ASYMPTOTIC ANALYSIS OF THE RIEMANN-HILBERT PROBLEM
Assumptions. In what follows, we assume that the Riemann—Hilbert data, i.e., the functions
p(k), r(k), c(k) and f(k) satisfy the following additional properties.

#1 The function c(k) admits analytic continuation across the cut yU# connecting E and E

on the second sheet of the Riemann surface of the function X (k).
#2 The function f(k) admits a Taylor series expansion at k = E = —b+ ia of the form

2j+1

(5.1) fB) =D ¢(k—E)"z .
j=0
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We also assume for simplicity that

#3 The discrete spectrum of the problem is empty, i.e.,
e a(k) does not vanish in Dy,

o T11(k) = a(k)A(k) + b(k)B(k) does not vanish in Ds.
It means that the set of eigenvalues {k;}7_; U {2;}7.; is empty.

In the setting of the basic Riemann—Hilbert problem RH,;, Assumption #1 makes the
choice of the contour v U ¥ itself flexible, with condition (2.22) always satisfied at the point
of intersection with the real axes.

In this section, we will show that there exist four different asymptotic formulae which
describe the long-time behavior of the solution ¢(x,t) of the IBV problem in four different
regions of the first quarter of the xt-plane.

E=b—aV2

i 1 /
| plane wave
I region //
|
| (iii)
| / e
| / (i)
: ,/ elliptic wave
| / region
/
| .
| ,/ asymptotic
| / solitons| __-&=10
| / _--
| / -
| / -
I / -
| / - (1)
L, = Zakharov-Manakov
ly == region
0 T

FIGURE 3. Regions in the (z,t)-quarter-plane: §{ = £, b= 4/ “QT_“

For the first region, the so-called Zakharov—Manakov region, we do not actually need the
two first extra assumptions just formulated. For the next, the asymptotic solitons region, see
Section 5.2, we only need Assumption #2. For the two remaining regions, Assumption #1
plays an important technical role in Sections 5.4 and 5.5.

It is worth noticing that if we assume the more general setting (1.2) and take the Rie-
mann-Hilbert data p(k), r(k), c(k) and f(k) as the basic functional parameters of our IBV
problem, then, of course, we won’t have any problem with securing the validity of the as-
sumptions above. The interesting question is how big is the piece of the initial-boundary
data which is excluded by the restrictions #1 and #27

5.1. The Zakharov-Manakov region £ = % > b. To study the asymptotic behavior of
the Riemann—Hilbert problem RH,; in the region z > 4bt we use well-known technics from
[8].
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5.1.1. The first transform is as usual:
M (x,t; k) = MW (a1 £)5% (k),

where ([14])
x0(§) 1o s)12)ds
(52) 5(k‘)=exp{% J } ke C\ (=o0, mo(€)],
and
(5.3) ﬂd@z—iz—%

is the stationary point of the phase function
k
mh@:2ﬁ+4&:2ﬁ+€5

5.1.2. The next transformation is:
M@ (z,t;k) = MY (2, £, k)G (),

where
( 1 0 ke Dy,
() Gy = | b AW 1) gk = o) € (0.5/4),
1 ﬂmﬁwmﬁﬁw> k € Dy,
[ \0 1 ’ arg(k — ko) € (Tn/4,2m),

1_d@y%k4wm> k € Dy,

1 0 k € Dy,
(k)02 (k)e2t0k) 1 )7 k— ro) € (m/4,7/2),
R A L arg(k — o) € (r/4,7/2)
0 1 arg(k — ko) € (3m/2,7m/4),
( 1 0\ ke Do,
—p(k)5=2 (k)e®t0k) 1 k — ko) € (0,7/4),
T A I arg(k — o) € (0,7/4)
1 mmﬁk-ﬁw k € Ds,
[ \0 arg(k — ko) € (Tn/4,2m),
(5.4d) B 1 0 ke Dy, m/4 < arg(k — ko) < 3m/4),
' ke Ds, Trn/4 > arg(k — ko) > bm /4,
()5 ) —2it (k) ke Dy,
(5.40) ©arg(k — ko) € (3w/4, ),
0 k € Ds,
p1(k )e2itd(k) 1 arg(k — ko) € (m,57m/4),
where 7(k), ¢(k ) are suitable analytic approximations of the functions r(k), c¢(k),
p(k), pl( ) = ( )/( | ( )12) (cf. [11]). Then we obtain the RH problem

M (@, k) = MP (2,8, 5) T @ (2, 1, k)
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1

(

1 51 (E)(SQ (k,)e—2it€(k))

0
eZité)(k) 1

1 0
p1(k)52(k)e?t*k) 1

T
a
D, D,
% R4 0
Ds D,
r
1 —p(k)pA

(k)e—Qitﬁ(k))

FIGURE 4. The contour ¥ and J® (z,t; k) for £ > b
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on the contour ¥ = v U ¥ U cross,, depicted in Figure 4. The jump matrices J @) (x,t; k) are

written for the rays of the cross in Figure 4. Moreover,

J (z,t: k) =

0

In virtue of the inequality £ = &

T (z,t;k) =1+ 0(t)

1
((m(k) — p-(k) + f (k)2 (k)X ®) 1

0

>, k€,

(1 (p-(k) = i (k) - f(k»az(k)e—ziw(m)
1

)

ken.

4 > b and taking into account (2.22) we see that

as t — +oo, and uniformly in k& € v U#. Hence, in the region £ > b the jump across the arc
v U % does not contribute to the main term of the asymptotics of the solution.

5.1.3. The final transformation is:

M3 (z,t;k) = X (z,t; k)M™ (z,t; k),

where the matrix M?(x, t; k) solves the standard model problem associated with the station-
ary phase point ko(§) and which is given explicitly in terms of parabolic cylinder functions

(see e.g. [8]). The function X (x,t; k) admits the estimate:
log? t
X(z,t;k) = I+O< o8

Thus we come to the following statement (cf. [14]).

(1+ Ikl)t1/2>'
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Theorem 2 (Zakharov—Manakov region, £ > b). Suppose that all conditions of Theorem 1
and condition #3 are satisfied.

Then in the region £ > b the asymptotics of the solution (4.2) has a quasi-linear dispersive
character, i.e., it is described by Zakharov—Manakov type formulas:

(5.5) q(z,t) = t=12a (—%) exp {% + 2ia? <—%) logt +ig (—%)} + 0(15_1/2)7

t — +oo, £>b>0,

4t
with the amplitude o and the phase ¢ given by
1
(5.6) a’(k) = i log (1 + |p(k)[?),
3 k
(5.7) ¢Qﬁ:ng%)bg2+df~%mgp%)+amﬂX—ﬁa%k»—%4/1 log|u — k|da?(p),

where I'(z) denotes Euler’s gamma-function.

. . . Nlogt —
5.2. Asymptotic solitons region b — =5 < £ = 5 < b. In what follows we always

assume for simplicity condition #3: the discrete spectrum of the problem is empty, i.e., a(k)
and T11 (k) do not vanish.

5.2.1. Let us perform the same transforms as in §§5.1.1-5.1.2:
M(z,t; k) ~ MW (z,t: k) ~ M@ (2, k).
In this case the matrix Riemann—Hilbert problem is as follows:
M®P (xz,t; k) = Mf) (x,t; k:)J(z) (x,t; k)

with contour ¥ = y U~ Ucross,,, see Fig. 5. For the jump matrix J? (x,t; k) for k € crossy,,
see Fig. 5. For k e yU#¥:
1 0) k€,

f(k)o—2(k)eZ0k) 1 arg(k — ko) > /4,

T (z,t: k) =

9

o

L (p— (k) = p+ (k) — [(k))0? (K)e~ 2100 kex,
1 Tn/4 < arg(k — ko) < 2m,

—

0 1

1 0 ke,
(b4 (k) — o (k) + f(K))5 2 (k)e™ ™) 1 )7 0 < arg(k — ro) < 7/4,
( arg(k — ko) < Tm/4.

—f(z‘c)a?(k)e—?itﬂk)) ke,
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1 51 (F)82(h)o—2it0(k) 1 0
(o BRSE > /(—ﬁ(k>5‘2(k)62“9“'> 1>

B I
a
Y
D- D,
_b K. R4 0
K0
Y D3 Dy
[
E T

1 0 1 —p(k)62 (k)e2ito()
<m<k>r2<k>e2“9<k> 1) \0 ;

FIGURE 5. The contour ¥ and J®) (z,t; k) for b — %lngt <&E<b

5.2.2. The next transformation is:

MO (2, t; k) = &2, t; k)Ty (2, t; k),

where
1
X , for |k — E| <e,
Kf (a;, t; k) 1
Te(x,t; k) = 1 K -k _
s ) 7(@:t; k) , for |k —FE|<e,
0 1
1, otherwise,
with
1 5—2(s)e2it0(s)
Ky(z, t; k) = —/ f(8)0"(s)e ds,
271 Jonk—E|<e s—k
B B 1 f(5)92 —2itf(s)
K¢z, tik) = —— 1(5)9(s)e ds.
271 J50(k— Bl <e s—k

Then the Riemann—Hilbert problem takes the form:
d_(z,t; k) = by (2, t; k)Jg(x,t;:k), kel
on the contour ¥/ =+, U7, UC. UC. U Cross,, where
Ve=A{kex|lk—-E|l=e},
Ce=A{k|[k—E|=¢}.
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See Figure 6.

A s s )

1

_5(‘1;)62 (k)e72i19(k))

FIGURE 6. The contour X’ and Jy (z,t; k) for b — B%ngt <E<)h

The jump matrix is
(2) . f =
To(a,t:k) = JE (x,t;k) for ke U Ve U crossy,,
Ty(x,t;k)  for ke C.UC..

Due to assumption #2 on the behavior of f(k) near k = E, the functions Ky(z,t;k) and
K¢ (x,t; k) are of the form:

where
N .
B dj (t, E) tetG(E)
Fy(k,t.8) = Z t+3/2 (k— E)itL’

=0
In the region
Nlogt z
b— <E{=—<b
Sat ¢ 4t

we have, for t — 4-o00:
HOE) — (4N,
d;j(t,€) =dj +O(t™t), where d; = const # 0,
R(k,t,€) = O(t™%/?).
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Hence, for k € C. U C. the jump matrix Jg(w,t; k) can be written in the form:
Jp (@, tik) = Ty(x,t: k) = TN (k, 8,€) + T} (k, 1,€),

where

1 0
for |k — E| =

TNk7t7€: n L
(k1) <1 _FN(k,t,£)> for |k — F| =

0 1

1
R(k,t,€

~—

(1)), for |k — E| = ¢,
TEE k1, €) =

_R( >t7£)

[

1 _
>, for |k — E| =e.
0
Let ®™8(k,t,£) denote the solution of the “regular” RH problem
q)r_eg(k7 t, f) = @I_fg(k7 t, f)qurcg, l{} (- E/.

The contour ¥’ is the same as before. The jump matrix Jgres is obtained from Jy by the
replacement Tt (k,t,&) ~ T}eg(k‘,t,ﬁ). It is clear that

log?t

T8 (k,t,§) = [I+ O <t17>} O™ (k,t,€), 0<e<1/2

where ®*(k, t, &) is the same parabolic cylinder model matrix function as above in §5.1.3.

5.2.3. Now we put
D(k,t, &) = DUk, t, €)™ (k, 1, €).

Soliton model RH-problem. The matrix-valued function <I>S°1(/<;, t,&) solves the following
model RH problem:
o d°U(k,t,€) is analytic in k € C\ {C. UC.}.
o Ok t,&) = 0%k, t,&) Jgeor (K, t,€) for k € C-UC.
o &k, t,&) =1+ O(k™1), as k — oo.
The contour C. U C. is the union of two circles of small radius € > 0 centered at F and F,
respectively. The jump matrix has the form

Jcbsfl (kv 12 g) = (I):‘-ag(k:> t, E)T}V(k‘v t, g)(q):‘—ag(k:> t, E))_l :

This problem can be solved purely algebraically. Finally we obtain:

2 1
k.t &) =Nk t. VI +0( — PN
that yields
Q(‘Tat) = QSol(x7t) + O(t_1/2), t — 400
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for the solution of the IBV problem (1.1) in the region 4bt — % logt < x < 4bt. The explicit
formula for an asymptotic soliton chain gg(z,t) can be deduced algebraically from the above
Riemann—Hilbert problem.

Alternatively, by using the Marchenko approach, this asymptotics was studied in [5], where
the following theorem was obtained:

Theorem 3 (asymptotic solitons, [5]). Suppose that all conditions of Theorem 1 and condi-
tions #2, #3 are satisfied. Let N be a positive integer.

Then in the region 4bt — % logt < x < 4bt the solution (4.2) is an asymptotic soliton chain:
=] 4a?

T, t 2= -
la(, )] ]Z:: cosh?[2a(x — 4bt — ;) + log t%—1/2

] +o(1)

where

T =

—b 2
x(o)_i/ Md)\

J 21 J_oo (A +D)2+a?
(0)

and the numbers x;~ depend on v and c(k).
The first asymptotic soliton (N = 1) takes the form:

2anibx+4i(a2 —b%)t+ipr

r,t) = —
ol (1) cosh[2a(z — 4bt + 5 log t3/2 — 21)]
where ) o d
s
= - =R log[1 —
pr =g 20— ~Re [ logll + |p(o) Pl 5
Here zy depends on EE = —b + ia.
5.3. The sector 0 < { = T <b. For 0 < ¢ < b, Im0(k) is negative along a part or all

of the contour v U #. Therefore the method used in the initial region (£ > b) will not
work. For 0 < £ < b, we have to follow a modification of the nonlinear steepest descent
method as suggested in [10]. Instead of #(k) = 2k? + 46k we should find a new phase
function g(k) = g(k, &), which transforms the original Riemann—Hilbert problem to a model
RH problem of finite-gap type (see [9]). Such a g-function does really exist. It leads to a
genus zero finite-gap model problem for 0 < € < b— ay/2 and to a genus one finite-gap model
problem for b — av/2 < € < b. Both are explicitly solved, using elementary functions in the
first region, §5.4, and elliptic theta functions in the second region, §5.5, respectively.

5.4. Plane wave region 0 < {= £ <b— av/2.
5.4.1. The g-function. In the region 0 < & < b — ay/2 we take as g-function (cf. (1.8d)):
(5.8) g(k) = g(k,§) = 2(k — b+ 26) X (k) = Q(k) + 4EX (k),

where X (k) = \/(k — E)(k — E) = \/(k + b)2 + a2. This function has the same asymptotic
behavior for large k as the initial phase function 6(k), i.e.

g(k) = 2k* + 4¢k + goo () + O(K™1), k — oo, with
Goo(€) = a% — 20% +4b€ = w +4bE, 0<E<b—aV2.
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0 k1
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FIGURE 7. The signature table of Im g(k) for 0 < £ < b — ay/2

The zeros u+ of the differential

k=) (k= py)
dg(k) = 4 S0 Ak

= d(Q(k) + 46X (K))
k2+(b+£)k+a2/2+bgdk

=4 X(h)

are as follows for 0 < & < b — av/2:

— 02 a2
(5.9) pale) = 8w JUSE O

They are real while 0 < ¢ < & = b — av/2 and complex conjugate if & > &. We will see in
the next section that for £ > £y the g-function should be chosen differently.

In what follows the signature table of the function Im g(k) for different values of £ plays a
very important role. The lines of separation between the different domains are the real axis

ko =10
and the algebraic curve
k1 —b+42¢
ki +¢

They are indeed given by Im g(k) = 0. The signature table of the function Im g(k) is depicted
in Figure 7 for 0 < £ < £y and in Figure 10 for & = &.

2
B = (K + b+ Oky + 5 +¢)
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5.4.2. We shall now take advantage of condition #1 imposed on the Riemann—Hilbert data
c(k). We deform the contour v U # to the contour v, U4, where Im g(k) = 0. This contour
depends on ¢ because it connects the points E, u_(¢), and E. All functions, that had jumps
across yU#, have now jumps across 7, U%, with the same jump relations as they had before
the deformation. The basic Riemann—Hilbert problem RH,; have to be considered now on a
new contour: ¥ = RU~y, U7y, UT'U I’ and with the new phase function. More precisely, we
put

M(Z’, t; k) — eitgoo(g)crgM(l) (Z’, t; k)ei[km+2k2t—tg(k)}037

where the phase function g(k) = g(k,&) is defined in (5.8). Then the matrix MM (z, ¢ k)
satisfies the following RH problem:

MSI)(:E,t; k) = MJ(FI)(:E,t; k:)J(l)(:E,t; k)

with the jump matrix

¢ .
1 _ﬁ(k)e—mtg(k)
. 9 k c(— ) I
(k)R 1 [o(r) (o)
1 —F(k:)e_mtg(k)
. , k€ ,00),
—r(k)e2ta®) 14 [r(k)[2 (e, 00)
) Flk) ot | £ €%
J (LU, t, k,’) = e—2itg+ *) _f(l;:)
0 oRies) | k€%,
1 0
c(k)e2itg(k) 1) ) k€ F7
e (F)e=2ita(h) ]
L ek , kEel.
[ \o 1

5.4.3. Let us perform the same transformation as before, §5.1.1:
MWDz, t: k) = M@ (2,t; k)67 (k).

The function §(k) is defined as in (5.2), but now ko = p+(§), where p4(§) is the stationary
point of the new phase function g(k). The corresponding jump matrix J® (z, ¢; k) is factorized
as follows:

( — .
1 —p1(k)o% (k)e=2its(k) 1
) k< )
0 1 —p1(k)6=2 (k)eZita(k) 1 #+(8)
1 0\ (1 —p(k)o>(k)e2ta(k)
J(z,t: k) = - k
(l‘, ’ ) —p(k)5_2(k‘)e21t9(k) 1 0 1 ) M+(£) <k <Ky,
1 0\ (1 —7(k)o>(k)e2its(k)
) , k> k.
k)62 (k)e2te® 1) \o 1 i
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For the remaining arcs of ¥ the jump matrix is given by:

e 2itg (k) 0
F(k)o~2(k) edtor® | K€
—2itgy (k) _ F(E\S2
e F(k) (k)) ke,
O e 1 g+(k)
JO (2, t; k) =
! 0 kel
—c(k)62(k)eite(k) 1 )7 ’
EETIAYY: —2itg(k) _
L T

5.4.4. Now we use the same transformation as in §5.1.2:
MO (2, t:k) = MP) (2, t; k)G (k),

where G(k) is given by (5.4) with 0(k) replaced by g(k) and ko by p(€). After this G-
transformation, the Riemann—Hilbert problem becomes:

M (@, t: k) = MP (2,8 k) J®) (2, 1 ).

The contour () = g U4y Ucross,, of this RH problem is depicted in Figure 8.

k1

FI1GURE 8. The contour () of the RH problem for 0 < £ < b — av/2
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Let 8 = {k | arg(k — py) = 7, %TW’ %”, %} Let D, be a small disk centered at . For

ke EEEE%SS \ (Du LN Eg’gss), the jump matrix admits the following estimate:

JO (2, t:k) =TI +0(e™), >0, t— +oo.
Therefore the main attention we have to pay is to v, U 74, where the jump matrix
T (2, t;k) = G (k) TP (2,8, k)G _ (k)

factorizes as follows:

= TAS2 () a—2itgs (k) A (TAS2( 1\ e2itg s ()
(1 piy(B) (zi)e > O, k) <(1) P (F)8%(k)e > ken,
JB) =

1 0 1 0
. J (z,t; k . . ke,
(-—ﬁ1+(k)5‘2(k)e2“g+(k’ 1) (&%) (ﬁl_(k)5‘2(k)e‘2“g+(k’ 1) K
Let F(k), k ¢ ~4 U7, be a function such that
F_(k)Fy (k) = —ie' f(k)o~2(k) for k € ~,.

Here « is the same as in (1.1). Then for k € v, we can factorize J® (z,t; k) as follows:

—2itg4 (k) 0
@ (g k)= [ €
J (a;,t, k) T <f(k)5_2(k) e2itg+(k)>
_(F7Yk) 0 Fy (k)F~! (k)e2ito+ (k) 0 F (k) 0
S\ 0 Fi(k) e F_ (k) Fyt (k)eito+ () 0 FZ'(k)
i —2itgy (k) sl i, —1 2itgy (k)
:H”m@ e (ke Q)an%)@ ety (ke y@m

where (k) .= F k)F~' (k). Similarly, if
F_(k)Fy (k) = —ie"f 1 (k)6 2(k) for k € 7,,
then for k € 7, we can factorize J?)(z,t;k) as follows:

I G ()

0 e2itg (k)
_(Ff'k) 0 Fy (k) F=Y(k)e2ito+ (k) el F.(k) 0
B < 0 F+(k‘)> ( 0 F.(k)F;l(k)eﬁtw(k)) < 0 F_—l(k;)>

- 1 0\ ([ 0 e 1 0
— o3 . ) ) o3
- F+ (k) <_ie—iaw—1(k)e2itg+(k) 1> (ie—la 0 > <_ie—1aw(k)e—21tg+(k) 1) FZ (k)

This leads us to introduce the following scalar Riemann—Hilbert problem:

Scalar RH-problem. Find a scalar function F'(k) such that

e [ is analytic outside the contour vy, U7y,
e I does not vanish,
e [ is bounded at infinity,
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e F satisfies the jump relation
—9 _
FL(R)Fy (k) = h(k)32(K), k€74 U,

where

_ _ieiaf(k)7 ke Vg»
) = {_ieia FE), ke,

To solve this scalar RH problem let us use the function X (k) = \/(k — E)(k — E) well-
defined on C\ 74 U7,. Let X (k) as usual be the limit of X ((), { ¢ vy U7y, as ( — k from
the left side of v, U#,. Since

[logF(kz)] _[logF(kz)} _ log[h(k)52 (k)]
X(k) 1, L X(R) Xp(k)

ke’}lguﬁlga

the solution of the scalar RH problem is given by

B X (k) log[h(s)672(s,€)] ds
= exp{W /ﬂyguwg s—k X4 (s) }

ds
X4 (s)

Putting this solution F(k) in the above factorization of J)(z,t; k) for k € 7,, and using

514 (K e 2itgy (k) _ -~ o (F r o—2itg+ (k)

<(1) Pl+(k‘)52(§7) 2 F ) F+J3(k‘) _ F+U3(k:) <(1) p1+(k‘)52(k‘) 1—12-(]'{7) 2 k ) :
o3 (1 —p1— (k)82 (k)e?ito+ k) 1 —p1—(k)0% (k) F2 (k)eHto+ RN\ .,

F_(k‘)<0 pl()l() >:<0 p1-(k) ()1 (k) >F_(k‘),

we get for k € 7,:

F(oo) = %O with ¢(€) = — [ log[h(s)6~%(s.,)]
27 Syt

T3 (2, k) = FZ73 (k) Nup (k) J™ Ny (k) F72 (),
where

Nyp(k) = <(1) 52(k)F.%(k)[51+(12)1+ f—l(k)]e—2itg+(k)> |

mod [ 0 ie®
S = <ie_io‘ 0 > ’

Nup (k) = <(1) —52(1<:)F3(k)[51—(l§i— f_l(k)]e—2itg(k)> |

Similarly, for k € 7,, we get:

JO (2,1; k) = F7 (k) Niw (k) J™° Nigy () F2 (k)
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where

FIGURE 9. The lenses around v, U7, for 0 < & < b — av2

5.4.5. The next step — the “opening lenses” step — is as follows (cf. [10]). Let

Fo3(00)M®) (z, t; k) F~73 (k) k outside the lenses,

Fo3(00) M) (,t; k) F~% (k) Nyp (k) k inside the upper right lens,
MW (z,t:k) == { F73(c0)M®) (, t; k)F~o3 (k;)Nu_pl(k:) k inside the upper left lens,

Fo3(00)M® (2, t; k) F~73 (k) Nigw (k) k inside the lower right lens,
Fo3(c0) M@ (&, ¢; k) F~73 (k)N _* (k) k inside the lower left lens.

low

Here we again use property #1 to perform the analytic continuation of the matrices Nyp(k),
Niow(k), Nyp(k) and Niow (k) to the indicated domains. Then we have

MY (@t k) = MY (2, 6)TD (2, £ k),
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where
(Nup(:n, t;k)  on the boundary of the right upper lens,

Nup(:n, t;k)  on the boundary of the left upper lens,
JW (k) = { gmod k€ vy U7y,
Niow(z,t;k) on the boundary of the right lower lens,

Niow(z,t;k) on the boundary of the left lower lens.

Due to the signature table of the phase function g(k) the matrices Nyp(z,t; k), Nup(:n,t; k),

Niow(z,t; k), Nlow(x,t; k) are exponentially close to the unit matrix outside of small neigh-
borhoods of the end points E and E and of the stationary phase point p—_. The analysis of
parametrix solutions near the points F, E and the point p_ is very similar to the analysis
done in [9] and [8], respectively. In the first case, the relevant model Riemann—Hilbert prob-
lem is solvable in terms of Bessel functions while in the second case this is again a parabolic
cylinder Riemann—Hilbert problem. Skipping technical details, we arrive at the following
asymptotic representation of the function M%) (x,t; k),

(5.10) MW (z,t;k) = (I +0@~V2) M™%z, t; k),
where M™°d(z,t; k) solves the 0-gap model problem RH™°? (cf. [9]):
Zero-gap model RH-problem.

MYz, t k) = MYz, k)T, k€ vy Uy,

mod [ 0 iel®
= <ie_io‘ 0 ) '

Let us remind the multi-valued function

o= (F=E YU kb —ia\ Y
Tk E - \k+b+ia

introduced in (1.8f), §1, and such that

with constant jump matrix:

ia 1
V(k;)zl—%—FO(ﬁ) as k — oo.
Since v_(k) = ivy (k) on the cut v, U7, the solution of RH™4 is explicitly given by
1 ( v(k) + 5y @ (k) - ﬁ))
2 \e " (v(k) — %) v(k) + ﬁ

Let M®(x,t; k) denotes the solution of the Riemann—Hilbert-problem RH® and

MR (gt k) =

miy(x,t) = lim (EM*®(z,t;k))

k—oo

12°
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The previous considerations yield the following chain of equalities:
q(z,t) = 2imya(x, t)
2itgoo (& 1

= 2ie (a;, t)

= 2je2itgeo (§) 2 (a;,t)

= 2ie?19=Om ) (z,) + O(t~1/?)
=%MMWm@w ?(00) + O(t1/2)

= 212195 () ymod (1 1) 2 (00) 4+ O(t~1/?).

Taking into account that goo(€) = w + 4b€, 2im™°d(x,t) = ael®, F~2(c0) = e 29 we get
the following theorem:

Theorem 4 (plane wave region, 0 < § < b— a\/i). Suppose that all conditions of Theorem 1
and conditions #1, #2, #3 are satisfied.

Then in the region 0 < & < b — a\/2 the solution (4.2) of the IBV problem takes the form
of a plane wave:

(5.11) q(x,t) = ael®eAlbetwt=¢®l L O#=12) - foo,

06 =5 [ ToRlh(s) (5. )l
Y99

Remark 2. As it is indicated, the above arguments are valid in the case x = 0, i.e. £ =0 as
well. This, in particular, implies the relation,

¢(0) =0,

which is the constraint (2.23).
Remark 3. If b < a\/2 then the plane wave region is empty.

Remark 4. Equation (5.11) is consistent with our assumption (1.5) on the structure of the
Dirichlet to Neumann map. It also should be noticed that in the case x = 0, i.e., £ = 0, we do
not need restrictions #1 and #2 on the RH data to proceed with our asymptotic approach.
Indeed, in this case, v = 7, and therefore no deformation of the original contour v U ¥ is
needed.

5.5. Modulated elliptic region b — av/2 < £ = 2 <b. When £ = ¢ =b— av/2 the
zeros p—(&o) and p4(&o), see (5.9), of the differential dg(k) coincide (See Fig. 10):

ui&ﬁﬂu@wzuz—bz&-

For £ > &) the zeros py (&) of dg(k) become complex conjugate. As a result the previous
considerations fail. We need to introduce a new g-function for this region.

Let £ > &. We start by replacing the original RH problem by the analogous RH problem
whose phase function is the previous g-function gg = g(&p) associated to £ = . The contour
is

Y =RUTUT U~ UH,
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kq

FIGURE 10. The signature table of Im g(k) for £ = £y = b — av/2

where 70 = Y4(g,) and Yo = Yy(g,)- As before this new RH problem is equivalent to the
original one.

5.5.1. The new g-function. A suitable g-function for £ > £y can be obtained as follows.
First, we need to introduce a new real stationary point p = p(§) which must be a zero of the
new differential dg. On the other hand we have to preserve the asymptotic behavior of the
g-function for large k. To do so we must change the denominator of the differential dg. Thus
the new differential takes the form:

(k — p(©))(k — p—(&))(k — p1+(€))
V(k = B)(k = E)(k — d(&)(k — d(¢))

dg(k) =4

9

where p(€), pa(§), and d(§) are to be determined. It is easy to see that if we choose

(&) = na(6) = d(&o) = dig) =~

then for £ = & the new differential coincides with the previous one:

=) (k= py)
dg(k) = 4 S0 k.
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One can also see that dg is an Abelian (elliptic) differential of the second kind with poles at
o004 on the Riemann surface X of

w(k) = \/(k — E)(k — B)(k — d(&))(k — d(¢)).
E=—-b+ia,

d(§) = di(§) +id2(§).
The branch of the square root is fixed by his asymptotics on the upper sheet X, :
w(k) = k* +0(k), k— ooy.

We choose on this Riemann surface a basis {a, b} of cycles as follows. The b-cycle is a closed
clock-wise oriented simple loop around the arc g 4 joining E and d. The a-cycle starts on
the upper sheet X from the left side of the cut yg 4, goes to the left side of the cut 74 g,
proceeds to the lower sheet X_, and then returns to the starting point.

We write the Abelian differential dg(k) in the form:

k‘3 + Cgk‘2 + Clk‘ + ¢o

e dk

dg(k) =4

and normalize it so that its a-period vanishes. Since

d
/dg:2/ dg,
a d

where the path of integration is the line segment [d, d], this normalization condition means

d
- Ji (K + ok + e1k) o5
d dk ’

d wk)

Cy =

Note that cg is real. It depends on c;, ca, di(§) and da(§). The requirement
g(k) =0(k) +0(1) as k — oo,

i.e. g(k) = 2k% + 4¢k + O(1), implies
cp =b+ ¢ —dy,

c1 =bE — (b4 &)dy + %(d% + a?).

Thus, ¢y = ¢p(&,d1,d2). Then the g-function, taken as the sum of two Abelian integrals:

k k Z3+6222 +c1z+ ¢
5.12 gk:2</ +/> dz,
12 ©=2{) "I i)
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has real b-period!

d d\ L3 2
(5.13) Bg:2</ +/ >z tartazta,,
E E w(2)

and the following asymptotics at k = ocoy:

g(k) = 2k% + 4€k + goo (&) + O(K 1),

where

(5.14)  goo(6) = 2(/;0+ + /Eo%) [23 + ‘322;(*;)‘312 T _ (4 ©)]dz + 202 — 22 + g

is a real-valued function of &.

Convention (integration paths). The contours of integration in both integrals in (5.12),
(5.13) and (5.14) are chosen according to the following convention that allows to work with a
single-valued branch of the multi-valued function g(k). In what follows we use only the upper
sheet of the Riemann surface. Moreover, let us complete the contour vg 4 U%g g U [d, d] by
attaching to it the infinite vertical pieces, (—b+ioco, E] and [E, —b—ioco). Then the integration
paths are chosen so that they do not intersect the augmented contour. Observe also, that
across the added pieces, the function g(k) does not jump:

g+ (k) —g—(k) =0 for k € (—b + ico, E) U (E, —b — i00).

In order to determine i, pu+, d and d as functions of £ let us rewrite the differential dg in
the form: ( )( )( )
k—p)(k —p)(k— py
dg(k) =4 dk
where pur = p +ipe and p, py are negative. Comparing with the previous form of the
differential dg we obtain

p+2p —dp = —(b+§)

1 1
2ppn + p3 4 p3 + (b+ €)dy — §d§ = —a?+b¢

2
p(pd + p3) = —co(€,di, da).

Let (k — d)'/? be the local parameter at d. It is easy to see that the local expansion of g(k)
at d is of the form

g(k) :Bg+91(k‘—d)1/2+gg(k—d)3/2+..., B, € R.

1Taking into account the relation f; dg = 0 and the absence of residue of dg at k = co+ we see that in fact

fg dg = 0 as well, and that the function g(k) can be written as a single Abelian integral:

k3 2
g(k):4/ 2° + oz —|—clz—6-codz7
E w(z)

Bg:/dg.
b

and, simultaneously, we have indeed



32 A. BOUTET DE MONVEL, A. ITS, AND V. KOTLYAROV

i. Since g(E) = Img(d) = 0 then the points E and d = d(&) are connected by a curve g4
where Im g(k) = 0.
ii. Since g(k) is real on the real axis then there exist a real point p = p(§) and some curve
connecting p and d, where Im g(k) = 0.
iii. Since g(k) behaves like 0(k) for large k then there exists a curve where Img(k) = 0,
starting from d and going to infinity along the asymptotic line Rek = —¢. Here —€ is
the stationary point of the phase function 6(k).

FIGURE 11. The signature table of Im g(k) in the region b — ay/2 < &€ < b

Thus the curve Im g(k) = 0 must have three branches going out from the point d. This is
possible if and only if g; = 0, i.e.

)y — 4 )~ () = () _
(b= 2 (e = 4RI P

Since p is real then py = d and p_ = d and finally we have

Previous considerations yield the signature table of the function Im g(k) shown in Fig. 11.
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The functions u(§), d(§) = di(§) + id2(§) have to satisfy now the following equations:
ptdy = —(b+8),

2
b <d1+b;£> a2_(b—2§) ’

p(pf + p3) = —co(&.dr, da).

These three equations can be reduced to one equation with respect to p(§) involving elliptic
integrals. Indeed, let us put

dy=di(§) = —p—b-¢,
then

dy = da(€) = /202 + 2(b + &) pu + a2 + 2b€.
The a-period of the differential dg vanishes. It means that

_ N(dy, dy)
Io(dy,dy)’
where

d1+1d2 Z _ dl

1(dy, d9)

1,42 dq—ido Z + b + CL2

d1+id2 _

In(dyi,d2) = (z = di)?

dq—ido Z+b —|—CL2

Thus we have one functional equation for u = p(§

p=H(p,¢),
Hue) = L(—p—b—&/202 +2(b+ Ep + a® + 20¢)
T DIo(—p b= &2 1200+ O+ a® + 26€)

We are interested in the solution p = p(§) which moves into the closed interval [—b, —b +
a/+/2], when ¢ belongs to [b,b — av/2]. Equation (5.15) is consistent with this requirement.

Indeed, if £ = b then by construction of the g-function the branch point d(b) = d; (b)+ida(b)
must coincide with the branch point £ = —b+ia. In this case the elliptic integrals degenerate
and Iy = 2ia, Iy = —2iab. Hence pu(b) = —b. The function g(k) reduces consequently (up to
a constant) to the phase function 8(k) = 0(k, &) = 2k? + 4¢k which attended the problem in
the region £ > b:

(5.15)

g(k,b) — 2|E)* = 0(k,b).
On the other hand, let us note that after the change of variable z = d; + isds in the
integrals Iy and I the functional equation takes the form:

/1 sv'1 — s2ds
2
= dy — dy 1\/(1 + (b+ dy + isds)?
V1 — s%ds

“1 a2+ (b+dy +isd2)?
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with the substitution:
dy =dy(p,§) = —p—b—¢,
dy = da(11,€) = /20> +2(b+ ) + a® + 26 .

If ¢ = & = b — a/2 then, due to the construction, da(£y) must be equal to zero and, hence,
di(&) = —(b+ &)/2 = —b+ a/V/2. Therefore u(&) = di(&) = —b + a/+/2. The function
g(k) reduces consequently to the g-function considered in the previous subsection §5.4 for the
region 0 < £ < b —av/?2.

For b — ay/2 < £ < b we deform the contour o U 7 into the contour vq U7z U [d, d] (again
using property #1 of ¢(k)). The part v4 U7z of this contour is chosen in such a way that
Img(k) = 0 on it. Then the function g(k) has the following properties:

g+ (k) +9-(k) =0, k€ 7aU7a;
g+ (k) —g-(k) = By, ImB, =0, ke [d7d_]

We remind that the function g(k) is continuous in k € (—b + ico, E) U (E, —b — ico0):
gi(k) —g_(k) =0, ke (=b+ico,E)U(E,—b—ic0).
5.5.2. Let us perform the same transformations as in §§5.4.2-5.4.4:
M (z,t; k) ~> MO (2,85 k) ~> M@ (2, 8; k) ~ MO (2, 8; k).

The function 0(k) is defined as (5.2), but now ko = (), where p(§) is the real stationary
point of the new phase function g(k). The RH problem is considered now on the contour
() depicted in Fig. 12. The jump matrix
T (z,t: k) == G (k) TP (2, k)G (k)

admit the following estimates as t — +oo:

JO (2, t;k) =T+ 0(e™%"), >0,

25 —1
ke 2(3) \ {O,u N 2(3)}7 arg(k - :u(g)) = jTﬂ-v J = 17 27 3747

where C), is a small circle centered at p. Furthermore, for k € [d,d] the jump matrix

T (z,t,k) = G (k) TP (2,8, k)G (k)

takes different forms:

e For k € [d,d] and arg(k — p) > /4,

o—2itBy 0
<f(l<:)5—2(l<;)eit(g+(k)+g(k)) e2ith> .
e For k € [d,cﬂ and 0 < arg(k — ) < /4,
1

0 e~ 2tBy 0 1 0
ﬁ+(k‘)5_2(k‘)e2itg+ (k) 1 f(k)é_z(k)eit(ﬁ” (k)+g-(k))  Q2itBy —ﬁ_(k‘)5_2(k‘)e2it9* k) 1/
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e For k € [d,d] and —7/4 < arg(k — p) <0,

1 _5+(/;)52(k)e—2itg+(k) e—2itBy _f(/g)52(k)e—it(g+(k)+gf(k)) 1 5_(/;)52(/?)6—2%97(16)
0 1 0 e2itBg 0 1

e For k € [d,d] and arg(k — p) < —m/4,

e~2itBy  _ F(E)62(k)e o+ (k)+g- (k)
0 21t By :

Therefore, away from d and d, and for t — +oo, they are close to the diagonal matrix

o o—2itBy 0
(5.16) J d:( 0 2By )

FIGURE 12. The contour £ for the elliptic region b — av/2 < £ < b

The jump matrix which has to be factorized is the part of the matrix J 3) (x,t; k) on the arcs
vq and 7y :

e~ 2itg (k) 0
Fa2) o |1 FE

(e—2itg+<k> —f(k)52(k)) Ee
) d-

0 e2itg+ (k)

J3) (z,t;k) =

As in §5.4.4 we have to consider an auxiliary scalar Riemann—Hilbert problem:

Scalar RH-problem. Find a scalar function F'(k) such that

).
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e [ is analytic outside the contour ~v4 U 7y,
e F' does not vanish,
e [ satisfies the jump relation

F_(K)Fy (k) = h(k)62(k), k € 1aUTa

where

_ —ieio‘f(k‘), k € vq,
MM_{A&f%M,ke%

To find the solution of this RH problem, let us use the function

w(k) = \/(k — E)(k — B)(k — d)(k - d).

Since
log F(k)|  [logF'(k)] _ log[h(k)d6—2(k)] _
[ww>]+ [w@>}_‘ wo(e) 0 N e
we have as in §5.4.4:
e w(k) log[h(s)672(s,&)] ds
F(k) = p{ 27i /WU,M s—k w4(8) }

The important difference, however, is that now the function F'(k) has an essential singularity
at infinity. Indeed we have

F(k) :FweiAk<1+O<%)>, k — oo,

where
(5:17) A=A =g [ oalhl5 s ),
YaYUVd
L s—e o s 2 s ds
- —eXp{27T /vduw( 1)loglh(s)d (s, )]w+(3)}
with
(5.18) 61:E+E2+d+d'

In order to account for this singularity, let us introduce the normalized (his a-period vanishes)
Abelian integral w(k) of the second kind with simple poles at coy:

k .2

2 —e12+eg
w(k :/ ————dz,
(k) E w(z)

where e; is the same as in (5.18) (therefore the differential dw has no residues) and e is
defined from the condition

(5.19) / duw(k) = 0,
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The large k expansion of w(k) on the upper sheet is of the form
wk) =k +ws(€) + O(k™), &k — ooy,

ww:/w[m ]dz
(5.20) ——</OO+ /m+>[%—l]d +b

is a real function of £. The path of integration is any contour lying in the right half-plane
Rek > —b of the upper sheet and going to infinity along the real axis. In the last identity, we
have taken into account equation (5.19) and the absence of residue at infinity for dw. With
the same convention about the choice of the contour of integration as in §5.5.1 for the case
of the Abelian integral g(k) (the contour of integration does not intersect the augmented
contour g Uz U [d, d] U (—b+ioco, E) U (E, —b —i00)), we see that the Abelian integral w(k)
satisfies similar jump relations:

wi(k) +w_(k) =0, kerUa

wi(k) —w—(k) = Bo, k€ [d,d]

wi(k) —w_(k)=0, ke (=b+ioo, E)U(E,—b—ioc0).
Here, B, is the b-period of the integral w(k):

(5.21) w—/da}—2/ z—elz—l—eod _</ />z —elz+eod,

where the last equation follows again from (5.19) and from the absence of residue at infinity.
This equation explicitly indicates that Im B,, = 0. Let us now pass from the function F(k)
to the function

i.e.

where

F(k) = F(k)e iAwk),

This function has no more essential singularity at k& = co. Indeed

F(00,€) = exp(ip(€)),

where
ds

w(s)
The function F (k) has the same jumps as F'(k) across the arcs 74 and 7z, and an extra jump
across the interval [d,d]. Indeed, we have

Fy(k) oA,

F_(k)

1

o [ (s enoglie 5. )
YaYUvd

— Aweo.
2 Weo

$(§) =



38 A. BOUTET DE MONVEL, A. ITS, AND V. KOTLYAROV

5.5.3. Let us now make the last step
M® (@, k) ~ MW (,t; k),

consisting in opening lenses around the contours 7, and 5. In this step we use the function
F(k) in place of F(k) when performing the Ny,-Nyy factorizations of the jump matrix
J®) (x,t;k) and when defining the matrix M® (x,t;k). This step brings us to a one-gap
model problem:

One-gap model RH-problem.

(5.22a) M™oY(z ¢, k) = MY (2, t; k)T k), k€yqaUFzU[d,d],

0 jele .
e o | k € v4 U7,

e—ith—iABw 0 B
0 (it By HAB, |2 k € [d,d],

and with the asymptotic condition at k = oo:

with jump matrix:

(5.22b) Jmod(k) =

(5.22¢) M ¢ 00) = 1.

Note the difference with the “preliminary” matrix J™°¢ across the segment [d, d] indicated
in (5.16). The rigorous asymptotic statement needs, of course, an analysis of the relevant
parametrix in the neighborhoods of the end points. The local representation of g(k) at E
and F is characterized by a square root type behavior:

g(k) ~Vk — E + const, at E,
g(k) ~ Vk — E + const, at E.

This means that the associated local model RH problems are solvable in terms of Bessel
functions near E and F (see again [9]). Similarly, the local representation of g(k) at d and d
exhibits a 3/2-root type behavior:

g(k) ~ (k — d)3/ + const, at d,
g(k) ~ (k — d)*? + const, at d.

Hence, near d and d, the associated local model RH problems are solvable in terms of Airy

functions near d and d (see again [10]). The resulting estimate for the matrix function
MW (x,t: k)) is

(5.23) MW (z,t:k) = (I+O0(t2)) M™o (z, t; k).

1/2

It is worth mentioning, that the error term of order t~/% comes from the contribution of the

stationary phase point p(§).
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5.5.4. The model problem (5.22) can be solved in terms of elliptic theta functions. For this
purpose let us introduce the necessary ingredients. Consider the elliptic (two band) Riemann
surface of

w(k) = \/(k - B)(k — B)(k — d())(k — d(¢)).

where the branch points d(§) and d(§) depend on . Let

k z
00 =% [, u

be the normalized Abelian integral, i.e., its a-period is equal to one, which means:

d
dz
=2 / 4=
a w(z)
Then,

(5.24) T:g/%gi

¢ Jg w(z)
with Im 7 > 0. Furthermore, the following relations are valid
Up(k) +U-(k) =0, k€
Up(k)+U-(k)=-1, ke
k) —U_(

Uy (k) k)y=7, keldd).
The next ingredient is the new function v (k) defined by
St = (= E) k= d(e)
(k= E)(k —d(¢))
and by its asymptotic behavior as k — oo, k ¢ 74 U 7g:
B a+ d(§) —2
v(ik)=1+ o +O (k™).

For the function v(k) we have cuts along the contours v4, 73 and v_(k) = iv; (k) along this
cuts. If

Ed(§) — Ed() ady (§) — bda(§)

E = — — = ;
T E-E+d—de) a + da(€)
which lies in the interval [~b, —b 4 a/+/2], then
1 1

V(EO) - I/(Eo) = O, I/(EQ) + E 75 0

)
The last ingredient is the theta function with Im 7 =Im7(§) > 0:

93(2) — Z e7ri7'm2+27rimz

meZ

which has the following properties

93(—2’) = 93(2’), 93(2’ + 1) = 93(2), 93(2 + T) = e—7ri7——27ri,293(2)'
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Now introduce the matrix O(k) = O(t,§; k) with entries:

O (k) = & [v(k) N

1 ] 03U (k) +U(Ey) —1/2 —7/2 4 Bgt/2m + B,A/27]
2

0:[U (k) + U(Ey) —1/2 =7/2]
1 ] 6s[U(k) —U(Ey) +1/2+7/2 — Byt/2m — B,A/27]
03U (k) —U(Ey) +1/2+7/2]

O91 (k) = 2 [V(k‘) - ylk } 6s[U k) = UBy ) ~ 1/2 —7/2 + Byt/2m + B4 /2]

Oua(k) = % [u(k) —_

(&) 0lU(K) — U(Ey) —1/2— /2
1 1 163Uk)+U(Ey)+1/247/2 — Byt/2n — B,A/27]
(k) = 5 v + 75 B0 + U(By) + 172 +7/3

where F is the preimage of Ey on the second sheet of the Riemann surface. This function is
analytic on the first sheet of the Riemann surface cut along v4 U7¥5 U [d, d], where it satisfies
the jump conditions (5.22b) of the model RH problem (5.22a). Then the solution of this

problem (5.22) is given by
M™Y. t: k) = O~ (z,t;00)O (2, t; k).
As in §5.4.5, for the plane wave region,

q(z,t) = 2imqa(z,t)

= 2?9 (x,t
= 2ie?itgee (x,t

©m
©m
= 21?19 Oy +

= 2ie%t9= &)y F~2(c0) + O(t71/2)

= 21?19 ©)mied (2, 1) F~2(00) + O(t~ /).

5 (2. 1)
3 (@.1)
(@, t) +0(t1?)
3 (2, 1)
mod .

Take into account that

o O3[Byt /21 + +BL,AJ21 — U(cos) + U] 05[U (004 ) + Up)

A ) = ot e e B an T Uloor) 1 U] Bsl0(0+) —To)’

and F‘Q(oo) = 72909 we get the asymptotics of the solution of the IBV problem (1.1) in
the region b — av/2 < € < b.

Theorem 5 (elliptic region, b —av/2 < & < b). Suppose that all conditions of Theorem 1 and
conditions #1, #2, #3 are satisfied.

Then in the region b — ay/2 < € < b the solution (4.2) of the IBV problem takes the form
of a modulated elliptic wave:

- i 93(Bgt/2m + BuA /21 + V_)b5(Vy)
(5.25) q(x,t) = [a+Imd(€)]e 92( th /21 + BoA /21 + V+)92(VJ:)

2195 (O1=20(8) L o (t71/2),
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Here, By, B, A are functions of the slow variable { = 3} defined by (5.13), (5.21), (5.17),
respectively, and

_ 1 7(&
V+—U(Eo)—§—%+U( +);
_ 1 7(&
Vo= UE) - Uy
Furthermore,
93(2) _ Z e7ri7—m2+27rimz
meZ

is the theta function of invariant T = 7(§), Im7 > 0, defined in (5.24) and

ol N e [C=ADCE =) T g o
(@ =2( [+ [T u(é))\/ THDEZ L) (oot )| s+ 202 - 202+ ang

is a regularization of the phase function g(k). Finally, the phase shift is given by
1 _ ds
06 = 5= [ (5= e~ ) log[h(s)572(5. )]
YaYyd

T on wi (s)

where

_ieia.f_l(];)v ke %7

(5) O s Cc(S 2 S
6<k>=exp{ﬁ/” sl ro) )T } F e C\ (—oo, u(€)]

and e1 = e1(§), A = A(), Woo = wWeo(&) and u(§) are defined by (5.18), (5.17), (5.20)
and (5.15), respectively. The spectral functions c(k) and r(k) are defined by the initial and

boundary data, see (2.14) and (2.15), respectively, and f(k) = c_(k) — ¢4 (k) is the jump of
c(k), see (2.21).

h(k) — {—ieiaf(k), k € va,

—00

Remark 5. Tt is easy to verify that for & = & the elliptic solution (5.25) coincides with the
solution (5.11) in the plane wave region.

Remark 6. If b2 = 2a2, ie., & = 0 then the asymptotic behavior of the solution is only
described by elliptic functions with modulated parameter, and the plane wave region disap-
pears.
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