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ABSTRACT. In this paper, using weak convergence method, we prove a large deviation
principle of Freidlin-Wentzell type for the stochastic tamed 3D Navier-Stokes equations
driven by multiplicative noise, which was investigated in [21].

1. INTRODUCTION

Let D = R? or T? (=three dimensional torus). Consider the following stochastic tamed
3D Navier-Stokes equation in D:

[ du(t) = [vAu(t) — (u(t) - V)u(t) + Vp(t) - gy (ju()*)u(t)|ar

+ f(¢,u(t))dt + i [Vﬁk(t) + hy(t, u(tw AWk, (1)

| divu(t) =0, u(0) = uo.

Here, |- | denotes the Euclidean norm on R3, u = (u', u?,u?) is the velocity field, p(t, z)

and p(t,z) are unknown scalar functions. The function gy : RT — R* is smooth and
satisfies
gn(r) =0, if r <N,
gy(r)=(r—N)/v, iftr>N+1, (2)
0<gy(r)<2/(vnl), r=0.

{Wk:t >0,k =1,2,---}is asequence of independent one dimensional standard Brownian
motions on some complete filtered probability space (§2, F, P; (F:)i>0). The stochastic
integral is understood as Itd’s integral, and the coefficients

R, xR*xR*> (t,z,u) — f(t,r,u) € R?
R, x R®*xR*3 (t,z,u) — h(t,z,u) € R? x I?,

satisfy assumptions (H1) and (H2) specified below. Here [? denotes the Hilbert space
consisting of all sequences of square summable real numbers with standard norm || - |[;2.
It was proven in [21] that under (H1) and (H2) below, there exists a unique strong
solution for equation (1) in the sense of PDE and SDE. The ergodicity of equation (1)
was also proved in [21]. By virtue of the presence of the taming function gy, equation
(1) can be considered as a modified stochastic Navier-Stokes equation. Without the term
gn, equation (1) is the stochastic 3D Navier-Stokes equation for which it is well known
that there exists a martingale solution (cf. [15, 13]). But the uniqueness is open, and
one only knows the existence of a locally unique strong solution (cf. [16, 27]). Moreover,
without the term gy, the existence and ergodicity of invariant measures for equation (1)
have already been studied by using Kolmogorov operators (cf. [1, 8, 9]) and the existence
of Markovian selections (cf. [12, 13]). We would like to emphasize that the deterministic
tamed equation has the following feature: if there exists a bounded solution to the classical

3D Navier-Stokes equation, then this solution also solves the tamed equation.
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The purpose of this paper is to study the small noise large deviation for the stochastic
tamed 3D Navier-Stokes equation (1).

The large deviations for stochastic partial differential equations (SPDE) have been
studied by many authors. For example, a large deviation principle (LDP) for stochastic
reaction diffusion equations with non-Lipschitz reaction term was established by Cerrai
and Rockner in [7]. An LDP for a Burgers’-type SPDE was considered by Cardon-Weber
in [6]. A uniform LDP for parabolic SPDE was proved by Chenal and Millet in [5].
An LDP for stochastic reaction diffusion equations was established by Sowers in [23]. A
small time large deviation principle for stochastic parabolic equations was obtained by
the second named author in [24]. For the general theory of large deviations, the reader
is referred to the monograph [10]. Because of the different nature of the nonlinearities
for different types of equations, the large deviations for SPDEs has to be dealt with on
individual bases.

To establish the large deviation principle for the above stochastic tamed Navier-Stokes
equation, we shall adopt the weak convergence method developed by Dupuis-Ellis in
[11, 2, 3]. This method has been proved to be very effective for various types of stochastic
equations (cf. [4, 18, 19, 26, 14, 27]). The main advantage of this method is that one
avoids the use of the usual complicated time discretization and the proof of exponential
tightness. Our proof is inspired by Liu’s method [14] and also works for 2D stochastic
Navier-Stokes equations.

This paper is organized as follows: Section 2 contains preliminaries and the formulation
of our main result. In Section 3, we shall prove the main result by the weak convergence
method.

2. PRELIMINARY AND MAIN RESULT

Throughout this paper, we fix T' > 0 and assume v = 1. We shall use the following
convention: The letter C' with or without subscripts will denote a positive constant, whose
value may change from one place to another.

2.1. An abstract criterion for the Laplace principle. It is well known that there
exists a Hilbert space U so that {2 C U with Hilbert-Schmidt embedding operator J and
{W*(t), k € N} is a Brownian motion with values in U, whose covariance operator is given
by Q = J o J*. For example, one can take U as the completion of [? with respect to the
norm generated by the scalar product

o0

noo._ hkh;@ / 2
Wb, = hb € 12
U
k=1

k2’

For a Polish space B, we denote by B(B) the Borel o-field, and by C7(B) the continuous
function space from [0, 7] to B, which is endowed with the uniform distance so that Cr(B)
is again a Polish space. Define

H = {h = /O.l'z(s)ds . he L*0,T; 12)} (3)

T 1/2
Il = ( / ||h<s>||%zds) |

where the dot denotes the weak derivative. Let u be the law of the Brownian motion W
in C7(U) with covariance space [?. Then

(CT(U)Qv jfﬂ :u)

with the norm



forms an abstract Wiener space.
For T, M > 0, set
Dy :={h € :||h||.» < M}

and

process, and for almost all w, h(-,w) € Dy

S { h:[0,T] — I? is a continuous and (F;)-adapted }

We equip Dy, with the weak topology in . Then
Dy is a compact Polish space. (5)

Let S be a Polish space and let I : S — [0, 0o] be given.

Definition 2.1. The function I is called a rate function if for every a < oo, the set
{f€S:I(f)<a} is compact in S.

Let {Z. : Cr(U) — S,e € (0,1)} be a family of measurable mappings. Assume that
there is a measurable map Zj : 5 +— S such that

(LD); For any M > 0, if a family {r%,e € (0,1)} C A}, as random variables in Dy,

converges in distribution to h € A%, then for some subsequence €, Z, (—i—hk—\/%))

converges in distribution to Zy(h) in S.

(LD)y For any M > 0, Zy : Dy — S is weakly continuous. Equivalently, if {h,,n €
N} C Dy weakly converges to h € 7, then for some subsequence h,,,, Zy(hy,)
converges to Zy(h) in S.

For each f € S, define
1

I(f) := = inf hl|? 6
AR N ] 2 (6)

where inf ) = oo by convention. Then under (LD)s, I(f) obviously is a rate function.
We recall the following result from [3] (see also [28, Theorem 4.4]).

Theorem 2.2. Under (LD); and (LD)a2, {Z, e € (0,1)} satisfies the Laplace principle
with the rate function I(f) given by (6). More precisely, for each real bounded continuous
function g on S:
Ze
lir%elog E# (exp [—M

€

D =~ int{g(f) + 17} (7)

where B* denotes expectation with respect to . In particular, the family of {Z.,e € (0,1)}
satisfies the large deviation principle in (S, B(S)) with rate function I(f). More precisely,
let ve be the law of Z. in (S, B(S)), then for any A € B(S)

— inf I(f) < liminfelog v (A) < i log ve(A) < — inf I(f),
Jnf I(f) < lim inf elogve(A) < limsup elog v (4) inf (f)

where the closure and the interior are taken in 'S, and I(f) is defined by (6).

2.2. Statement of the Main Result. In order to formulate our result, we need to
introduce some functional analytic framework.

To simplify the notations we simultaneously use ID to denote the whole space R? or the
three dimensional torus T?. We assume that the reader can distinguish these two cases
below.

Let C5°(D;R3) denote the set of all smooth functions from D to R?® with compact

supports. For p > 1, let LP(D;R?) be the vector valued LP-space in which the norm is
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denoted by || - ||zr. For a > 0, let H* be the usual Sobolev space on D with values in R
i.e., the closure of C§°(D; R?) with respect to the norm:

1/2
e = ( e A)“ﬂufdx) .
D

Here as usual, (I —A)%/? is defined by Fourier transform. For two separable Hilbert spaces
K and H, Lo(K;H) will denote the space of all Hilbert-Schmidt operators from K to H
with norm || - || £, ;-

Set for o« > 0

H .= {u € H* : div(u) = 0}, 8)

where the divergence is taken in the sense of Schwartz distributions. Then (H®, || - ||z« ) is
a separable Hilbert space. We shall denote the norm || - || go in H* by || - ||ge. We remark
that H° is a closed linear subspace of the Hilbert space L*(R?; R3) = HY.

Let & be the orthogonal projection from L?(ID; R?) to H°. Since we are considering the
torus or the full space, it is well known that & commutes with the derivative operators,
and that & can be restricted to a bounded linear operator from H™ to H™. For any
u € H2, define

A(u) = ZAu— Z((u-V)u) - Z(gx(|uf*)u) )
and for k € N
B(t, 11) = (9hk(t, u))keN. (10)

Letting the operator & act on both sides of equation (1), system (1) can be written as
the following equivalent abstract stochastic evolution equation:

du(t) = [A(u(t)) + P, u(t)ﬂdt + B(t, u(t))dW, "
u(0) = uy € H".

Consider the following small perturbation of equation (11):

du, (t) = [A(ue(t)) + P, ue(t))] dt + V/eB(t, u.(t))dW,, 12
u.(0) = uy € H',

and assume that

(H1) There exist a constant Cr¢ > 0 and a function He(t,z) € L*([0,T] x D) such that
for any t € [0, 7],z € D,u € R* and j =1,2,3

|ax3f(tv L, 11)|2 + |f(t,l‘, 11)|2 < CT,f ’ |u|2 + Hf(ta IL‘),
10,f(t,z,u)] < Crg.

(H2) There exist a constant Cry, > 0 and a function Hy(t,z) € L'([0,7] x D) such that
for any t € [0,7],z € D,u e R* and 4,5 = 1,2,3

||h(t,x,u)||122 + ||8xjh(t,x,u)||122 + ||0§jh(t,x, u)||122 < Crn - lul? + Hy(t, )
and

|0uh(t, z,0) |2 + ||0p Ouih(t, z, ) || + ||02,:h(t, z,0) |2 < Crp.
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It was proved in [21, 20] that under (H1) and (H2), there exists a unique functional

®, : Cr(U) — Cr(HY) (13)
such that u.(t,w) := ¢ (W (-,w))(t) satisfies
u.(-,w) € L*(0,T;H?) for P-almost all w € Q (14)

and

t t
u.(t) = uy +/ [A(ue(s)) + 2f(s, ue(s))}ds + \/E/ B(s,u.(s))dWs.
0 0
Our main result is the following:

Theorem 2.3. Assume (H1) and (H2) hold. Then {u. e € (0,1)} satisfies the large
deviation principle in Cp(H') N L2(0, T; H?) with rate function I given by
1
I(f):=== inf Al 15
() =3 it Il (15)

where uy, solves the following equation:

u(t) =ug + /0 [A(ug) + Z(f(s,up))]ds + /0 B(s,u,,(t))h(s)ds. (16)

Remark 2.4. The existence and uniqueness of strong solutions in the sense of PDE of
equation (16) can be proved as done in [22].

2.3. Some Estimates. For any u, v € H?, write
[A(u), v] := (A(u), (I — A)V)go. (17)

We first recall the following result (cf. [21, Lemma 2.3]). For the reader’s convenience,
a proof is provided here.

Lemma 2.5. For any u € H?, we have
[A) [l < C(1+ [ullgo + [lull) (18)
and

1 1
[A(w), u] < =5 [lullge = lllal - [VullZ: + N[Vl + ulZ. (19)

Proof. First of all, by Gagliado-Nirenberge’s inequality and Young’s inequality, we have
[A@) [ < [[ull= + Cllul| || Vuallw + Cllulzs
3/4 .. 115/4 3/20..113/2
< uflee + Cllulg ' + Cllulg il
< C(1+ullze + [[ullo).

which gives the first assertion.
For inequality (19), we have

(ZAu, (I - Ao = =1 = A)ulffo + (u, (I — A)u)y
= —Jlull +[[Vullfo + [ul,
and by Young’s inequality
1 1
(= Z((a-V)u), (I = M)y < ST = A)ufgo + 5ll(u- V)ul

1 1
< Slhule + 5l - [Vul,
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where
3

3
uf? = WP, [Vaf =) ot
k=1

Noting that -
gn([uf*) = [u* =N and  gy(Jul*) >0,
we have
(= Z(gn([ul)u), (I = A)u)yo
= —(Vlign([ul*)u), Vu) . — (gn([uf’)u, u)

- —Z/ oiu® - 0;(gn (Ju]?)u / lu?- gy (lul?)d

—Z/ oni* - (gy([ul?) - O — gy (Ju2)dslul? - u¥) da

k=1

VAN

1
= [ gl [ v
R3 R3
< —/ IVl - ufdz + N V.
R3

Combining the above calculations yields (19).
We also need the following lemmas.

Lemma 2.6. For any u,v € H?* and « € (3/2,2), we have

1
[A() = A(v),u = v] < —gllu =Vl + Clu = V]G - (1 + [uli + [vI)-

Proof. By (17) and ab < ta® + b%, we have
[A(w) = A(v),u—v] = (Au—v), (I —=A)(u=v))

—((u-Vju—(v-V)v,(I = A)(u—v))..
—(gn([ul)u = gn(IVI*)v, (I = A)(a = v)) 2

1 2 2
—5 =i + v = vl
Hl(u-V)u— (v V)v|i.
Hlgn (uf)u = gy (v vl

N

(20)

(21)

By Holder’s inequality and Sobolev’s embedding theorem we have, for any « € (3/2,2)

I(w-Vyu—(v-V)vlL < 2flu—vlfi«- [Vl +2[viZs - [V(a—v)is

~
< Cllu= v - i + ClvilE - o= vl
and by [gn(r)] <2 (v =1)
lgn (juf)u = gy (v vI[Z: < Cllu=vlis - [[uf* + [v[*[7s
< Cllu = vl - (lullg + Vi)

Combining the above calculations, we obtain (21).
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Lemma 2.7. There exists a constant C > 0 such that for every u € H? and t € [0, T]

|2 EEw)lEe < Cllullio + 1 He ()] o), (22)
1Bt WL, ep0y < Cllullgo + 1 Hu ()2 @), (23)
1B WL, epy < Cluli + [Ha®)l|1o), (24)
1Bt WIIL,ewy < Cluli + [ullgm + [ Ha()llm)- (25)

Proof. We only prove the last one. The others are easier. Since & is a bounded linear
operator from H™ to H™, by (H2) we have

1Bt WL em < CUBEWIL, w2 + IVhE WL, e.02)
< Clullfo + [Hu(®) @) + VAt WL, 0e02),

where V = (8117 83327 awg)
Noting that

V2h(t,u) = (V2h)(t,u) +2(V,0,:h)(t, u)Vu'
+(0h)(t, u) V2! + (92,,h)(t,u)Vu' @ V!,
by (H2) we have
IV*h(t, W7 ee < Clllullio + 1 Hu()lo) + [lullfn + [ullf + [[ullgm)
< C(llulffe + [Ha @l o) + l[ullgm)-
(25) now follows by combining the above calculations. O

The following lemma is a direct consequence of (H1) and (H2).

Lemma 2.8. There exists a constant C' > 0 such that for any u,v € H and t € [0, T
[2(E(tw) = £t V)]l < Cllu—=vllgo, (26)
1B(t, ) = B(t, V)l 20y < Cllu = vjgo. (27)

3. PROOF OF THEOREM 2.3
For proving Theorem 2.3, the main task is to verify (LD); and (LD)4 for
S = Cr(H") N L*0,T;H?),
Ze = O (W), e€(0,1),
Zo(h) = up, he.
Let h. € A%, converge as € — 0 in probability to h € A%, as random variables in 5. Set

1
Zehe2) ) (28)

where ®, is given by (13). Thanks to h. € A%, i.e., fOT | he(s,w)|]zds < M, by Girsanov’s
theorem, u€ solves the following control equation:

w(t) = up+ /0 t [A(uE(s)H,@f(s,uE(s))]ds

u(t,w) = o, <W(-,w) +

—|—/0 B(s,ue(s))he(s)dsﬂL\/E/O B(s,u(s))dW;. (29)

We first prove the following uniform estimate.
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Lemma 3.1. There exists a positive constant Crarnw, > 0 such that for any € € [0,1)

T
E ( sup Hue(t)H]%p) +/ Ellu(s)|7zds < Crarnu,- (30)
0

t€[0,T]

Here u®(t) := uy(t), where uy(t) solves equation (16).
Proof. We only prove (30) for u‘(¢t) with e € (0,1). The case of u’(¢) := u,(t) can be
proved similarly. Below, the constant C' will be independent of e.

Consider the evolution triple

H? c H' c H°.
By Lemmas 2.5, 2.7 and (14) we know
T T
/ | A(u(s))||mods —i—/ HB(S,116(8))”%2([2;Hl)d8 < +o00, P—a.s.
0 0

Thus, by Itd’s formula (cf. [17]) we have
Oz = ol +2 / [A(u(s), u(s)]ds + 2 / (£(5,u%(5)), 0 (5)) g ds
2 / (B, u(5))ae(5), 0 (5) el + ¢ / 1B (5 1% (5))]2, g s

2V [ (Bl ()W, w3
=t Juollfn + I5(t) + I5(t) + I5(8) + I5(¢) + I5(t)- (31)
For If, by (19) we have

t t
K < - / uc(s) [Zeds — / lus(s)] - [Vuc(s)][Zads

t t
+N/ HVUG(S)H%{odS + 2/ ||u€(s)H12HIods.
0 0

For I§, by (22) and Young’s inequality we have
€ ! € 1 ! €
50 < 2 [ I lEds+ g [ () s

t 1 t
< [ WOl +1]ds+ 5 [ ac(o)lads.
0 0

For I§, recalling h. € Dy, by (24) and Young’s inequality we have

t
50 < 2 / 185, 0 ()l gagems - () e - [u(s) s ds
1/2

< 2 ([ 1B D o)1 ]

t 1/2
2M (SUP ||u6(8)||H1> : (/ ||B(5>u5<3))”%2(12;H1)d5)
s€[0,¢] 0

i (sup ||u€(s)!|%p> +Cu /Ot [Huf(s)ugﬂl + 1] ds.

s€[0,t]

N

N
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Define for R > 0
t
5, := inf {t €1[0,7]: / ||B(S,UG(S))H%Q(F;Hl)dS > R} :
0

For I, by Burkholder’s inequality and Young’s inequality, we similarly have

IEI( - ]u;@w) < ([ 1B D I 105

S€[0,tATS

1/2

N

1 . t/\TIE?/ .
ZE < sup |u (S)H]?ﬂl) + CE/O [Hu (s)||2n + 1} ds.

s€[0,tATE]

Set

g(t) = E ( _Sup ||u6(8)||12m1> :

[0,tATR]

Combining the above calculations we get
INT, INT,
9O +E [ ueo)lads < Cllualle + CounE [ [uc(s) + 1]as
0 0

t
< Cllusli + o [ (o) + 1)ds,
0

which implies by Gronwall’s inequality that
TNty
E| sup [Ju‘(s)|i +E/ |[u(s)]|Zeds < C.
s€[0,tATE] 0
Since limp_,o 7 = T', by Fatou’s lemma, we obtain (30). O

Let uy, solve equation (16). Set

w.(t) = /0 Bls, un(s))(he(s) — h(s))ds. (32)

Lemma 3.2. w, converges in probability to zero in Cp(H?) as € — 0.
Proof. Let {ex, k € N} be an orthonormal basis of H? and II,, the projection from H? to

H? :=span{ei, ey, - ,e,}. Define

w(t) = /0 L, B(s, wy(5)) (he(s) — h(s))ds.

Then by Holder’s inequality and since h., h € AL;, we have

t€[0,T]

E ( sup W (e) - we<t>uip)
<E ( 1 =) B we ) - h(s»nﬂads)

2

< E </0 ||([ - Hn)B(S, uh(3>>”L2(12;H2) . ||h€(5) - h(s)ledS)

T
<2M-E ( / (7 - T0,) B(s, uh<s>>||%2<p;Hz>ds) -
9



By the dominated convergence theorem, (25) and (30)(with e = 0), we get
lim sup E | sup |[|[w/(t) — wc(t)||f | = 0. (33)
N0 eg(0,1) t€[0,7)

Fix n € N. We have that

H S h— /Ot I1,,B(s,un(s))h(s)ds

by (25) and (30)(with e = 0) is P—a.s. a continuous linear map on ¢ for all ¢ € [0, 7]
with values in HZ. Hence, if (hy,) is a sequence of random variables with values in J#,
P-a.s. weakly converging to 0 € 77, then

t
/ 11, B(s, up(s))h(s)ds =30, P—a.s.. (34)
0
Clearly, by (25) and (30)(with € = 0)
t
0,7] 5 ¢ — / I, B(s, up(s))h(s)ds, k € N
0

are equi-continuous, P—a.s.. Hence the convergence in (34) is uniform in ¢ € [0, 7], i.e
takes place in Cp(H?). Since a sequence of random variables in a metric space converges
in probability if and only if any of its subsequences has a subsequence which P—a.s.
converges to the same limit point, from the above we conclude that, since h, converges in
probability to h as random variables in #, w” converges in probability to zero in Cp(H?)
as € — 0.

Note that for any n > 0

t€(0,7) t€[0,T

P ( sup [|we(t)]lee > 277) < P ( sup [|w(t) = we(t)[|lm > 77)

+P ( sup [|w¢(4)]|me > n) :

te[0,7]
The result now follows by combining this with (33). O
We now prove:

Lemma 3.3. u® defined in (28) converges in probability to u® := uy, defined by equation
(16), in S = Cp(H") N L*(0,T; H?) as € — 0.

Proof. Set v. :=u® — uy,. Then
ve(t) = /0 (A(u(s)) —A(uh(s)))ds+/0 P (f(s,u’(s)) — f(s,uu(s)))ds
—l—/o (B(s,u(s))he(s) — B(s,uu(s))h(s))ds + \/E/O B(s,u(s))dW;. (35)

As in Lemma 3.1, by It6’s formula we have
vl = / [A(ue(s)) — Alun(s)), ve(s)]ds
/ (2 (£(5.u(5) — £(s,w(5))), v (s) s

0
10



<2 [ (B (9) = Bl w(6)is). v ()
#2 [ (Bs.un(6)) ls) = H(s)) ()l
2V [ (Bl ()W, vi(o) o

t
e / 1B (5,0 (5)) 2, o cls

=: Ij(t)+ I5(t) + I5(t) + I5(t) + IS(t) + I5(1).
Set for R > 0 and € € [0,1)

{t ||11 ||H1 +/ ||11 ||H2d8 > R}

T = 05 A 69,

and
Then, by (30) we have

t
sup P(0 <T) = supP < sup |:Hu6(t)H]%11 —i—/ Hue(s)Hﬁpds} >R
€ 0

€ t€[0,T]

N——

T
< supE ( sup Hue(t)llfmﬁ/o HUE(S)H%zd8> /R

t€[0,T]
< Cr 0M,Nyuo
R
and
C u
sup P(1p, < T) < % (36)

For If, by (21) we have

Henm) < - f

0

tATR

t/\TI%
[ve(s)||2eds + Cr / [ve(s)|2eds

3 INTh ) INTR )
< 1 [ MOkt s Cr [ o) uds
0 0
where we have used Young’s inequality and the following interpolation inequality
IVIiEe < Callvllge - [vIlE®, o€ (0,2).
For I, by Young’s inequality and (26) we have

€

1 INTE tAT
€ € 2 2
Ben)<g [ Ilads+C [ vo)luds
0 0
For I, by (27) we have

tATR .
It ATR) < C/ [Ve(s)llmo - he(s)lliz - [Ive(s)[=ds

1 tATE
< 1/0 [ve(s )I!H2ds+c/ Hh )1 v (s)][Zods.

11



Hence

INTL .
< CR/O (L4 he(s)]72) - [Ive(s) [[fods.

For It, by Doob’s maximal inequality and (24) we have

T/\T%
E(sup uamm?) < E(/ \|B<s,u€<s>>|r%2<lzﬂl>-Hve<s>|\§ﬂ1ds)

te[0,T
< € Crp.

Likewise, for I§ we have

te[0,7]

E ( sup |I§(¢ /\TE)|> <e-Crp.

We now deal with the hard term I§. By (32), (35) and It6’s formula we have

SO = el w0 = [ 5o (), A () = Al (5)) s

—/0 (We(s), f(s,u(s)) — £(s,un(s)))ds
_/ w(s), B(s,u(s))he(s) — B(s, u(s))h(s)) g ds

—\/_/ we(s), B(s,u(s))dWs)
=I5 (1) + Iip(t) + Li(t) + Liu(t) + Ii5(2).

For I§,, we have
. 1
I (ENTR) < ||V6(t/\TR)”H1 +[we(t ATR) -

For If,, by (18) we have

Lp(tATR) < /0TRIIWe(S)IIIHP-IIA(UE(S))—A(uh(S))||H0d8

N

INT,
C/O [we(s)[l2 - ([[u(s)[fe + [[un(s)[[fiz + Cr)ds

< Crgr sup [[we(s)]|m.
s€[0,T]

Similarly, we have

I3t ATR) < Crp sup |[we(s)||me.
s€[0,T

For If,, by (23) and Hélder’s inequality we have

tATR .
HienT) < s fwels) e | 186wl Ol
se|0, 0

HIB(s, un(9)) [ ooy 1) 2| ds
12

(38)

(39)

(40)
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tATE
< Crt s @l ([ [+ o)+ 1]as)

s€[0,7T

< Crapg - sup [[we(s)m2. (43)
s€[0,T]

Similar to (38), we have

E ( sup |Ig5(t A T§)|2> <e-Crp. (44)

t€[0,T]
Combining (37)-(43), we obtain
1 . 1 INTR
Vet ATEIZ + 5 / ve(s)|Zads
2 1),

INT, .
< CR/O (L4 he(s)]2) - Ive(s) llfnds

+Cravp - sup ||[we(s)|lme + &,

s€[0,T]
where
§ci= sup [[5(t ATR)| + sup |I5(t A7R)| + sup [[5(t A Tg)|.
te[0,7) te[0,7] te[0,7
Set .
(0) 1= sup V() + [ vl

s€[0,¢] 0

Then

gt n1R) < Crarn- ( sup [wels) e + &)
s€[0,7T

t
+CR/ (14 [1he(8)[2) - ge(s A 75)ds.
0

By Gronwall’s inequality we obtain

T
GW(TATY) < OT,MR-(sup ||w5<s>||Hz+fe>-exp{cR / <1+||he<s>||%2>ds}
0

s€[0,7

< Crme- ( sup ||[we(s)||m2 +§€> -exp(Cr(T + M2))

s€[0,7
Therefore, by Lemma 3.2 and (38), (39) and (44), we have
ge(T' A1) — 0 in probability as € — 0. (45)
Lastly, note that for any ¢ > 0.
P(g(T) 2 9) < P(ge(T ANTR) 26)+ P(tp, < T).
The desired convergence now follows from (45) and (36). O

Proof of Theorem 2.3:

Let h. be a sequence in A% which converges in distribution to h. Since Dy is compact
and the law of W is tight, {h., W} is tight in Dy x C1(U) by the definition of tightness.
Hence for some sequence € | 0, {he,, W} weakly converges to some probability measure v

on Dy x Cr(U). Note that the law of & is just v(-, Cr(U)). By Skorohod’s representation
13



theorem, there are random variables ﬁek, We . k € N and fz, W on a probability space
(Q, P) such that

(1) (he,, W) a.s. converges to (h, W) in Dy x Cy(U);

(2) (he,, W) has the same law as (h.,, W) for each k € N;

(3) The law of {h, W} is v, and the law of h is the same as h. )

We remark that in the proof of Lemma 3.3, one can replace (he,, W) by (ﬁek,Wek).
Thus, using Lemma 3.3, we get

- he, (- -
We, + () — u”, in probability,

€k k \/@

where @, is the strong solution functional given by (13). From this, we get

)

he, (-
D, <W + ﬁ) —u", in distribution,
€k

hence (LD); holds.
(LD)2 can be proved as in Lemma 3.3. The theorem now follows from Theorem 2.2.
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