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Abstract

We establish pointwise estimates for the ground states of some classes of posi-
tivity preserving operators. The considered operators are negatively perturbed (by
measures) strongly local Dirichlet operators. These estimates will be written in
terms of the Green’s kernel of the considered operators, whose existence will be
proved. In many circumstances our estimates are even sharp so that they recover
known results about the subject. The results will deserve to obtain large time heat
kernel estimates for the related operators.
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1 Introduction

Let © be an open connected and bounded subset of the Euclidean space R? and —Agq be
the Dirichlet-Laplacian on €2. It is well known that the ground state energy of —Agq, which
we denote by (g, enjoys the property of being comparable to the function (—Ag)~*1. In
other words, if we designate by G the Green’s kernel of —Ag, then

©o ~ / Ga(-,y)dy on Q. (1.1)
Q

This result was extended to negative perturbations of —Aq satisfying Kato condition,
namely to the ground state ¢ of the operators —Aq — V where V is a positive measur-
able function in the Kato-class and under some regularity assumptions imposed on the
domain  (see for instance the papers of Banuelos [Ban91], Davies [Dav86] and Davies’
book [Dav89] ).

Actually, Baniuelos proved (among others) in [Ban91, Theorem 2] that if € is a nontan-
gentially accessible (NTA) bounded domain and V' in the Kato-class is such that

Nas fQ IV fI?dw — fQ 2V dx
0

= in > 0, 1.2
feci(@)\{o} (Jq f2dx) (12
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is nondegenerate and has a strictly positive eigenfunction, denoted by ¢}, then

Lo ~ ©p - (1.3)

However, for (NTA) domains the conditional gauge theorem (which is one of the main
ingredients in Baniuelos’ proof) holds true and the Green’s functions of —Agq and that of
—Aq —V (Gq and GY)) are comparable. So that the latter comparison can be written as

%N/QG?{(-,?J)dy, (1.4)

and the latter function is nothing else but the VVO1 2 _solution of the equation
—Au—Vu=1on Q. (1.5)

In [DDO03], Ddvila-Dupaigne improved the result to more general V' that do not necessary
belong to the Kato class, including for instance

Viz) = (?)lel* and V(z) = }ldist_Q(xﬂQ), (1.6)

where d > 3 and (2 is regular.
Those V should satisfy the conditions that V' € L  and there is p > 2 such that

loc

Jo IVfPPde — [, 2V da
1
FeCt()\{0} (fo, | fIP dx)>/p

> 0, (1.7)

Obviously, condition (1.7) is equivalent to an improved Sobolev type inequality, whose
relevance for intrinsic ultracontractivity property as well as for the compactness of the
resolvent of the operator —Ag — V' was recognized in [DDO03].

Being inspired by the latter observation, we shall consider, in this paper, the same prob-
lem in a more general framework. Precisely we shall replace the gradient energy form
by a Dirichlet form, £ with associated positive selfadjoint operator H, having the strong
local property whose domain lies in some L?(X,m)-space. The potential function V will
be however replaced by a positive measure, p charging no set having zero capacity.

We shall prove that under some realistic assumptions, and especially under the assump-
tions that some improved Sobolev-Orlicz and Hardy-type inequalities hold true, then the
positivity preserving operator related to the semi-Dirichlet form & — p still shares many
interesting features as for the classical case. In particular they have compact resolvent
and non degenerate ground state. Furthermore the ground state is comparable to the
solution, £ of the equation Huf(“) = 1 (i.e., comparable to H;ll)7 where H,, is the
nonnegative selfadjoint operator related to £ — p.

Our method is based on a transformation argument (Doob’s transformation) that leads
first, to construct the operator H, := H — ;1 and to the fact that it has compact resolvent
and second to some ultracontractive semigroups (in the particular case where the trans-
formation is done by means of the ground state, if one already nows about its existence,
this leads to the intrinsic ultracontractivity of the operator H,).

As an intermediate step, we shall prove that the positivity preserving operators under
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considerations can be approximated, in the norm resolvent sense by a sequence of opera-
tors whose ground states can be estimated in a sharp way. This will lead to convergence
of ground state energies and ground states and enables us to carry over the comparison
for the approximating operators to the limit operator.

To get the estimates for the ground states of the approximating operator we shall use on
one side the intrinsic ultracontractivity property and on the other side Moser’s iteration
technique as in [DDO03].

2 The framework and preparing results

We first shortly describe the framework in which we shall state our results.

Let X be a separable locally compact metric space, m a positive Radon measure on Borel
subsets of X such that m(U) > 0, V@ # U C X. All integrals of the type [--- are
assumed to be over X. The space of real-valued continuous functions having compact
support on X will be denoted by C.(X).

Let £ be a regular symmetric transient Dirichlet form, with domain F := D() w.r.t.
the space L? := L*(X,m). Along the paper we assume that £ is strongly local, i.e.,
E(f,g) =0, whenever f,g € F and f is constant on the support of g .

The local Dirichlet space related to & will be denoted by Fi,.. A function f belongs to
Floc if for every open bounded subset 2 C X there is f € F such that f = f-a.e. on Q.
We recall the known fact £ induces a positive-valued sets function called capacity. If a
property holds true up to a set having zero capacity we shall say that it holds quasi-
everywhere and we shall write q.e.’.

It is well know (see [FOT94]) that every element from JFi,. has a quasi-continuous (q.c.
for short) modification. We shall always implicitly assume that elements from F,. has
been modified so as to become quasi-continuous.

We also designate by Fj, := F N L>®(X, m) and Fp1oc 1= Floc N LiS.(X, m). From the very
definition we derive that both F, and F; .. are algebras.

Given f,g € F, we set I'[f] the energy measure of f and T'(f, g) the mutual energy measure
of f,g (see [FOT94, pp.110-114]). Every strongly local Dirichlet form, & possesses the
following representation

elfi= (.= [ drisl vieF (21)
X
The representation goes as follows: for f € F; its energy measure is defined by
[odrin = er.00) - SE(7.0). W0 < o€ FCUX). (22)

Truncation and monotone convergence allow then to define I'[f] for every f € F.
Furthermore with the help of the strong locality property, i.e.,

/ drf] =0, V[ € F, (2.3)
{f=c}



it is possible to define I'[f] for every f € F, as follows: for every open bounded subset
QcX

lodl'[f] = 1adl'[f], (2.4)

where f € F and f = f-q.e. on Q.
By polarization and regularity we can thereby define a Radon-measure-valued bilinear
form on Fj,. denoted by T'(f, g), so that

E(f,g) = / dU'(f,9), Y f,g € Fioc, either for g has compact support. (2.5)

The truncation property for £ reads as follows: For every a € R, every f € Fi,c, having
compact support and every g € Fy 10 We have

E(f o) = [ dr(f.g) and E(f ~ )] = /{ A 2.6)

{f>a}

Furthermore the following product formula holds true
dF(fh, g) = fdr(ha g) + hdF(f, 9)7 \V/f, g, h S er,loc- (27)

By the regularity assumption the latter formula extends to every f, g, h € Fioc.

Another rule that we shall occasionally use is the chain rule (See [FOT94, pp.111-117]):
For every function ¢ : R — R of class C' with bounded derivative (¢ € C}(R)), every
f € Foc and every g € Fyjoc, ¢(f) € Froc and

dU'(¢(f). g) = ¢'(f)dL'(f, g). (2.8)

Formula (2.8) is still valid for ¢(¢) = |t[*/? when restricted to locally quasi-bounded f.
As long as we are concerned with Sobolev-Orlicz inequalities, we will give some material
related to the underlying spaces. From now on we shall denote the Lebesgue-Orlicz spaces
L*(Q,v) simply by L®(v), whereas in the case v = m they will be denoted by L®. We
also fix an N-function ® : [0,00) — [0, 00), i.e., a convex function such that

D(t O(t
O(t)=0 < t=0, limﬁ =0, lim ®(t) = lim () = 00, (2.9)
t—0 ¢ t—o0 twoo
and denote by W its complementary function and set
1
A(s) i = ————, s> 0. 2.10
()= F=7s) (2.10)

An N-function @ is said to be an admissible, if the following integrability condition near
zero is satisfied

/ (sA(s)) "' ds < oo for some a > 0. (2.11)
0

We quote that a necessary and sufficient condition for a N-function to be admissible is
2'(1)

that the function —3 is integrable at infinity.
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Among functions that are admissible we cite N-functions ® satisfying the Va-condition
(® € V; for short), i.e., there is [ > 1 and t; > 0 such that

1
(t) < (1), Vi > to, (2.12)

are admissible. Indeed, by [RR91, Corollary 5, p.26], if ® € V5 then there is a finite
constant C' > 0, € > 0 and ¢y > 0 such that

O(t) > Ct're, Vi > 1. (2.13)

Yielding therefore ®~1(¢) < C"tY/1%< for large t.

Let u be a fixed positive Radon measure on Borel subsets of X, which does not charge
sets having zero capacity. We shall also adopt some assumptions along the paper.

The first assumption that we shall adopt, along the paper, is the following: there is a
function s € Fj,. N L%, s > 0-q.e. such that

(SUP) : E(S,f)—/sfduzo, VO < fe FNC.(X).
X

This condition deserves some comments. First the additional assumption s € L? is auto-
matically satisfied if either X is relatively compact.

Second, assumption (SUP) asserts the existence of a nonnegative supersolution of the
operator H — u and is, according to [Fit00, BB], almost equivalent to the occurrence of
the following Hardy’s inequality

/f2du§8[f], VfeF. (2.14)

By ’almost equivalent’ we mean that if (SUP) holds true then inequality (2.14) holds true
as well. However, if (2.14) occurs then for every § € (0, 1) there is s € F such that

S(S,f)—é/xsfd,uzo, Vo< fe FNC.(X). (2.15)

We shall maintain, throughout the paper, that the following improved Sobolev-Orlicz
inequality holds true: there is a finite constant C's > 0 such that

1S0): [Pl Cs(Eln - [ du). Vi€ F,

For discussions about connections between (ISO) (especially in the case where p = 0) and
various types of Logarithmic-Sobolev inequalities we refer the reader to [Cip00, KW09].
In conjunction with &, there is another function which will play a decisive role in the
paper and which we denote by ¢; := ¢;(t) = t¥'(¢), Vt > 0. We assume from no on
that the function ¢; is admissible.

The following lemma indicates that the latter condition is fulfilled in many situations, in
particular for ®(¢) = 1/pt’, t > 0 and 1 < p < oc.

Lemma 2.1. Assume that ® € Vo and that ¢1 is convex. then ¢y is admissible.
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Proof. From the fact that ® is an N-function we deduce
P1(t) =0 < t=0, lime¢y(t)/t =0 and lim ¢, (¢)/t = oo, (2.16)
t—0 t—o00

which together with the convexity assumption yields that ¢, is an N-function.
The integrability condition: From the known inequality for conjugate Young functions

t< O H)WU(t) <2t, Vit >0, (2.17)

in conjunction with the fact that ® € V5, we obtain that there isa > 0, ¢ > 0 and t5 > 0
such that

G1(t) > at® T, Vi >t (2.18)

Thus for large ¢ we have t=2¢; ' (t) < at%_Q, and the latter function is integrable at
infinity, yielding the admissibilty of ¢;. O]

We also have an inclusion relation between the spaces L® and L.
Lemma 2.2. The space L* embeds continuously into L?*.

Proof. From Young’s inequality
tr < ®(t)+V(r), Vr,t >0, (2.19)
we get
U t) = ¢y (t) < ®(t) +t, Vt > 0. (2.20)

Taking the behavior of ® at infinity into account: lim; ., ®(t)/t = 0o, we conclude that
there is 7' > 0 such that

é1(t) < 20(t), Vit > T. (2.21)

Since m(X) < oo we conclude that L?® C L?', with continuous inclusion. The result
follows by observing that the spaces L?® and L® have equivalent norms. O

Set H the positive selfadjoint operator associated to £ via Kato’s representation the-
orem. For every t > 0 we set T} := e~ the semigroup associated to the operator H.
In the next theorem we will collect some spectral properties of the operator H on the
light of the improved Sobolev-Orlicz inequality.

Theorem 2.1. For every t > 0, the operator Ty is ultracontractive. It follows that
i) The operator H has compact resolvent.

ii) Set \g the smallest eigenvalue of H. Then Xy is nondegenerate, i.e., there is 1y (the
ground state) such that ¥y > 0 - q.e. and ker(H — X\g) = Riby. Furthermore 1y is
quasi-bounded.



Proof. Since ¢ is admissible, and L® C L', continuously, with the help of [BA07, The-
orem 3.4], we derive that T; := e " is ultracontractive. Thus it has a nonnegative
absolutely continuous essentially bounded kernel p;, V¢ > 0. Hence since m(X) < oo, we
conclude that T} is a Hilbert-Schmidt operator, yielding that H has compact resolvent.

On the other hand owing to [Dav89, Proposition 1.4.3, p.24], the Dirichlet form & is irre-
ducible, which implies that the smallest eigenvalue of H, which we denote by Ag, is simple
and has a q.e. nonnegative normalized eigenfunction vy. The quasi-boundedness of 1)
follows from the ultracontractivity property of 7; and the proof is finished. O

Remark 2.1. We have already mentioned in the proof of Theorem2.1 that the Dirichlet
form & is irreducible, which implies together with the fact that & is strongly local, that X
is connected ( see [Stu94)).

From the fact that T} is a Hilbert-Schmidt operator, we also derive that the inverse
operator H ! possesses a Green kernel G'x which is positive, symmetric and measurable.
We shall assume, throughout the paper, that the following Hardy-type inequality holds
true: There is a constant 0 < Cy < 0o such that

2
(HI) /i—gdm < CuElfl, Ve F.

Proposition 2.1. There ezists a finite constant Cg > 0 such that

Gx(x,y) > Catho(x)ho(y), a.e.. (2.22)

Proof. Set £¥0 the quadratic form defined on L?(¢)2dm) by

D(E¥) = {f : thof € F}, E¥[f] = Elof), ¥ f € D(EW). (2.23)

Then £¥0 is a Dirichlet form. Indeed, £Y° is related (via Kato’s representation theorem)
to the operator H% := o5 Huby, so that e "7 = 45 te~"Hepy, which is Markovian.

In this step we will prove that D(£¥°) embeds continuously into the space L?1.

We claim that

12 o1 ugam) < 2(Cs + Cu)E™[f], V f € D(E™). (2.24)

Indeed, by Holder’s inequality we find

) we .
am = [ Cs v enen’ Gt omenm

Vs f?
= v amen I
4 f?
|| 4 ((Cs—i-CH)gwo[f]) ”L‘I’ .

/%¢1 CS"‘CH)S%[]C]

(2.25)



By (I1S0), we have
Vo f? Cs
H e
(Cs + Cy)Evelf] Cs+Cy
On the other hand, by inequality (HI), we get

~1 f? B f? Cs
[ e = [erege T S e S 22

yielding

1 f?
I (<CS + Cg)&E¥o[f]

) o< 1. (2.27)

Finally, from the definition of the Luxemburg’s norm we achieve

12 1o gam) < 2(Cs + Cr)E¥[f], ¥ f € D(EY[f]), (2.28)

and the claim is proved.

Now since ¢, is admissible, using another time [BAO7, Theorem 3.4], we derive that
the semigroup S; := e_tHwO, t > 0 is ultracontractive and has an absolutely continuous
essentially bounded kernel k;, furthermore

ki(z,y) = vo(x)vo(y)pe(x,y), a.e.. (2.29)

By standard way (see [Dav89, p.112]), we conclude that there is 7" > 0 such that, Vit > T,

%G‘A%(x)wo(y) < pi(x,y), a.c. (2.30)

Integrating on (0, 00), yields
e—/\()T

>
GX<x7y> - 2)\0

Yo()o(y), a.e., (2.31)

which finishes the proof. ]

Through the proof of Proposition 2.1, we have proved that the operator H is in fact
intrinsicly ultracontractive.
From now on we set £, the form defined by

DE)=F. &lfl =elf) - [ fdn vrer.
Since £ is a Dirichlet from, then é;u is a semi-Dirichlet form, i.e.,

VfeDE)=|f| € DE,). (2.32)

We will prove in the following lines that the form 6"“ is closable.
Let us stress that since the measure p is not assumed to be a small perturbation we can
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not conclude directly its closabilty by using the KLMN theorem. To that end we give
first some auxiliary results.
We say that a function u € Fj,. is a supersolution of H — p if

6(u,f)—/ufduzo, V0 < f € Fioe N Ce(X). (2.33)

Lemma 2.3. Let s > 0 q.e. be a positive supersolution of H — u. Then

s(x) = Cabo(x /wo )du(y), g.e. (2.34)

Proof. Let f € F N C.(X) be nonnegative. Set U = supp f and let u € F be such that
u=s q.e. on U (such u exists because s € F,.). Since |u| € F and |u] = u = s q.e. on
U (s > 0 q.e.), we may and do suppose that u > 0 q.e. Owing to the definition of s we
derive

o< e )= [sfdu=ewp) - [ufdn=gtp)-emrug). @3

where
Krui= [ Gxlypuly) duty), (236)
is the potential of the measure uu. Thus u — K*u is a potential, obtaining thereby that
u— K*u >0 q.e.. Since u = s q.e. on U and u is positive q.e., and whence u a.e., we get

with the help of the lower bound for the Green function in term of the ground state 1/
(see Prop.2.1)

s(x) > Cao(x /¢0 y) du(y), q.e. On U. (2.37)

Now let (Uy) be a sequence of compact sets exhausting X and (ug) C F such that uy > 0
qg.e. and ug = s q.e. on U}, for every integer k. Since U, C U;, VI > k, we get u = u; q.e.
On Uy, V1 > k. Furthermore u; 1T s q.e. So that the estimate established above yields

s(x) > Caibo(x) /wo(y)ul(y) du(y), q.e. On Uy VI > k. (2.38)

Passing to the limit w.r.t. [ yields

s(x) > Catho(z /¢0 )du(y), q.e. On Uy V. (2.39)

Regarding (Uy) exhausts X, the lemma is proved. [



Let s > 0 g.e. be a supersolution of H — y (such an s exists by assumption (SUP)).
As a second step toward proving the closability of the form (Cj# we will prove that the
s-transform of SM is in fact a pre-Dirichlet form.

We designate by Sﬁ (the s-transform of &,) the form defined by

D(E3) ==F°={f: sf € F} C L*(s*dm), E}[f] = Eulsf], V f € F°. (2.40)

The following result was mentioned in [Fit00] with a probabilistic proof. For the conve-
nience of the reader we will give an alternative analytic proof.

Lemma 2.4. The form 55 is a pre-Dirichlet form in L*(s*dm). It follows in particular
that 6"“ s a closable and its closure is a semi-Dirichlet form.

Proof. Following Fitzsimmons [Fit08], we set
C:={f: feF, fel*s*dm), f € L*(Ts]), s € L*(T[f])} C L*(s’dm) (2.41)
and () the form defined by
Q:=D@=C, Ql) = [ Sarly). vf e D(Q) (2.42)

We claim first, that for every f € C*, sf € F (so that f € F*) and

&n=al+z [srares.n+ [ 2ars) - [ Fsau (2.43)

Indeed, let f € C*. Then sf € F,. and by the chain rule we get for every open bounded
subset U C X,

/Udr[sf]—/Us?dF[f} /sde /deF (2.44)

Owing to the properties of f, and exhausting X by open subsets, we get by Schwartz’s
inequality together with monotone convergence

&lsf] = / ar(sf] = QU] + / sf dU(s / f2dris
< Q[f]+2(/f2dF[s])1/2(/s dr[f])1/2+/f2dr[s] < oo,  (2.45)

yielding that sf € F and the corresponding formula for Elj[ f]-
As a second step we define another form, which we denote by ¢, as follows

D(q) =€, qlf] = / sf dT(s / f2drs / P du, ¥ f € D(g).  (2.46)

Then ¢ is well defined. Since for every f € C*® also f? € C*, we get by the preceding step
that sf? € F. Thus, owing to the fact that s is a supersolution we obtain
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qlf] = E(s,sf%) = /s(sf2) du >0, VfecC" (2.47)

We shall prove that there is a positive measure, fi charging no set having zero capacity
such that

:/f?du, vV fece.

Let f € C*, having compact support and f > 0 a.e. . Set

L) =85~ [ stshdu= [ arsiss) = [ssuzo (2.43)

because s is a supersolution. Since f — dI'(s,sf) is a Radon measure charging no set
having zero capacity, we derive that L is actually a positive Radon measure charging no
set having zero capacity: There is a positive Radon measure i, charging no set having
zero capacity such that

= / fdji. (2.49)

Observing that L(f?) = q[f] we get q[f] = [ f?df, for every f € C* having compact
support and whence for every f € C*.
Now Set

S=Q+q. (2.50)

Then S coincides with 8; restricted to C*.

On one hand according to [Fit08, Theorem 3.10], the form @ is closable and its closure @
is a Dirichlet form having the strong local property. On the other hand since the measure
q is positive and absolutely continuous w.r.t. the capacity, then according to [St092], the
form S is closable, yielding the closability of 5 s and whence of 5 The fact that the clo-
sure of 5 is a semi-Dirichlet form is derived from the fact that &, is itself a semi-Dirichlet
form.

Let us denote by S, respectively @ the closure of S, respectively of  and by Lg, respec-
tively Lg the selfadjoint operator associated to S, respectively Q. Then since S > Q >0
we derive that

0<e s <etle vi>0. (2.51)

Owing to the fact that @ is a Dirichlet form we get that the operator e7* @ is Markovian
for every ¢t > 0, and whence e~ts ¢t > 0 is Markovian as well or equivalently S is a
Dirichlet form. Clearly S is local and the proof is finished.

O

We quote that the improved Sobolev-Orlicz inequality (ISO) has no relevance for the
closability of the form &,,.
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From now on we denote by &;, respectively £,, the closure of Sl‘j, respectively of 5“. Ac-
tually, we deduce from the last proof that since C* is a common core for both S and &;,
then S = &;.

The form &, is a densely defined nonnegative form, and is even a semi-Dirichlet form.
Let H, be the self-adjoint operator associated to £,. Then H, is positivity preserving
and by inequality (ISO) is invertible with bounded inverse, which we denote by H " L
Henceforth we denote by H; the operator related to the form &; and by e tu t >0,
respectively T := e~ t > 0 the semigroup of operators related to H, us Tespectively Hp.

Theorem 2.2. Let s be a function satisfying assumption (SUP). Then for every t > 0,
the operator TF is a Hilbert-Schmidt operator. It follows, in particular that et t >0
is a Hilbert-Schmidt operator as well and the operator H,, has a compact resolvent.

Let us emphasize that the latter theorem is the only place where we used the supple-
mentary assumption s € L.

Proof. By similar arguments to those used in the proof of Prop.2.1, we derive that there
is a finite constant C' > 0 such that

| £2 | por (s2am < CELFL, Y f € Cs. (2.52)

Having in mind that C3 is a core for £, the latter inequality extends to every element from
the space F°. Since ¢ is admissible, £ is a Dirichlet form (by Lemma 2.4) and s € L2,
we get according to [BAO7, Theorem 3.4] that 7} is a Hilbert-Schmidt operator for every
t > 0. Now the rest of the proof follows directly by realizing that e *#r = sT7s71.

[

From now on we denote by /\[()“ ) the smallest eigenvalue of the operator H,. We proceed

to prove that )\(()“ ) is nondegenerate, i.e. the associate eigenspace has dimension one and
may be generated by a nonnegative eigenfunction. To that end we shall approximate the
operator H,, in the norm resolvent sense, by a sequence of operators having the mentioned
property.

Let (ux) be an increasing sequence of positive measures charging no sets having zero
capacity such that p; 17 @ and there is a constant 0 < ki < 1 such that for every k£ € N
we have

/f2 dje < miElf), Vf € F (2.53)

For example the sequence py = (1 — %) 1 satisfy the above conditions.
By the assumption 0 < k5 < 1, we conclude that the following forms

D(E,) = F, Eulf] = Elf] - / P, ¥ € F,

are closed in L?. For every integer k, we shall designate by Hj, the self-adjoint operator
related to &,, .

According to general results about convergence of sequences of monotone quadratic forms
(see [Kat95]), one can realize that Hj — H,, in the strong resolvent sense as k — co. We
shall improve this observation in the following way:
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Lemma 2.5. The operators Hy, have compact resolvents and

- —1_ -1y
]}LIEOHHk H, || =0. (2.54)

Proof. Observe that 0 < H, < H " L Now the first statement follows from the fact that
H, 1'is compact and the second one follows from the known fact that H " 1'is compact
together with the norm resolvent convergence [Kat95, Theorem 3.5, p.453]. O

The latter lemma will have a great influence on the strategy that we shall follow. This
is illustrated through the following:

Corollary 2.1. i) Let )\(()k), respectively )\(()“) be the smallest eigenvalue of the operator
Hy, respectively H,,. Then limj_,« |)\(()k) — )\(()“)| = 0.

i) Let P®), respectively P™ be the eigenprojection of the eigenvalue )\ék), respectively
of the eigenvalue \"). Then

lim ||P® — PW| =o. (2.55)

k—o0

It follows, in particular, that if )\ék) is nondegenerate for large k, then so is )\é”) and
conversely.

Proof. (i): Follows from the inequality |ﬁ — ﬁ| <||H' - H. || and Lemma 2.5.
0 0

(ii): Follows from Lemma 2.5 and the fact that if P and @) are two orthogonal projections
such that ||P — Q|| < 1, then their respective ranges have the same dimension [Kat95,
Theorem 6.32, p.56]. O

Lemma 2.6. Let v be a positive Radon measure on Borel subset of X such that there is
a constant 0 < C, < 1 with

/f2 dv < C,E[f], Vf e F. (2.56)
Let &, be the form defined by

D(E) = F, &1f] = ELf] - / fdv, ¥feF,

and )\(()") be the smallest eigenvalue of &,.

i) Let ¢ > 0 g.e. be an eigenfunction associated to /\(()V). Then

o(2) > (CAY / boly)ely) dm(y))do(a), .. (2.57)

It follows that ¢ > 0 q.e..
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(ii) The eigenvalue )\(()V) 1s nondegenerate and has a positive normalized ground state
which we shall denote by gp(()y).

Proof. 1): Let ¢ > 0 g.e. be any eigenfunction associated to /\(()").
Set

K= [ GxCapeti)dn K= [ Gxlonply)dm, w=p Ko~ 2 Ke. (255)

Owing to the fact that ¢ lies in F and hence lies in L?*(v), we obtain that the signed
measure v has finite energy integral with respect to the Dirichlet form &, i.e.,

/ Foldv < o€V, feFnCuX), (2.59)

and therefore K”¢p € F. Thus u € F and satisfies the identity

E(u,g) = E(p,9) - /sogdv - Aé”)/wgdm
= &(p,9) — /\(()”) /gpg dm =0, Vg e F. (2.60)
Since €& is positive definite we conclude that u = 0 a.e. (and hence q.e.), which yields
p = Ko+ Ko>\"Kp= Aé”)/G’X(-,y)s@(y) dm(y)
= (CGAEV)/¢o(y)¢(y) dm(y))vo, q.e., (2.61)

where thw latter inequality is obtained from (2.1).

ii): Let ¢ be an eigenfunction associated to /\g'). Since &, is a semi-Dirichlet form, then
|¢| € F and minimizes the ratio

ENf]
{fodm' feF\{0}}.

Thus |p| is an eigenfunction associated to )\gj) as well and by assertion (i), |¢| > 0 g.e..

Set ¢ := |¢| — ¢. Then ¢ satisfies H,p = )\(()”)gb. Now, either ¢ = 0 a.e. which would
imply that ¢ = || a.e. or ¢ is a non-negative eigenfunction associated to /\E)"). In the
latter case we derive from assertion (i) that ¢ > 0 g.e. or equivalently |¢| > ¢ g.e.. We

have thereby proved that every eigenfunction associated to /\((]") has a constant sign, from
which (ii) follows.
O

On the light of Corollary 2.1 together with Lemma 2.6, we conclude that )\é“ ) s
nondegenerate as well and we can get even more:
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Lemma 2.7. Let ap(()k) be the normalized a.e. positive eigenfunction associated to )\(()k).

Then there is a subsequence (go[()kj)) such that
lim [lgg”” — 0”12 = 0,
j—o0

where go(()“) 15 the normalized a.e. positive eigenfunction associated to /\(()“).

Proof. Since the sequence (go(()k)) is bounded in L2, there is a subsequence, which we still

denote by (go(()k)), and h € L? such that go(()k) — h. Let P be the eigenprojection associated

to )\(()“). Since P is a rank one operator, we get Pcp(()k) — Ph in L*. Thus
gt = ¢ = (P =~ P)et) + Peff) = Ph, (2:62)

and ||Phl|;2 = 1.
On the other hand we may and shall suppose that Ph > 0 a.e. (by mean of a subsequence
if necessary). Now Setting cp(()“ ) .= Ph, and recalling that RanP = ker(H, — /\(()“ )) ( by

the fact that dimRanP = 1) we get that go(()“ ) is an eigenfunction corresponding to )\(()” )

)

an > 0 a.e.. Finally Corollary 2.1 together wit e lower bound for given by
d o >0 Finally Corollary 2.1 together with the lower bound for ¢ given b

Lemma 2.57, lead to

et 2 (Carg” /Q Yo(y)e (v) dm(y)) o, ace., (2.63)
yielding go(()” ) >0 a.e., which completes the proof. O

At the end of this section we resume our strategy. Define
W= H M, €W = H ML (2.64)

Theorem 2.3. Let go(()k),g(k),/\[()“),goé“),f(“) be as above. Assume that for every k € N
there is a constant 0 < I'y < oo such that limg_,o I'y =T € (0,00) and

Tohe® < o < Te® ace. Vi large. (2.65)

Then T—1¢W < gp(()”) <TEW, qe..

Proof. By the norm resolvent convergence of Hj, towards H, (Lemma 2.5), we obtain
¢ = H 'l — H'1 = ¢Win L*(Q) and we can assume that limy,_,. £ = W, ace..
Now the result follows from the assumptions of the theorem together with Lemma 2.7. [

Our main task in the next section is to establish estimate (2.65).
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3 Estimating the ground state

In this section we fix:

i) A positive measure v satisfying assumptions of Lemma 2.6.

ii) Two real-valued, measurable a.e. positive and essentially bounded functions V' and
F on X such that either V # 0 or F' # 0.

Let w € F. We say that w is a solution of the equation
Hyw=Vw+F, (3.1)
if
E(w, f) = /wadm+ /dem, VfeF. (3.2)

Let w > 0 g.e. be a solution (if any) of the equation H,w = Vw + F. Define Q% the
form:

D@ ={f: wfeF), QU =&~ [ Fu'Vim, vFeD@). (33
Then by the same arguments used in the proof of Lemma 2.4, we deduce that Qv is a

Dirichlet form on L?(w?dm) having the local property. Moreover since w € L?, then the
vector space

C:={f: feFR, we L*dl[f])}, (3.4)

is a core for Q.
We claim that

Q"[f] :/w2dr[f}+/f2Fwdm, Vfecy. (3.5)

Indeed, from the product formula for the energy measure, we derive
Q"[f] = /w2 dr[f] — /f2w2 dv — /f2w2v dm +/ d0(w,wf?), ¥ f e, (3.6)

Using the fact that w is a solution of equation (3.1), we get for every f € C*, wf? € C¥
and

Ey(w,wa):/Vf2w2dm—|—/wa2dm:/dF(w,wf2)—/f2w2dy, (3.7)

and substituting in Eq. (3.6) we get the claim.
We also note that the operator w™!(H, — V)w is the self-adjoint operator in L*(w*dm)
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associated to the Dirichlet form Q*.
Henceforth, we define

2

= O / Golw)w(y)V (y) dm + / Soly) Fly) dm) . (3.8)
and
C = max(CyC’,CxrC’')\y). (3.9)

Theorem 3.1. Let V, F' be as in the beginning of this section. Let w € F, w > 0 gq.e. be
a solution of the equation

Hyw=Vw+F, (3.10)

Set
A= (C 4 204) (1 +2Cs||1]| ).

Then
(ISO1) || £2 [l os ey < A(QV1] + / V2w dm), ¥ f € D(QY).

The proof of Theorem 3.1 relies upon auxiliary results which we shall state in three
lemmata.

Lemma 3.1. Let w be as in Theorem 3.1. Then the following inequality holds true

w Cavn( [ @V wul)dn+ [ o) F)dm) ge. (3.11)

Proof. As in the proof of Lemma 2.6 we show that w satisfies
w—K'w=KVw+ KF,

yielding, whith the help of the lower estimate (2.1) for the Green function Gy,

w>KVw+ KF > C’G@ZJO/@/JO(y)V(y)w(y) dm + Cg¢0/¢g(y)F(y) dm q.e..

Lemma 3.2. Let w be as in Theorem 3.1. Then

/f2dm§ C/w%zr[f] dm+0/w2f2dm, Vfec (3.12)
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Proof. At this stage we use Hardy’s inequality (HI), which states that there is a constant
Cy > 0 depending only on X such that

/Z—;dm < CH/dF[u], VueF. (3.13)

Let f € C*. Taking u = f)y in inequality (3.13) yields
208
/f2dm = / ¢20 dmgCH/dF[fwo]

0

ey / GRAT[f] + 20 / SofdT (o, f) + Ci / F2dT (o, o)
e / GRAT[f] + O / dT (o, o f2). (3.14)

Thanks to the fact that 1y is an eigenfunction associated to \g, we achieve

[ v o) =2 [ et m. (3.15)

Combining (3.15) with (3.14) we obtain

/f2 dm < CH/¢02dF[f] +OHAO/¢02f2 dm, ¥ f € C¥. (3.16)
Having the lower bound for w given by Lemma 3.1 in hand, we establish
/ f2dm < CyC’ / Yo*dl[f] + CrC' A / o’ f2dm, Y f € C¥. (3.17)
O]
Lemma 3.3. Let w be as in Theorem 3.1. Set
! F 2 //\
A =1+ %, Ay = IF 1= + CnC 0 (3.18)
2 2 2
C" being the constant appearing Proposition 3.2. Then
QV[f] < Al/deF[f] +A2/w2f2 dm, ¥V f C". (3.19)
Proof. We have already established that
Q”lf] = /w2 dr'[f] + /fQFwdm, vV feclv. (3.20)

Making use of Holder’s and Young’s inequality together with inequality (3.12) we obtain

Q"[f]

IN

/w2dr[f]+ (/f2 dm)é(/f2F2w2 dm)?
< Al/deF[f]+A2/f2w2dm, Viec”,

which finishes the proof
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Proof. of Theorem 3.1. We observe first that

QU[f] + /Vf2w2 dm = EV[f] == & [wf],V f € Cv.

(3.21)

So that due to the fact C* is a core for the form Q" it suffices to prove inequality (ISO1)

on C%.

For f € C¥, set A := AEY[f]. By Holder’s inequality for Orlicz norms, we get for every

fecw,

2 2 r2 2
/w2¢1(7)dm - /%ml(%)dm
w2f2

)

Dol T ) s

2
< 2
H -

By (IS0), we have

w2f2

2|

2
2o < XCSS;”[f] <1

On the other hand we have, according to Lemma 3.2

Jwerdyan= [Lam < S [wraris, pam s [wr2am)

Applying another time Hoélder’s inequality we get
[ dm < 1wl < Coltlngl1f), vF €.

Recalling that E¥[f] > [ w?dL'[f], we achieve

f? ¢ w w

Tdm < X(l +2Cs||1|v)EX[f] < 1, Vf € CV.
Thus

2
[ S < 1,

and whence

[wrododm <1, vy eer
1)\ m_,fEC,

and the theorem is proved, according to the definition of the Orlicz norm.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

]

For every t > (0 we designate by 7} the semigroup associated to the form Q" in the

space L*(w*dm). We are yet ready to prove the ultracontractivity of T3,
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To that end we collect some preparing notations. We recall the expression of the constant

A
A= (C+2C,)(1+2Cs||1] 1v)- (3.28)

Let A be the function defined by

A(s) == o (1/5) Vs >0, (3.29)
and vy be the solution of the equation
0 q
t:= 8A/0 SA(5) ds. (3.30)
We finally denote by
B(t) = —. (3.31)
(1)

Theorem 3.2. Let V, I' and w be as in Theorem 3.1. Then T} is ultracontractive for
every t > 0 and

1T 2wy e < B(E/2)elVIt vt > 0. (3.32)

Proof. From Theorem 3.1, we derive

12 s i < A(QUL] + Vo / 2w dm), ¥ f € D(QY). (3.33)

Since ¢, is admissible, we get according to [BAOT7], that the semi-group 7" is ultracon-
tractive for every t > 0 and

1T\ 1 (uwzamy, zoe < B(t/2)elVI=t vt > 0. (3.34)
O

We shall apply Theorem 3.1, to the special cases V = 0, F' = 1 which corresponds to
w=&W),

Theorem 3.3. Let v be as in th beginning of this section. Then the following pointwise
upper bound for go(()y) holds true

o < (B(t/2)e™)eW | ae. Vit > 0. (3.35)
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Proof. Applying Theorem 3.1 to the case V = 0, F' = 1, so that we may and do choose

o

w = £W | yields that the semi-group Tf(y) is ultracontractive and RO

is an eigenfunction

) . . )
for Tf associated to the eigenvalue e=** ", V¢ > 0. Thus

)

Igirlle < e NTE liaewpam i
< B(t/2)e™ | vt > 0, (3.36)
and
oW < €@B(/2)e™” | qe. Vi > 0, (3.37)
which was to be proved. []

While for the upper pointwise estimate we exploited the idea of intrinsic ultracontrac-
tivity, for the reversed estimate we shall however, make use of Moser’s iteration technique
as utilized in [DDO03]. To that end and being inspired by Dévila-Dupaigne [DD03], we
shall further assume that the function ¢, satisfies the following growth condition: there
is € > 0, and a finite constant a > 0 such that

$1(t) > at't, Vit > 0. (3.38)

Regarding the equivalence between the norms of the Orlicz spaces L?* and Lo we may
and shall assume that a = 1.
Before stating the result we need a short preparation. We denote by

I, :=(F,&) = L*v), frf, K':=ILI and K := H . (3.39)

We recall [BA04] that C,, = ||K™||.
An elementary computation yields that

(LK) : [2(0) — [2, f > / G o) ) dv, (3.40)

KfL20) > L0), K = [ Gxlan)f)dv, ¥ € 1), (3.41)
Furthermore according to [Bra0l, formula (24)]
H'=K+ (ILK)*(1 - K")'IK. (3.42)

Lemma 3.4. The following estimate holds true

K1<

< .
—cC, l_Cyae (3.43)
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Proof. By assumption, we have
(1=C)Ef]<EJI<Elf], Ve F, (3.44)
so that
K<H'<(1-C,)'K. (3.45)

According to the identity (3.42), the operator H, ! possesses a positive symmetric kernel,
which we denote by G%. Thus the self-adjoint positive operator (1—C,) 'K — H, ! has a
symmetric kernel and by [FOT94, Lemma 1.4.1, p.24 |, the kernel is positive m x m a.e..
Whence G% < (1 — C,)"'Gx a.e., from which follows

£V = g1 < (1—C)'K1 ae.. (3.46)

On one hand, since H is a Dirichlet operator then for every a > 0, we have (H+a)"'1 <1
a.e. and on the other hand lim,_,o(H +a)~! = K, strongly, yielding lim,_,o(H +a)~'1 =
K1 in L? so that by means of a subsequence we get K1 < 1 a.e. and the proof is finished.

m

Theorem 3.4. For every t > 0, the following estimate holds true comparison holds true

V) < (AC + 1)(C(r,t) + 1), ace., (3.47)

where

O, t) == B(t/2)e™ Vit > 0. (3.48)

Proof. Consider the ratio

£w
Pi= "0 (3.49)
%o

By [BB, Lemma 2.2, Lemma 2.1], the function W lies in the space Fpjoc. Thus

according to Lemma 3.4, p € Fp10c. Now using the Cham rule together with the equations

satisfied by the ground state ap( )

compact support,
[zt = fae re - [rane e - fear, )
= / fiot dm + /908")f£(”)dv— /dF(sDS”),fé(”’)

_ / Fodm + /soé”fé”)dv—(As /wé”)fﬁ(”)dm

+ /gooy FEV V) = [l fdm — AY /¢g”> FEWdm. (3.50)

and the function £®), we find, for every f € Fio. having
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Let U be a compact subset of X. Testing the latter equation with f = 1p*¥ =1, j > 1,
(f € Fpioc by Lemma 3.4), we deduce

/ (@Y ))2dr (p2 1, p) = / PPy = A dm, (3.51)
U U

which yields, due to the positivity of both functions gp(()") and £®)

ij;1 /U (p6”)?d (o] = /U P = A€V ydm
< /Up”‘lwé”)dm' (3.52)
According to Theorem 3.3, we obtain
@ pari) < e [ e dm. (3.59)

Using Hélder inequality and Lemma 3.2 ( with V = AV F = 0,w = ¢{") and f =
1yp’), it follows from (3.53) that

/U GOV < Ol )i / (G P dm) ¥ /pzﬂdmﬁ
< CV20(n,b)4( / (Y202 dm)? ( / (08)2 dT[p’]

U U
. 1
+ /@g V2 0¥ dm)?*. (3.54)
U

By Young’s inequality, we obtain

V)\2 j 1 2 .2 V)\2 27 1 v)\2 j
[ raris) < Secing 1) [ @ Fean+ g [ @ pa) 65

so that

/ (G () < (CCP(,0)% + 1) / ()2 P, (3.56)
U U

By (3.5), with V = A", F = 0,w = {") and f = 1yp?, we get from (ISO1)

1 100% ler (20 = A / (U] + / Py dm),  (3.57)

which yields

1 106™ Wl (o y20my < A(CCZ(V,t)JQJr1+A8"))/(wé”))2p2j dm
U

< (ACCw, 1) + D)(Cw, ) +1)7 / ()22 dm (3.58)
U
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Having the growth property (3.38) for the function ¢; in hands, we achieve

( / PP (02 dm) T < (ACC(v,t) + 1)(C (v, ) + 1)52 / P (o) dm.  (3.59)

We iterate (3.59). Define jp = 2(1 + ¢)* for k=0, 1... and
oy = ( / P ()2 dm) 7 and M (v, 1) == (ACC(v,t) + 1)(C(1,t) +1).  (3.60)
U
Then (3.59) can be written as
0,1 < (M, 1)(1 + )77 OF (3.61)
Using this recursively yields
O < M(y, )0 = M(v,1)( / AV dm)s < M(v,t). (3.62)
U

for all £k = 0,1,.. . Since the right-hand-side of the latter inequality is independent
from U, we deduce

’}erolo o) = Sl)l(pp < M(v,t), (3.63)
and this shows that
£V < M, ), vt >0, (3.64)
which was to be proved.
[

Theorem 3.5. Let o be a positive Radon measure on Borel subsets of X charging no
set having zero capacity. Then under assumptions (SUP), (1SO), (HI) and the growth
condition (3.38), the following sharp estimate for the ground state ga(()“) holds true

. (1) . (n) —1 . (1)
((ACint B(t/2)e™” + 1)(inf A(t/2)e™” + 1)) 760 < ot < €W(int 5(t/2)e™”), ace

Proof. Let ux 1 p (as specified in Section2). By Theorem 3.3 it holds

o) < W p(1/2)eN”t Wt > 0. (3.65)

Now the right-hand-side inequality follows directly by letting k& — oo and using Corol-
lary 2.1.
The reversed inequality is obtained in the same manner by using Theorem 3.4 and Corol-
lary 2.1. O
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Let us recall that according to Theorem 2.2, e~*#» is Hilbert-Schmidt operator for

every t > 0. Thus e "+ has a m x m absolutely continuous kernel. For every ¢t > 0, we
designate by p!' the heat kernel of e=*Hx.

By standard way, we deduce that the operator H, has a Green’s kernel which we denote
by G%. We can rephrase Theorem 3.5 in term of the Green’s kernel.

Corollary 3.1. We have
gp(()“) ~ /G&(,y) dy, a.e. (3.66)

Remark 3.1. a) We immediately derive from the latter corollary that if the Green’s
functions Gx and G% are comparable then the ground states of H and H,, are comparable
as well.

b) If 1 is such that there is C* € (0,1) with

/ fdp < CHELf), VT e F,
X

then by (2.15) (changing p by z=zp), (SUP) is satisfied. Furthermore since £ and &, are
equivalent, inequality (ISO) can be changed by the weaker Sobolev-Orlicz inequality

| f2 e < CsELS], f € F.

In this situation the compactness of H," can be obtained directly from formula (3.42)
and we still get by Theorem 3.3 together with Lemma 3.4

oy N/Gé%(ny) dy, a.e.

On the other from (3.42), together with the proof of Lemma 3.4 we deduce

1
< GF <L .
G<G _1_0MG, (3.67)
so that
i) ~ 1. (3.68)

We also derive by standard way the following large time asymptotics for the heat
kernel.

Corollary 3.2. There is T > 0 such that for every t > T,
N ()
P (x,y) ~ e @)l (y) ~ e P @)W (), mxmae. (3.69)
It follows, in particular that
3

1
A = lim S 1n (%). (3.70)

25



Example 3.1. Let X be a bounded uniform domain in R?, d > 3 , or equivalently
according to [Han05, Propostions A.2,A.3] a bounded interior non-tangentially accessible
domain (which is less than NTA domain). Let H be the Dirichlet-Laplacian in L*(X, dx).
With g = 0 assumptions (SUP) and (ISO) (Sobolev embedding) are fulfilled. Furthermore
according to [Han05, Remark 3.1], we have

Gx(z,9) ~ |r —y|* % ae on X x X. (3.71)

Whence, setting p(x) := dist(z,0X), Va € X, we derive that there is a finite constant c
such that

Gx(z,y) > cp(x)p(y), a.e.. (3.72)
On the other hand we have
Yo(z) = )\51/ Gx(x,y)Y(y)dy > cp(x), Vo e X. (3.73)
b

Suppose furthermore that the distance function , p is superharmonic, i.e., —Ap > 0. Then

setting w = p!'/?, a straightforward computation yields
1
—Aw—-"2>0on X. (3.74)
4 p?
Thus by a result due to Ancona [Anc86, Propostion 1] we deduce
2
/ fZ(m) dr < 4/ VP dz, V f € WH(X), (3.75)
x P*(z) X

which together with inequality (3.73) imply the occurrence of Hardy inequality (HI).
Whence, in this situation all assumptions are satisfied and therefore we get

worv/ Gx(ny)dyN/ |- —y*~*dy, on X. (3.76)
X X

b) Let p be any measure satisfying condition of Remark 3.1-b). Then by Remark 3.1, we
get

e N/ |- —y|**dy, on X. (3.77)
X

¢) Finally we consider the measure p defined by du(z) = p2(z)dz. With this choice

assumption (SUP) is fulfilled by s = p'/? € W?(X). Moreover, according to [FMT07,

loc

Theorem 1.1-(1.2)] (with p =2, ¢ = 2%4) we learn that there is C's € (0, 00) such that

1 2
(/X £17d2) " < Cs(E1f] - Z/X%d:c), VfeWy*(X). (3.78)
Whence (ISO) is satisfied with ®(t) = % which is an N-function which corresponding
¢1 is admissible. Thus we establish
o~ [ Ghtdy (3.79)
X
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