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Abstract

We consider the following quasi-linear parabolic system of backward partial differential
equations
(0 + L)u+ f(-,-,u, Vuo) = 0 on [0,T] x R? up = ¢,

where L is a possibly degenerate second order differential operator with merely measurable
coefficients. We solve this system in the framework of generalized Dirichlet forms and
employ the stochastic calculus associated to the Markov process with generator L to obtain
a probabilistic representation of the solution u by solving the corresponding backward
stochastic differential equation. The solution satisfies the corresponding mild equation
which is equivalent to being a generalized solution of the PDE. A further main result is
the generalization of the martingale representation theorem using the stochastic calculus
associated to the generalized Dirichlet form given by L. The nonlinear term f satisfies a
monotonicity condition with respect to u and a Lipschitz condition with respect to Vu.

Keywords: backward stochastic differential equations, quasi-linear parabolic partial differential equations,

Dirichlet forms, generalized Dirichlet forms, Markov processes, martingale representation

1 Introduction
Consider the following quasi-linear parabolic system of backward partial differential equations
(0, + L)u+ f(-,-,u, Vuo) = 0 on [0,T] x R ur = ¢, (1.1)

where L is a second order linear differential operator and f is monotone in u and Lipschitz in Vu.
If L has sufficiently regular coefficients there is a well-known theory, to obtain a probabilistic
representation of the solutions to (1.1), using corresponding backward stochastic differential
equations (BSDE) and also to solve BSDE with the help of (1.1), originally due to E. Pardoux
and S. Peng ([17]). The main aim of this paper is to implement this approach for a very general
class of linear operators L, which are possibly degenerate, have merely measurable cofficients
and are in general not symmetric. Solving (1.1) for such general L is the first main task of this
paper. The second main contribution is to prove the martingale representation theorem for the
underlying reference diffusion generated by such general operators L.
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If f and the coefficients of the second-order differential operator L are sufficiently smooth,
the PDE has a classical solution u. Consider Y;”* := u(t, X;"*), Z;* := Vuo(t, X;"") where
X", s <t <T,is the diffusion process with infinitesimal generator L which starts from z at
time s. Then, using It6’s formula one checks that (Y;>*, Z;")s<;<7 solves the BSDEs

T T
Ver— oG+ [ fe Xy 2 - [z, (12)
t t

Conversely, by standard methods one can prove that (1.2) has a unique solution (Y;”*, Z;"") <i<r
and then u(s, ) := Y;>" is a solution to PDE (1.1). BSDEs have been introduced (in their actual
form) by Pardoux and Peng [17] and found applications in stochastic control and mathematical
finance. If f and the coefficients of L are Lipschitz continuous then a series of papers (e.g. [2],
[16] and the reference therein) prove that the above relation between PDE (1.1) and BSDE (1.2)
remains true, if one considers viscosity solutions to PDE (1.1). In both these approaches, since
the coefficients are Lipschitz continuous, the Markov process X with infinitesimal operator L is
a diffusion process which satisfies an SDE and so one may use its associated stochastic calculus.

In [2] Bally, Pardoux and Stoica consider a semi-elliptic symmetric second-order differential
operator L ( which is written in divergence form ) with measurable coefficients. They prove
that the above system of PDE has a unique solution u in some functional space. Then using
the theory of symmetric Dirichlet forms and its associated stochastic calculus, they prove that
the solution Y** of the BSDE yields a precised version of the solution u so that, moreover, one
has V™" = u(t, X;_,), P¥-a.s. In [21], the analytic part of [2] has been generalized to a non-
symmetric case with L satisfying the weak sector condition. Here the weak sector condition

means (1 = Lyu,v) < K((1 = L)u, )1/2<<1 — L)v, v)l/z for u,v € D(L),

for some constant K > 0. In [13], A.Lejay considers the generator L = 3 Z i j=1 B O (a;5>) +
) j

S bi(m)a%i for bounded a,b. In [27], T.S. Zhang and Q.K.Ran (see also [26]) consider L of
a more general form, but a = (a;;) is required to be uniformly elliptic and b € L? for p > d.
Anyway, since L satisfies the weak sector condition in this case, it generates a sectorial ( i.e. a
small perturbation of a symmetric) Dirichlet form, so the theory of Dirichlet forms from [14]
can be applied in [26], [27].

In [23] Stannat extends the known framework of Dirichlet forms to the class of generalized
Dirichlet forms. By this we can analyze differential operators where the second order part may
be degenerate and at the same time the first order part may be unbounded satisfying no global
LP-condition for p > d. The motivation for this paper is to extend the results in [2] to the case,
where L generates a generalized Dirichlet form so that we can allow the coefficients of L to be
more general.

In this paper, we consider PDE (1.1) for a non-symmetric second order differential operator
L, which is associated to the bilinear form

(u,v) == Z / as;(x W ;:J< ym(dz) + / c(z)u(z)v(z)

5,j=1

2 / 3 i) () + by(=)) g;m@mm) Yu,v € C*(RY).

(1.3)




for u,v € Cg°(R?), where C5°(R?) denotes the space of infinitely differentiable functions with
compact support. We stress that (a;;) is not necessarily assumed to be (locally) strictly positive
definite, but may be degenerate in general. When b = 0, the bilinear form & satisfies the weak
sector condition. For the perturbation term given by b we need bo € L?(R% R<¢ m). Here
ooc* = a and ¢* is the transpose of the matrix of . That implies that we do not have the
weak sector condition for the bilinear form. We use the theory of generalized Dirichlet forms
and its associated stochastic calculus ( cf [22-25]) to generalize the results in [2]. Here m is
a finite measure or Lebesgue measure on R?. If D is a bounded open domain, we choose m
as 1p(z)dz. Then in certain cases the solution of PDE (1.1) satisfies the Neumann boundary
condition. If we replace C5°(R?) by Cg°(D), the solution of PDE (1.1) satisfies the Dirichlet
boundary condition.

In the analytic part of our paper, we do not need £ to be a generalized Dirichlet form.
We start from a semigroup (F;) satisfying conditions (A1)-(A4), specified in Section 2 below.
Such a semigroup can, however, be constructed from a generalized Dirichlet form. It can also
be constructed by other methods (see e.g. [11]). Under conditions (A1)-(A4), the coefficients
of L may be quite singular and only very broad assumptions on a and b are needed (see the
examples in Section 4 and Section 5).

The paper is organized as follows. In Sections 2 and 3, we use functional analytical methods
to solve PDE (1.1) in the sense of Definition 2.3, i.e. there are sequences {u"} which are strong
solutions with data (¢", f™) such that

" = ulle = 0, 6" — 6lla = 0, i #" = f in L3(10,T}; I2).
Here || - [|7 := (supy<p || - |3 + fOT szjil(-)dt)l/z, where £% is the summand in the left hand side

of (1.3) with b = 0. The above definition for the solution is equivalent to that of the following
mild equation in L?-sense

T
u(t, ) = Pr_é(x) —I—/ P, f(s,+,us, Dyug)(z)ds.

If we use the definition of weak solution to define our solution as in [2], uniqueness of the
solution can not be obtained since only |bo| € L?(R% m). Furthermore, the function f in PDE
(1.1) need not be Lipschitz continuous with respect to the third variable; monotonicity suffices.
And g which appears in the monotonicity conditions (see condition (H2) in Section 3.2 below)
can depend on t. f is, however, assumed to be Lipschitz continuous with respect to the last
variable. We emphasize that the first order term of L cannot be incorporated into f without
the condition that b is bounded. Hence we are forced to take it as part of L and hence have
to consider a diffusion process X in (1.2) which is generated by an operator L which is the
generator of a (in general non-sectorial) generalized Dirichlet form. We also emphasize that
under our conditions, PDE (1.1) cannot be tackled by standard monotonicity methods (see
e.g. [3]) because of the lack of a suitable Gelfand triple V. C H C V* with V' being a reflexive
Banach space.

In Section 4, we extend the stochastic calculus of generalized Dirichlet forms in order to
generalize the martingale representation theorem. In order to treat BSDE, we show in Theorem
4.8 that there exists a set of null capacity N outside of which the following representation
theorem holds : for every bounded F,.-measurable random variable £, there exists a predictable



process (1, ..., ¢q) : [0,00) x © — R% such that for each probability measure v, supported by
R?\ NV, one has

d [e’e)
¢ = B (¢|Fo) + Z/ pLdMD  P” —a.s..
i=0 70

As a result, one can choose the exceptional set A such that if the process X starts from a point
of N¢, it remains always in this set. As a consequence we deduce the existence of solutions for
the BSDE using the existence for PDE (1.1) in the usual way, however, only under P™, because
of our general coefficients of L (c.f. Theorem 4.12).

In Section 5, we employ the martingale representation to deduce existence and uniqueness
for the solutions of BSDE (1.2). As a consequence, in Theorem 5.7, existence of solutions for
PDE (1.1), not covered by our analytic results in Section 2, is obtained by u(s,z) = Y7, where
Y;® is the solution of the BSDE. Moreover we have, Y;* = u(t, X;_,), P*-a.s., v € RA\N.

2 Preliminaries

Let 0 : R? — R? @ R* be a measurable map. Then there exists a measurable map 7 : R% —
R*¥ ® R? such that
oT =T1"0", To =0"T", oTO = 0.

*

(see e.g. [2, Lemma A.1]). Here o* is the transpose of the matrix of o. Then a := co* =
(aij)1<ij<a takes values in the space of symmetric non-negative definite matrices. Let also
b: R?Y — RY be measurable. Assume that the basic measure m(dz) for the generalized Dirichlet
form, to be defined below, is a finite measure or Lebesgue measure on RY.

Denote the Euclidean norm and the scalar product in R? by |- |, (-,-) respectively, while
on the space of matrices R? ® R* we use the trace scalar product and its associated norm,
ie., for z = (z;) € RT@RF, (2, z) = trace(z23), |z] = (30, Z;{:l z3)'/2. Let L?, L*(R%: R*)
denote L2(R¢,m), L?(R%, m; R*) respectively. And (-,-) denotes the L2-inner product. And for
1 <p<oo, ||, denotes the usual norm in LP(R%m). If W is a function space, we will use
bW to denote the bounded function in W.

Furthermore, let az’jaZj:1 aijbj,ijl agb; € LL.(R%m) and ¢ € LL (RL R :m). We

introduce the bilinear form

£(u,v) Z / &Jcl g;]< ym(dz) + / o(@)u(z)o(z)

zyl

+; / z_;aU-(:v)(bj(x)%j(x))g; v(x)m(dz) Yu,v € CF(RY).

Consider the following conditions:
(A1) The bilinear form

d

e e) = Y [ ay(o) (@) o (a)m(de) Vv € CR(R)

ij=1



is closable on L%(R%,m).

Define E¢(+,+) := £%(+,+) + (+,+). The closure of C§°(R?) with respect to £ is denoted by
F® Then (€% F) is a well-defined symmetric Dirichlet form on L?(R¢,m).

For the bilinear form

5‘”’ (u,v) Z/ &W aa;j]( ym(dz) —|—/c(x)u(x)v(x)

+Z / Zaw )bj (x M v(x)m(dz),

we consider the following conditions:

(A2) There exists a constant ¢; > 0 such that ng(-, )= Sa’i’(-, ) + ¢2(+,+) is a coercive closed
form (see e.g. [14]), and there exist constants c;, c3 > 0 such that for u € C$°(R?)

&% (u,u) < EXM(u,u), (2.1)

and

/chdm < c3(E%(u,u) + ||ull3). (2.2)

Denote £ (u,v) 1= E90(u, v) + £ (v, u). The closure of C5°(RY) with respect to g;;il is
denoted by F'. By (2.1) we have F' C F'*. And for u € F' (2.1) and (2.2) are satisfied.

(A3) |bo| € L*(R% m) and there exists a > 0 such that

/(ba, (Vu?)oydm > —al|uls u € C(RY). (2.3)

(A4) There exists a positivity preserving Cy-semigroup P; on L'(R%m) such that for any
€ [0,T],3Cr > 0 such that

1P:flloc < Crll flloo-

Then for 0 < ¢t < T, P, extends to a semigroup on LP(R%;m) for all p € [1,00) by the Riesz-
Thorin Interpolation Theorem (denoted by P, for simplicity) which is strongly continuous on
LP(R%;m). We denote its L2-generator by (L, D(L)) and assume that for any u € bF there

exists uniformly bounded u,, € D(L) such that gfﬁl(un —u) — 0 and that it is associated with
the bilinear form in the sense that €(u,v) = —(Lu,v) for u,v € bD(L).

We emphasize that in contrast to previous work P; in (A4) is no longer analytic on L?(R%;m).
By (A4) there exist constants My, ¢y such that

1P fll2 < Moe®' || fll2, Vf € L*(R%m). (2.4)

To obtain a semigroup P; satisfying the above conditions, we can use generalized Dirichlet
form. Let us recall the definition of a generalized Dirichlet form from [23]. Let E be a Hausdorff
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topological space and assume that its Borel o-algebra B(FE) is generated by the set C(FE) of all
continuous functions on E. Let m be a o-finite measure on (F, B(F)) such that H := L*(E,m)
is a separable (real) Hilbert space. Let (A, V) be a coercive closed form on H in the sense of
[14]. We will always denote the corresponding norm by || - ||y. Identifying H with its dual H’
we obtain that V — H =2 H’' — V' densely and continuously.

Let (A, D(A,#)) be a linear operator on H satisfying the following assumptions:

(i) (A, D(A,H)) generates a Co-semigroup of contractions (U)o on H.

(ii)V is A-admissible, i.e. if (U;);> can be restricted to a Cy-semigroup on V.

Let (A, F) with corresponding norm || - || be the closure of A : D(A,H) NV — V' as an
operator from V to V' and (A, F) its dual operator.

Let

E(U,U):{ A(u, v) = (Au, v) iqu]—“,vEVA

A(u,v) — (Av, u) ifueV,velF,

Here (-,-) denotes the dualization between V' and V and (-, -) coincides with the inner product
(,-)m in H when restricted to H x V. And &, (u,v) := E(u,v) + a(u,v)y for a > 0. We call £
the bilinear form associated with (A, V) and (A, D(A,H)). If

weF=u"ANleVand E(u,u—u" A1) >0

then the bilinear form is called a generalized Dirichlet form. If the adjoint semigroup (Ut)tzo of
(U)o can also be restricted to a Co-semigroup on V. Let (A, D(A,#H)) denote the generator
of (U})=0 on H, A(u,v) := A(v,u),u,v € V and let the coform € be defined as the bilinear
form associated with (A, V) and (A, D(A, #)).

Remark 2.1 (i) Some general criteria imposing conditions on a in order that £% be closable
are e.g. given in [12, Section 3.1] and [14, Chap II, Section 2].

(ii) There are examples considered in [14, Chap. II, Subsection 2d] satisfying (A2). Assume
the Sobolev inequality

lully < C(E%(u,w) + ul3)'?, Yu € C5°(RY),

is satisfied, where % +1=1and ||, denotes the usual norm in L7. If |bo| € LI(R%m) +
L>*(R%m) and ¢ € LY2(R% m) + L>®(R? m), then (A2) is satisfied. In [27] they consider the
bilinear form Q(u,v) = £%(u,v) + [(dy(x), Vu(z))u(x)dm, here dy € LI(RY),q > d. In their
case, the result for the existence of the nonlinear PDE can be obtained by [18, Theorem 4.2.4]
since the nonlinear part is Lipschitz in v and Vu. In our case, we have more general conditions
on b and f, so that we can not find a suitable Gelfand triple V' C H C V* with V being a
reflexive Banach space and use monotonicity methods as in [18].

(iii) We can construct a semigroup P; satisfying (A4) by the theory of generalized Dirichlet
form. More precisely, suppose there exists a constant ¢ > 0 such that &(-,-) := E(-,) + ¢(+, *)
is a generalized Dirichlet form with domain F x V' in one of the following three senses:

() (B, B(E), m) — (R, B(R4), m),

(g F) (A V),

co

—(Au,v) — (& — c)(u,v) = fo Z;l:l a;;(z)b;(z) g;‘iv(x)m(dx) for u,v € C§°(R?);
(b)(E,B(E),m) = (R, B(R?),m),




A=0and V = L*(R% m),
—(Au,v) = E(u,v) for u,v € C(R?) and C°(R?) € D(L);
(c) &= A, A =0 (In this case (&, V) is a sectorial Dirichlet form in the sense of [14]).
Then there exists a sub-Markovian Cy-semigroup of contractions Pf associated with the
generalized Dirichlet form &;. Define P, := e Pf. If it is a Cp-semigroup on L' then it satisfies
(A4). Then we have
D(L) C FCF.

(iv) The semigroup can be also constructed by other methods. (see e.g. [11], [4], [6]).
(v) By (A3) we have that £ is positivity preserving i.e.
E(u,ut) > 0Vu e D(L),

which can be obtained by the same arguments as [23, Proposition 4.4].

(vi) The condition that for any u € bF' there exists uniformly bounded u,, € D(L) such that
c‘:’gil(un —u) — 0 is satisfied if C°(RY) C D(L). It can also be satisfied in the case of (iii) by
the theory of generalized Dirichlet form.

(vii) All the conditions are satisfied by the bilinear form considered in [11], [13], [22, Section
1 (a)] and the following example which is considered in [23].

Example 2.2 Let b; € L>(R% dx), 1 <i < d. Consider the bilinear form

ou Ov d ; o0u o d
E(u,v) = ”Z /]Rd 8Ii8_:tjdm_izl/b axivdx,u,ve Cy°(RY)

Assume there exist constants ¢, L > 0 such that

/(b, Vudz < 2l[uls for all u € C(RY),u > 0,

d ou
-> /bia—%dxhihj < Ll|ul|1|h|?,

i,j=1
for all u € C3°(R%),u > 0,h € RY,

(or equivalently, b is quasi-monotone, i.e.
(b(x) = by),x —y) < Llz — y[>,Vz,y € RY,)
dr

and for some continuous, monotone increasing function f : [0,00) — [1,00) with [° o5 = 00
we have that

()] < f(l2]), = € R".

Then in [23, Subsection I1.2] it is proved that there exists a generalized Dirichlet form in L?(IR%)
extending &.. We denote the semigroup associated with &, by Pf. If we define P, := e“Pf,
then it is the semigroup associated with £. By the computation in [23, Subsection I1.2], P, is
sub-Markovian. So it satisfies the conditions (A1)-(A4).

Further examples are presented in Section 4 (see Examples 4.2 and 4.3) and Section 6.
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Then we use the same notation £, Cr, ||-|| associated with £4% as in [2]: Cp = C([0, T7; L*)N
L2([0,T]; F), which turns out to be the appropriate space of test functions, i.e.

T
Cr = {¢:[0,T] x R? = R|p; € F for almost each t,/ EY(py)dt < o0,
0
t — ¢, is differentiable in L?and ¢t — ,¢p; is L? — continuous on [0, T}

Here and below we set £%(u) for £ (u,u). We also set Clay = C'([a,b]; L?) N L*([a, b]; F).
For ¢ € Cr, we define

T ~
e = Gsup el + / £ (p0)dt) 2.
0

F is the completion of Cp with respect to || - [|7. By [2], F= C([0,T]; L?) N L*(0, T; F). We
define the space F* w.r.t. &y analogous to F. Then we have F' C F®. We also introduce the
following space

WH2([0,T); L*(RY)) = {u € L*([0,T); L*); dpu € L*([0, T}; L)},

where Ou is the derivative of w in the weak sense (see e.g. [3]).

2.1 Linear Equations

Consider the linear equation
(O + Lu+ f=0, 0<t<T, (2.5)
ur(r) = ¢(z), =R, '
where f € LY([0,T]; L?), ¢ € L.
As in [2] we set Dy := (Vo)o for any ¢ € Cg°(R?), define Vi = {Dy¢ : ¢ € C°(R?)}, and
let V be the closure of V; in L?(R%; R¥). Then we have the following results:

Proposition 2.3  Assume (A1)-(A3) hold. Then:
(i) For every u € F* there is a unique element of V', which we denote by D,u, such that

Eu) = /(Dgu(x),Dgu(x»m(dx).

(ii) Furthermore, if u € F*, then there exists a measurable function ¢ : [0,7] x R — R¢
such that |¢o| € L2((0,T) x R?) and D,u; = ¢;0 for almost all ¢ € [0, 7.

(iii)Let u",u € F“ be such that u" — w in L2((0,T) x R%) and (D,u"), is Cauchy in
L*([0,T) x R% R¥). Then D,u™ — Dyu in L*((0,T) x R%R¥), i.e. D, is closed as an operator
from F into L2((0,T) x R%).

Proof See [2, Proposition 2.3]. O

For u € F,v € bF', we define

E(u,v) = Sa’é(u,v) + /(ba, Dyu)yvm(dx).

Notation We denote by Vu the set of all measurable functions ¢ : RY — R? such that
¢ = D,u as elements of L*(R¢, RF).



2.2 Solution of the Linear Equation

We recall the following standard notions.

Definition 2.4  (strong solutions) A function v € F N L'((0,T);D(L)) is called a strong
solution of equation (2.5) with data ¢, f, if ¢ — u; = u(t,-) is L*-differentiable on [0, T, dyu; €
L'((0,T); L?) and the equalities in (2.5) hold m-a.e..

Definition 2.5 (generalized solutions) A function u € F is called a generalized solution of
equation (2.5), if there are sequences {u"} which are strong solutions with data (¢", f™) such
that

"~ ullr = 0. 6" — 6lla = 0, lim f* = f in L}([0,T}; L?).

Proposition 2.6  Assume (A3)-(A4) hold.
(i) Let f € C*([0,T]; LP) for p € [1,00). Then

T
w, = / P, fuds € CY([0,T); I?),
t
and

T
Oywy = —Pr_ fr ‘f‘/ Py_;0,fsds.
t

(ii) Assume that ¢ € D(L), f € C*([0,T]; L?) and for each t € [0,T], f; € D(L) . Define

T
Ut = PT—t¢ + / Ps—tfsds-
t
Then u is a strong solution of (2.5) and, moreover, u € C*([0, T; L?).
Proof By the same arguments as in [2, Proposition 2.6]. O

Remark 2.7 Here in (ii) we add the assumption ¢ € D(L) and f, € D(L), t € [0,T], as we
can not deduce P,¢ € D(L) for ¢ € L?, since (P;) might not be analytic.

Proposition 2.8 Suppose (A4) holds. If u is a strong solution for (2.5), it is a mild solution
for (2.5) i.e.

T
uy = Pr_4¢ + / Ps—tfsds'
t
Proof For fixed t, ¢ € D(L)
~ T A~ T A~ ~
(UT7 PT—tQO) - (uta 90) - / (—LUS - f87 PS—tSO)dS + / (u57 LPS—tQO)dS'
t t

Here L, P, denote the adjoints on L?(R? m) of L, P; respectively. As u is a strong solution, we
can deduce that

T
(Ut, 90) = (PT—t¢ +/ P,_fsds, 90)-



Since D(L) is dense in L2, the result follows. O

Proposition 2.9  Assume that conditions (A1)-(A4) hold, f € L'([0,7]; L?) and ¢ € L*.
Then equation (2.5) has a unique generalized solution v € F' and

T
U = PT,t(b + / Ps,tfsds. (26)
t

The solution satisfies the three relations:

T T T
||ut||§ + 2/ Ea’b(us)ds < 2/ (fs,us)ds + ||gz5||§ + 2a/ ||u5||§ds, 0<t<T. (2.7)
¢ ¢ ¢

lullz < Mz(llgll; + (/0 I fell2)?). (2.8)

T

/ (s D) + €% (un, 1) + / (b0, Do) prdm) dt = / (o)t + (6, 07) — (1t 010)s (2.9)

to to
for any ¢ € bCr,to € [0, T]. My is a constant depending on T'. (2.9) can be extended easily for
© € bWL2([0,T); L*) N L*([0, T); F).

Moreover, if u € F' is bounded and satisfies (2.9) for any ¢ € bCr with bounded f, ¢, then
u is a generalized solution given by (2.6).

Proof [Existence] Define u by (2.6). First assume that ¢, f are bounded and satisfy the
conditions of Proposition 2.6 (ii). Then, since u is bounded and by Proposition 2.6 we know that
u is a strong solution of (2.5), hence it obviously satisfies (2.9). Furthermore, v € C''([0, T]; L?).
Hence, actually v € bCr and consequently,

T A T
/ ((us, Opus) + Sa’b(us, us) + /(ba, Dous)usdm)ds = / (fs, us)ds + (o, ur) — (ug, uy).
¢ ¢

By (2.3) we have [(bo, Dyus)usdm > —aljus||3. Hence

T T T
Julg+2 [ euds <2 [ (fuwdds+ JolB+2a [ Julfds,  0<t<T,
t t t

As
T T T
/t (forus)ds — / (fos Pros) + (for / Poofodr))ds
T T T
< / 1 ollal| Pr_sbllads + / 1 fullel / Pre o fodr|ods
T T T
<Moe™ (|9 / 1 fullads + / (£l / 1o lladr)ds),
and
T T
/t ||u5||§dssMT_t<||¢||§+</0 1filladt)?),
we get

T T
a2 + / £ (u)ds < Mr_, (6|12 + ( / 1filladt)?).
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Hence, it follows that
T
lullz < Mr([loll3 + (/0 [ fell2dt)?). (2.10)

Here Mp_; can change from line to line and is independent of f,¢. Now we will obtain the
result for general data ¢ and f. Let (f™)nen be a sequence of bounded function in C*([0, T']; L?)
such that f; € D(L) for a.e. t € [0,7T] and fOT | £ = ftlladt — 0 (This sequence can be obtained
since {aug(z); ¢ € C3°[0,T], g € bD(L)} is dense in L'([0,T]; L?)). Take bounded functions
(¢™)nen C D(L) such that ¢" — ¢ in L?. Let u™ denote the solution given by (2.6) with
f=1"0=0"

By linearity, u" — u™ is associated with (¢™ — ¢™, f™ — f™). Since by (2.10)

T
" — w2 < M(l6" — ™2 + / 1 — S lade)?),

we can deduce that (u"),ey is a Cauchy sequence in F'. Hence u = lim, o u™ in || - ||7 is the
generalized solution of (2.5) and we have

T
Uy = PT7t¢ + / PS,thdS.
¢
Next we prove (2.7)(2.8) (2.9) for u. We have (2.9) for v™ with f",¢" and ¢ € bCr, i.e.

T X T
/0 (2 Bhpr) + €l 1) + / (bo, Dyl prcdm)dt = / (7 o)t + (6", or) — (s 20).

We have

T

T .
| / £l — wy, po)dt] < K /
0 0

T
+ / (co + 1) (uy — ug, @)dt — 0,
0

. T .
a n l a, l
£ (' — wp)dt)( / £eh (p)dt)?

and
T T N T N
| / /<ba7Da<uz—ut>>sotdmdt|s||go||oo</ / |ba|2dmdt>2</ / Dy (" — ) Pdmdt)?
0 0 0

~ el ' [ poamint( [ " — )
— 0.

N[

Hence we deduce

T X T
/ (s D) + £ (g, 1) + / (b0, Dyue) prdm)dt / (s 00)dt + (6, 07) — (0, 0),
0 0

for any ¢ € bCr.

11



As the relations (2.7), (2.8) hold for the approximating functions, we obtain

T T T
[[ug’ ||2+2/ £ (ug)ds < 2/ (fes uy)ds + ||¢”||2+2a/ [ufll3ds,  0<t<T
t t ¢

T
|2 < Mr([6"]2 + ( / 17 dt)?).

Since [ [l = [Juelz, we conclude

T T
lim £ (ul)dt = / E¥ (uy)dt.
0

n—oo 0

It is easy to see that lim,, . ft mul)ds = ft (fs,us)ds. Then by passing to the limit in the
above relations, we can get (2.7) and (2.8) for u.

[Uniqueness] Let v € F be another generalized solution of (2.5) and (v")nen, (6™ )nens (f™*)nen
be the corresponding approximating sequences in the definition of generalized solutions. By
Proposition 2.8

T
sup [l — oPl3 < Mp(l6" — 13+ ( / 1= FPllade)?).
te[0,7] 0

Letting n — oo, this implies u = v.
For the last result we note that Vtg > 0,9 € bCr
T

/ (1t D) + EH(uup, 1) + / (b0, D) prcdm)dt = / (For o)t + (61 00) — (g, ). (211)

to to

For ¢ > %, define

1 1 1
uy =mn Us—_gds, fir=n fi_sds, " :=n Up_qds.
0 0 0

Let us check that each u™ also fulfills (2.11) with f™, ¢". We set ¢f := @, s for 0 < s+r < T.
Then for fixed ¢ € (0,7], and n > + .

T ~
[ (o + &0t + [ b, Dygdmat
to
[T 3
:n/ / (utf&at(pt) +ga7b(ut75790t> + /<b07 Dautfs>90tdm>dtd3
to
_n/ / (ut, Ory) —I—Eab(ut,got) /(ba, Dup)pidm)dtds
to
Y A R R
0 to—s
1 OT
:n/ [/ (ft—sv Spt)dt + (uT—sv (zDT) - (ut0—57 (;Oto)dt]ds

0 to

T
:/ (ftna @t)dt + ((bn’ SOT) N ('LL?O’ gpto)dt_

to

12



For the mild solution v associated with f, ¢, the above relation also holds with v™ replacing u".
Hence we have

/ (= )7 Bupe) + E((u — 0)? 1) + / (b0, Dot — v)) pedm)dt = —((u— o)., on).

to

And we have (u — v)} € bC;1 . Hence, the above equation holds with (u — v)} as a test
t [L,7] t

function, i.e. for n > %

| (a0 + 25 (o), (a0 1+ [ b Do) o)t dm)dt = ~((u=0) (w0}

to

So we have

T T
w32 [ &=t o)t <20 [ o) e
t

to
By Gronwall’s Lemma it follows that
1w —v)3 13 =0.
Letting n — oo, we have |luy, — vy, |l2 = 0. Then letting to — 0, we have ||ug — vo|| = 0. Then

uy = Pr_i + ftT P,_,fsds is a generalized solution for (2.5). O

2.3 Basic Relations for the Linear Equation

In this Section we assume that (A1)-(A4) hold.

Lemma 2.10 If u is a bounded generalized solution of equation (2.5), then u™ satisfies the
following relation for 0 <t; <t; < T

to
luf 2 < 2 / (o uT)ds + [l 12

t1

Proof Choose the approximation sequence u"™ for u as in the existence proof of Proposition
2.9. Denote its related data by f", ¢" .
We have the following equations:

T
lim sup ||uy —ull2 =0, lim EX(uft — uy)dt = 0,

T
lim / 17— filladt =0, lim [[¢" — ]2 =o.
n—oo 0 n—od

Suppose that the following holds

) B <2 [y s + ) (212)

t1

13



where 0 < t; <, <T. Since ||u"||, are uniformly bounded, we have

to

i [ (57 s = [ ? v )ds.

n—00 4 t

By passing n to the limit in equation (2.12) we get for 0 < t; <ty < T,

to
o1 <2 [ (s + s

t1

Therefore, the problem is reduced to the case where u belongs to bCr ; in the remainder
we assume u € bCr . (2.9), written with ut € bW H2([0, T); L?) N L*([0, T); F) as test function,
takes the form

t2 t2 . t2
/ (ug, Op(uf))dt + / EP (uy, u)dt + / /(ba, D, usyufdmdt
t1

t1 t1

. (2.13)
= [ e+ () = G ),
t1
By [3, Theorem 1.19], we obtain
2 1 2 2
/ (e, Op(u"))dt = S ([l |12 = Nl [12):
t1
Then
to R t2
Jui |5 + 2/ EP (uy, u)dt + 2/ /(ba, D, ug)u; dmdt
. h h (2.14)
=2 [ (i it +
t1
Next we prove for u € bF
E(u,ut) > 0. (2.15)

We have the above relation for u € D(L). For u € bF', by (A4) we can choose a uniformly
bounded sequence {u,} C D(L) such that ng’l;l(un —u) — 0. Then we have

|/<ba, Dyu)utdm — /(ba, Dyuyyutdml|
<| /(ba, Dyu, — Dou)udm| + | /(ba, D,u)(u) —u®)dml|

SM(/ | Dy, — Dgu|2dm)% + | /{ba, D,u)(uf —ut)dml|

—0.

14



Because £ (ut) < £ (u), sup, E4(u}) < sup, E(u,) < oo, we also have

€%t (un) ) = £ (u, ")
<IESE (= 1, (wa)*) + EXD (u, (wn)t — )|
(2 1) — 0, () )|+ (2 + DI, () ¥ = 7))
<K (EXD (un — u)) 2 (EX L (ua) 1)) 2 + €S0 (u, (up) ™ — u™)|
+ (co+ D) ([ () *llalltn — ulle + (c2 + Dl (un)t —u*[la]ull2)
—0.

As a result we have (2.15) for u € bF. So we have

[2)
I <2 [ (e -+
t1

O

To extend the class of solutions we are working with to allow f € L(dt x dm), we need the
following proposition. It is a modified version of the above lemma.

Lemma 2.11 Let u € bF and f € L'(dt x dm) satisfying the weak relation (2.9) with test
functions in bC7 and some function ¢ > 0, ¢ € L2NL>®. Then u™ satisfies the following relation

to
HUZH§f§2L/‘(f@?@?ds%-ﬂugﬂé

t1

Proof First note that we can prove analogously to the above proof that for each u € bCr
satisfying the weak relation (2.9) with data (¢, f) over the interval [tq,to], wheree <t <t, < T
for € > 0, the following holds

to
Mﬂ@§2/(ﬁwﬁﬁ+WQ%-

t1

For u € F we take approximating functions ™ and (¢™, f) as in the last part of the proof of
Proposition 2.9 . And we have that u™ satisfies the weak relation (2.9) for the data ¢™, f™ with
test functions in bCr over the interval [e, t5] and % < e <ty <T. Note

T
mﬂ/Hﬁ—ﬁmﬁ:O
n—oo c

Then we have .
) 13 <2 [ iy e+ )
t1

where ¢ < t; <ty < T for € > 0. The convergence of all terms, which do not depend on f,
follows by the same arguments as in the above proof. Since u is bounded, it is easy to see that

15



u" is uniformly bounded. Then we have

t2

i | [z s | ? (Fuv)ds|

n—oo tl tl
to t2
<M lim / 12 — follids + lim / (fs, (W)™ —uf)ds

Finally, we obtain

to
Jf 2 < 2 / (Fov )t + |12

t1
where ¢ < t; <ty < T for € > 0. Letting ¢ — 0, the assertion follows. O

The next Proposition is a modification of [2, Proposition 2.9]. It represents a version of the
maximum principle.

Proposition 2.12 Let u € bF and f € LY(dt x dm), f > 0, satisfying the weak relation
(2.9) with test functions in bCr and some function ¢ > 0, ¢ € L* N L>°. Then u > 0 and it is
represented by the following relation:

T
up = Pr_1¢ + / P, i fsds.
t

Here we use P, is a Cp-semigroup on L'(R%;m) to make P,_;f, meaningful.

Proof Let (f™)nen be a sequence of bounded functions such that
0< fr< fmh <, lim f" = f.
n—oo

Since f™ is bounded, we have f™ € L'(]0,T]; L?). Define
T
uy = Pr_4¢ +/ P, flds.
¢

Then by Proposition 2.9, u™ € F' is a unique generalized solution for the data (¢, f"). Clearly
0 <u" <u"! for n € N. Define y =u"—wuand f:=f"— f. Then f <0 and y satisfies the
weak relation (2.9) for the data (0, f). Therefore by Lemma 2.11, we have for ¢; € [0, T]

T
Iy |2 <2 / (Fuy?)ds < 0.

t1

We conclude that ||y;"[|3 = 0. Therefore, u > u™ > 0 for n € N. Set v := lim,,_,o u™. By (2.7)
we have

T T T
il +2 [ esbunds <2 [ (g2 ands + 613 +2a [ s
t t t

which implies that

T T T
g2 + 2 / 95 ds < 20 / / fldmds + )3+ 20 / 2 3ds.
t t t

16



By Gronwall’s Lemma, we have sup, sup;cjz [|ufll; <const. And we obtain lim, o [u} —
2 . k)
vt]|3 = 0 and

T
lim ]/ /(f:uz — fsvs)dmds| = 0.
t

n—oo

By [14, Lemma 2.12] we have

n—o0 n—oo

T . T . T N
/ Sféil(vs)ds < / lim inf SfQ’il(u?)ds < lim inf/ Egil(u’;)ds.
¢ ¢ t

Finally, for t € [0,7] we get

t

T . T .
l|vs]I3 + 2/ % (vg)ds < lim ||u||2 + liminf/ £ (u™)ds
t n—oo n—oo

n—oo

T T
< Jm @ [ (g a)ds + olB) + lim 2a [ fuzlds
t n—roo t

T T
=;/ammeuwﬁ+/'mm%&
t t

Since the right hand side of this inequality is finite and ¢ + v; is L?-continuous, it follows that
veF.

Now we show that v satisfies the weak relation (2.9) for the data (¢, f). As p™(t) =
luf — v¢]|2 is continuous and decreasing, we conclude by Dini’s theorem

lim sup [ju} —vll2 =0,
N0 (0,7

and therefore .

: n _ 2 _
Jim i [u — vl = 0.

Furthermore, there exists K € R, and a subsequence (ny)rey such that
T R
|/ gL (um)ds| < K Vk € N.
0

in particular

g K
/ /|Dgu?’“|2dmd5 < — Vk e N.
0

(&1
We obtain

T R T .
lim [ E“P(uf, p,)ds = / £ vy, p5)ds,
0

k—o0 0

T T
lim / /(ba, Dyul*)psdmds :/ /(ba, D,vs)psdmds,
0 0

k—o0

which implies (2.9) for v associated to (¢, f). Clearly u — v satisfies (2.9) with data (0,0) for
@ € bCr. By Proposition 2.9 we have u — v = 0. Since

and

T
vy = Pr_¢ + / P, fods,
t
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the assertion follows. O

Corollary 2.13 Let u € bF and f € L'(dt x dm) satisfy the weak relation (2.9) with test
functions in bCy and some function ¢ € L? N L. Let g € L'(dt x dm) be a bounded function
such that f < g. Then u is represented by the following relation:

T
wh = Pr s+ / Py ofuds.
t

Proof Define f" := (f V (—n)) A g,n € N. Then (f™),en is a sequence of bounded functions

such that f™ | f and f™ < g then by the same arguments as in Proposition 2.12, the assertion
follows. 0

The following proposition is a modification of [2, Proposition 2.10] . It is essential for the
analytic treatment of the non-linear equation (1.1) which is done in the next Section.
Proposition 2.14 Let u = (u!,...,u!) be a vector valued function where each component is
a generalized solution of the linear equation (2.5) associated to certain data f?, ¢*, which are
bounded and satisfy the conditions in Proposition 2.6 (ii) for i« = 1,...,l. Denote by ¢, f the
vectors ¢ = (o', ..., 0!, f = (f1, ..., f)) and by D,u the matrix whose rows consist of the row
vectors D,u’. Then the following relations hold m-almost everywhere

T T
1
|| + 2/ Py (| Dyus|® + §C|u5|2)d5 = Pr_|¢|* + 2/ P, i{us, fs)ds. (2.16)
t t

T
Jue| < PT-t|¢|+/ Py (t, fo)ds. (2.17)
t

Here we write # = x/|z|, for v € R!, 2 #£ 0 and & = 0, if x = 0.
Proof By Proposition 2.6 (ii) we have u € bCr.

First we assume [ = 1. If we can check that u? satisfies (2.9) with data (2uf — 2|D,ul? —
cu?, p?) for ¢ € bCr, then (2.16) will follow by Corollary 2.13. We have the following relations:

T T
/ (U?7 Oppy)dt = 2/ (ug, Op(ugspy) )dt + (U(Q)a ©o) — (U%m or),
0 0

£ (w2, pr) = 28w, unpr) — (2| Do + cu?, 1),
and
/(ba, Dg(uf)>g0tdm = 2/<ba, D ug)ugpedm.

For the second relation, we use (2.2). Since w is a generalized solution of (2.5), we have

T

T
/0 (ut, O¢(usspy) )dt — (ur, urer) + (uo, uopo) — / (fe, ugpy)dt

0
T T
:—/ Ea’b(ut,utgot)dt—/ /(ba, D yug)ugpidmdt.
0 0

18



By the above relations, we have

/ (42, Bup)dt + (2, 00) — (1 07) + / (E (2, 00) + / (bo, Dy (12)) podim )t
0 0 (2.18)

T T
:2/ (ftUn @t)dt - / (2’Daut‘2 + C’Ut‘27 @t)dt'
0 0

Hence, by Corollary 2.13 (2.16) holds in the case [ = 1. To deduce this relation in the case
[ > 1, it suffices to add the relations corresponding to the components |[u¢|?,i =1, ...,1.
For (2.17), define for € > 0, h.(t) := \/t + & — 1/ for t > 0. Then by integration by parts,
we have X R
£ (he([uf*), o) =E**(Jul®, hL(Jul*)@) — (R ([u*)|Ds (Jul*)*, )
+ (c(he(ul?) = [ul*hL(Jul*)), @),

an

/0 (heus]?), D)t = / (luel?, Buloeh (Jue )t — (fur 2, orht (jur]?))
T (uol? ol (o)) + (he((ur ), or) — (he(lul?). o).

If we choose phl(|ul?) as test function in (2.18), we have

T
[ ottt + (ol ulfaof)) — (. orh(ur)
0 .
T / (E(Jus?, puh (us]?) + / (b0, Do ([us]2)) el (]2 dim)
0
T T
=2 [ (oo )it = [ 2Dof? + el o).
0 0
By the above relations we have
T
/0 (he(e?). Drp)t — (he(Jurl), or) + (helluol?). )
T
4 (h.(Jus|?), o bo, Dy (he(|us|?))) ordm)d
+/0< ( (Iul)w>+/<0 (ha(ue?)) o) it
T
- / () D[ P2 1) + (e(helul?) — [u?H(Jul?)). o)dt
° T T
2 / (o wh (), o) — / (B (s ) 2Dy + e 2. o).
0 0

As
| Do (Jul?)]? = 4(u, Dyu(Dyu)*u),
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we deduce
2(f, uyhl(|ul*) — 2h_(Ju*)| Doul® — hZ(ul?)| Dy (Jul?)|?

_{fou) = |Douf? | |u*(@, Dyu(Dou)*i)

(ufF+ o)} (jalt + )3
(f,w)  elDoul® + [uf*(|Doul* — (i, Dou(Dyu)*it))
(Juf? + )2 (Juf? +¢)2
(f, u)
“(jul? + )
By Proposition 2.14 and since c(h.(Jus|?) — 2|us[*h.(Jus]?)) < 0, we deduce
T
ellu?) < Prelof?) + [ Pl
t (lus|* +€)2

Letting ¢ — 0 obtain the results. ([l

The next corollary is a version of the above proposition for general data. Here we use P; is
a Cy-semigroup on L.

Corollary 2.15 Let u = (u!,...,u') be a vector-valued function, where each component is a
generalized solution of the linear equation (2.5) associated to certain data f* € L'([0, T]; L?), ¢' €
L? for i = 1,...,1. Denote by ¢, f the vectors ¢ = (¢, ...,¢"), f = (f, ..., f!) and by D,u the
matrix whose rows consist of the row vectors D,u’. Then the following relations hold m-almost
everywhere

T 1 T
|| + 2/ P,_(|Dyul* + §c|us|2)ds = Pr_|¢|* + 2/ P,_i{ug, f,)ds. (2.19)
t t

T
ul < Prodfol + [ P, £)ds. (2.20)
t

Proof Analogously to the proof of Proposition 2.14 it is enough to verify (2.19) for [ = 1. For
¢ e L? fe LY0,T], L?), take ¢,, f. as in Proposition 2.9, then we have

(a). Upy = Pr_1on + ftT Ps_;fnsds is a generalized solution ,

(b). limy oo [, || frs — follods =0,

(d). lim, o0 ||n, — ul|z = 0.
By Proposition 2.14 we have

T T
1
|Un7t|2 + 2/ Ps—t(lDaun,sP + §C’Un’s|2)d8 = PT—t‘anF + 2/ Ps—t<un,s;fn,s>d8' (221)
t t
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By (b) and (d) we obtain
T
I Pacsl (i o) = G L)1

T
<C/ (lunsllzll fns = filla + [ fsll2llun.s — usll2)ds
t

T
<C(sup umsla / s — Lullads + sup [ns — us] / 1 l2ds)
t

s€[0,T] s€[0,T]

—0.

Here we used that P, is a Cp-semigroup on L'(R%; m). By (d) we conclude that

T
/ 1Dyt — | Doty Pll1ds
t

T - T N L
(( ||D unsn ds)z + ( HD u8||2d3) )( ||D Un,s — D0u8||2d8)2

/Saunsds% /Sausalsé / ENups —u ds)%

_>

and that

T
[ et = e, Plds
t

T T T
([ 1M unls) + ([ 123 1 2, = i)
t t t
b 1 T e
([ e [ e, w)a
t t

I

T

<M(( / E0 (un)ds)® +
t

—0.

Thus, we obtain
T

T
lim Ps—t(|DaUn,s|2)dS=/ Py_| Dyus|*ds,
t

n—oo t

T T
lim/ Pst(|cun7s|2)ds:/ Py_i|cus|*ds.
n—oo t t

Passing to the limit in equation (2.21) we get (2.19).
For proving (2.20), we use the same method.

and

Lemma 2.16 If f,g € L'([0,T]; L?) and ¢ € L?, then:
T 1 T T
/ Psft(fsPTfsgb)dS < iprtQSQ + / / Psft(fsprfsfr)drdsv m —a.e.
t t s
Proof Define

21
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T
hi == Pr_;¢, Uy 1= / Pyt fsds.
t

By (2.19) we deduce

T
1
hi + 2/ P._(|Dyhs|* + §c|hs\2)ds = Pr_,¢°,
t

T 1 T T
vf + 2/ Ps_t(|ngs|2 + §c|vs|2)ds = 2/ Ps_t(fs/ P,_f.dr)ds,
t t S

and . .
1
htvt + 2/ Ps—t(<Dah57 DUU5> + §Ch51)5)d8 - / Ps—t(fSPT—SQS)dS'
t t

So, we have
T T 1
/ P, (fsPr_s¢)ds =hv; + 2/ P, _({Dyhs, Dyvg) + §chsvs)ds
¢ ¢

g 1 1
< (h?+v3)+/ Poil|Dohsf* + [Doval® + Sefvsl® + Selhsf*)ds (2.23)
t

N~ N~

T T
PT—tgb2 + / / Ps—t(fsPT—sf’/‘)drds-
t s

3 The Non-linear Equation

In the case of non-linear equations, we are going to consider systems of equations, with the
unknown functions and their first-order derivatives mixed in the non-linear term of the equation.
The non-linear term is a given measurable function f : [0,T] x R¢x R'x RIE@RF — R! [ € N.
We are going to treat the following system of equations.

(O + L)u+ f(-,,u,Dyu) =0 up = ¢. (3.1)
Here ¢ € L*(R?, dm; RY).

Definition 3.1  (Generalized solutions of the nonlinear equation) A generalized solution
of equation (3.1) is a system u = (u',u?, ...,u!) of [ elements in F with the property that
f(-,,u, Dyu) belongs to L*([0, T]; L?) and there are sequences {u,,} which are strong solutions
of (3.1) with data (¢,, f,) such that

|wn, — u|lr — 0, ||¢p — @|l2 = 0, and lim f,(+, -, up, Douy,) = f(+, -, u, Dyu) in Ll([O,T]; L2).
n—oo

Definition 3.2  (Mild equation) For every i € {1,...,1} we define the mild equation as
. . T .
u'(t,x) = Pr_¢'(x) + / P, f'(s, -, us, Dyug)(z)ds,m — a.e.. (3.2)
¢
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Lemma 3.3 u is a generalized solution of the nonlinear equation (3.1) if and only if it solves
the mild equation (3.2).

Proof The assertion follows by Proposition 2.9. U

We will use the following notation

l
I3 = 16113, 6 € L*(RERY,
=1

S(U,v)zzg(ui,v)gauv Zﬁ“u v, u,v € Y,
T
Julfy = sup ol + [ €2 s(un)dt,u e B
t<T 0

3.1 The Case of Lipschitz Conditions

In this subsection we consider a measurable function f : [0,7] x R x R x R' ® R* — R’ such
that

|f(t,:17,y, Z) - f(t7x7y/7 Z/)| S C(|y - y/| + |Z - Z/|)’ (33)
with ¢, z,y,y/, z, 2’ arbitrary and C'is a constant independent of ¢, z. Set f(¢,z) := f(t,x,0,0).
Proposition 3.4  Assume that the conditions (A1)-(A4) hold and that f satisfies condition

(3.3), fO € L*([0,T] x R4, dt x dm;R") and ¢ € L*(R% R'). Then the equation (3.1) admits a
unique generalized solutlon u € F' and it satisfies the following estimate

c?
6T(1+QC+ o +20¢+02)(

Jull7 < oI5 + “fo“%Q([O,T]de))‘

Proof If u € F', then by relation (3.3) we have

|f(7 ',U,DUU)‘ < |f(7 '7u7DUu) - f(? 7070)| + |f(? 7Oa0)’
< C(lul + [Doul) + [ £°].

As f° € L*([0,T] x R% dt x dm;R!) and |D,u| is an element of L*([0,7] x RY), we get

f(, - u, Dyu) € L*([0,T] x RERY). )
Now we define the operator A : F' — F' by

T
(Au): := Pr_,;¢" + / P, i f'(s, -, us, Dyuy)ds, i=1,..,1L
t

Then Proposition 2 9 implies that Au € F'. Tn the following we write fi, = fi(s,, us, Doyus).
Since (Au)i — ft — fi4)ds is the mild solution with data (f, — f;,0), by the

u,s
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same arguments as in Proposition 2.9 we have
T T
1] Pectti = £l < Mr( [ s = fuclds)
t t .
< MT(T_t)/t ||fu,s_fv,5||§d5

T

< M(T — 1) / (lts — 0,12 + 1 Dots — Dy |2)ds
t

< Mr(T — t)]u— ]2,

where My can change from line to line. Here |[ulliz, 1) := (Supsepr, z [lwell3 + fTb 5(?2111 (ug)dt)z,

where 0 < T, < T, < T. Fix T; sufficiently small such that v := My (T — Tl) < 1. Then we
have :
[Au = Av|ltr, 7y < Allu = v||F o

Then there exists a unique u; € ﬁ’[TI 71 such that Au; = u; where F[Ta,Tb} = O([T,, T,); L*) N
L*((T,,Ty); F) for T, € [0,T] and T}, € [T, T).
We define the operator A : F! — F' by

T .
(A'u)! = Pp_aut T +/ P, f'(s,+, us, Dyug)ds, 1=1,..,1.
t
Then by the same method as above, we get
|4 — ANl 7y < Mr(Ty = t)[Ju — vl ).

Now we choose Ty, < T} such that Mz(T} —t) < 1. Hence there exists a unique uy € F[T2,T1]
such that A'us = uy. Define u := uylip, 17 + uolip, ). Then we have if T, <t < Tj, that

T
Pr_,¢" +/ Po_if'(s, -, us, Dyuy)ds
t

Ty T
— PT_t¢i + / Ps_tfl(sj ° ’U,s, Dgus)ds + / Ps_tfi(57 ° u1:37 DUULS)dS
t

Th

T
= PT—tgbl + / Ps_th(S, 5 Us, Daus)ds + PTl—t<u21,T1 - PT—T1¢Z)
t

. Tl . . .
= Pr4¢' + / Po 1 f'(s,+, us, Doug)ds + PTl—tull,Tl — Pr¢'
t

T
(AU); = PT—tQSZ + / Ps—tfl(37 5 Uls, Do'ul,s)ds
t
= ull,u

Therefore, we can construct a solution over the interval [Tz, T]. Clearly there exists n € N such
that 7' < n(T — T1). Hence, the construction is done after n steps.
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In order to obtain the estimate in the statement, we write

T
| / (fusst1s)ds|

T T T
< [ Uf2Nlslds +€ [ s +C [ 1Dl
t t t

b [ usmgas+ G v o shon [ utgas+ 2 [
_2 ] s 2 S 2 201 \ us 2 S 2 \ us S.

By relation (2.7) of Proposition 2.9 it follows that

T T T
ful+2 [ €25u)ds <2 [ (Fusruds + 615 +2a [ ulBds
t t t
T C? T
<o+ [ Nf2Bds + 1420+ S 420 ca) [ ulias
t 1 t

T ~
—I-/ £ (uy)ds.
t

Now by Gronwall’s lemma the desired estimate follows.
[Uniqueness| Let u; and us be two solutions of equation (3.1). By using (2.7) for the
difference u; — uy we get

T
Jura = uail+2 [ £~ wa)ds
t
T T
§2/ (f(sa ) ul,sa Doul,s) - f(S, K u2,sa Dau2,s)a Uys — u2,s)dS + 20(/ ||u1,s - U2,s||§d3
t t

T T
§2/ C(|Dyur,s — Dyuss|, |ur s — ugs|)ds + (2o + C) / l|lugs — u275||§d3
¢ ¢

2 T T R

S(C— + o+ 2a+C) / |lurs — u2’s||§ds + / Ea’b(uLS — Uy )ds.
1 ¢ t

By Gronwall’s lemma it follows that

|1y — ugyl3 =0,

hence u; = us. O

3.2 The Case of Monotonicity Conditions

Let f:]0,7] x R x R! x R'@ R* — R! be a measurable function and ¢ € L?(R?, m;R') be the
final condition of (3.1). We impose the following conditions:

(H1) (Lipschitz condition in z) There exists a fixed constant C' > 0 such that for ¢,z,y, z, 2/
arbitrary

\f(t,z,y,2) — f(t,x,y,2")| < Clz— 2]
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(H2) (Monotonicity condition in y) For x,y,y', z arbitrary, there exists a function yp; € L*([0, T]; R)
such that

<y - yla f(twru Y, Z) - f(tu x7y,7 Z)> S /j“t|y - y,|27

and oy = fg psds.
(H3) (Continuity condition in y) For t,z and z fixed, the map

y— f(t,z,y,2)

is continuous.
We need the following notation:

fo(t7x) = f(t7x’ 07 0)7 f/(t7x’y) = f(t,l', y70) - f(t7$7 07 0)7

fr(t,x) = sup | f(t,2,y)|-

ly|<r

(H4)For each r > 0, f" € LY([0,T]; L?).
(H5) [[¢]loc < 00, [|flloc < 00, ]| € L2, |f°] € L*([0,T]; L?).

If m(R%) < oo the last two conditions in (H5) are ensured by the boundedness of ¢ and f°.
The condition (H1), (H4), and (H5) imply that if u € bF , then |f(u, Dyu)| € L*([0,T]; L?).
Under the above condition we can’t conclude that f(t,x,-, D,-) is a map from V to V'. Hence
we can’t use the monotonicity method to prove the existence of solutions.

Lemma 3.5 In (H2) without loss of generality we can assume that j; = 0.

Proof Let us make the change u} = exp(ay)u; and

¢* = exp(ar)e, fi(y, z) = exp(ay) fi(exp(—au)y, exp(—a)z) — [y,

for the data. Next we will prove that u is a generalized solution associated to the data (¢, f)
if and only if «* is a solution associated to the data (¢*, f*). Hence we can write

T
= P (@) + [ Peaf s D,
t

equivalently as

T
up* =exp(ay) Pr_¢'(x) + exp(at)/ Po_if'(s, -, ug, Dyus)(x)ds
= exp(ar)Pr_¢'(z) + (exp(oy) — exp(ar))Pr_¢'(x)

+ [ (exp(ay) — exp(as))Po_y f'(5, -, ts, Dyug)(x)ds

+ exp(as)PS_tfi(s, “ Ug, Doug)(x)ds

/
t | . |
=Pr_1¢"*(z) + / P,_i(exp(ag) f(s, - us, Do) (x))ds

T t A T ‘
—/ ,usexp(as)PT_tgb’(x)ds—/ /usexp(as)Pl_th(l,-,ul,D(,ul)dsdl
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T
P 6 (2) + / Pocy(exp(ts) fi(s, - exp(s)u?, expless) Dote?) (z))ds
T T
- / Ps—t(:us exp(@s)PT—sgbi(x) +/ Hs exp(as)Pl—sfi(la”ulaDaul)dl)ds

. T .
=Pr_1¢"*(x) +/ Py %" (s, -, us, Dyut)(x)ds.

Next we prove f* satisfies (H1)-(H5). It is obvious that (H1), (H3)-(H5) are satisfied. Let us
prove that f* satisfies (H2) with p, = 0. We have

=y, f"tzy2) -ty 2)

=y — sy’ — 11y)
+ (exp(ay))?{exp(—ay)y — exp(—a,)y, f(t, z, exp(—ay)y, exp(—ay)z))
— (exp(ay))? (exp(—an)y — exp(—an)y/, f (¢, =, exp(—ay)y’, exp(—ay)2))
— |y =o' Ppe + pe(exp(an))?| exp(—aw)y — exp(—a.)y'|?

=0.

Thus, by making the transformation f — f*, we can assume that p; = 0. 0

Lemma 3.6 Assume that conditions (Al)-(A4), (H1) and the following weaker form of
condition (H2) (with p; = 0) hold:

(H2") (y, f'(t,z,y)) <0 for all t,z,.

If u is a generalized solution of (3.1), then there exists a constant K depending on C| i, T, a
such that

T
lullz < K([l0]3 +/0 £ 115d¢). (3.4)

Proof Since u is a solution of (3.1), by Proposition 2.9 we have

T T T
o3+ 2 / % (u,)ds < 2 / (fovus)ds + urll? + 2a / s 2.
t t t
Conditions (H1) and (H2") yield

(fs(us, Do), us) =(fs(us, Do) — fi(us, 0) + f/(u8> + f£7US>
S’fs(usaDaus) - fs(u87 )Hus‘ + < (us) uS> + ’fOHUS‘
<(C|Dyus| + |f50|>|u8|

Hence, it follows that

T T T
Jul+2 [ 0¥u.)as <2 / (C1D |+ 182 usfdmds + Jur 3 + 20 [ B
t t

02 T T
5‘”’ (s ds—i—(——|—1+2a+02)/ Hungds—l—/ I f2N5ds + |lurl|3.
t t
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Then Gronwall’s Lemma yields

T
lullz < K(I6]% + / 1£01Rdt),

By a modification of the arguments in [2, Lemma 3.3] we have the following estimates.

Lemma 3.7 Assume that conditions (A1)-(A4), (H1) and (H2’) hold. If u is a generalized
solution of (3.1), there exists a constant K, which depends on C, i and T', such that

lullso < K(lI8lloc + 11f[l0)- (3.5)

Proof By Corollary 2.15 we have

T T
|ut|2+2/ Ps—t(|DUu|2) S PT—t|¢|2+2/ Ps—t(“safs(usaDUus»dS' (36)
t t

Following the same arguments as in the proof of Lemma 3.6 we deduce
(fs(us, Dotts), us) < (C|Dous| + | f])]usl.

And by Corollary 2.15 (2.20) we get
T
u < Prodol+ [ Pe(CIDsw] + £
Then we have
T
/ Psft<fs(usaD0u8)7u8>d8
tT T
< [ PedlPrdol + [ PC1Dou | + 18210z + 12
t S
So, by (3.6) and Lemma 2.16 we obtain
T
|ug|? +2/ P, (|Dyus|*)ds
' T T
<Pr_|¢|? +2(/ Po4[(Pr—s|o| +/ Pr_o(C|Dour| + [ f2))dr)(C|Dgug| + | f{])]ds)
t S
T T T T
<3Pr_|6f2 + 207 / / P (IDota| P Dot ) drds + 2 / / Po (£ P 2 ) drds
t S t S

T T
+ 2/ / P, 4[Pr_s(C|Dyuy| + | f)(C|Dyus| + | f2])]drds.
t s
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Since

T T
/t [ PP €D+ NCID] + 121
T T
S%/t /S [Po_t(C|Dytis| + [ f2)?] + Poei[(Pr_s(C|Dyuy| + | f°)))?]drds

T T
1
< / / C*Poe| Dy + Pl O+ 5 Pred(ClDy | + |2 s
t S

T T
<2CT — 1) / Py oDy 2ds + 2(T — ¢) / Pl fO2ds,
t t

and since by Schwartz’s inequality one has

T T
/ / Py (1Dotia] Poo| Doy )drds
t s

T T]. T T]_
< / / S (Poci| Dy ydrds + / / 5 (Prod| Do )
t S t S
T

S(T_t)/ Psft‘Daus|2d57
t
we conclude

T
|ut|2—|—2/ Py (IDyusl?)ds
t
T T
<3Py i[> + 6CA(T — 1) / Py oDy 2ds + 6(T — ) / P |/ 2ds.
t t

Hence, the first estimate of this lemma holds on the interval [T" — ¢, T| where € > 0 such that
6C%e = 1. So we can deduce by iteration the estimate over the interval [0, T]. We obtain from
the first estimate

T
’Ut|2 < sup sup K(PT7t|¢|2 + (T - t)/ Psft|f£|2d5)
t

t€[0,T] zeRd

< sup K([|¢*[loo + T2 /°11%)
te[0,7)

<K*(llol% + 11%),
which implies (3.5). O

By the same methods as in [2, Theorem 3.2], we obtain the following results. As the method
is similar as in the proof of [2, Theorem 3.2], we will give the proof in the Appendix A.

Theorem 3.8 Suppose that m(dx) is a finite measure and that conditions (A1)-(A4), (H1)-
(H5) hold. Then there exists a unique generalized solution of equation (3.1) and it satisfies the
following estimates for some K; and K, independent of u, ¢, f

T
lull2 < K (6] + / 170134,
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lullso < Ka([[@lloc + I1%loc)-

Lemma 3.9 Assume conditions (A1)-(A4),(H1)-(H5) hold. If u € F is bounded and for
@ € bCr satisfies

T T
/0 E u, 1) + (1t oy )t = / (fulute, Do), )it + (e o7) — (119, 0).

Then we have
T T T
HutH% + 2/ 5“’b(us)ds < 2/ (fs(us, Dousg), ug)ds + |\¢\|§ + 204/ Hungds, 0<t<T.
t t t

Proof Define u} = 2 fh usds. Choose ¢; = ul, then we have

2h Jt—h
T 1 1 T
/ E (ug, ul) + ﬁ(ut,ut%) — ﬁ(ut,ut_h)dt = / (fi(ug, Doy, ul)dt + (up, ult) — (ug, ul).
t t
That is to say,
1 T 1 t T
51 (u, Ut—i—h)dt ~ 57 (Ut; Upyp,)dt +/ 5(Uta U?)dt
2h Jr_p 2h Jiy, t
T (3.7)
:/ (fi(ue, Dotig), ul)dt + (urp, ulp) — (ug, ult).
0
Letting h — 0 in (3.7), the assertion follows . O

For the case m(dz) = dx, we will use a weight function of the form w(x) = exp[—pf(z)],
with # € C*(R?) being a fixed function such that 0 < 6(z) < |z|, and §(z) = || if |x| > 1, and
p € RT. If one chooses p > 0, then clearly one has m(R%) < co. We denote the generalized
Dirichlet form, function spaces and the generator associated with p > 0 by &7, Ja ct, L,
respectively. In the case p = 0, we drop p in the notation, i.e. £ = £°. And for the case p = 0,
we need the following condition.

(A2’) (Sobolev inequality) If p = 0, then o is a bounded measurable field in R? and
Jull, < CEX(u,u)?, Yu € CF(RY),

where _ + 3 = 3 and || - ||, denotes the usual norm in L% And lbo| € LYRE: dx) + L (R m),

c € LY2(R% dx) + L=(RY; dx).
If (A2), (A2) are satisfied, for u,v € bF, we have

EP(u,v) = /(Dou, Dyv)dm + /cuvdm+ /((ba + bo, Dyu)vdm.

If p =0, we additionally have A
£ (u,u) < CEXu,u),
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and that F' = F*. We also need the following condition:
(H6). £%(u) < co,u € L = u € F.

The Sobolev inequality and (H6) are satisfied if a is uniformly elliptic. By [21, Lemma 4.20]
we have:

Lemma 3.10 Assume conditions (A2’) and (H6) hold. Let p > 0 and suppose o is bounded.
Then it holds

gp(ua ()0) = 6(u7 gOQXp<—0p)) + (Mpu> 90),07
for uw € F,, ¢ € bF,, where M,u = p(D,0, D,u).

Theorem 3.11  Suppose that m(dx) = dx, o is bounded and that the conditions (A1)(A2")(A3)(A4),
(H1)-(H5), (H6) hold. Then there exists a unique generalized solution of equation (3.1) and it
satisfies the following estimates with constants /Ky and K5 independent of u, ¢, f

T
lull2 < Ku(ll6l3 + / 170 13de).

[ulloo < Ea([[dlloo + 11/°loo)-
Proof Set for p > 0

fp(tvrvyv ) —ftxy, +pzzal )

=1 =1

and consider
(Oy+ L,)u+ f*(u, Dyu) =0, ur = ¢. (3.8)

The associated weak equation has the form Vo € bC/
T T
/ EP(ug, 1) + (ug, Oppy) pdt = / (ff (ue, Do), 1) pdt + (ur, o1), — (U0, $0),- (3.9)
0 0
As f* satisfies conditions (H1)-(H5), we have a generalized solution u” of (3.8).
Fix p > 0 and take f, € C(RY) such that f,(z) = 1 for x € B,(0), f.(z) = 0 for

x € BS (0), Oy, fn(x) are uniformly bounded and 9., f,(x) — 0 as n — oo. If ¢ € bCr, then
@fnexp(fp) € bCh. As

T T
/0 E7(uf o1 fy exp(6p)) + (uf Dupy f)dt = / (£, Dotdl), Fupr)dt + (e fupr) — (s Fusoo),
by Lemma 3.10 we have

T T

/0 E(l puf) + (il Dupufu)dt = / (ol Do), foe)dt + (1, foupr) — (s fuspo). (3.10)

If u € F} satisfies (3.10) for fixed j with test function ¢ € bCp, then u satisfies (3.9) for p > 5,
with test functions ¢ where ¢ € bC%.
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Now fix p; > 0. Then there exists a solution u”* of (3.8) associated to p;. We conclude u”!
satisfies the weak equation (3.9) for all p > p; with ¢ € bC%. Then by Lemma 3.9 and the same
arguments as in the uniqueness proof of Theorem 3.8 we have u”* = u” for all p > p;.

Finally, we deduce that a solution u” of (3.8) associated to p is a solution of (3.8) for all
p > 0. Then by Theorem 3.8, we have

T
iz, < Ealolz, + [ IF15,d0)-
0

Letting p — 0, by Fatou’s Lemma, we obtain

P2 _ 1; 5112
[|u”[|7- })g%”u ||T,p
T
: 2 0112
< tim K (ol + [ 16715,
T
= Ku(ll3 + / THED)
0

and )
[ ]|oe < Ka([[llos + 11/ ]l0)-

By (H6), we have u? € L2((0,T), F). For u? € F* for p > 0, we can obtain
]y, = ufll2p — O

Then there exists a subsequence such that u? — uf for m-almost every x. Hence, uf —
t+hny » Ytth,

uf for dx-almost every z. Then by the same arguments as Lemma 3.9, we have
t+h
ab 0112
1, ~ ol ) <20 [ . sl +1 [ euddasl 4 [l
t
SM/ | fsll2,pds + M/ Sgéljrl(uf)ds
t t
Letting p — 0, we get
i i t+h tth
2 2 a, 5
1 = Nl < 0 [ Wfllads + 01 [ ezh, (udas,
t t

Hence we have uf i, T uf in L?(R9, dz). Since this reasoning holds for every sequence h,, — 0,

we have u? € C([0,T], L?), hence uf € F'. By above arguments, we deduce that

T _ B T B _ _ :
/(; g(ué)a Sotfn) + (ué)a at(ptfn>dt = /(; (ft(ufa Daué))a fn(pt)dt + (U%, fnSOT) - ('ng, fn(po)

Letting n — oo, we conclude that
T i i T i i i i
| g+ (.0ceodt = [ (. Do), et + (ufr) — (i o)
0 0
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Since f,(u?, D,u?) € L'([0,T]; L?), we can choose (f")nen C C(0,T] x RY) such that
fOT lfi = fi(uf, Dyu})||2dt — 0. Let v™ be the generalized solution associated with (f™, ).
Then v" is bounded. For

T
v i= Pr_p(x) + / Py f (s, uf, DUUS)(ZB)dS’
t

we have [[v™ — v||r — 0. On the other hand, by Lemma 3.9 we have

T L T B B 3 T B
Jof = ot +2 [ €280~ utyds <2 [ (fu(u Do) f2u = utds + 20 [ = o2 s
t

t t

T T
<oM / 1o, D) — 7ads + 20 / lu? — o7 3ds.
t t

By Gronwall’s lemma we obtain |[v™ — u?||; — 0, as n — oco. Therefore, we have v} =v;. [

4 Martingale representation for the processes

4.1 Representation under P*

In order to obtain the results for the probabilistic part, we need £ to be a generalized Dirich-
let form in the sense of Remark 2.1 (iii) with cp,¢ = 0 and ¢ = 0. The Markov process
X = (Q, Fu, Fi, Xy, P*) is properly associated in the resolvent sense with &, i.e. R,f :=
E* fooo e~ f(Xy)dt is an E-quasi-continuous m-version of G, f, where G,,a > 0 is the resol-

vent of £ and f € B,(R?) N L3(R?; m). The coform & introduced in Section 2 is a generalized
Dirichlet form with the associated resolvent (Ga)a>0 and there exists an m-tight special stan-
dard process property associated in the resolvent sense with £. From now on, we obtain all the
results under the above assumption.

We will now introduce the spaces which will be relevant for our further investigations. Define

M = {M|M is a finite additive functional, E*[M?] < oo, E*[M,] = 0
for € — gq.e.z € E and all t > 0}.

M € M is called a martingale additive functional(MAF). Furthermore, define
M ={M € M|e(M) < co}.

Here e(M) = Llimg o0 a2E™[[° e7** M2dt]. The elements of M are called martingale additive
functional’s (MAF) of finite energy. Let M € M. There exists an E-exceptional set N, such
that (M, Fi, P.)i>o is a square integrable martingale for all z € E\N. By [25, Theorem 2.10]
M is a real Hilbert space with inner product e.

We consider the following condition:

(A5) X is a continuous conservative Hunt process in the state space R4U{d}. G, is strongly
continuous on V and £ is quasi-regular. C5°(R?) C F and for u € F, there exists a sequence
{un} C C°(R?) such that & (u, —u, u, —u) — 0,n — oo. F, := {z € R |z| < k} is an E-nest.
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Remark 4.1 The last two conditions in (A5) are satisfied if C§°(R?) is dense in F. They
are also satisfied in our next two examples.

Example 4.2 Consider b = (b°) : R — R be a Borel-measurable vector field. Let us define
Lu = Au+ (b, Vu), Vu € Cp°(RY).

Assume that

‘llim (b(x),z) = —o0,

and that there exist Cy,Cy, m € [0,00) such that
‘b(l’)’ §01+02|Ilm SL’GRd

Then by [8, Theorem 5.3], there exists a probability measure y on R? such that
/ Ludp =0 Yu e CPRY.
Rd

And
be L*(p).

By [8, Theorem 3.1] we have du < dz and the density admits a representation ¢?, where
© € HY?(R? dx). The closure of

1
E%u,v) = 5 /(Vu,Vv)d,u; u,v € C°(RY),

on L*(R% 1) is a Dirichlet form. Denote ° := 2V¢/¢ and 8 := b — b°. Then we have
B € L*(R% R4, ). Then by [22, Proposition 1.10 and Proposition 2.4] (L, C5°(R?)) is L!-unique.
Then by the proof of [22, Proposition 2.4] for u € bF there exists a sequence {u,} C C5°(R?)
such that &(u, — u,u, —u) = 0,n — oco.

Consider the bilinear form

E(u,v) = %/(Vu, Vu)du — /(%6, Vuyvdp u,v € C°(RY).

Then by the computation in [25, Section 4d] we have that conditions (A1)-(A5) hold for the
bilinear form £.

Example 4.3 Consider d > 2, A = (a¥) a Borel-measurable mapping on R¢ with values in
the non-negative symmetric matrices on R%, and let b = (b%) : R — R be a Borel-measurable
vector field. Consider the operator

Lay = 0i(a?0;1) + b'0p, vy € C°(RY),

where we use the standard summation rule for repeated indices. By HP(R?Y, dx) we denote
the standard Sobolev space of functions on R? whose first order derivatives are in LP(R?, dx).
Assume that for p > d

(Cl)a¥ € HP!(RY, dx), (a) is uniformly strictly elliptic in R,

loc
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(C2)b € IP, (R, dz).

Here by H,”(R?, dx) we denote the class of all functions f on R? such that fy € H'"»(R% dx)
for all x € C3°(R?). And L _(R% dx) denotes the class of all functions f on R? such that
fx € LP(RY) for all x € C°(R?). Assume that there exists V € C?(R?) (" Lyapunov function”)
such that
lim V(z) = 400, lim Ly,V(z) = —o0.
Examples of V' can be found in [9] and the reference therein.
Then by [9, Theorem 2.2] there exists a probability measure x4 on R? such that

/ Lagpdp=0 Vi € C°(RY).
R4

Then by [9, Theorem 2.1] we have du < dx and that the density admits a representation
©?, where ©* € H'P(R?, dx). The closure of

loc
1
E%u,v) = 5 /(Vua, VuYdu; u,v € C(RY),

on L*(R4, ) is a Dirichlet form.

If in addition, there is a positive Borel function 6 on [0, 00) such that liny . 0(t) = +o00
and

LayV(z) < c1 — cof(|A72b|)| A 2]

outside some ball, then by [7, Theorem 2.6] b € L*(R%R? u). Set v° = (8Y,...,83), where
W= 22?:1 a0;0/p,i =1,..,d. And B :=b—b°. By [7, Theorem 2.6] 3 € L*(R%R?, p).
Then by [22, Proposition 1.10 and Proposition 2.4] (L, C$°(R?)) is L'-unique. Then by the
proof of [22, Proposition 2.4] for u € bF there exists a sequence {u,} C C°(RY) such that
E(up, — uyup —u) = 0,n — o0.

Consider the bilinear form

E(u,v) = %/(Vua, Vou)du — /(%ﬂ, Vuyvdu u,v € C°(R?).

Then by the computation in [25, Section 4d] we have that conditions (A1)-(A5) hold for the
bilinear form &.

For an initial distribution u € P(R?), here P(R?) denotes all the probabilities on R%, we will
prove the Fukushima reprensentation property mentioned in [19] holds for X, i.e. there is an
algebra K (R?) C B,(R?) which generates the Borel o-algebra B(R?) and is invariant under R,
for o > 0, and there are finitely many continuous martingales M?!, ..., M< over (Q, F*, F}', P*)
such that for any potential u = R, f, where o > 0 and f € K(R?), the martingale part M of
the semimartingale u(X;) — u(Xj) has the martingale representation in terms of (M?, ..., M%),
that is, there are predictable processes Fy, ..., F;y on (Q, F*, F}') such that

d t
M :Z/ FidM?  P'—a.s..
j=1"0

35



By [24, Theorem 4.5], if G, is sub-Markovian and strongly continuous on V, the Fukushima
decomposition holds for u € F.

Let us first calculate the energy measure related to (M) v € C°(R?). By [25, (23)], for
bounded g € L'(R%,m), we have

/ évgdU(M[u]) - algrolo a(UEXJ\}_[ZUl» é'yg)

= lim lim gm(ae’(7+"‘)t<M[“> )+ lim EG (/0 <M[U]>ta(7+ oc)e’(”a)tdt)

a—00 t—00 Gy a—00

= lim lim (g, e / P,G.gds)
0

a—00 t—00

+nmaw+axlweWH%@wm«<Xa—mxo—Nﬁme

a—r0o0

=hmaW+axAmeWQWGM«wxo—wxm%w>

a—0o0

= lim 2a(u — aGau, uGyg) — a(u?, Gvg aGoG.g)

:2(—LU, UGW.g) - (—LU 7G7.g)
:25(U, U’G’Yg> - g(u27 GA’YQ)

:25“(u,uévg) — &%u?, Gg) + 2 /(ba, D u)uGygm(dz) — /(ba, D,u?)Ggm(dz)
=28%(u, uG~g) — £%(u?, G g)

9 / (Dyt, Dy (uCeyg))dim — / (Do, Dy (Cyg))dm

:2/(Dgu, D,u)Ggdm.

Thus, by [25, Theorem 2.5] we obtain
Pty = 2(Dyu, Dyu) - dm.

So, for u,v € C°(R?), under P? for quasi every point z,

t & ; Ou Ov
(MM plly, = 2/ > Za; )(X,)ds. (4.1)

ox’ (‘3373
7,j=1 =1

Then by (A5) and [24, Theorem 4.4], we deduce (4.1) for every u,v € F.

By (A5) Fj, = {z € R, |z| < k}, k € Nis an E-nest. By [25, Theorem 3.6}, for u;(z) = z;, we
have the Fukushima decomposition for Al and let M@ e Mloc (Fi)re N be the assomated local
martingale additive functional. We define the stochastic integral f-M® for f € L?(R? S K )>)

as in [12, p243], and for L € M we have

(f - M(i),L> =f- <M(i),L).
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Theorem 4.4  Assume (A5) holds. Let u € C}(R?), then
d
i=1

Proof By [25, Theorem 3.6], we have

n t
Z/ Ui (X ), (X ) d(M D, MDY
0

ij=1

n t
—2 Z/ U, (X ), (X )d(M D MUY
0

ij=1

d
i=1

n t
+ Z/ U, (X )ty (X )d(M D, MY
0

,j=1

=0.

Then by [25, Lemma 2.4, Lemma 1.18], we have

) MW, :2/0 > (X))ol (X.)ds. (4.2)

Lemma 4.5 Assume (A5) holds. Let C; be a uniformly dense subset of Cy(R?). Here Cy(R?)
denotes the continuous function with compact support. Then the family {f-MM: fecCue
Cs°(RY)} of stochastic integrals is dense in (M, e).

Proof Suppose that an MAF M € M is e-orthogonal to the above family, namely, Ix f dpvar pely =
0,Vf € Ci,u € C°(RY). This identity extends to all u € F by [24, (13)] and (A5). Hence,

(M,M"y=0  VueF.

In particular, this holds for u = G.g,a > 0,Vg € Cy(R?). By [12, Theorem A.3.20] we deduce
that M = 0. ([l

Theorem 4.6 Assume (A5) holds. Then the space M can be represented by stochastic
integrals based on M® = M=l 1 < i < d:

d d &
M = {Z fi- M9 Z Z/ (fifjaéaj-)(x)m(dx) < 0o}, (4.3)
i=1 ij=1 1=1 /R
and . | .
DWRITES )Y /R (fifioloh) @ym(da).
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Proof The space of the right hand side of (4.3) is dense in (M, e), since it contains the set

d

{f - MM = "(fuy,) - MY f € Co(RY),u € CHRM},

=1

which is dense in (M,_e) by Lemma 4.5. Hence, it is enough to show that the right hand side
of (4.3) is closed in (M, e).
Suppose that lim,, . e(M, — M) = 0 for

d

anzfi(n) Z/ a”f(n M dm < 0o, M € M.

7,7=1

Set f™:= (f7, ..., f}). Since

/ |(f™ — f™)o|*dm,

we deduce that "o Converges in L2(R%; m) to some h; for each i = 1,....,d. Let h = (hy, ..., hq)
and f = hr. Set M' = ZZ: fi - M@ then

e(M, — M') /| foPdm

:/ |f"o — h|*dm.
D

which converges to zero as n — oo. Therefore, we have M = M’ and

ZZ/ (fifs0lo)(@)m(d) < oo.

i,=1 [=1
0

As a consequence, X satisfies Assumption (1) in [19]. Hence by [19, Theorem 3.1], we have
the martingale representation theorem for X:

Theorem 4.7  Assume (A5) holds. Let p € P(R?) charging no set of zero capacity. Then for
any square-integrable martingale N = (N;);> on (Q, F*, F{, P*), there are unique predictable
processes (F}) such that

d t
Ny — Ny = Z/ FidM®» Pt —q.s..
i=0 70

Moreover, by an analogous method to [19, Theorem 3.1] we have the martingale represen-
tation theorem for X which is similar to [2].

Theorem 4.8 Assume (A5) holds. Then there exists some exceptional set N such that the
following representation result holds. For every bounded F.,-measurable random variable &,
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there exists an predictable process (¢1, ..., ¢q) : [0,00) x 2 — R%, such that for each probability
measure v, supported by R?\ A, one has

d oo
=B R+ Y [ o P s,
i=0 70

and - .
B [ loo(xXopds < 3
0

If another predictable process ¢' = (¢}, ..., ¢}) satisfies the same relations under a certain
measure PY, then one has ¢,0(X;) = ¢;0(X}),dt x dP” — a.s..

Proof Suppose that N is some fixed exceptional set. By K we denote the class of bounded
random variables for which the statement holds outside this set. By the same arguments as
in the proof of [2, Theorem 4.7] we have that if (§,) C K is a uniformly bounded increasing
sequence and £ = lim,,_,, &, then £ € K.

Let K(R?) C B,(RY) be a countable set which is closed under multiplication, generates
the Borel o-algebra B(R?) and R,(K(RY)) c K(R?) for each a € Q. Such K(R?) can be
constructed as follows. Choose Ny C B, (R%) to be a countable set which generates the Borel
o-algebra B(R?). For [ > 1 define Ny11 = {g1...9x, Rafg1.--9r, f,9: € Ni, k € NU{0},a € QF}
and K(R?) := U2, N;.

Let Cobeall E =& -+ - &, neN, &= [ e f;(X,)dt, where o; € QT, f; € K(RY),j =
1,...,n. Following the same arguments as the proof in [19, Lemma 2.2], we have that the
completion of the g-algebra generated by Cy is F, . By the first part of our proof a monotone
class argument reduces the proof to the representation of a random variable in C,.

Let £ € Cy. Following the same arguments as the proof of [19, Theorem 3.1], we have

N, = E*(§|F) = }:ﬂ%

where the sum is a finite one, and for each m, Z™ = Z, has the following form
Z = V(X))

(the superscript m will be dropped if no confusion may arise), where V; = Hf;l f(f e P5g;(X,)ds
and u(ac) = R51+~~+5k(hl(Rﬂ2+m+5khQ”'<R5khk)”') for 61 S Q+,gi,hi € K(Rd) We have u €
K(R%). Hence, by the Fukushima decomposition and the Fukushima representation we obtain

d t
u(Xy) — u(Xo) = MM + AP =3 / GIAMD + A pr s (4.4)
-, 0

for some predictable processes G’. Then by the same arguments as the proof of [19, Theorem
3.1], we deduce that

d
N, = 21 /Ot dvreGridMm® P —as..
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As (4.4) holds for every x outside a set of zero capacity. Then we take the exceptional set N
in the assertion to be the union of all these exceptional sets corresponding to u € K(R?). O

One may represent separately the positive and the negative parts and then we have the
following corollary.

Corollary 4.9 Assume (A5) holds. Let A be the set obtained in the preceding theorem.
Then for any JF,-measurable nonnegative random variable & > 0 there exists a predictable
process ¢ = (¢1, ..., pq) : [0,00) x Q — R? such that the following holds

d )
=B R+ [ s P oas,
i=0 /0

and - .
B [ oo (xPds < S
0

for each point € N such that E*¢ < oco.
If another predictable process ¢ = (¢, ..., ¢},) satisfies the same relations under a certain
measure P then one has ¢,0(X;) = ¢;0(X}),dt x dP* — a.s.

4.2 Representation under P

In the following, we use the notation fot W(s, Xg).dM, = Zle fot wi(s, Xs)dMS(i).

Lemma 4.10 Assume (A1)-(A5) hold. If v € D(L) and 1) € Vu, then

(X)) — u(Xy) = /Otw(xsydMﬁ/ot Lu(X)ds — P™—as.

Proof The assertion follows by the Fukushima decomposition, (4.2) and Theorem 4.6. U

The aim of the rest of this section is to extend this representation to time dependent
functions u(t, z).

Lemma 4.11  Assume (A1)-(A5) hold. Let u : [0,7] x R? — R be such that

(i) Vs,us € D(L) and s — Luy, is continuous in L.

(i) v € C([0,T]; L?).

Then clearly u € Cp. Moreover, for any ¢ € Vu and any s,¢ > 0 such that s +¢ < T, the
following relation holds P™-a.s.

t t
u(s +t, X;) —u(s, Xo) = / (s +r, X,).dM, + / (0s + L)u(s + r, X, )dr.
0 0

Proof We prove the above relation with s = 0, the general case being similar. Let 0 =ty <
t1 < ... <t, =t be a partition of the interval [0, ¢] and write

u(tv Xt) - u<07 XO) = (u(tn+17 th+1) - u(tm th))

bS]
—

3
Il
o
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Then, on account of the preceding lemma, each term of the sum is expressed as

u(tn-i-lv th+1) - u(tn7 th)
=U(tns1, Xenyr) — Wtng1, Xt,) + u(tngr, Xo,) — u(tn, Xi,)

tn+1 In+1 tnt1
= Y X). M + / Ly, (Xs)ds + / Osus (X, )ds,
tn tn t’ﬂ
where ¢t = (Pt L i) € Vauy,,, and the last integral is obtained by using the Leibnitz-

Newton formula for the L?-valued function s — u,. Below we estimate in L? the differences
between each term in the last expression and the similar terms corresponding to the formula
we have to prove. Here we use mP;, < m ie. [ Pfdm < [ fdm for f € B*. This holds since

Pt is sub-Markovian. Then we have

tnt1 tni1
E’"(/ Y (X,).dM, — U(s, X,).dM,)?
tn

ln

tnt1
0 / (@ (X,) — (s, X))o (X.)Pds
tn
tn+1
§/ Euy, ., — ug)ds.
tn

Since s — Lu, is continuous in L?, it follows that s — wu, is continuous w.r.t. £f-norm. Hence
the difference appearing in the last integral £*(uy,,, — us) is uniformly small, provided the
partition is fine enough. From this one deduces that

Pl ot t
Z/ w”+1(XS).dMS—>/ (s + 7, X,).dM,.
0 “ tn 0

The next difference is estimated by using Minkowski’s inequality

=y / " (L., - Lug)(X,)ds)) 2

p—1

tn+1
> [ e L - a2 s
tn

IA

tn+1
< / |Lue,,, — Lus|lads,
tn

n=0

< 3
= o

so that it is similarly expressed as in integral of a uniformly small quantity.
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For the last difference we write

th41
(E™( Z/ (Osus(Xt,) — Dsug(X))ds)?)'/?
p—1 nt1
< / (E™(0,u5(X,,) — Oyuy(X,))2)V2ds
n=0 " tn
p—1

F||1

tn+1
/ (E™(0us(Xt,)? + Pomi, (95X (Xr,,) — 205u5(Xs, ) (Pomy, Osu) (Xy,)))?ds
t

3

*GIS
Ll

D||1

/tnﬂ (E™((D5u5(Xs,,) = (Pom Ost1)(Xe,))? + (Pt (0s115)* (X)) — (Pt Os,) (X4,))%))) 2 dls

n

IN
"?3
L

tn+1
/ / (Ostts = Pac, Otts)” + Pact, (0s1s)? — (Poo, Osuis)*dm)) /s,

3
o

From the hypotheses it follows that this will tend also to zero if the partition is fine enough.
Hence the assertions follow 0

Theorem 4.12  Assume (A1)-(A5) hold. Let f € L'([0,T]; L?) and ¢ € L?(R?) and define
T
u = Pr_¢ + / Pyt fsds.
t
Then for each 1) € Vu and for each s € [0, T], the following relation holds P™-a.s.
¢ t
u(s +t, X¢) —u(s, Xo) = / (s +r, X,).dM, — / f(s+r, X,)dr.
0 0

In particular, if u is a generalized solution of PDE (3.1), the following BSDE holds P™-a.s.

T—s

T
(t Xie) = 60X+ [0 X ulr Xom). Dol X )i = [ (s 4 XM

t—s
Proof Assume first that ¢ and f satisfy the conditions in Proposition 2.6 (ii). Then we have

u satisfies the conditions in Lemma 4.11. Then by Lemma 4.11, the assertion follows. For the
general case we choose u™ associated (f™,¢") as in Proposition 2.9. Then we have if n — oo,
||lu™ — ul|z — 0. For u™ we have

t t
u(s+t, Xy) —u"(s, Xo) = / P (s+r, X,).dM, — / s+ r, X, )dr. (4.5)
0 0
As
t t
E™| / (W™ (s + 1, X,) —YP(s + 7, X,).dM,|* < Em/ (V" (s + 71, X,) — P (s + 1, X,.))o(X,)|dr
0 0
t
S/ ga(u?—&-r - u]s)Jrr)dr'
0
Letting n — oo in (4.5), we obtain the assertion. O
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5 BSDE’s and Generalized Solutions

The set A obtained in Theorem 4.8 will be fixed throughout this Section. By Theorem 4.8 we
can solve BSDE’s under all measures P*, x € N°¢, at the same time. We will treat systems
of I equations, | € N, associated to Rl-valued functions f : [0,7] x 2 x R x R! @ RF — R'.
These functions are assumed to depend on the past in general and it turns out that a good
theory is developed assuming that they are predictable. This means that we consider the map
(s,w) — f(s,w,-, ) as a predictable process with respect to the canonical filtration of our
process (Fy).

Lemma 5.1 Assume (A5) holds. Let £ be an Fr-measurable random variable and f :
[0,T] x Q — R an (F;);>o-predictable process. Let A be the set of all points 2 € N¢ for which
the following integrability condition holds

T
B¢+ [ 17(sw)lds)? < o,
0
Then there exists a pair (Y;, Z;)o<t<7 of predictable processes Y : [0,7) x Q +— R, Z : [0,T) x
Q +— RY, such that under all measures P, x € A, they have the following properties:

(i) Y is continuous,
(ii) Z satisty the integrability condition

T
/ |ZtO'(Xt)|2dt < 00, P* —a.s..
0

(iii) The local martingale fot Zs.dM,, obtained by integrating Z against the coordinate martin-
gales, is a uniformly integrable martingale,
(iv) they satisfy the equation

T T
Ytzf—l—/ f(s,w)ds—/ Zs.dM,, P —as,0<t<T.
t t

If another pair (Y}, Z}) of predictable processes satisfies the above conditions (i),(ii),(iii),(iv),
under a certain measure P with the initial distribution v supported by A, then one has
Y. =Y/ P’ —a.s. and Zio(X;) = Zjo(X,),dt x P — a.s..

Proof 'The representation of the positive and negative parts of the random variable £ + fOT fsds
give us the predictable process Z such that

§+/OTfstIEXO(er/OTfsds)Jr/oTZs.dMs.

Then we get the process Y by the formula

T ¢ t
anX0(5+/ fsds)+/ Zs-dMs—/ Jsds.
0 0 0
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Definition 5.2 Let £ be an Rl-valued, Fp-measurable, random variable and f : [0,7] x
O x R x R @ R¥ — R! a measurable Rl-valued function such that (s,w) — f(s,w,-,-) as a
process is predictable. Let p > 1 and v be a probability measure supported by N ¢ such that
EY[€|P < co. We say that a pair (Y;, Z;)o<i<r of predictable processes Y : [0,7) x Q + R
Z:[0,T) x Q — R @ R? is a solution of the BSDE (5.1) in LP(P”) with data (¢, f) provided
that Y is continuous under P and satisfies both the integrability conditions

T
/|f(t,-,Y;,Zta(Xt))|dt<oo, P —as.,
0

T
E”(/ | Zyo (X,)|2dt)P? < oo,
0

and the following equation, with 0 <t < T,

T T
Y, =&+ / f(s,w,Ys, Zo(Xs))ds — / Z.dMj, P" —a.s.. (5.1)
t t

Let f:[0,7] x Q2 x R x Rl @ R* — R! be a measurable Rl-valued function such that
(s,w) — f(s,w,-,-) is predictable and satisfies the following conditions:
(Q1) (Lipschitz condition in z) There exists a constant C' > 0 such that for all t,w,y, z, 2/

|f(t,w,y, 2) — f(t,w,y,2)] < Clz— 2.

(22) (Monotonicity condition in y) There exists a function y; € L'([0,T],R) such that for all
W, 4,9, 2,
<y - yl7 f(tuwu Y, Z) - f(tuwu yI7 Z)> < :U’t‘y - 3/’2;

and oy = fot sds < 00.
(Q3) (Continuity condition in y) For t,w and z fixed, the map

y H f(t7w7y7 z)?

is continuous.
We need the following notation

Fltw) = f(t,w,0,0),  f(twy) = f(t,wy0)— ft,w,0,0),

Fr(tw) = sup | f'(t,w,y)l.

ly|<r

Let ¢ be an Rl-valued, Fp-measurable, random variable and, for each p > 0 denote by A, the
set of all points z € N¢ for which the following integrability conditions hold,

T
E/ frdt < oo,  Vr >0, (5.2)
0

E(Je + ( / 125, w)]ds)?) < oo.

0
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Denote by A, the set of points x € N¢ for which (5.2) holds and with the property that
€1 1] € L(P7).

Proposition 5.3  Under the conditions (A5), (1), (£22), (23), there exists a pair (Y%, Z;)o<t<r
of predictable processes Y : [0,7) x Q — R, Z : [0,T) x 2 — R @ R? that forms a solution
of the BSDE (5.1) in LP(P®) with data (¢, f) for each point z € A,. Moreover, the following
estimate holds with some constant K that depends only on C, v and T',

T T
B*(sup [P+ ([ 1Zo(X)Pdr?) < KEZ(P+ ([ P (swlldsn),  aea,
te[0,7 0 0
If 2 € A, then sup,cop [Yi| € L=(P).
If (Y/, Z}) is another solution in LP(P*), for some point x € A,, then one has Y; =Y/ and
ZtO'(Xt) = ZéO’(Xt), dt x P* — a.s..

The proof is based on more or less standard methods. Therefore, we include it not here,
but in the Appendix below.

We shall now look at the connection between the solutions of BSDE’s introduced in this
Section and PDE’s studied in Section 3. In order to do this we have to consider BSDE’s over
time intervals like [s, T, with 0 < s < T'. Since the present approach is based on the theory of
Markov processes, which is a time homogeneous theory, we have to discuss solutions over the
interval [s, T'], while the process and the coordinate martingales are indexed by a parameter in
the interval [0, T — s].

Let us give a formal definition for the natural notion of solution over a time interval [s, 1.
Let & be an Fr_,-measurable, R'-valued, random variable and f : [s, 7] x Q x Ri x RIQR* — R!
an Rl-valued, measurable map such that (f(s+[,w, -, -))icjo,r—s is predictable with respect to
(F1)icjo,r—s)- Let v be a probability measure supported by N such that E”[£]P < co. We say
a pair (Y;, Zy)s<i< of processes Y : [s,T] x Q@ — R Z : [s,T] x Q — R' @ R? is a solution in
LP(P") of the BSDE (5.3) over the interval [s, T] with data (&, f), provided that they have the
property that reindexed as (Ysy1, Zs11)icp,r—s) these processes are (F;)icpo,r—s-predictable, Y is
continuous and together they satisfy the integrability conditions

T
/ ’f(t, ‘,}/t, ZtO'(Xt_S>>’dt < 00, P" —a.s..

T
EV(/ | Z,0(X,_s)[2dt)P? < .

and the following equation under P”,

T—s

T
Y =§+/ f(r,Yr,Zra(er))dr—/ ZeqdM,,  s<t<T. (5.3)
t t

The next result gives a probabilistic interpretation of Theorem 3.8. Let us assume that f :
0,7] x RY x R x R ® R¥ — R! is the measurable function appearing in the basic equation
(3.1). Let ¢ : R? — R! be measurable and for each p > 1, denote by A, the set of points
(s,) € [0,T) x N¢ with the following properties

T
E/ ot Xeg)dt < oo,  ¥r>0. (5.4)
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B (0P (Xr-) + (|1 X0m)lds) < o

Set A = Up14p,Aps = { € N (s,2) € Ay}, and Ay = Ups1Aps,s € [0,7). By the
same arguments as in [2, Theorem 5.4], we have the following results. In particular, we can
reconstruct solutions to PDE (3.1) using Proposition 5.3.

Theorem 5.4  Assume that (A5) holds and f satisfies conditions (H1),(H2),(H3). Then there
exist nearly Borel measurable functions (u,9),u : A — R, ¢ : A — R ® R?, such that, for
each s € [0,7) and each x € A, , the pair (u(t, X;—s), ¥ (¢, Xi—s))s<t<r solves the BSDE (5.3)
in LP(P*) with data (¢(Xr—s), f(t, Xi—s,y, 2)) over the interval [s, T'.

In particular, the functions u, ¢ satisfy the following estimates, for (s,x) € A,,

B*(sup Jult, Xe—s)|P + ( / o (t, X—) Pdt)?) < KE(|o(Xr_o) P + ( / Ot X, b)),

tels,T)

Moreover, suppose (A1)-(A4) hold, and the conditions in Theorem 3.11 hold when m(dx) = dz.
If f and ¢ satisfy the conditions (H4) and (H5) then the complement of A, s is m-negligible (i.e.
m(As,) = 0) for each s € [0,T), the class of uly, is an element of F' which is a generalized

solution of PDE (3.1), ¢ represents a version of D,u and the following relations hold for each
(s,r) € Aand 1 <i </,

ui(s,x):Ex(gzﬁi(XT_s))—i-/ BT fi(t, Xy_g,u(t, X;_s), Dou(t, Xo_))dt. (5.5)

Proof We will assume that ¢ and f° are bounded; the general case is then obtained by ap-

proximation. Then the sets A,,p > 0, are all equal. We construct the functions (u,) on A as
follows. For s € [0,T), denote by (Y;*, Z;)s<i<r the solution in Proposition 5.3, of the BSDE
(5.3) over the interval [s,T], in L*(P®), x € A, with data (¢(X7_s(w)), f(t, Xi—s(w),y, 2)).
Since X, € Asy,, P*-a.s., by the uniqueness part of that proposition one deduces that

Yt ol =Y, tels+nrT),P*—a.s.,
(Z570(Xi_sr)) 00, = Zio(Xi_s), dt x P* — a.s.
for each fixed r € [0,T — s) and all measures P*,x € A,. In particular, if we define
u(s,x) == E°(Y?),
we will have, for any z € A,
u(t, Xo—s) = EV=(Y) = E°(Y/ 00| Fies) = Y7 P* —a.s..

Set Wi(s,w) = Z}, ,0(X;)(w), for (s,w) € [0,T)xQandl € [0,T—s). One has W(r+s, 6,(w)) =
Wi (s,w), dl x P* —a.s. In terms of the time-space Markov process X defined as in [2, Section

4.2], we have Wi(0,(s,w)) = Wir(s,w). Therefore, t — Ul (s,w) = JAT Wi, (s,w)dl, with

1 <i¢<land 1 < j < Ek, represents an additive functional for the time-space process X.
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By [20, Theorem 66.2 | we deduce that there exists a nearly Borel measurable function @; ;
[0,7) x RY — R, such that ¢%(t, X;_s(w)) = W},_,(s,w),dt x P*-a.s. for each x € A,. Define

Jt—s
Y= 77[)’7'.
Then we have Zjo(X;_s) = vo(t, Xi—s)dt x P* —a.s.,Vx € A;. Now we have

T
u'(s,r) = B*(¢"(Xr_s)) +/ Efi(t, Xy_g,ult, X;_s), o (t, X;_,))dt,

since ¢ and f° are bounded. In particular, we have that ¢t — u(¢, X;_,) is continuous P*-a.s. for

~

each x € A, because u may be written as the difference two X-excessive functions with regular
potential part (cf. [5]). This implies u(-, X._s) = Y*. u(-, X._), 9 (-, X._s) solves the BSDE
(5.3) in LP(P*) over the time interval [s,T]. By Theorem 4.12, we have that u is a generalized
solution of (3.1) and that ¢o represents a version of D,u. 0

Remark 5.5 In the above theorem, we need the analytic results, i.e. the existence of a
generalized solution of nonlinear equation (3.1), to obtain the above results. In the following
example, we drop the conditions (A1)-(A4), in particular, we don’t need |bo| € L?(R%;m) and
use the results that the existence of the solution of BSDE (5.3) to obtain the existence of a
generalized solution of nonlinear equation (3.1), which is not covered by our analytic results in
Section 2.

Example 5.6 Consider d > 2, A = (a¥) a Borel-measurable mapping on R¢ with values in
the non-negative symmetric matrices on R?, and let b = (b%) : R — R be a Borel-measurable
vector field. Consider the operator

Layh = a” 9,05 + b0, Vi € C5°(RY),

where we use the standard summation rule for repeated indices. By HP(RY, dx) we denote
the standard Sobolev space of functions on R? whose first order derivatives are in LP(R, dx).
Assume that for p > d

(Cl)a¥ = ¥ € HEX(RY, dx), 1 < i,5 < d.

(C2)bi € LP (R, du).

loc

(C3) for all V relatively compact in R? there exist v, > 0 such that
v |h|? < (ha,h) < vy|h|? forall h € R: x €V

Here by H.”(R?, dx) we denote the class of all functions f on R? such that fy € H"»(R% dx)
for all y € C3°(R?). And L _(R? dx) denotes the class of all functions f on R such that
fx € LP(RY) for all x € C°(R?). Assume that there exists V € C?(R?) (" Lyapunov function”)
such that

lim V(z) = 400, lim Ly,V(xz) = —o0.

Examples of V' can be found in [9] and the reference therein.
Then by [9, Theorem 2.2] there exists a probability measure x4 on R? such that

[ Lawdu=0 v e crm)
R4

47



Then by [9, Theorem 2.1] we have du < dz and that the density admits a representation
©?, where @? € HP(R?, dzx). The closure of

loc
1
E%u,v) = 5 /(Vua, VuYdu; u,v € C(RY),

on L?(R%, y) is a Dirichlet form.

Set b0 = (19,...,07), where b) := 2?21@]'@1'3‘ + 2a0;p/0),i = 1,...,d. And 8 :=b—b.
Then, 8 € L2 (R4 R, 1), Then by [22, Proposition 1.10 and Proposition 2.4] (L, C$°(R?))
is L'-unique. Then by the proof of [22, Proposition 2.4] for u € bF there exists a sequence
{un} C C°(R?) such that &(u, — u,u, —u) — 0,n — oo.

Consider the bilinear form

E(u,v) = %/(Vua,Vv)du - /(%ﬁ, Vuyvdp u,v € C°(RY).

Then by the computation in [25, Section 4d] we have that conditions (A5) hold for the bilinear
form €. Then we can use the first part of Theorem 5.4 to obtain the following results.

Theorem 5.7 Consider the bilinear form obtained in Example 5.6. If f satisfies conditions

(H1),(H2),(H3). Then there exist nearly Borel measurable functions (u, 1), u: A — R\ ¢ : A —

R’ ® R?, such that, for each s € [0,T) and each = € A, , the pair (u(t, X;—s), ¥(t, Xi—s))s<i<T

solves the BSDE (5.3) in LP(P?®) with data (¢(Xr—s), f(t, Xi—s,y, z)) over the interval [s, T7.
In particular, the functions u, ¢ satisty the following estimates, for (s,z) € A,,

E*(sup [ult, Xe—o)|P + ( / (o (t, X Pdty') < KE(|o(Xr_)|? + ( / Ot XD,

te(s,T)

Moreover, suppose f and ¢ satisfy the conditions (H4) and (H5) then the complement of A
is p-negligible (i.e. pu(A3,) = 0) for each s € [0,T), the class of ul, is an element of F! which
is a generalized solution of (3.1), 1o represents a version of D,u and the following relations
hold for each (s,z) € Aand 1 <i </,

T
u'(s,r) = B*(¢"(X1_s)) + / Efi(t, Xy g, ult, X;_s), Dou(t, X;_y))dt.

Proof By [22, Lemma 3.1], we have for u € D(L4y), u € D(EY) and E°(u,u) < — [ Luudp.
By this, the first part of proof in Proposition 2.9 hold in this case i.e. the mild solution is
equivalent to the generalized solution. Then the results in Theorem 4.12 hold. By the same
arguments as in the proof of Theorem 5.4 and using P;u = pu, the assertion follows. 0

6 Further Examples

The following two examples discuss the case where PDE satisfies some boundary conditions.

Example 6.1 . Let D C R? be a bounded domain satisfying the cone condition. We choose
m(dz) = 1p(x)dz. If £ is a sectorial Dirichlet form, it is associated to a reflecting diffusion X

48



in the state space D. Then by Theorem 3.8 there exists a solution to the non-linear parabolic
equation
(O + L)u+ f(t,x,u, Dyu) = 0, 0<t<T,
ur(z) = ¢(x),  weR’

Ou(t. -
“(’)\aDzo, t>0,
ov

where a% denotes the normal derivative. Then Theorem 5.5 provides a probabilistic interpre-
tation for this equation.

Example 6.2 .Let D C R? be a bounded domain satisfying the cone condition. We choose
m(dz) = 1p(z)m(dr) and replace C5°(RY) by C$°(D). Then the results in Theorem 3.8 apply
and there exists a solution u; € F' = Hj(D) to the following non-linear parabolic equation:

(O + L)u+ f(t,x,u, Dyu) = 0, 0<t<T,
ur(z) = ¢(z), xR
Assume & satisfies the weak sector condition. Let X° denote the diffusion associated with

ER where £F denotes the Dirichlet form which has the same form as £ with the reference
measure m(dzx) replaced by dx. Then define

X, X?, ift <,
T A otherwise,

where 7 = inf{t > 0, X € DU A}. Assume (A5) holds for X°. We use Theorem 5.5 for X"
with the data (¢(XO_)1ir—s<ry, Lioras) (1) f(r, XY, Yy, Z,0(X) ). Then there exist nearly

r—s) T

Borel measurable functions (u,v),u: A — R ¢ : A — R' @ R? such that, for each s € [0,7T)
and each x € A, the pair (u(t, X ,), ¥ (t, X ,))s<t<r solves the BSDE

TN(T+s) T—s

Y = (X9 ) lroser + / fr, X2 Y, Zo(XP ))dr — / Zg.dM,, s<t<T.

tA(T+5) t—s
Then by [17, Proposition 2.6] we have
Y;=0,Z, =0 when t € [7 +s,T],
and the pair (u(t, X;_s), ¥(t, X;_s))s<t<r solves the BSDE

T—s

T
Y, = 6(Xr_) + / F (. X Yo Zoo (X)) — / ZowdM;,  s<t<T
t t

—Ss

In particular, the functions u, ¢ satisfy the following estimates, for (s,x) € A,,

B*(sup Jult, Xe—o)|P + ( / o (t, X—) Pdt)"?) < KE(|o(Xr_o)P + ( / Ot X, )b,

tels,T)

The class of ul,, is an element in F' which is an m-version of uy, ¥o represents a version of
D,u and the following relations hold for each (s,z) € Aand 1 <i </,

ui(s,x):Ex(¢i(XT_s))+/ ET it Xy_gyu(t, Xo—s), ¥(t, Xo—s)o(X,_))dt. (6.1)
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Appendix A. Proof of Theorem 3.8

[Uniqueness]

Let u; and us be two solutions of equation (3.1). By using (2.7) for the difference u; — us
we get

T ~
Juss = usalB 42 [ € ua,)ds
t
T T
§2/ (f(s,-yu1s, Dours) — f(8,+, uas, Dotias), U1 s — Uas)ds + Qa/ l|lu,s — Uz,ngdS
t t

T T
§2/ C(|Dyur,s — Dyussl, |ur,s — ugs|)ds + 204/ |1 — ugs|/3ds
t t

c? r " gad
§<C_ +co+ 206) / Hul,s - U2,5H3d5 + / 8a7b(u1,5 - u273>d8'
1 t t

By Gronwall’s lemma it follows that
[, — w2yl = 0,

hence u; = us.
[Existence] The existence will be proved in four steps.
Step 1: Suppose there exists r € R such that

r 2 1+ K0l + [/ llo0 + 11/ loo):
where K is the constant appearing in Lemma 3.7 (3.5), and f is uniformly bounded on the set
A, =[0,T] x R x {|y| <r} x R' @ R

Define
M = sup{| f(t, 2, . 2)| : (t,2,9,2) € A,} < .

Next we regularize f with respect to the variable y by convolution

fn(t’ Ty Y, Z) =n' /Rl f(tv €, y/7 Z)gO(?’L(y - y'))dy',

where ¢ is a smooth nonnegative function with support contained in the ball {]y| < 1} such
that [¢ = 1. Then f = lim,« f, and for each n, 9, f,, are uniformly bounded on A,_;. Set

ho(t,z,y, 2) := fult, r—1 >y,z).

I,—
lyl v (r—1

Then each h, satisfies the Lipschitz condition with respect to both y and z. Thus by Proposition
3.4 each h,, determines a solution u, € F' of (3.1) with data (¢, h,). By the same arguments
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as in [21, Theorem 4.19], we have that h,, satisfies conditions (H1) and (H2’) with the same
constants (C' > 0 and p = 0). As m is a finite measure and f' € L>®([0,7] x RY), we have
[t e L*([0,T]; L?). Since

|hn(t, 2,0,0) =|fn(t, z,0,0)]
<! / g — £t 2) + £ @)l (n(—y))dy
Rl
<|f°(t, )|+ £l (¢t @),

one deduces from Lemma 3.7 that ||u,|le <7 — 1 and |u,||r < Kr. Since h, = f, on A,_1, it
follows that u,, satisfies (3.1) with data (¢, f,).
Now for b > 0, set

dnp(t,z) == sup |f(t,x,y, 2) — fult, 2y, 2))|.
ly|<r—1,|2|<b

Obviously one has |d,, ;| < 2M. Moreover, on account of the y-continuity and of the uniform
z-continuity, one sees that for fixed ¢, z, b, the family of functions

{f(t,:L‘, >Z>||Z| < b}7

is equicontinuous and then compact in C({|y] < r — 1}). Since the convolution operators
approach the identity uniformly on such a compact set, we get

lim dn,b(t, [L’) = O,

n—o0

which implies lim,, o, d,, 5(t, ) = 0 in L?*(dt x m) because of our assumption that m(R?%) < oo,
Moreover, for u € F' |u| <r —1

|f(u, Dou) — fu(u, Dou)| <1{p,uj<sydnp + 2M1{D,u>b}

2M
<dnp + T‘Dou"

Next we will show that (u,)nen is a || - [[r-Cauchy sequence. By (2.7) for the difference u; — u,,,
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we have
T
e — tngll3 + 2/ 5“’b(ul7s — Uy )ds
T ' T
§2/ (fi(s, s urs, Dot s) — fr(S, - Un.sy Dotins), U s —un7s)ds+2a/ urs — uns||5ds
tT .
/ (1fi(s, - urs, Dotirs) — f(5, -5 s, Doty s)], [tr,s — tn,s|)ds
T

|fn 7 7un S5 D olUn s) - f(sa '7un,sy Daun,s)‘a |ul,s - un,s|)d5

+2 ’f S, 7ulsaD uls) _f(sa'aul,saDoun,s>’7‘ul,s_un,s‘)ds

~

+2

ﬂ\*\@\

T
S, 7ul S D ocUn s) - f(s, Yy un,57 Do'un,s)a ul,s - un,s>ds + 206/ Hul,s - un,s”%ds
t

<2/ (’fl(sa 7uls>D uls) - f($7 '7ul,saDaul,s)’7 |ul,s - un,s')ds
/T

+ 2 |fn Syt Un, s, Daun,s) - f(sa y Un,s, Daun,s)‘a |ul,s - Un7s|)d3
ToMm
< (dz,b( 5,1) + dup(s, ) [ws —ns)ds +2 | == (|Dotirs| + | Dotin,s, [wr,s = tins|)ds
t t

T
|D ul s Daun,sla |ul,s - un,s|)d3 + 201/ ||ul,s - un,s”%ds
t

T T
P / C\ Doty — Dot o], [ts — o] )ds + 20 / luts — tn o1 2ds
t t

T 1 T
< / o, )35 + / ot s + 55 [ (IDsul + IDswnlB)ds
t t

o T T .
+ (1 +4M?* + . + 200 + o) / llws — un,5||gds + / 5a7b(ul,5 — Ups)ds.
1 ¢ ¢

Since ||uy||l7 < Kr, we have
T , Ky
| Do sllzds < —,
0 1

where the Kr is independent of [ and b. Thus, for b, 1, n large enough, for arbitrary ¢ > 0 we
get

oo T
e — untﬂg + / S“’b(uhs —Ups)ds < e+ K/ |y — un,tHgds,
¢

t

where K depends on C, M, i, . It is easy to see that Gronwall’s lemma implies that (uy,),en
is a Cauchy-sequence in F'. Define u := lim,, ,, u,, and take a subsequence (nj)ren such that
ne — W a.e. We have

f('7 'aunk)Dou) — f(, U, DUU> in L2(dt X m)
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Since ||y, — ul|r — 0, we obtain
HDUU — Dgunk ”LZ(thm) — 0.
Then by (H1), it follows that

kh—{ilo ”f(a Yy Uny Dau) - f(v *y Uny, DUunk)||L2(dt><m)
S kh_>1£10 CHDO—U - Daunk ||L2(dt><m)

=0.

We also have
||f(7 *y Uny,, Daunk) - fnk(a Yy Uny Daunk)HLz(thm)
2M
||y bl L2(dexm) + THDaunkHLQ(thm)-

Letting k — oo and then b — oo the above equality converges to zero. Finally, we conclude
kh—golo ||fnk (unka Daunk) - f(ua Dau) ||L2(dt><m)
S kh—golo ank (unka Daunk) - f(unka Daunk) ||L2(dt><m)
+ klggo Hf(unka Daunk) - f(unka DUU)HLQ(thm)
+ klgIolo Hf(unka Dau) - f(u, DUU)HLQ(thm)
=0.

By passing to the limit in the mild equation associated to u,, with data (¢, f,, ), it follows that
u is the solution associated to (¢, f).

Step 2: In this Step we will prove the assertion under the assumption that there exists
some constant r such that £ is uniformly bounded and

P2 1+ K0l + 1/ N0 + 11/ loo):

where K is the constant appearing in Lemma 3.7 (3.5). Define
fn(ta z,Y, Z) = f(ty z,y, Z—

fo <Cn+ |1 f " loo + 1f%loc on A,. Each of the functions f,, satisfies the same conditions as f
and by Step 1, there exists a solution u,, associated to the data (¢, f,). One has ||up||cc < 7—1,
llun]l7 < K. Conditions (H1) and (H2) yield

|(fl(ul7 Daul) - fn(una Daun)aul - un)|
SC’(|foul - DUU’n|7 |ul - un|) + |(fl(un7 Dﬂun) - fn(un’Doun>’Ul - un)|

Since fn(tamay>z)1|z\§n = f(t>$ay>z)1|z\§na and for n < l, |fl - fn|1|z\2n < 20|Z|1\z|2n7 we have

|(fl(unaDaun) - fn(un7DJun)7ul - un)| < |(20|D0un|1{|Daun\2n}7 |ul - Un|)|
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Then,

T ~
e — unt”% + 2/ 5a’b(ul7s — Up5)dS
t

T T
§2/ (fl(ul,57 Daul,s) - fn(un,sa Do'un,s)a ul,s - un,s)ds + 20&/ ”uhs - Un,ngdS
t t

T T
§2/ C(|Douy — Doty |uy — up|)ds + 2/ |(2C| Dy tin |1{|Dyun|>n} s U — Unl)|ds
t t
T
w20 [ e = s
t

02 T T N T
<(Crrave) [ u- s+ [ e —u)ds +5C0 1) [ [ 1Doaltgp,u,ndmds
1 t t t
2

O g 2 4 aB
S(c— + 20 + o) lw — unl|5ds + EY (uy — uy)ds
1
Tt 2 ) t . 2 )
+8C(r — 1) / ([P YR / | Dyt 2ds) .
t t

As |lun||* < K7, we have fOT | Do ||3ds < £Z. Hence,

2 g 2 g Kr
0 [ a1 Dot s <
t t

Therefore, for n big enough
T R 2 T
2 a,b C 2
lwre — wnell3 + EM(ups — Ups)ds < (C— + 2a + ¢3) lug — un||3ds + .
t 1 t

By Gronwalls’ lemma it follows that (u, ),y is a Cauchy sequence in F'. Hence, u := lim,,_ o0 Up
is well defined. We can find a subsequence such that (u,, , Dyu,, ) = (u, Dyu) a.e. and conclude

2

n naDJn_ 7DO' <C—
ot Dyttn) = 0, Do) < Cl P

Dgunk — Dyu|+ | f(up,,, Dyu) — f(u, Dyu)| — 0.

Since

| frr (Unys Dotin, ) — f(u, Dyu)|
<|f(u,0) = f(u, Dow)| + | fu, (e, Dotin,) = fo (tny, 0)] + | fry (ttye, 0) = fOL + | £ = f(w, 0)]
<C(|Dyul + | Dotin, |) + 21",
we have
fo (., Doti,) — f(u, Dou) in L*([0, T, L?).

We conclude u is a solution of (3.1) associated to the data (¢, f).
Step 3: Now we only suppose that f! is bounded. Hence, we can choose a constant - such
that

P2 L+ K0l + 11/ lloo + 11F " loo).
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where K is the constant appearing in Lemma 3.7 (3.5). Let us define

n
Jn = m(f—f0)+f0-

Easily we see that the f,, have the same properties as f. Since f,(t,z,y,2) = f(t,z,y, z) for
f/’r < n, we have

lim f, = f.

n—oo

We introduce the following notation:

£t x) = |Sl|1p |fr(t,zy), and [ (¢ x,y) = fult,2,y,0) — fO(t, x).
y|<r

By the same arguments as in [21, Theorem 4.19] we have
£ <nAlf .

Hence, by Step 2 we obtain that there exists a solution u, associated to the data (¢, f™) such
that ||up]|ee <7 — 1, ||uy|lr < M, where M is a constant. For n <[, we have

l
[fr = ful < (Cl2| + \f’!)!f

/
] o f’,r \/Tll < (C‘Z’ + ’f ’)1{f/vT>n}'

Hence

T T
/ (it Do) — fo (1, Dortin), 1t — )| ds < 2(r — 1)/ / (C|Dyuy| + £ )dmds.
t t J{fr>n}
We start as in the preceding steps:
T
Hul,t - un,t”% + 2/ ga’b(ul,s - un,s)ds
t
T T
<2 / (Fittes Dotr) — folttms, Dotins). s — tns)ds + 2a / gy — tnelBds
t t
T T
SQ/ C(|Dywy — Doty |, |y — up|)ds + 2/ |(fi(tn, Dotn) = frn(tn, Do), w — uy)|ds
t t
T
+2a/ s — |2
t
02 T T R T ,
<(— +2a+ 02)/ lwr — u,||5ds —|—/ EY (up — uy)ds + 4(r — 1)/ / (C|Dyun| + f7)dmds.
€1 t t J{fr>n}

t

As
T !
lim / / f"dmds = 0,
nmee e J{ptesny

T
/ / , |Doun|dmdt S H1{f’,r>n}||L2(dt><m)||Dcrun||L2(dt><m) — 07
t J{fr>n}

and
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we have as above that (u,),en is a Cauchy sequence in F. Hence, u := lim,,_,, u,, exists in
F'. We can find a subsequence such that (u,,, Dyty, ) — (u, Dyu) a.e. and we have that

| frr (Wnyes Dot ) — f(u, Do)
SUipr ey F(, Do) = f(tnyy Dottn )] + Lgprirs iy [1f (w, Do) — 2] 4 | f(u, Do) = f(tny, Dotin, )]
<|f(u, Dgtt) = f(tny, Dotin, )| + 1 g sy | F(w, Do) — f°
<[ f (s Do) = f (g, Dott,)] + | (g, Do) = f (1, D) + 1 g1 3| (0, Do) — £01.

As in the above proof we have

fop (Uny, Dotin, ) = f(u, Dyu),
in L'([0,T], L?). We conclude u is a solution of (3.1) associated to the data (¢, f).
Step 4: Now we prove the theorem without additional conditions. Define
n

fo= gy = £+ £

Since f,(t,x,y,2) = f(t,z,y, z) for ! <n, we have

lim f, = f.

n—oo

Introduce the following notation:

flt x) = sup fo(t,z,y)] and fo(t, 2, y) = fu(t,2,9,0) — fO(t,2).

As in Step 3 we have
[fatl S nalf.

Since f! is uniformly bounded, we can apply Step 3. Then we get a solution w, for the data
(¢, fn). The convergence of u,, can be shown analogously to Step 3. O

Appendix B. Proof of Proposition 5.3
Let MP(IR') denote the set of (equivalence classes of )predictable processes {@: }ieo.r] with
values in R! such that

T
18llace = (B[ /0 16, [2dr)P/2) P < oo,

M? (R' ® R?) denotes the set of (equivalence classes of )predictable processes {¢;}iepo,r] with
values in R! @ R? such that

me,=wwl|@wmeme<m.

Fix x € A,.
We note that (Y, Z) solves the BSDE (5.1) with data (&, f) iff

(Yta Zt) = (eat}/;ﬁ eatZt)7
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solve the BSDE (5.1) with data (e®7¢, f'), where
f/(ta Y, Z) = eatf(ta eiaty> eiatz) - HtY-

Therefore, we may replace (Q22) by

<y - y/7f<t7w7y7z> - f(tuwuyla Z)) S 07 for all tax7y7y/7 Z.

Step 1 Assume that f is Lipschitz continuous with respect to both y and z. Define a
mapping ® from B := MZ(R') x M? ,(R' ® R?) into itself as follows. Given (U,V) € B2, we
can set (U, V) := (Y, Z), where (Y, Z) is the solution of the BSDE (5.1) associated with data
(&, f(U,Vo(X))) given by Lemma 5.1. Then by Itd’s formula and BDG inequality, we get

E*[ sup Y] < o0.
t€[0,T]

Let (U,V), (U, V') € B2, (Y,2) = ®(U,V), (v, Z') = 9(U", V), (0,V) = (U = U,V = V")
Y, 2)=(Y =Y',Z - 7). It follows from Ito’s formula that for each v € R,

T
CEITL 4 B [ I+ | 20X, s
t
T — — —
§2KEI/ e’ |Ys|(|Us| + |Vio(Xs)|)ds
t
T 3 1 T B B
§4K2E~’v/ eIY,” + 5E%’/ e (|Us° + |Vio(X,)|?)ds,
t t

where K is the Lipschitz constant of f. We choose v = 1 +4K2. Then

T - - 1 T - -

B [ TP+ | Zo (X)) < 5B [ (0P + Vo (X)),
0 0
from which it follows that @ is a strict contraction on B? equipped with the norm:
T
Y. 201 = B [ (ViF + | Zio Xy
Define a sequence (Y™, Z") by (Y"1, Z"1) .= (Y™, Z"). We have for 7 = 1 + 4K?
T 1 T
B [ oy P20 2 e (X < 0 B [ YV (20 2D (X)) ds.
0 0

2n

Then we have the a.s. pointwise convergence of (Y, Z"0 (X)) under each measure P*, x € A%
Denote the limit by (Y;, Z;0(X;)). Then this is the fixed point of ® under the norm [||(Y, Z)|[[3.
So we have (Ys, Z;) is the solution of BSDE (5.1).

Step 2 We assume f, £ are bounded.

We need the following proposition.
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Proposition B.1  Assume condition (A5). Given V € N, M2 (R'®@R?), there exists a unique
pair of predictable processes (Y, Z;) € M2 x M2, (R' ® RY),Va € N satisfying under all P,
reN°©

T T
Yt=5+/ f(s,YS,V;)ds—/ ZJdM,  0<t<T.
t t

Using Proposition B.1, we can construct a mapping ® from B? into itself as follows. For
any (U, V) € B2, (Y,Z) = ®(U,V) is the solution of the BSDE

T T
)/;:é'_{—/ f(87K97‘é>dS_/ stMS7 OStST
t t
Then as in Step 1, we have
— T — j—
SEITL 4 B [ I + | Zo(X,) s
t
T —
27 [T f(Y Vi (X)) = SV Vio(X)ds
t
T — —
gQKE’”/ (V| x [Vaor(X.)|ds
t
T 3 1 _
<B* [ QU 4 Vo X P
t
Then by the same argument as in Step 1, we obtain the assertion of Proposition 5.3 if f, & are

bounded.

Proof of Proposition B.1 We write f(s,y) for f(s,y, Vs).
By C we denote the constant satifying |£|* + sup, | f(£,0)|> < C a.s.. Define

"t y) = (pn* f(t,))(Y),

where p, : R' — R* is a sequence of smooth functions with compact support satisfying
[ pu(2)dz = 1, which approximate the Dirac measure at 0. Then each f™ is locally Lipschitz
in y, uniformly with respect to s and w.

Define for each m € N,
inf(m,
(mlul)
||

Then f™™ is globally Lipschitz and bounded, uniformly w.r.t. (¢,w). As in Step 1, we have a
unique pair (Y™, Z"™) € M2 x M2, (R' ® R?) such that

STt y) =

T T
t t

By It6’s Formula we have
YR <elo,  0<t<T.
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Consequently, for m? > eTC, (Y;"™, Z"™) does not depend on m. Therefor, we denote it by
(Y;", Z1"). Then by the same arguments as [10, Proposition 3.2] we have

T T
B*(sup [V = VP + ([ 12 = Z)o(xoPa) < KE7( [ 17408 = e v Pl
0<t<T 0 0
We have for fixed w,
T
sup / ALY = f YR P >0, 1 oo
k>l Jo
Then we have
T T
sup E* / LY — £ Y e < B2 sup / PV = YR =0, 1 oo,
k>l 0 k>l Jo

and we can obtain a sequence of representable variables that converges rapidly enough under
all measures P*,z € N¢. For each [ = 0,1, ... set

m(e) = int{n > ooy (o) sup £° | Y - AR < 1),
0

k>n

}_/l — Y"l(XO)’ Zl — an(Xo)‘

With this sequence one may pass to the limit and define Z/ = limsup, . Z'o(X,) and Z, =

Z!7(Xs). Then we obtain the claimed results. O

So far we have proved the assertion when &, f are bounded. Then by the same arguments
as in [10, Theorem 4.2], one proves the general case. O
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