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Abstract

If X = X(t,§) is the solution to the stochastic porous media equation
in O c R% 1< d < 3, modelling the self-organized criticality [5] and
X is the critical state, then it is proved that [ m(O \ Of)dt < oo,
P-a.s. and limy ;00 [ | X (1) — Xc|d§ = € < 0o, P-a.s. Here, m is the
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Xc(€)} and X (€) < X(0,€) a.e. & € O. If the stochastic Gaussian per-
turbation has only finitely many modes (but is still function-valued),
limy oo [5 | X (£) — Xc|dE = 0 exponentially fast for all compact K C O
with probability one, if the noise is sufficiently strong. We also recover
that in the deterministic case ¢ = 0.
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1 Introduction

The self-organized criticality is a property of dynamical systems which have
a critical point as an attractor and which emerges spontaneously to this
attractor. If X = X(¢,€),t >0, € O C RY, d =1,2,3, is the state of the
system distributed in the spatial domain O and if X, = X.(£) is a critical
state, then X (¢,-) divides the space into the following three spatial regions:

critical region O = {£e€0; X(t,¢ =X},
subcritical region O = {£e€0; X(t,&) < X.(9)},
supercritical region O = {£€ O; X(t,&) > X.()},

The main feature of the self-criticality phenomena is that the subcritical
and supercritical regions are unstable and absorbed in time by the critical
region via an autonomous mechanism. The standard model of self-organized
criticality is the celebrated sand-pile model introduced by Bak, Tang and
Wiesenfeld [1], which is formalized via automation theory ([2]) and leads to
parabolic nonlinear equations of porous media type

(1.1) aa—)t( =aAH(X —X,.) in (0,00) x O,

where a > 0 and H is the Heaviside functions. (See, also, [3] for a com-
plete description of this model.) In the presence of a stochastic Gaussian
perturbation, the model is best described by the stochastic (porous media)
equation

(1.2) dX(t) —aAH(X(t) — X.) = o(X(t) — X.)dW; in (0,00) x O,
. X(0)==z inO.

In [5], existence and uniqueness of solutions to (1.2) are shown and it is also
proved that we have finite-time extinction of ¢ — X (¢) — X, with positive
probability in 1 — D. In terms of self-organized criticality behavior, this
means that the subcritical and supercritical regions are absorbed in finite-
time with positive probability by the critical region O%. Our aim here is to
establish a similar result in dimensions d = 2, 3, at least asymptotically. The
first main result, Theorem 2.2 below, amounts to saying that ”for almost all
{t,} = o0” we have

(1.3) lim m(O\ O/r) =0, P-as.,

n—o0



where m is the Lebesgue measure on O and we assume for the initial state
that x > X, a.e. in O. The second main result, Theorem 2.3 below, says
that X (¢), multiplied by the exponential of the function-valued noise, con-
verges to X, in L'(O) asymptotically and that, if the noise is nondegenerate
away from the boundary of O (see (2.10) below), then X (¢) itself converges
asymptotically to X, locally in L*(O) exponentially fast.

Notation. In the following, O is a bounded and open subset of R¢, d >
1, with smooth boundary, and LP(O), 1 < p < oo, is the space of all p-
integrable functions inO with the usual norm denoted by | - |,. For k =
1,2, H*(O), H}(O) and H~'(O) are standard Sobolev spaces on O. More
precisely, H}(O) is the subspace of functions u € H'(O) with zero trace on
the boundary 9O of O and H = H~'(0) is the dual of H}(O) with the norm

lu|—1 = <A’1u,u>§ :

Here, A = —A, D(A) = H}(O) N H*(O) and (-,-), is the scalar product
of L*(0).

Everywhere in the following, {€2, F, 7, P} is a stochastic basis and {§3;}32,
is a sequence of mutually independent Brownian motions which induces the
filtration {Fi}i>0. By L%(0,T; LP(2,Y)), where Y is a Hilbert space, we
denote the space of all g-integrable processes u : (0,7) — LP(Q),Y). By
C([0,T); L*(2,Y)) we denote the space of all Y-valued processes which are
mean-square continuous on [0, 7.

2 Hypotheses and the main result
Consider the equation
dX (1) — aAY(X (1))dt > o (X (£))dW, in (0,00) x O,

(2.1) X(0,§) ==(¢), £€0,
(X (t,£)) 20, on (0,00) x Q0.

Here, a is a positive constant and

(H1) ¢ (r) = sign r,

where sign r = r|r|~tif 7 # 0, sign 0 = [—1, 1],
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(H2) o(X)dW =)y Xegdpy,
k=1

where {11} is a sequence of real numbers such that
(2.2) Z PENZ < 00
k=1

and {e;} is the orthonormal basis in L?*(O) consisting of eigenvectors of A
with eigenvalues {)\;}, that is, Aey = Arey, k= 1,.... Here {\;}32, is taken
in increasing order.

Definition 2.1 Let x € H = H'(0). An H-valued continuous F; adapted
process X = X(t) is said to be a solution to equation (2.1) if, on every
interval (0,7), T' > 0,

(2.3) X e LY x (0,T) x O)N L*0,T; L*(O, H))

and there is n € L'(Q x (0,T) x O) such that

(X(t),ej)y = (x,€5), + i /On(s,f)Aej(f)df ds

(2.4) % )
—i-z,uk/o (X(s)ex,e;),dbi(s), Vi €N, t€l0,T],
(2.5) ne€Y(X) ae. on (0,7) x O x Q.

One of the main results established in [5] (see, also, [4]) is that, for each
x € LP(O), p > 4, there is a unique solution X € L*(0,T;LP(Q2,0)) N
L*(Q,C([0,T); H1(0))) to equation (2.1). Moreover, if x > 0 a.e. in O,
then X > 0 a.e., P-a.s. (See [5, Theorem 2.2].) Other existence results for
the stochastic porous media equation (2.1) for general maximal monotone
functions ¢ with the range all of R were established in [6], [9].

In this paper we prove the following asymptotic results for solutions to
equation (2.1).



Theorem 2.2 Assume that (H1) and (H2) hold and that x € L*(O), x > 0,
on O. Then

(2.6) tlim X(t,8)dé =1 < o0, P-a.s.
—00 o
and
(2.7) / m(O\ O})dt < oo, P-a.s.,
0

where m is the Lebesque measure and
Oy ={£ € 0; X(t,§) =0}, t=0.

As mentioned earlier, Theorem 2.2 applies to the self-organized stochastic
model (1.2), that is,

dX(t) — aA sign (X (t) — X.)dt = o(X(t) — X.)dW,,
X(0)=2—-X, inO.

If  — X.>0ae. in O, then X(t) — X. > 0 a.e. on O for all t > 0, P-a.s.
and so, by Theorem 2.2, it follows that m(O \ Of) € L'(0, o), P-a.s., which
roughly speaking means that, ”for almost all sequences” {t,,} — oo, we have
m(O\ Of) — 0, P-a.s.

As regards the asymptotic result (2.6), one might expect that £ = 0, P-a.s.
Indeed, this is the case in the deterministic case (see [3]). For equation (2.1),

we have
lim X(t) =0 in L,

t—o0 loc

(0),

if the Gaussian noise o(X )W has a finite number of modes, that is,

(2.9) (X)W (t) =) pmerX(H)Bi(t) on (0,00) x O
and
(2.10) ) =D piex(§) >0, VE€O.

k=1

More precisely,



Theorem 2.3 Consider the situation of Theorem 2.2. In addition, assume
that (2.9) holds and set

N
pu(t) = — Zukekﬁk(t), t>0.
P

Then:

(i)

(i)

lim "X (t) = 0 in L'(O), P-a.s. In particular, { = 0 in the deter-

t—ro0
ministic case (cf. [3]).

If, additionally, (2.10) holds, then

lim X(t) =0 in L, .(O) P-as..

t—o00

Moreover, for each compact set K C O,

(2.11)
N 1/2 L
/ X(t,£)d¢ < |alym(K)Y? exp | sup(i}? (Z m(t)) L
K K k=1

t>0, P-a.s.,
where K' C O is any compact neighborhood of K. In particular (by

the law of the iterated logarithm for Brownian motion), there ezists a
constant pg > 0 such that, for P-a.e. w € €}

(2.12) /KX(t,g,w)dg < |x|om(K)YV2e7Prt Wt > to(w).

We note that, if [g1] > 0, then assumption (2.10) holds, because the first
eigenfunction of the Laplace operator is strictly positive on O (see, e.g.,
7, p. 340)).

The proofs of Theorems 2.2 and 2.3 are given in Sections 3 and 4, respec-
tively. For simplicity, we take a = 1 in (2.1).



3 Proof of Theorem 2.2

Consider the approximating equation

dX\(t) — A(A(Xa(t)) + AX\(2))dt = o(Xx\(t))dW; in (0,00) x O,
(3.1) X,(0)==xz on O,

X, =0 on (0,00) x 00,
where A € (0,1) and

g if r| < A,
1 .
D)= (=02 ) =1 T s,
-1 ifr<—A\.

(Here 1 is the identity map.) Asshown in [4, Theorem 2.2] and [5, Proposition
3.5], equation (3.1) has a unique solution X, in the sense of Definition 2.1
and

X, € I3(9,C([0, T); H)) 1 10, T; IA(Q, HA(O))).
Moreover, since x € L*(O) and x > 0, also X > 0 on (0,00) x O x 2 and,
as proved in [5], for A — 0, we have for all 7" > 0,

X, — X weakly in L?(Q x (0,T) x O),
(3.2) weak* in L>(0,T; L*(2, L*(O)) and
strongly in L?(Q; C([0,T7]; H)),
and

(3.3) OA(X)) +AXy — n weakly in L*(Q x (0,T) x O)
(3.4) n € Y(X) a.e. on Qx (0,00) x O.

By Ito’s formula and the monotonicity of v, we have (cf. [9, Proof of
Theorem 2.8 and Remark 2.9(iii)])

t
308+ [ V0 +ax) - Txdeds
_ 1\x|2+1i 2/t/ X3 (s)ex|2d€ ds
o 1Tz 2k:1ﬂk o A k
0 t
+ Z,Uk/ /X§<S)€kdfdﬁk<8), t e [O, OO), P-a.s.,
k=1 0 JO
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and t — X,(t) € L*(O) is continuous P-a.s.
This yields, since ||ex|looc < CAk, because d < 3,

t o8] t
XOF + 20 / V() s < a2+ C S a2 / X (s)2ds
0 k=1 0

+ ;uk /0 /O X2(s)epdé df(s).

Then, by (2.2) and by the Burkholder-Davis—-Gundy inequality, we obtain
the estimate that for some constant Cr > 0 and all A € (0,1)

(3.5)

T
(3.6) E sup |XA(t)|§+AE/ IVX\(s)|3ds < Crl|z|3.
0

t€[0,T

To see this we consider the real-valued martingale
00 t
N, := Z“k/ / X2(s)erdédBi(s), t € [0,T).

We recall that since x € L*(O), by [5, Lemma 3.1] the above sum converges
in L*(Q; C([0,T); R)) by (2.2). Then (3.5), the Burkholder-Davis-Gundy
inequality for p = 1 and Fubini’s theorem imply that for some constants

01,02 >0

T
E sup [X2(t) < |+ Cy / E|X,(s)[} ds

+3E {Z“k/ </X2 ekdf) }

(3.7) < |:c|§+cl/ E|X\(s)[3 ds
0

(o) s s oo (o) |
k=1 s€[0,T]

T
<leli+Ci [ BN ds

(/OTE|X)\(S)|§ ds)é.

N[

D=

+ G (E sup |XA(75)|3>

te[0,7



Hence Young’s inequality and Gronwall’s Lemma imply that

(3.8) E Sup, X))z < Cilal;

for some ¢; € (0,00). But since the right hand side of (3.7) also dominates
the second term in the left hand side of (3.5), by (3.8) we deduce (3.6).

Now, arguing as in Proposition 3.5 in [5], we consider a function ¢, €
C3(R) such that ,(0) = 0 and

Ph(r) = g for [r| <X, @\(r) =14 A for r > 2,

(3.9) .
2

oh(r)=—-1—=Aforr < —-2Xand 0 < p(r) <

for all » € R and some C' > 0.
This is a smooth approximation of the function r — |r| and it is easily
seen that

(3.10) |\ (r) — a(r)| < CA, VreR, A>0.

We set Y = (1+eA)~' X, and note that
dY£(t) + A1+ eA) " Hha(Xa(8) + AXa(8))dt = (1 4+ eA) Lo (X (t))dW,
Y(0) = (1+eA)"1X,(0), > 0.

Also, the process t — Y (t) is continuous H}(O)-valued on [0, T]. Then, by
Ito’s formula applied to the Hj-valued process Y, we have

(3.11)
/@ (Y5 (1, €))de

[ ]9+ ) (0 (5 AN (5. TA K (5. s
= [ o +eaya
+Zﬂk// (1 4+ cA) " (Xaer) (s, ) ds de

+Zuk / AAYE(.0), (1+ eA4) ™ (Xoew) (5, ), dBi(s)

vVt >0, P-a.s.



Now, recalling that Xy € L*(0,T; L*(Q, H}(O)) for all A > 0, we have that
Y¢ — X, strongly in L*(0,T; Hy(O)),P-a.s. as ¢ — 0. Similarly, for all
T > 0, we have
V((L+eA)" (Ua(Xn) +AX))) — V(X)) +AX))
(1+EA)_1(X>\6k) — X,ep

strongly in L*(0,T; L?0)), P-a.s. as € — 0.

Furthermore, it is easy to see that by (3.6) and the Burkholder—
Davis-Gundy inequality for p = 1, the stochastic term converges in
LY(;C([0,T],L*(0)), as € — 0. Also, the first term in (3.11) converges
for a.e. t € [0,T] after passing to a subsequence &, — 0. So, altogether, we
obtain

/ (X (t))dE
0

+ [ [ V@) + A0 () - V()
(3.12)
- [ d5+Zm€ / | AnEIX e e s

+Zuk/ (s)ex, PA(X(5))), dBk(s) for a.e. t >0, P-a.s.

On the other hand, by the L?*(O)-continuity of X it follows that the first
term in (3.12) is continuous, as are all the other terms in (3.12). Hence,
(3.12) holds for all ¢t > 0, P-a.s.

On the other hand, by (3.9) we have the following estimate

Z“k/ / (X)) Xaer|2d€ ds
t
gzuczum/ / (s, &)de ds, P-as.,
k=1 0 JO

where 1, is the characteristic function of the set

(3.13)

{(s,&,w) € (0,00) x O x Q; 0< X)\(s,&w) <20}
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Now, we prove

(3.14) yi%/O%(XA(t,g))dgz/OX(t,g)dg, Vt > 0 weakly in L().

Indeed, by (3.9) we have for fixed ¢ > 0
[eaeons = aen [ xo
o [Xa(t,€)22]

1
2 [XASA]X§<t7£)d£+/ PA(XA(E, §))dE.

[A<XH<2)]

Taking into account (3.2) and that o, (r) < CA for r € [\, 2)], this yields

(3.15) /Ogo,\(X,\(t,f))df = /OXA(t,S)df—l—o()\), a.e. Vt > 0, P-a.s.

We also note that, by (3.2), we have
3.16) X\(t) — X(t) weakly in L*(Q x O), for all t > 0.

(
(Indeed, {X\(t)} is strongly convergent to X(t) in L?*(2; H) for each
t € [0,00) and is bounded in L*(Q x O) for all t € [0, 00).)

Then, by (3.15) and (3.16) we find that

tim [ (a0 = | X(.)de, ¥t > 0 weakdy in £3().

as claimed.
Now, we set

(3.17) L() = /Ot/O(VM(XA)%—)\VXA)-Vap’A(XA)dfds, £>0,
(3.18) My(t) = f:,uk /Ot (Xxek, PA(X))) dBk(s), t > 0.
We recall that, ]:o:yl (H2),
M) = [ AKX (),
= [ a6 (). W)

11



where, for h € L*(0),
S =3 e fea )y Xl
k=1
We shall prove below that, for the adjoint operators o(Xy(s))* on L*(O) we
have, for all T' > 0,
(3.19) (X)) P\ (X2) — o(X)*n weakly in L*((0,T) x O x Q) as A — 0.

This implies that

(3.20) i MA(E) = M(1) = ;“k/o (X (s)ex,m)y dBi(s)
weakly in L?(Q), V¢ > 0.

Now, let us prove (3.19). First, we note that by (3.3), (3.4), (3.6) and (3.10)
as A — 0

(3.21) X, — X and )\ (Xy) — 1 weakly in L*((0,T) x O x Q),
and that, by (3.9) and (3.4),

where the norm refers to L>((0,7) x O x ). (3.22) implies that, for some
constant C' = C(T,0) > 0

E / 0(Xa(5))" ! (Xa(s)) 2ds

:E/O sup <<,0’(X,\(s)),2uk <ek,h>2X>\(3)ek> ds

[hl2<1 5
o0 T
<Oy @RE [ 1X)Pds
k=1 0
which, by (3.21) is uniformly bounded for A € (0,1). Hence
(3.23) {o(X2)*¢'(X2) }rc(o,1) is bounded in L*((0,T) x O x Q).
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Now, let F' € L=((0,T) x Q; H}(O)). Then

\E / (F(s),0(X(5))"n(s) — 0(Xa(5))" @4 (Xn(s5))), ds

T
0

T
+E
<

(5))(n(s) = PA(X(5)))), ds

F(s),0(X
(F'(s), 0(X(s) — Xa(5))PA(Xa(5))), ds
i ((F(s), X(s)er)q er,n(s) — o\ (Xa(s))), ds

{
Mk]E/
+E/O (Z ik <6k,n(8)—90&(XA(S))>§> |[F'(s) X (s)|2ds

k=N+1

0
1

J

VI

+

S [ e A, (Fls)en, X(5) = Xa (o), ds

+E [ (Z ui<ek,¢;<xx<s>>>§> F(5)(X(s) = X(5))lds

k=N+1

of which the second and fourth term by (3.21), (3.22) and the boundedness
of F' converge to zero uniformly in A € (0,1) as N — oo. By (3.21), the
same is true for the first term for each fixed N as A — 0. Furthermore, the
third term is up to a constant C(7', Q) > 0 dominated by

N T
o oreouty S iE / IX(s) = Xa(s)|2ds.
0

k=1

which, for each fixed N as A — 0, also converges to zero by (3.2). Hence,
first letting A — 0 and then N — oo and, using (3.23), we obtain (3.19).
Then, by (3.12), (3.13), (3.14) and (3.20), we have

(3.24) /O X(t, &) + (1) = /O 2(€)dE + M(t), Vit > 0, P-as.,

where

(3.25) I(t) =w—lim I,(t), t>0,

A—0
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and w — lim,_,o denotes weak limit in L*(O).
We set

Zu%iLXU@MQtzO

We see that Z is a nonnegative semimartingale with EZ(t) < oo, Vt > 0.
By (3.6) and (3.2) and lower-semicontinuity, it follows that, for all T' > 0,

(3.26) E | sup |[X(t)|5] < oo,
te[0,T
where we note that sup,co 7 [X(t)[5 = ess sup,coq|X(t)[5 since P-as.

t — |X(t)|3 is lower-semicontinuous by Definition 2.1. The latter then to-
gether with (3.26) implies that P-a.s. the function ¢ — X (¢) is weakly con-
tinuous in L?(O) on [0, 00) and so the function ¢t — Z(t) is P-a.s. continuous
on [0, 00). Define

I(t) == Z(0) — Z(t) + M(t), t >0,

then I is a continuous version of . We note that, clearly, by (3.25) for all
0<s<t

I(s) < I(t), P-as.

with the P-exceptional set depending on s, .
Hence (first considering all rational s,t € [0,00), 0 < s < t), we conclude
by continuity that

I(s) <I(t), Y0<s<t, Pas.,

i.e. I is a P-a.s. nondecreasing process.
Hence, altogether we have

Z(t) + I(t) = Z(0) + M(t), ¥t >0,

where M is a continuous local martingale and [ is an a.s. nondecreasing
process. Then, by [8, p. 139] we may conclude that
(3.27) 3 lim Z(t) < oo, I(o0) < 00, P-as.

t—00

It follows therefore that there exists

(3.28) (= tlim X(t,&)d¢, P-as.
—00 o
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Fix t > 0. Noting that P-a.s.

L) = [ Vi) Ve (Xa(s)ds
(3.29) 0

- /0 V(X)) - VA (Xa(s))ds,

it follows by (3.3), (3.6) and (3.25) that, as A — 0,
(3.30) ¥a(Xy) — n weakly in L*((0,T) x Q; Hy(O)).

This, as well as (3.25), remains true if P is replaced by p - P for every p €
L>(9), p > 0. Hence (3.29) and (3.25) imply

t
E U Vnl2ds p} < lim inf E[1,(t)p] = E[T()g].
0 A—=0
Since p € L>®(Q2), p > 0, was arbitrary, this implies that
t
/ (Vnlads < I(t), P-a.s.
0
Hence, by continuity,
t
/ |Vnlads < I(t), Vt>0, P-as.
0
and, consequently, by (3.27),
t
(3.31) lim/ |Vnl3ds < I(c0) < o0, P-aus.
=0 Jo

Now, by the Sobolev embedding theorem, we have by (3.31) that

2
(3.32) / dt (/ yn\p*dg)p < 00, P-as.,
0 (@]

Where#:%—éford>2,p*E[2,00)forszandp*:oofordzl.

Recalling that n € sign X = 1 on [X # 0], a.e. on (0,00) x O x Q, it
follows by (3.32) that
/ (m(O\ Oé))vl*dt < 00, P-as.,
0
which implies (2.7), as claimed. This completes the proof of Theorem 2.2.
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4 Proof of Theorem 2.3

Assume in this section that (2.9) holds. We recall that

(4.1) Zﬂkekﬂk, p= Zﬂkek

and that the initial datum x belongs to L*(O).
Take

(4.2) Y(t) =e!DX(t), Vt>0.

Then we have (see [5, Lemma 4.1])

jtY( t) =e'AyY(e"Y) — % nY, vt >0, P-as.,
(43) Y(0)==z on O,
V(e "Y) € H}(O), Vit >0, P-as.,

Where the derivative 4 is taken in H~'(O). (Recall that ¢ (r) = sign r and

n (4.3), by Definition 2.1, there arises a section 7 of sign (e *Y).)
First, we shall establish a few estimates on the solution Y to (4.3), which
have also an interest in themselves.

Lemma 4.1 We have
(4.4) Y (t)|2 < |xle, Vt>0,P-a.s.

Proof. Consider the solution Y, to the approximating equation

v, 1
=el'A 1Y, Ae HYy) — = pY,

2
Y)\(O) = X, Y)\ S L2(07T; H&(O))a

which corresponds to (3.1), i.e. Y\ = e*X,. Multiplying (4.5) by Y\ and
integrating over O, we obtain

1 d
2 dt ’Y/\ |2 / V '(ﬁ,\ e HY)\) + Ae” ”YA)V(elLY)\)df
(4.6) ]
= ——/ Ydé <0, for ae. t >0,
2 Jo
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because 1 > 0, a.e. on O x 2. On the other hand, recalling that

1

—Vz if|z] < A,

(4.7) V(a)(z) =4 A
0 if |z| > A,

we get, by (4.6),

1d 1
— — @) + < | BeH|VXAR+2Xa VX - V]de
2 dt A Jo

+ )\/ EHIVXA2 +2X VX, - Vpulde <0 ae. t >0,
o

where 13" is the characteristic function of {(¢,€); 0 < (e™#Y)\)(t,£) < A}
This yields

d 1
GOB < 2 [ (55 e0) P valag
dt o \\
< 2/\/(1+ X0 P)e | Vpf2de, ac. t 0.
O
Integrating, we obtain
t
(4.8) a3 < |x|§+2A/ (1 + X3)2e#|Vp|2ds, WVt >0, P-as.
0

Defining YA(N) = Xy(e* AN) and YV) := X(e# A N), N € N, we deduce
from (3.2) that for all p € L*(Q2), p > 0, as A — o0,

YN o vV weak® in L(0, T; L*(, pP; L*(O)).
Hence

(4.9) ess supE[[Y M (#)[2p] < liminf ess supEHYA(N) )]3p]-
te[0,T] A=00 tefo,T]

But, by (4.8), for all N € N,

B[V ()[30] < [2BE[p] + 2M[lpllC, ¥t >0, P-as.,
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where

T
C:= / (Ele*|Vu||D)2dt - sup ess sup (E[1 4 X,[})/?
0 A€(0,1) tel0,T]

is finite by [5, Lemma 3.1]. Hence, letting first A — 0 and then N — oo in
(4.9), since p € L>®(Q2), p > 0, was arbitrary, we obtain that

Y ()3 < |z|3 for a.e. t >0, P-as.
Now (4.4) follows, since P-a.s. t — |Y'(¢)|3 is lower-semicontinuous.

Now, let us turn to the proof of Theorem 2.3.
To prove (i), let us assume that for some sequence t, — oo we have that

(4.10) YV(t) >8>0, VneN.

Here and below Y(¢t) = Y (t,w) for a fixed w € © such that (4.4) holds. By
(4.4), selecting a subsequence if necessary, we have Y (t,) — ¢ weakly in
L*(O) as n — co. We have that g > 0 and by (4.10)

(4.11) g#0.

We recall from the proof of Theorem 2.2 that ¢ — [, X(t)d¢ is continuous,
hence so is t = [, Y(t)d€. So, for every n € N, there exists €, > 0 such that

(4.12)

1
/OY(t)dg - /OY(tn)dg‘ <~ VEE (b et ten).

It follows by (2.7) that for some subsequence t,, — oo there exist s; €
(tn, — Engstng +€ny)s k € N, such that

/]L[X(sk);é(]}df =m(O\Oy) =0 as k — .
Hence, selecting another subsequence if necessary, we have

Lix(s)20y — 0 a.e. as k — oo

and by (4.4) that X (s;) — g weakly in L?(O).
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As a consequence of the first, we obtain
Y (sk) = Y (sk)lix(sp)20y — 0 a.e. as k — oo,

which, in turn, implies that g = 0. Hence, by (4.12)

[ode=tim [ Vitn)ie =t [visic= [Fac=o.

Hence, ¢ = 0 a.e., since ¢ > 0. This contradiction to (4.11) proves that a

sequence t, — 0 with (4.10) does not exist and assertion (i) follows.
Clearly, to prove (ii), it suffices to prove the exponential decay part of

Theorem 2.3 (ii). So, additionally, assume that (2.10) holds and let K C O,

K compact, and K’ € O a compact neighborhood of K, i.e., K C K'. Let
w e C§°(0) such that 0 < p* <1, p* =1 on K and u* =0 on O\ K"
Furthermore, let Cx := infg p. We multiply equation (4.5) by p*Y), and
integrate over O to obtain

(4.13) X o
= _X/ iy DVX)\F +2XHV Xy (VM +3 VM/j )} ey dg
1 *
/ [lVXA|2 +2X, VX, (V,u+ L Vi )] eyt de
o

—_

1
< - - 2p
_/o()\ }1A+)\)XA {Q\Vu] pw +3 e }e d¢
<2\ [ (1 XDVHPH + (900} Plede

O

Denoting the latter by 3 n,(¢), we deduce that

d
pn (|(u*)%YA(t)|%eCKt) < (1)t for ae. t >0, P-as.
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Integrating from 0 to ¢, we obtain
1 1 t
(4.14) ()2 Ya(D)3 < |(p*)2z)2e 9K + /\/ e“xD (s)ds, t >0, P-a.s.
0
Now analogous arguments as in the proof of Lemma 4.1 imply that after
letting A — 0, inequality (4.14) turns into
(Y @R < e O|(u)ie, t20, Pas.

(4.15)
< e Ozf3.

Hence

/K X(t)de = /K Y (t)er V) de

VAN
=
=
I
>..<
=
I
—
©)
>
ol
N
E/z
SIS
RS
E
Sy
=
i~
e
N~
|
QL
oy

1
N 2
< e Ftlayexp | sup(i)? (}jﬁkw) m(K)3,
K k—1

i.e. (2.11) is proved.

Remark 4.2 For existence of solutions to equation (2.1) in the special case
(2.9), it is not absolutely necessary to assume that {e,} C Hj(O) is a basis of
eigenfunctions for A. It suffices to assume that e, € C?(O) and the proof of
Theorem 2.3 is essentially the same. Then one might choose e, 1 <k < N,
such that

inf{7i(§); £€ O} =p>0

and, in this case, the exponential decay in Theorem 2.3 is global in O. More
precisely, in (2.3) the compact sets K and K’ can be replaced by O, and, in
this case, (2.11) strengthens to

(4.16) lim X(t) =0 in L'(O), P-as.,

t—o00

and, therefore, £ = 0, P-a.s. The details are omitted.
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Remark 4.3 If condition (2.10) does not hold, the following slightly weaker
statements still hold. Since & is analytic on O, the set {¢; € O; u(&;)}
is countable and, therefore, f(§) > px > 0, V¢ € K, for any compact
K C O\ {¢;}. Then the proof of Theorem 2.3 applies word by word and we
have (2.11) and (2.12) in this case, too.
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