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We survey recent results related to uniqueness problems for parabolic equations for mea-
sures. We consider equations of the form O:u = L*u for bounded Borel measures on
RYx[0,T), where L is a second order elliptic operator, for evample, Lu = Ayu+(b, Viu),
and the equation is understood as the identity

/(8tu + Lu)dp =0

for all smooth functions u with compact support in R x (0,T). Our study are moti-
vated by equations of such a type, namely, the Fokker—Planck—Kolmogorov equations for
transition probabilities of diffusion processes. Solutions are considered in the class of
probability measures and in the class of signed measures with integrable densities. We
present some recent positive results, give counterexamples, and formulate open problems.
Bibliography: 34 titles.

1 Introduction

This paper is a survey of recent results on the uniqueness of probability and integrable solu-
tions to the Cauchy problem for the Fokker—Planck—Kolmogorov equation. We give sufficient
uniqueness conditions and construct examples of nonuniqueness.
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Let T > 0, and let

d d
Lu(z,t) = Z aij(:v,t)ﬁmi@wju(w,t) + Z bi(z,t)0p,u(z, 1),
ij=1

=1

where @/ andb® are Borel functions on R? x (0,7) such that A = (a¥/);<; j<4 is a nonnegative
symmetric matrix.

We say that a Borel locally finite measure p on R? x (0,T) (possibly signed) is defined by
a family of Borel locally finite measures (y;)g<;<7 on R? if for every bounded Borel set B the
mapping ¢t — pu(B) is measurable and p(dzdt) = pi(dxr)dt. We will deal with measures of
bounded variation. The variation of u is denoted by |u|.

A Borel locally finite measure y on R? x (0, T') defined by a family of measures (j)o<t<7 on
R? satisfies the Fokker—Planck-Kolmogorov equation

O =L"p (1.1)

if a b' € LL (Ju|,R? x (0,7)) and for every function u € C§°(R? x (0,T))

loc
T
//[&gu(x, t) + Lu(w,t)] due dt = 0.
0 Rd

If a solution y is given by a density o with respect to the Lebesgue measure on R% x (0,7,
then Equation (1.1) can be written as an equation for the density:

010 = 0,0, (a" 0) — Oy, (b'0).
Throughout the paper, we assume that A satisfies the following condition:
(H1) for every ball U C R? there exist numbers v = v(U) > 0 and M = M(U) > 0 such that
(A(z,t)y,y) = 7lyl*, Al < M

for all (z,t) € U x [0,T] and y € R%.

In the case of nonnegative measures, condition (H1) ensures the existence of densities (cf. [1]).

Let v be a locally finite Borel measure on R%. We say that a Borel locally finite measure
u defined by a family of Borel locally finite measures (pu)o<t<7 satisfies the initial condition
“‘t:o = v if for every ¢ € C§°(R%)

ting [ ¢(a) s = [ ¢(a) v
R4 Rd

Thus, we study the uniqueness problem for solutions to the Cauchy problem

O =L"p, pf,_y="v, (1.2)

and we are interested in the two classes of solutions: probability and integrable.



A probability solution is a solution u defined by a family of probability measures (u¢)o<t<T,
ie, ur > 0 and p(R?) = 1. The set of all probability solutions y = pus(dx)dt such that
|b| € L2(u, U x [0,T]) for every ball U ¢ R? is denoted by &,,.

An integrable solution is a solution p defined by a family of finite measures (p)o<t<7 such
that sup, ||u|| < oco. If a measure p is given by a density ¢ with respect to the Lebesgue measure
on R? x (0,T), then the latter condition can be written as

sup /Q(m,t)| dx < oo.
te(0,T

)]R ,
The set of all integrable solutions p = py(dz)dt such that for every ball U € R? one has
|b| € LP(|u], U % [0,T]) for some p > d + 2 is denoted by .7,.

We emphasize that, in the definitions of the classes &, and .7, we assume that
bl € L*(n, U x [0, T1)
in the case of a probability solution and
bl € LP(|u|,U x [0,T]) with p>d+2

in the case of an integrable solution. So, if the drift b is bounded on U x [0, T], these conditions
are automatically fulfilled. Moreover, in place of these conditions, one can assume that the
solution p is given by a density o and ¢ € L"(U x [0,T]), b € L*(U x [0,T]), where 2/r+1/s =1
in the case of the class &2, and p?r + 1/s = 1 in the case of the class .7,.

We present several methods of proving the fact that the set &, consists of at most one ele-
ment. In addition, we construct an example of an operator L with unit matrix A and an infinitely
differentiable vector field b such that the Cauchy problem (1.2) has an infinite-dimensional sim-
plex of probability solutions. We also find sufficient conditions for the uniqueness of integrable
solutions. In particular, we show that the uniqueness conditions for the class I,, differ essentially
from those for the class &2,. For example, let A = I (the unit matrix), and let b be a locally
bounded vector field. Then for the uniqueness of a probability solution to the Cauchy problem
it suffices to have a function V € C?(R%) with | llim V(z) = 400 and |VV(z)| < Cj such that

T|—00

LV (x,t) < Cq, while for the uniqueness of an integrable solution the inequality LV (x,t) > —C,
is sufficient. In the case of a radial function V, such conditions actually mean that for the
uniqueness of a probability solution the quantity (b(z,t),x) should not tend too quickly to oo
and for the uniqueness of an integrable solution (b(z,t),x) should not tend too quickly to —oo.
Such a function V is called a Lyapunov function.

Conditions involving Lyapunov functions are well known in probability theory, for example,
the Hasminskii condition [2] for the existence of global solutions to stochastic equations with
unbounded coefficients. Sufficient conditions for the existence of a probability solution to the
Cauchy problem (1.2) in terms of Lyapunov functions were obtained in [3, 4] and sufficient
conditions for uniqueness were found in [5, 6]. In [7, 8], sufficient conditions for the uniqueness
in the class C([0,T], L'(R?)) were expressed in terms of the behavior of the function (b(z),x)
as |z| — oo. In [9], sufficient conditions for the uniqueness of integrable solutions were obtained
in terms of Lyapunov functions.

The uniqueness problem in various classes for solutions to parabolic equations, in particular,
for the Fokker—Planck—Kolmogorov equation was actively studied for several decades. In the



classical works of Tychonoff [10] and Widder [11], the uniqueness of solutions to the Cauchy
problem for the heat equation was established in the class of functions growing not faster than
eClel* and in the class of nonnegative functions. In addition, some examples of nonuniqueness
were constructed there. Sufficient conditions for uniqueness in the classes of integrable solutions
and nonnegative solutions and the Tychonoff class for general second order parabolic equations
in divergence form were obtained by Aronson and Besala [12, 13] and, in nondivergence form,
by Friedman (cf. for example, [14]). The existence and uniqueness of integrable solutions to
the Cauchy problem for the Fokker—Planck—Kolmogorov equation was studied in [7, 8, 15, 16].
Surveys of recent results on the uniqueness of nonnegative solutions to the Cauchy problem
for parabolic equations can be found in [17, 18]. The papers [15, 19, 20] are devoted to the
Fokker—Planck—Kolmogorov equation with degenerate matrices A.

In this paper, survey the recent results obtained in [5, 6, 9] and give new sufficient conditions
for the uniqueness of probability solutions in the case where the functions a* belong to the class
VMO,.

In some papers (cf., for example, [16]), the definition of a solution p = u:(dz) dt (probability
or integrable) to the Cauchy problem somewhat differs from the above definition. Namely, it is
assumed that for every function ¢ € C§°(R?) the mapping

L= /C(m) dp
R4

is continuous on [0,7") and for every t € [0,7T)

/g ) dpy = /g dV—i—//LQa:sdusds

0 Rd

Certainly, in this case, one has to assume that a/,b* € L!(|u|,U x [0,T]) for every ball U. The
following lemma clarifies the relation between these two definitions of a solution.

Lemma 1.1. Let pp = p(dx) dt be a solution to the Cauchy problem (1.2) such that

sup ||pul| < oo.
te(0,1)

Suppose that ¥, b’ € L'(|u|,U x [0,T]) for every ball U C R:. Then for every function o €
Cy(R? x [0, T]) N C*(RY x (0,T))

/ x,t) duy —/ x,0) du+//8tg0+chdusds for a.a. t €10,T]. (1.3)

R4 Rd 0 Rd

Proof. It suffices to prove this equality in the case ¢(z,t) = 0 for |z| > R for some numbers
R>0andallte€[0,T]. Let n € C§°((0,7)). By definition,

//6%(9077) + L(¢n) duy dt = 0.

0 Rd



Thus,
1

1
/n / x,t) dug dt = /n(t)/@tcp—i—L(pdut dt.
0 Rd

R4 0

t= [ olat)dny
Rd

has an absolutely continuous version and

Therefore, the function

= [ ety d = / dp + Lo .

Rd

Then for some number C € R

t
/gp(x,t) duy = C—i—//ﬁsgp—i—Lgousds for a.a. t € [0,T].

Rd 0 Rd

We observe that ¢(z,t) converges uniformly to ¢(x,0) as ¢t — 0. In addition, we have

tim [ o(2,0) p(dr) = / (2,0 v(dz).

R4 R4

C= /cp(ﬂs,O) dv. O
R4

Remark 1.2. Let I be the set of all points ¢ for which the equality (1.3) holds. Then for

all it eI, 7 < t,
t
/w(:c,t) dput =/<P(-’L‘,T) du7+//8t<p+L<pdus ds.

Rd R4 T R4

Therefore,

Indeed, it suffices to subtract the equality (1.3) for 7 from an analogous equality for ¢.

Remark 1.3. If ¢(-,t) = ¢ € CZ(R?) for all ¢ € [0, 7, then we can write (1.3) as follows:

/¢ ) dpty = /w du+//lﬂ/)xsd,usds for a.a. t € [0,7]. (1.4)

0 Rd

Moreover, if J{Z is the set of all points t € [0,7] where the equality (1.4) holds, then J{Z is a full
measure set in [0,7] and the following mapping is continuous on Jq’; :

0 [ 0@ uda).



Remark 1.4. Let T € J" o(- 1) Then the equality (1.3) is fulfilled with ¢ = T. Indeed,

(z,t) converges uniformly to ¢(z,T) as t — T. Let I be the set of all points ¢ € [0,T] where
the equality (1.3) holds. Let ¢, € JJ (1, and let Jim #, =T. Then

n—00
R4 R4

lim [ o(z,tn) dp, Z/sO(w,T) dur

and the equality (1.3) is fulfilled for every t,,. Letting n — oo, we obtain (1.3) with ¢t =T

The Fokker—Planck—Kolmogorov equation arises naturally in the study of diffusion processes.
We consider several examples.

Example 1.5 (the classical definition of a diffusion). The analytic theory of diffusion pro-
cesses goes back to the celebrated work of Kolmogorov [21], where differential equations for
transition densities were investigated. Let U(z,e) = {y: |z —y| < €}, and let V(z,e) =
{y: |z —y| > e}. We recall that a Markov process in R? with transition probability P(s,z,t, B)
is called a diffusion if the following conditions are fulfilled (cf., for example, [22]):

(i) foralle >0,t>0and x € R?

lim h™'P(t,x,t + h,V(z,¢)) = 0,
h—0

(ii) for some & >0 and all t > 0, x € R?

lim h~! / (y —x)P(t,z,t + h,dy) = b(z,1),
h—0
U(z,e)
(iii) for some ¢ > 0 and all t > 0, z, z € R?
i bt [ (= PP dy) = 2l 0)2.2),
o
U(z,e)

Suppose that all the listed limit relationships are fulfilled locally uniformly in x and the
functions a%, b® are locally bounded. Then it is known (cf., for example, [22, Chapter 1, §1,
Theorem 7]) that the transition probabilities satisfy the Fokker—Planck—Kolmogorov equation
(1.1) in the above sense. Let us recall the proof. Let f € C§°(RY). Then

%/f(y)P(s,a:,t, dy) = }lng(l] h1 ( /f(y)P(s,x,t + h, dy) — /f(z)P(s,x,t, dz))
R4 Rd Rd

Applying the Kolmogorov—Chapman equation, we get

d
—/f(l/)P(sal‘?tv dy) = lim [ P(s,x,t,dz)h~ / VP(t, z,t + h, dy).
dt h—0

Rd

Using conditions (i)—(iii) and the Taylor expansion for f, we obtain the equality

lim hl/(f(y) PPzt B dy) = a9 (2 8)05,0:, f(2) + B (2,005, (2).

h—0
R4



Since the convergence as h — 0 is uniform in z, we have

G [ F@PGatdy) =t [(@(:000.0., 1(2) + V(.00 () Pls. . d2).
R4 R4

So, we have proved that the transition probabilities satisfy Equation (1.1). In addition, condition
(i) yields that for every function ¢ € C$°(R?)

h—0

i [ C(5)P(s.5+ hody) = (o)
Rd

i.e., P(s,x,t,dy) satisfies the condition P‘S:t = §,, where §, is the Dirac measure at = € R%.

Let v be a finite Borel measure on R?, and let

pe(dx) = /P(s,y,t,da:)v(dy).
Rd

It is readily verified that the measure p = u.(dx) dt satisfies the Cauchy problem for Equation
(1.1) with the initial condition “‘t:s =v.

One can consider diffusion processes in a broader sense, for instance, almost surely continuous
Markov processes in R? such that their transition probabilities P(s,z,t,dy) satisfy Equation
(1.1) with the initial condition P ‘ +—s = 0z Such processes are called quasidiffusions.

Let us note that since the distribution of a Markov process is completely determined by its
initial distribution and transition probabilities, the uniqueness of a probability solution to the
Cauchy problem for the Fokker—Planck—Kolmogorov equation implies the weak uniqueness of a
diffusion process whose transition probabilities solve the Fokker—Planck equation.

Example 1.6 (martingale problems). Assume that the coefficients a”/ and b are locally
bounded. Let C(]0,+00)) be the space of continuous functions on [0, +00). Let %/ denote the
minimal o-algebra containing all sets of the form {z € C([0,400)): z(7) € B}, where 7 € [s, ]
and B is a Borel set in R%. Let .#3, denote the minimal o-algebra containing all classes .% with
t > s. Following [23], we say that a probability measure Ps . on the space C([0,+00)), where
(2,8) € R x [0,T), is a solution to the martingale problem for the operator L if

(i) Psz(z(s) = 2) = 1,

(i), for every function f € C§°(R?) the expression

Fa(t)) - Fa(s)) - / Lf(x(r)) dr

is a martingale with respect to (Ps ., %).
Let E, . denote the expectation with respect to the measure P; .. By the definition of P ,
and the properties of martingales, for every t € [s,T] we have

t

E,.f(@(t) = Eo f(2(s)) + / E,.Lf(2(r)) dr.

S



We set p(B) = Ps ,(x: z(t) € B). Then the change of variables formula yields

/f(x) dpuy z/f(:v) dﬂs+/t/Lf(.1‘,T) duy dr.
R R4

S Rd

Note also that pus = d,. Thus, the measure p = u¢(dx)dt satisfies the Cauchy problem for
Equation (1.1) with the initial condition ”'t:s =J,.

The proof of the uniqueness of a solution to the martingale problem consists usually of two
steps. At the first step, for a sufficiently large class of functions f, for example, f € C§° (RY),
one proves the equality

1 2
B, f(2(1) = E; . f(x(1)) (1.5)
for every t € [s,T], where E;Z and E;Z are the expectations with respect to two solutions to

the martingale problem Ps{z and PS% .- The equality (1.5) is equivalent to the coincidence of PS{Z
and P2, on all sets of the form {z: z(t) € B}, where B is an arbitrary Borel set and t € [s, T].
The second step is concerned with deriving the equality Psl’ L = PS% , from (1.5).

We observe that the equality (1.5) is equivalent to the equality of the solutions p! and p? to
the Cauchy problem for Equation (1.1) with the initial condition u‘ +—s = 0z corresponding to
two solutions to the martingale problem PS{Z and PS%Z. So, the proof of (1.5) often reduces to
that of the uniqueness of a probability solution to the Cauchy problem for the Fokker—Planck—
Kolmogorov equation. Moreover, as shown in [16] in the case of bounded coefficients, any
probability solution to Equation (1.5) is given by some solution to the martingale problem.

If the coefficients are unbounded, the situation becomes more complicated. If one derives
the uniqueness of a probability solution to the Fokker—Planck—Kolmogorov equation from the
uniqueness of a solution to the martingale problem, then it is necessary to prove, at least
under the same assumptions providing the uniqueness for the martingale problem, that every
solution to the Cauchy problem is generated by a solution to the martingale problem. It is also
clear that if we have managed to prove the uniqueness for the Cauchy problem under the same
assumptions under which it holds for the martingale problem, then a unique probability solution
will be automatically generated by a solution to the martingale problem.

Finally, we note that the proof of the well-posedness of the martingale problem with un-
bounded coefficients often employs the following observation (cf. [23, Theorem 10.1.1]), which,
in a sense, localizes the uniqueness problem.

Suppose that € is a domain in R? x [0, +00), (5,2) € Q, and 7 = inf{t > s: (t,2(t)) € Q}.
Let the martingale problem with bounded coefficients a”/ and b® be well posed, and let P . be
its solution. Let functions @ and b  be locally bounded. If @7 = a% and b’ = b* on € and
the measure Ps . is some solution to the martingale problem with coefficients @ and b, then
P;. = P, on 72, where .7 is the o-algebra of events A € .Z5 such that AN{r < t} € Z;.
There is no analog of this property for probability solutions to the Fokker—Planck—Kolmogorov
equation, which complicates finding sufficient conditions for the uniqueness of solutions to the
Cauchy problem.

Example 1.7 (kernels of semigroups). Suppose that a* and b’ depend only on z and belong
to the class C*°(R?). Suppose also that the matrix A = (a%) satisfies condition (H1). Following
[24] (cf. also [25]), we construct a semigroup on Cj(RY) whose generator extends L. We set
Ur = U(0,R). Tt is well known that for every function f € Cj(R?) there exists a unique



function upg such that
Owur = Lur, x€Ug, t>0,

up(z,t) =0, x€dUg, t>0,
ugr(r,0) = f(z), 2z € Ug.

Moreover, the function ug is given by a semigroup {T/*};>¢ on Cy(Ug), i.e., ur = TEf. Ac-
cording to the maximum principle, max, |ugr(z,t)| < max, |f(x)| and, if f > 0, then ug, (z,t) <
up,(x,t) whenever € Ug and R < R; < Ry. We set

Tif(x) = lim ug(z,t).
R—00

As is shown in [24, 25], the constructed semigroup possesses the following properties. Let
f € Cy(RY) and u(x,t) = Ty f(z). Then

(i) u € C®°(R? x (0,400)) and dyu = Lu,

(ii) Ty f(x) — f(z) as t — 0 uniformly on compacts sets in RY,

(iii) if f € C§°(RY), then O, Tyf = T;Lf,

(iv) there exists a positive function p € C®°(R% x R? x (0, +00)) such that

T, (x) = / Py, ) () dy

Rd

By these properties, the function (y,t) — p(z,y,t) is a subprobability kernel and satisfies
the equation d;p = L*p. Let v be a finite Borel measure on R%. Then the measure p = ju;(dz) dt,
where

B = [ vlde) [ pie.y.0)dy.

R4 B

is a solution to the Cauchy problem for Equation (1.1) with the initial condition g v = V-
Indeed, let ¢ € C5°(R? x (0, +00)). Then

70/ [0ve + Lop|dp = /V(d:v) 70/ (00 + Lep]p(x, y,t) dy = 0.
0 R R4 0 Rd

Let ¢ € C§°(RY). Taking into account property (ii), we obtain

t—0

iy [ Cowatdy) = limy [ Tic(opw(an) = [ capptan)
]Rd Rd Rd

We use the semigroup considered in this example for constructing examples of nonuniqueness.

2 Examples of Nonuniqueness

We show that the set of probability solutions may consist of several elements. It is well
known that if A = 0 and the vector field b is just continuous, then the Cauchy problem may



have more than one solution. Indeed, let b(x) = 22/3. Then the Cauchy problem for the ordinary
equation & = b(z), £(0) = 0 has different solutions z1(t) = #3/3 and z2(t) = 0. The measures
02,(t) and g,y are different solutions to the corresponding Cauchy problem (1.2).

The question arises about nonuniqueness in the case A = I and b € C>°(R? x [0, T]). It turns
out that, in this case, there is also a nonuniqueness example a construction of which is based
not on the local nonregularity of the drift b, but on the rapid growth of |b(z,t)| at infinity.

To construct such an example , we need several auxiliary results on the stationary Fokker—
Planck—Kolmogorov equation, which we present in the following three propositions.

Proposition 2.1. Let d > 2. There exists a vector field B € C*®(R?) such that the stationary
Fokker—Planck—Kolmogorov equation L*p = 0 with the operator L = A + (B(x),V) has an
infinite-dimensional simplex of probability solutions. Any solution is given by a positive density
of the class C>®(R?) with respect to the Lebesgue measure.

Such examples are constructed in [26]-[28]. For a survey of recent results related to the
uniqueness for the stationary Fokker—Planck—Kolmogorov equation we refer to [29].

Proposition 2.2. Assume that d > 2 and L = A + (B(z),V), where B is an infinitely
differentiable vector field on R%. Let {T;}i>0 be the semigroup corresponding to the operator L
in Example 1.7, and let p be an arbitrary probability solution to the equation L*u = 0. Then for
every nonnegative function ¢ € C§°(RY)

/Ttsodu</s0du~
Rd Rd

Proof. Let ¢ € C§°(Rd), @ >0, and let a number R > 0 be such that supp ¢ C Ug, where
Upg is the ball U(0, R). As in Example 1.7, let the function ugr be the solution to the mixed
problem

Owurp = Lur, x€Upg, t>0,

ugp(z,t) =0, x€dUg, t>0,
ur(z,0) = ¢(x), z € Ug.

By [14, Chapter 3, § 5, Theorem 12], ug € C*°(Ug x [0,+0o0)). Moreover, by the maximum
principle, ur > 0 and ug(x,t) > 0 whenever (z,t) € Ug x (0,+00). We set

vpe(+) = (ur(-,t) + k)1, k>0, >0.

We note that the measure p is given by a smooth density ¢ and the equation L*i = 0 can be
written as an equation for the density ¢ as follows:

diV(V@ — bQ) = 0.

Multiplying the last equality by the function vy . — k'*¢ and integrating by parts, we obtain

0= / [(b, Vou.) + Ay oda + / o(Vy. ., n)dS,
Ur OUR

10



where n is the outward normal vector to dUg. Note that

Vope = (1+¢)(ur + k)*Vug,
Avye = (14 &)(ug + k) Vugr|? + (1 + ¢)(ugr + k) Aug.
Dropping the positive term (1 + €)(ug + k)°~!|Vug|?, taking into account that ug(x,t) = 0 if

x € OUR and ug(x,t) > 0 at all inner points = € Ug, and first letting & — 0 and then letting
€ — 0, we arrive at the inequality

/LURQ dx < 0.

Ur
Since dyur = Lup, we have

d
— [ ugr(z,t)o(z)dr < 0.
dt
Ur

Let us extend ug by zero outside Ur. Then
/uR(x,t) dp < /sodu
Rd Rd

and it remains to observe that Typ(x) = lim ug(x,t). O
R—o0

Proposition 2.3. Let 7 > 0. Let the assumptions of PRoposition 2.2 be satisfied. Assume
that the measure p is invariant under the family of operators {T;}o<t<r, i-€.,

/Ttsodu=/sodu (2.1)
Rd R4

for every t € [0,7) and ¢ € CP(RY). Then u is a unique probability solution to the equation
L*u=0.

Proof. We first show that p is indeed a solution to our equation. By property (iii) in
Example 1.7, we have 0,Typ(x) = Ty Lp(x). Therefore,

max ¢~ Typ() — ()| < max|Lp(x)].
x, T

By the dominated convergence theorem, we have

t—0
R4 R4

0=1lim [ " (Tip(x) — plx)) du = / Lio(x) dp,

which is equivalent to the equality L*u = 0. Since B € C™(R?), the solution u is given by a
strictly positive infinitely differentiable density o with respect to the Lebesgue measure.

Let v be another probability solution to the equation L*u = 0. According to Proposition
2.2, for every nonnegative function ¢ € C3°(R?)

/TttpdV</sodv,

R4 R4

11



which enables us to extend the operator T} to a continuous linear operator on L!(v) such that
the inequality holds for all nonnegative functions in L!(v). In particular, T;1 < 1 v-a.e. We
note that p = vv, where the positive function v is the ratio of densities of u and v. The equality
(2.1) yields

/(Ttl —1vdr =0,

Rd

which along with the inequality 731 < 1 implies the equality 731 = 1. On the space L*(u), we
have the adjoint operator T} for which the equality 771 = 1 holds as well. Thus,

/Ttapdyz/cth*ldV:/gody,

R4 R4 Rd

ie, (2.1) is fulfilled for v. Hence the measures p and v are invariant with respect to the
semigroup {7} }+>0. Therefore, the measure p — v is also invariant, which yields the invariance
of the measure | — v| (cf., for example, [30]). As shown above, the measure | — v| satisfies the
equation L*p = 0 and either vanishes identically or possesses a strictly positive density, which
is impossible since both p and v are probability measures. Hence p = v. O

Corollary 2.4. Let B be a vector field from Proposition 2.1, and let v be a probability
solution to the equation L*p = 0, where L = A + (B(x),V). Let {T;}1>0 be the semigroup
specified in Example 1.7 corresponding to the operator L. Let

7u(B) = [ vlds) [ pla.v.0)dy

R4 B

where p is the kernel of the semigroup {T;}i>0. Then the measure o = oy(dx)dt solves the
Cauchy problem (1.2) with the initial condition O"tzo = v. Moreover, o < v if t > 0 and for
every T > 0 one has oy Zv if t € (0,T).

Proof. Only the last two assertions require a proof. The inequality o; < v follows from
Proposition 2.2. Indeed, for every nonnegative function ¢ € C§°(R?)

/80(95) doy = /Ttso(x) dv < /cp(a:) dv.

R4 Rd R4

If o, = v for all t € (0,T), then v is an invariant measure for the semigroup {7;}:>0 and, by
Proposition 2.3, it is a unique probability solution to the equation L*u = 0, which contradicts
our assumptions. [

The existence of a solution o = o4(dx) dt to the Cauchy problem with the initial condition
U‘t:O = v such that v is a nonunique solution to the equation L*v = 0, oy < v, and 0; # v can
be also deduced from the results of [26] (cf. [9]).

We now proceed by constructing an example of the Cauchy problem with several probability
solutions.
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Example 2.5. We split our construction in several steps.

Step I. Let b(z,y) = (B(z),C(y)), where 2,y € R? and B = (b},b%), C = (c!, ¢?) are infinitely
differentiable vector fields on R? such that the elliptic equations

=0, L5c=0
with respect to measures on R?, where
Liu=Ayu+ (B,Vzu), Lou=Ayu+ (C,Vyu),

have at least two linearly independent probability solutions. Such vector fields B and C' exist
according to Proposition 2.1. We set

Lu = Liu+ Lou = Ayu+ Ayu+ (B, Vu) + (C,Vyu) = Au+ (b, Vu).

Step 11. Let v be a probability solution to the first equation L = 0. According to Corollary
2.4 the measure p”(dz dt) = v(dz) dt, where

w(B) = [ vido) [ pe.v.t)d,

R B

is a solution to the Cauchy problem with operator L; and initial condition v. Moreover, 1 < v
and vy # v. We set Uy = v — 1, and observe that the measure v( dz dt) = v;( dz) dt is nonnegative
and is a nonzero solution to the Cauchy problem 0,v = L7, ’ﬁ| 0 = 0.

Step 1II. Let o1 and o9 be two linearly independent probability solutions to the equation

50 =0. Weset uy = v-01 + ;- (02 —o1). We show that the measures v - o1(dx) dt and

w(dz dt) = py( dz) dt are probability solutions to the Cauchy problem Oy = L*p, 'U’}t:O =v-o].

Indeed, we have the equality L*(v - 01) = 01 Ljv + vL501 = 0 and v - 01 does not depend on t.
Similarly,

L*(/V\t . (O’Q - 0'1)) == (0'2 - Ul)LT/V\t == (0'2 - 01)6tﬁt == Bt(ﬁt . (0'2 - 0'1)).
Since v — 7; = 14 > 0, we have
pe =v-o1+ 0 (02 —o1) = (v —1)o1 + voa = 0.

Taking into account that v|;—9p = 0, we obtain u‘ +—o = V- o1. It remains to observe that y is a
probability measure for every ¢ since (02 — o1)(R?) = 0.

Note that, by Proposition 2.1, the vector fields B and C can be chosen in such a way that
the corresponding stationary Kolmogorov equations Ljv = 0 and L0 = 0 will have infinite-
dimensional simplices of probability solutions. Therefore, changing the measure o9 in this exam-
ple, we obtain an infinite-dimensional simplex of probability solutions to the Cauchy problem.

Remark 2.6. If, in place of the strip R? x (0, T'), we consider R? x R and do not impose any
conditions as t — —oo, then there exist simple examples of the equation 0;u = L*u with several
probability solutions (cf., for example, [5]). Assume that d = 1, A(z) = 1, and b(z,t) = —=z.
Then for any number « the measure pu® = puf(dx) dt, where

ta)2

u§ (de) = (2m) V2™ T da,

is a probability solution to our equation.
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Concluding this section, we give an example of the Cauchy problem which has a unique
probability solution that is not a unique integrable or nonnegative solution.

Example 2.7. Assume that d = 1 and A(x) = 1. The Cauchy problem for the measure
= v(z,t) dx dt with the initial condition v = u(z) dx can be written as the Cauchy problem
for the density v as follows:

vy = (Vp — bv)z, v(0,2) = u(z).
We seek a nonnegative solution v in the form e!®’(x). Substituting into the equation we obtain
' = (9" — bvd').
Integrating this equality, we arrive at the relationship
¢ = " — bd' + const .

We set ®(z) = arctg = and
" (x) — ¢(x)
b(zx) = —————
Then b(z) = —22(1+2%)7! — (1 +2?) arctg x. Let u(z) = (7(1+22))~L. Since b(z)z < 0, from
Theorem 3.4 it follows that there exists a unique probability solution to the Cauchy problem.
However, there is yet another integrable and nonnegative solution; namely, e‘u(x) dx dt.

3 The Uniqueness of Probability Solutions
if the Diffusion Matrix Coefficients Belong to VMO,

We begin our study of the uniqueness of probability solutions with the classical Holmgren
principle, the main idea of which can be illustrated by the following trivial example. Let A
be a bounded linear operator on a Hilbert space H. Then ker A = (Im A*)*. Therefore, to
prove the uniqueness of a solution to the equation Ax = f, one has to verify that the range
of A* is dense in H. In the general case, such an approach requires high smoothness of the
coefficients of the differential operator L. For instance, if ¥/ and b’ are continuous in (x,t)
and have continuous bounded derivatives in x up to the second order, then, as shown in [23]
and [14] (cf. also [19]), for every ¢ > 0 and every function ¢ € C5°(R?) there exists a function
f € Cy([0,] x RN Cr2((0,) x RY) such that

8tf(m7t) + Lf(.%',t) =0,

f(t,z) = (),
Using the fact that uy is a probability measure and applying Lemma 1.1, we obtain the equality

/w(:t:) d,utZ/f(a:,t) dv
R Rd

which immediately yields the uniqueness of a solution to the Cauchy problem. Indeed, for any
two solutions p! and p? we have

/w(w) dpy = /w(w) dyi;

Rd Rd

14



for every function 1 € C§°(R?), which implies that u! = p?.

If the diffusion matrix is nonsingular, then the assumptions on coeflicients can be considerably
weakened. It is well known (cf., for example, [23]) that, in the nondegenerate case, it suffices to
have the Holder continuity of coefficients. In this section, we show that, combining the results
of [1] and [31], one can obtain a considerably stronger result.

The following assertion is proved in [1].

Proposition 3.1. Let Q = (¢”) be a mapping from R% x (0,T) to the set of symmetric
nonnegative matrices. Let a locally finite nonnegative Borel measure p on R? x (0,T) be such
that ¢ € Li (1, R? x [0,T]), and let for every nonnegative function ¢ € C§*(R? x (0,T'))

/ (01 + q7 02,00, 0]dn < C( sup o]+ sup  [Vagpl).
R2x(0,T) R2x(0,T)
dx(0,T)

Then the measure (det Q)Y (4D has a density of the class L(d+1) (RY x (0,T)) with respect to
the Lebesque measure on RY x (0,T).

Corollary 3.2. If a locally finite nonnegative Borel measure u on R x (0,T) satisﬁes the
equation Ogpv = L*pv and condition (H1) is fulfilled, then p = odxzdt and o € L(dH) (R4 % (0,T)).

Let g be a bounded function on R4, We set

O(g,R) = sup supr 2|U(z,r)|~? / / / —g(z,8)|dydzds.
(z,t)€RI+1 r<R Do
Y,2€ ;rr

If leimo O(g, R) = 0, then the function g is said to belong to the class VMO, (R4 *1).
ﬁ

If g € VMO,(R4Y), then one can always assume that O(g, R) < w(R) for all R > 0, where
w is a continuous function on [0, +00) and w(0) = 0.

Suppose that a function ¢ is defined on R% x [0, 7] and is bounded on U x [0, T] for every
ball U. Let us extend g by zero to the entire space R*1. If for every function ¢ € C§°(R%)
the function g¢ belongs to the class VMO, (R%1), then we say that g belongs to the class
VMO, 10c(R? x [0,T).

Remark 3.3. Assume that w € C°(RY), w > 0, ||w|/;1 =1, and
we(z,t) = e tw(|z] /e)w(|t] /).

If g € VMO, (R¥1), then g. = g * w. € VMO,(R¥1) and O(g., R) < O(g, R). It suffices to
observe that

2\Um2// / 10y, 8) — g2, )| dy d= ds

y,2€U(z,r)
t+er+r?
w(lEw(lr) de drr2|U (z + <€, r)|2 / / / 190, 5) — 9(=, )| dy d= ds,
RA+1 t+et y,2€U (z+<e€,r)
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where the right-hand side is estimated by the quantity O(g, R). Note also that g. — ¢ in
LP

loc
a sequence of infinitely differentiable functions g converging to ¢ in L? (R¥+1) for every p > 1

loc
such that O(gx, R) < O(g, R).

(R4*1Y) for every p > 1. Therefore, for every function g of class VMO, (R*!) one can find

Remark 3.4. Let functions a” be defined on R4*!, and let a symmetric matrix A = (a%)
be such that for some numbers v > 0 and M > 0

(A(z, )y, y) =Yy, |A(z,t)| < M

for all (z,t) € R¥! and y € Rdi Then these inequalities with the same numbers v and M are
fulfilled for the matrix A. = (aZ), where a? = a¥ * w. and the function w. is defined as in
Remark 3.3. It suffices to observe that [wl/z1®) =1 and

(Ae(z, )y, y) = / (A(z + b, t + er)y, )w(€Dw(ir]) dedr Vy.

Rd+1

Let Wpl’Q(Rd x (—1,T)) be the space of functions u € LP(R? x (—1,T)) having Sobolev
derivatives dyu, Oz, u and 0,0y, u in LP (R? x (—1,T)) and finite norm

HU”WI}Q(RdX(,LT)) = HU”LP(Rdx(—LT)) + ”aziu”LP(]Rdx(—l,T))
+ 102, 0 ull Loax (—1,7y) + 10l Lo (i (—1,1))-
The next result follows from [31].
Proposition 3.5. Let ¢, ht € C®(R™1) and

Sufqu(aat)!+-Vf(w,tﬂ <M,
x?

where the matriz Q = (¢q¥) is symmetric, and let for some number k > 0

(Q(z, 1)y, y) > kly?

for all (z,t) € R™! and y € RY. Suppose that there exists a continuous function w on [0, +00)
such that w(0) = 0 and O(¢”, R) < w(R) for all i, j. Assume that T >0 and p > d+ 1. Then
the Cauchy problem

flier =,

where 1 € C°(RY), has a unique solution f € Wpl’Q(Rd x (=1,T)) and there is a number C > 0,
depending only on the numbers d, p, M, k, T, and the functions 1, w, such that

(3.1)

1 llwp2gas-1my) < €
Moreover, f € C®(R? x (—1,T)) N Cp(R? x [~1,T7).
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Proof. According to [31, Theorem 2.1], there exists a unique solution to the Cauchy problem

049 + 47 05,00,9 + h' 05,9 = —q" 03,00,9 — R0y,
g‘t:T =0

in the class Wpl’Q(Rd x (—=1,T)). Moreover,

Igllwremax(—1.1)) < C1llg” 0,000 + B 02, 0|l Lo (g (—1,7):

where C; depends only on d, p, M, x, T, and w. The function f = g + 9 is a unique solution
to the Cauchy problem (3.1) in the Sobolev class Wz} 2. Since the matrix @ is nonsingular and
q7,ht € C®(R™), we have g € C®(R? x (—1,T)) (cf., for example, [32, Theorem 12.2]).
Consequently, f € C°(R? x (—=1,T)). Let U be the unit ball in R?. Since p > d+ 1, the Sobolev
embedding theorem yields f € C*(U x [—1,T]) and

”fHC'O‘(UX[—l,T]) < CQHfHWI}vQ(RdX[,LTDa

where @« = 1 — (d + 1)/p and Cs depends only on d and p. In particular, we have the inclusion
f € Cpy(RY x [-1,T)). O

We present the main result of this section.

Theorem 3.6. Suppose that a¥ € VMO, 10c(R? x [0,T]) and the matriz A = (a¥9) satisfies
condition (H1). Then the set

My ={p€ Py a?,b € L', R? x [0,T])}
consists of at most one element.

Proof. Let on(z) = n(z/N), where n € C§°(R?) is a nonnegative function such that n(z) =
1if |z| < 1and n(z) =0if |z| > 2,0 < n < 1 and there exists a number K > 0 such that for all
x the inequality |[Vn(z)[*n~(z) < K is fulfilled.

We fix N € N. Let U be an open ball in R¢ containing the support of ¢, and let ¢ € C'(‘)X’(Rd)
be a function such that 0 < { <1 and ((z) =1if z € U. We set

Az, t) = ((x) Az, 1) + (1 = ((2))1,

where I is the unit matrix. Let A(x,¢t) =T ift <0 or t > T. Then @7 € VMO, (R¥*!) and for
some numbers x > 0 and M; >0

(A(z, )y, y) = wlyl?, @ (x,1)| < M

for all (z,t) € R4 and y € R, Moreover, A(x,t) = A(z,t) for all (z,t) € U x [0, T).
Using Remarks 3.3 and 3.4, we find a sequence of matrices @, = (qff ) such that q;‘? €
C>®(R4*1) and for all (z,t) € R4*! and y € R? the following inequality holds:

(Qn(z, )y, y) = Klyl*, g (z,t)| < My,

one has O(¢i, R) < Q(a, R) and ILm A = QullLrwxjo,ry) = 0, where r = 2(d + 1).
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Let 0! = o}(dz) dt and 0% = o?(dz) dt belong to the class .#,. Then o = (o! + 02)/2 also
belongs to .#,. By assumption, |b| € L?(u,U x [0,T]). Let us find a sequence of vector fields
(hi )i<icqa on RT such that bl € C® (R, |hy,(z,t)| < Ma(m) for all (z,t) € R¥! and

T
lim //\b(a:,t)—hm(x,t)\Zdatdtzo.
m—o0
0 U
We set
Lym = 7 03,04, + 0,

Let ¢ € C§°(R?) with max, [1)(x)| < 1. Let J denote the set of all points ¢ € [0, 7] for which
equality (1.4) is fulfilled for all functions ¢y and ¥y, k € N, and both measures ¢! and o2.
It is clear that J is a full measure set in [0,7] and Remarks 1.3 and 1.4 are applicable to it.
Lett € J.

According to Proposition 3.5, there exists a solution f,,, € C®(R% x (—1,)) [ Cyp(R? x
[—1,¢]) to the Cauchy problem

asfn,m + Ln,mfn,m = 07
fn,m‘szt = ¢

Let I be the set of all points s € [0,t] where the equality (1.3) of Lemma 1.1 holds for all
functions f,, men and fimgoN, where k£ € N, and both measures o' and o?. We observe that
1 _ 52 satisfies the Cauchy problem
(1.2) with zero initial condition. Assume that 7 € I and 7 < ¢t. Applying Lemma 1.1 to the

t € I and I is a full measure set in [0, ¢]. The measure y = o

function f, ;¢ N, we obtain

/w(gﬁ)SON(l“) dﬂt—/fn,m(x,r)goN(a:) dpir
R4 Rd

t
= //[‘PN(L — Lnm) fam + (AV fam, Ven) + fn,mLSDN] dpis ds. (3.2)
T Rd
Let us estimate the quantity
t
/ /(pN|\/Zan,m|2 dog ds.
T R4

For this purpose, we apply Lemma 1.1 to the function f%mgo ~ and the measure 0. We obtain
[ @en@ o [ £ (e m)on) do
Rd Rd

t

:2//|\/Zan,m|2cdeasds

T R4

t
+ //[an,mCPN(L - Ln,m)fn,m + 2fn,m(Avfn,m7 VSDN) + erL,mL(PN] das ds.
T R4
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We observe that 0 < pn(z) < 1, [¢(x)] < 1 and, by the maximum principle, |fy m(z,s)| < 1.

Applying the inequality 2a8 < fa? + 6~13? with 6 > 0, we find that

t
2 / / 16— s ¥ f) | from oy dos dis

T R4

p t
<9_1//|A_1/2(b_hm)|2‘PNdUSdS+0//’\/va”,mP(deasds.

T Rd T R4

Similarly,

t
2//|fn,m”(Avfn,mav90N)‘dgsds

T Rd

¢ t
<9_1//<P]_\/1’\/ZVSON’2dJS d8+0//’\/zvfn,m‘2ideUSds.

T R4 T R4

Let § = 1/2. Using the obtained inequalities and taking into account condition (H1), we obtain

the estimate

t
//@N‘\/van,mpdas ds <1 +I+R,
T Rd

where

t t

I= 2//|aij fqij||8xi8x].fn7m]<pN dos ds+2/<//|bi — hl 2o dogds,

T R4 T Rd

T
R://\LQDN|+2§0X,1|\/ZV<,0N|2CZUSCZS.
0 Rd

Coming back to the equality (3.2), applying the last estimate, and taking into account that

lu| < 20, we get

/w(ﬂc)(ﬁN(w) dpt — /fn,m(x,r)goN(a:) dpir

R4 Rd

t
< 2// |aij - qinaxiaazjfn,mhpN das ds

T R4
1/2
/ybi — k! 2o dog ds)

T

T

+26 (14 T+ R)1/2( /

T 1/2
+2(1+I+R)1/2<//cp1\\/ZV¢N|dasds> +2//]L@N]dasds.

0 Rd 0 Rd

(3.3)
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By Corollary 3.2, the measure ¢ has density o € L(dH)I(Rd x(0,T)). Let p = 2(d+1). According

loc

to Proposition 3.5, there is a number C, depending only on p, d, x, M1, T, U, w, ¥, h,, and
independent of n, such that

max[|95; s, fomll oo < C-

We recall that A = A on U. Applying the Holder inequality, we obtain
¢
// la® — qij\\aziﬁmjfnvm\gmv dogds
T Rd
<A = @nllzr 1) 1050z, famll o< 00 lell Ly @ xra-
Therefore, the expression
¢
// la — qij||8xiaxjfn7m|gpN dogds
T Rd
tends to zero as n — oo provided that 7 and m are fixed.

According to Proposition 3.5 and the Sobolev embedding theorem, there exists a number Cy
independent of n such that

||fn,mHCo¢(U><[07tD < Cla

where U is the closure of the ball U. Therefore, on the compact set U x [0,t], the family
of functions (fpm)n is uniformly bounded and equicontinuous, which enables us to select a
uniformly convergent subsequence. Keeping the same indices n, we assume that fy,,, = fn
as n — oo uniformly on U x [0,¢]. It is clear that the function f,, is continuous on U x [0, t].
Keeping 7 and m fixed, we let n — +o0o in the inequality (3.3). We obtain

/ (o () dur — / funls 7)o (@) dpir
R4 Rd

<201+ Iy, + R)Y21Y? +2(1 + I, + R)Y?RY? + 2R (3.4)
where
T
In = 2:%// b — Rl PoN dog ds.
0 Rd

Let us pick a sequence 7, € I()(0,¢) such that klim 7t = 0. Since f,, is continuous on U x [0, 1],
— 00

the functions f,,(z,7) converge to f,(z,0) uniformly in z as & — oco. In addition, since the
initial condition is zero, one has

li - (x, -
ti [ fr, 00 (2) din, =0
Rd

Therefore,

hm/fm(xaTk)‘PN(x) dpir, = 0.
k—0
Rd
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Replacing 7 in (3.4) by 7% and letting first & — oo and then m — oo, we arrive at the equality
/w(fc)(ﬂN(x) dug < 2(14 R)1/2R1/2 1 2R,
Rd

Finally, letting N — oo and using the fact that a¥/,b* € L'(u, R? x [0,T]), we obtain

/¢@Mw<0
]Rd

Replacing 1) by —1 we obtain the opposite inequality. Hence for almost all ¢ € [0, 7]

/¢@Mm_0
EA

Since v is an arbitrary function in C§°(RY) satisfying [¢)| < 1, we have y; = 0. Therefore,
1 2

o =o0". 0

Remark 3.7. (i) It is easily seen from the proof of the theorem that one can weaken
the condition a/,b’ € L'(u, R% x [0,T]) restricting the class of probability solutions in which
uniqueness is proved. Let V € C2%(R?) be a positive function such that lim V(z) = +oo.

|z| =00
Suppose, as above, that a¥/ € VMO, 10c(R? x [0, T]) and the matrix A = (a') satisfies condition
(H1). Then the set ., consisting of measures 1 € &, such that

T
) ILV|  |WVAVV[]*
1&&/‘ / vty =0

0 NKVLN+1

contains at most one element.

(ii) It can be also seen from the proof of the theorem that the conditions on the matrix
A can be weakened as follows. The theorem remains valid if we assume that the symmetric
matrix A = (a”), where the functions a¥/ are Borel measurable on R x [0, T, satisfies condition
(H1) and for each ball U C R? there is a sequence of symmetric positive definite matrices
Ay = (azj)lgi,jgd and numbers N, p, ¢ with p~! + ¢! = (d + 1)~! such that

(i) aZj € C(U x [0,T]), sup sup |Ag(x,t)| < oo, and lim [|A — Ag|lpawx(0,1)) = 0,

k Ux[0,T) k—o0
(ii) the following estimate holds:

H‘PHW101’2(U><(07T)) < NH@W + agaziaijOHLP(Ux(O,T))

for every k € N and ¢ € C®°(U x [0,7T]) such that ¢(-,7) = 0 and supp ¢(-,t) C U for
all ¢ € [0,77.

Example 3.8. Using estimates with Lyapunov functions (cf., for example, [33]), one can
obtain the following sufficient uniqueness condition. Let the matrix A satisfy condition (H1),
and let a¥ € VM Oxyloc(Rd x [0,T]). Assume that o > 0 and r > 2. Suppose that for all
(z,t) € R? x [0,T] and some positive numbers ¢y, 2, ¢3 and ¢4 < a, ¢5 < «
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(i) |z|"=2 trace A(z,t) + (r — 2)|z|""*(A(z, )z, ) + ar|z|> ~*(A(z, t)z, x)
+z|"2(b(x, ), 1) < c1,

(ii) a¥ (z,t)] < cpexp(cala]”) and b (z,t)| < cgexp(cs|a]”).

Suppose also that v is a probability measure on R? such that exp (a|z|") € L*(v). Then the
set &, consists of at most one element. Indeed, inequality (i) and the condition on the initial
distribution v enable us to conclude that exp(ajz|") € L*(u,R? x [0,T]) for every probability
solution y to the Cauchy problem (1.2). Condition (ii) ensures that a,b* € L'(u, R? x [0,T7).
Therefore, Theorem 3.6 applies.

It should be noted that uniqueness is established under very broad assumptions on the
diffusion matrix and drift. However, our global conditions impose restrictions on the whole
class of probability solution for which we prove uniqueness. In addition, the verification of the
assumptions of the theorem by means of Lyapunov functions involves restrictions on the growth
of |b(x,t)].

4 The Uniqueness of Probability Solutions
if the Diffusion Matrix is Lipschitzian in x

In this section, we discuss a method of proving the uniqueness of probability solutions that
requires stronger local regularity of the coefficients of the differential operator L, but enables one
to weaken considerably the global assumptions on the coefficients and solutions. The principal
results of this section were obtained in [6].

We assume that along with condition (H1) the following condition is fulfilled:
(H2) for every ball U C R? there exists A = A(U) > 0 such that for all z,y € U and ¢ € [0, T]

0¥ (a,t) — a” (y, )] < Alz —yl;

As already noted in the introduction, condition (H1) implies the existence of a density o for
any probability solution p with respect to the Lebesgue measure. Moreover, if along with (H1)
and (H2) we have b € LI, (R? x (0,T)) for some p > d + 2, then one can choose a continuous
version of o on R? x (0,7 such that for almost every ¢ € (0,T) the function o( -,t) belongs to
WLP(U) for every ball U  R%. Since for almost all ¢ € (0,7) the measure py(dz) = o(x,t) dx is
a probability measure on R?, the Harnack inequality yields that for every ball U in R? and any
interval J C (0,7) there exists C' > 0 such that o(x,t) > C for all (z,t) € U x J.

If we choose a continuous version of the density p, then o( -, ¢) may be a probability density
not for every ¢t € (0,7"), but just for almost every ¢ with respect to the Lebesgue measure on
[0,T]. By the Fatou theorem, for every ¢

/Q(l‘,t) dr < 1.

R4

Note also that for every ¢ € C5°(R?) the function

t— /C(x)g(w,t) dx
Rd
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is continuous on (0,7") and for almost all ¢ it coincides with the function
t— / C(x) dpuy.
Rd

Therefore,

t—0

lim / C(@)olz, t) do = / ¢(z) dv.
Rd Rd

Below, we will deal with the continuous version of the density o.
For every measure p given by a Sobolev class density ¢ with respect to the Lebesgue measure,
its logarithmic gradient 3, with respect to the metric generated by the matrix A is defined by

the following formula:
d

8= Y00, + a0 0s,0).

j=1
Throughout this section, we assume that b is locally integrable to power p > d + 2 with
respect to the Lebesgue measure on R? x (0,7) and conditions (H1) and (H2) are fulfilled.

Suppose that there are two solutions to the Cauchy problem (1.2) in the class &2, given by
densities o and g with respect to the Lebesgue measure. Then these densities are continuous on
R x (0,T). In addition, the functions o and g are strictly positive. Let v(x,t) = o(z,t)/o(x, ).
The function v is continuous and positive on R? x (0, 7).

Lemma 4.1. Suppose that for every A > 0

/eA(l_”(x’t))g(az,t) dr <1 (4.1)
Rd
for almost all t € (0,T). Thenv =1, i.e., 0 = p.
Proof. Let t be such that o(-,t) and o(-,t) are probability densities and the inequality
(4.1) holds for all natural numbers A\. We observe that the set of points ¢ where this is not true

is a set of zero Lebesgue measure. If there is a ball U C R such that v(x,t) < 1 — 6 for each
x € U and some § > 0, then

e)“s/gdx < /e)‘(lv(‘”’t))g(x,t) dr < 1.
U U

Letting A — 0o, we obtain a contradiction. Therefore, v(x,t) > 1 for all z € R?. Assume now
that there is a ball V' C R? such that for each x € V and some v > 0 we have v(z,t) > 1+ 1.
Then

1:/v(m,t)g(w,t)d:n:/v(:n,t)g(x,t)dm—l— / o(z, )0, 1) da

R4 14 RA\V
> (1 +’y)/g(x,t)dx+ / oz, t)de =1 +’y/g(x,t)dx.
1% RV 1%
We again obtain a contradiction. O
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The following lemma is the main step in our approach.

Lemma 4.2. Assume that ) € C*(R?), 1 >0, and 0 <t < T. Let f be one of the functions
172 gnd 212 — X Then

/f (z,1))o(z, t)1h( /w du—l—//gf )L dz ds. (4.2)

0 R4

If, in addition, (b— B,)o € L*(U x (0,1)) for every ball U C R%, then

/f (x,t))o(x, t)( /w Ydv + = // (A, V) (0) 2 f" (v) " dx ds
0 Rd
+//f(v)(b—6ﬂ,vw)gdxds. (4.3)
0 Rd

A complete proof of the lemma can be found in [6], so we only give an informal reasoning,
which, however, becomes rigorous if we deal with the class of smooth functions on R? x [0, 7]
and assume that the initial condition is given by a strictly positive density.

Proof of Lemma 4.2. We set

d
W=t =" 0,0,
j=1
We recall certain relations following from the Leibniz formula and the chain rule. For every &, 7

in C*°(R? x (0,7)) and ® € C*®(R) we have the following equalities:

L*®(8) = ®'(&)L*E + D" (£)(AVE, VE) + (£/(€) — @(€)) div h,
L*(€-n) = nL*€ + EL*n + 2(AVE, Vn) + &ndiv h.

Thus, 0 = vp and
0o =L*c and 0;o= L¥p.

Multiplying the equation 0;0 = L*p by v and subtracting the obtained equality from the equation
Oyo = L*o, we arrive at the following equation for the function v:

00w = oL*v + 2(AV o, Vv) + gv div h.

Multiplying the latter relationship by the function f’(v) and taking into account the equalities
O f(v) = f(v)0w and V f(v) = f'(v)Vv, we obtain

00y (f(v)) = of'(v)L v + 2(AV g, V f(v)) + ouf'(v) div h.

Since
)L™ = L* f(v) = f"(v)(AVv,Vv) — (vf'(v) = f(v))divh,

we have
00y (f(v)) = oL" f(v) + 2(AVo,V f(v)) + of (v) divh — of"(v)(AVv, Vv).
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Adding the last equality to the equality f(v)d0 = f(v)L*p, we find that

O(ef(v) = L*(ef (v)) = ef"(v)(AVv, Vv).

Multiplying this equation by the function 1 and integrating, we obtain

//at wdxds—i—// (AVv, Vo) £ (v )wdxds—//wL* of (v)) da ds.

0 Rd 0 Rd 0 R4

Applying the Newton—Leibniz formula and taking into account the trivial equality v(x,0) = 1,

we FIND
//at q,z)dxds_/f (z,))o(z, t)b(z) dz — f /¢

0 Rd

Since L* is adjoint to L, one has

/t/@bL*(Qf(v))d;vds:/t/gf(v)hbda:ds.

0 Rd 0 Rd

Thus, we have the following equality:

/f(v(x,t))g(x,t)w(x) dx+j/g AV, Vo) f () dz ds

0 Rd
/w du—l—O/R[Qf )L dx ds. (4.4)

Taking into account condition (H1) and the inequalities f” > 0 and ¢ > 0, we obtain the
estimate (4.2). To derive the estimate (4.3), we need some additional transformations in (4.4).
Integrating by parts, we obtain

d t
AZO//Qf a0y, 05,0 dz ds = — //Qf )(AVv, V1)) dmds//gf (B, V) daz ds.

,7=1 R4 0 Rd 0 Rd

The Cauchy inequality yields

[(AVv, Vip)| < /(AVv, Vo) - /(AV), V).

Applying the inequality ¢r < 271(¢? + r?) with

q = |f"()["2|w|V2(AVv, V)12,
r= |7 (0)| V2 A AVY, V) 2 (v)],
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we obtain

t

//f( )(AVv, Vi)odrds < // (AVv, Vo) " (v)y dx ds

0 Rd 0 R4

+%//Q(AW’7V¢)¢1|f’(v)\2f”(v)1d:cds.

0 R4

Thus,

/ Pl ) ol () dx+% / / o AVv, Vo) £ (v)i) da ds

0 Rd

/1/; Ydv 4 = // (AVY), V)L f/ (0) 2 (v) da;ds+//f — Bu, V) d ds.

0 Rd 0 Rd

Since f” > 0 and condition (H1) holds, the last inequality implies the estimate (4.3). O

The following result shows that, in the case of sufficiently regular coefficients a” and b’ in
Theorem 3.6, one can considerably weaken the restrictions on the class of probability solutions
in which uniqueness is established.

Theorem 4.3. Suppose that conditions (H1), (H2) hold and b € LY, _(R? x (0,T)) for some
p > d+ 2. Assume also that for some measure p in the class &2,

a bt e LY, R x (0,T)) V1<i, j<d.
Then the set &2, consists of exactly one element p.

Proof. Let the measure p be given by a density o with respect to the Lebesgue measure.
Suppose that there is yet another measure in &, given by a density o. As above, put v = o/p.
Let ¢(z) = ((z/N), where ¢ € Cg°(R?) is a nonnegative function such that ((z) = 1 if || < 1
and ((z) = 0 if |x| > 2, and there exists a number K > 0 such that for all z

d
@) <K, V@) <K, Y 100,00,((2)] < K
ij=1
Let f(z) = e*172). Tt is clear that |f(2)| < e for z > 0. By the inequality (4.2) of Lemma 4.2,

[ A oo, )G/ de

R4
/C z/N)dv + e KN™2 Z/ / la|odx ds + e KN~ 12/ / 0%| 0 dz ds.
LI=10 N<|e|<2N =10 N<|z|<2N

By assumption, |a%|g, [b’|o € L'(R? x (0,7)). Letting N — oo, we obtain (4.1). Therefore,
Lemma 4.1 yields the required assertion. O

26



Remark 4.4. The conditions on the coefficients in this theorem can be weakened as follows.
Let V € C?(R%) be a positive function such that lim V(z) = 4-oc. If, in addition to conditions

|z| =00
(H1) and (H2) and the inclusion b € LF (R? x (0,7') with some p > d + 2, there is a measure
u € P, satisfying the condition

T

. ILV| |VAVV|?

1 -

Ngnoo/ / v + V2 dM 0
0 NSVLN+1

then u is the only element in &2,.

Theorem 4.5. Suppose that conditions (H1) and (H2) hold and b € L? (R? x (0,T)) for
some p >d+ 2. Assume also that for some measure v in the class &,

a’, b’ — B e L', R x (0,T)) V1<i, j<d.
Then the set &, = 1 consists of this element p.

Proof. Let the measure p be given by a density o with respect to the Lebesgue measure.
Suppose that there is yet another measure in &2, given by a density o. As above, we set v = /.
Let ¥(z) = ((z/N), where ¢ € C§°(R?) is a nonnegative function such that ((z) = 1 if || < 1
and ((z) = 0 if |x| > 2, and there exists a number K > 0 such that for all z

@) <K, V(@) <K, V()P (2) < K.

Let f(z) = e*172), Then |f(2)| < e for z > 0. Applying the inequality (4.3) of Lemma 4.2, we
obtain

[ e oo, )G/ de

R4
/C z/N)dv + e KN~2 Z //|a”|gdxds+e>‘KN 12//]1)’ ﬂ’ lodx ds.
4J=10 Ra =17 Ra
By assumption, |a¥|g, |[b" — Bz lo € LY(R? x (0,T)). Letting N — oo and applying Lemma 4.1,
we obtain the required assertion. O

Theorem 4.6. Let conditions (H1) and (H2) hold, and let b € LY (R x (0,T)) for some
p > d+ 2. Suppose that there exists a positive function V € C?(R?) such that V(z) — 400 as
|z| = 400 and for some number C > 0 and all (x,t) € R x [0, T]

LV(z,t) < C, |\VA(z,t)VV(z)|<C

Then &2, < 1 consists of at most one element.

Proof. Suppose that the class &2, contains two measures given by densities o and o with
respect to the Lebesgue measure. We set v = o/p. Let 1(z) = ((N~1V (x)), where ( € C5°(R)
is a nonnegative function such that ((z) = 1 if |2| < 1 and {(z) = 0 if |2| > 2, and, in addition,
¢'(2) < 01if z > 0, and there exists a number K > 0 such that for all z

IC2)| <K, [C'(2)I<K, [("(z)|<K
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Let f(z) = e172) — ¢ Then f(z) < 0 and |f(z)| < 2¢* for z > 0. We observe that

f)LV < Cf(v)(
since f(v)¢’ > 0. Using the inequality (4.2) of Lemma 4.2, we obtain

/ (AOED) Aol NV (2)) de

Rd
t

<(1—¢€Y) /C(N_1V(w))du+ 2 CK (N~ + CN_2)//deds.
Rd 0 Rd
Letting N — oo, we find

/(e)‘(l_”(x’t)) —eMo(z, t)dr < (1 - 6)\)/ dv.
Rd “

Since for almost all ¢ € (0,7) the function g(-,t) is a probability density and v is a probability
measure, for almost all ¢ we have

/eA(lv(x,t))Q(gg,t) dr < 1.
Rd

Applying Lemma 4.1 we complete the proof. O

Remark 4.7. In the assumptions of the theorem, the inequalities LV < C and |[VVAVV| < C
can be replaced by LV < CV and \\/ZVV| < CV respectively. Indeed, if LV < CV and
|[VAVV| < CV, then, replacing V with In V', we obtain the inequalities

LnV) =V LV -V 2|VAVV|? < C,
WAV(In V)| =V HVAVV| < C.
Let us consider an application of the last theorem.

Example 4.8. Let V(z) = In(In(1 + |2|)) if |«| > 1. Then, whenever |z| > 1, we have

B _ (A(z,t)x, z)
VA OVV @) = (A )VV (@), YV @) = o s sy

Let us calculate LV (z,t) for |z| > 1:
(A(z,t)x, x) 1 1+ |z
RFE e r B e G ar
trace A(x,t) (b(z,t),x)
|2(1+ [z In(1 + |2]) * |z[(je] + 1) In(|z] + 1)°

To ensure the assumptions of the theorem, it suffices to have the estimates

LV (x,t) =

trace A(x,t) < C + Clz*In(1 + |z|),
(A(z,t)z,z) < C + Clz|* In?(1 + |z|),
(b(z,t),z) < C + Clz* In(1 + |z|)

for all (z,t) € R x (0, 7).
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Combining Theorem 4.6, the last example and Theorem 2.6.1 on the existence of a probability
solution to the Cauchy problem (1.2) in [33], we obtain the following existence and uniqueness
theorem.

Theorem 4.9. Suppose that conditions (H1) and (H2) hold and for every ball U C RY

sup  |b(z,t)] < oco.
(z,t)eU x[0,1]

Suppose also that there exists a number C' > 0 such that

trace A(x,t) < C + Clz|*In(1 + |z|),
(A(z, t)z,2) < C + Claf (1 + |a),
(b(z,t), ) < C + Cla*In(1 + |)

for all (z,t) € R% x (0,T). Then for every Borel probability measure v on RY there exists a
unique measure p defined by a family of probability measures (jus)o<t<1 on R satisfying the
Cauchy problem (1.2).

Apart from the considered methods of proving the uniqueness of a probability solution to
the Cauchy problem (1.2), one should note yet another one suggested in [5]. The main idea is as
follows. Let P = 0; + L. Suppose that .7, is a convex subset of the set of probability solutions
to the Cauchy problem with initial condition v such that for every measure u € %, we have

P(C3°([0,T) x RY)) = L*(u, (0,T) x RY),
where P(-) denotes L'-closure. Then the set .%;, consists of at most one element. Indeed, if
pl,pu? € o, then = (ut + p?)/2 € A, and pt = o'y, p? = 0*u, and the functions o' and o?
are bounded. In addition, one has the equality

T
//Pu(az,t)(gl(x,t) — 0%z, t)dp =0 Yue C([0,T) x RY),
0 Rd

which implies that o'(x,t) — ¢?(z,t) = 0 for almost all (z,t) with respect to the measure p. In
[5], there are examples of such sets J#;,. In particular, if the diffusion matrix is the unit matrix
and b € LP(U x (0,T)) for every ball U and some p > d+ 2, then for .#, one can take the set of
all probability solutions y to the Cauchy problem such that b € L'(u, U x (0,T)) for every ball
U € R? and

b— B € L' (1, R? x (0, 7)), (4.5)
where 3, is the logarithmic derivative of the measure p. It is readily seen that Theorem 4.5
considerably reinforces the last assertion. It turns out that if the inclusion (4.5) is fulfilled for

at least one probability solution, then there are no other probability solutions independently of
whether they a priori satisfy this inclusion or not.
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5 Uniqueness of Integrable Solutions

In the previous sections, we discussed the uniqueness of probability solutions. However,
many papers (cf., for example, [7, 8, 15, 16]) are concerned with the uniqueness of integrable
solutions and the uniqueness of a probability solution is obtained as a consequence. As we see
from Example 2.7, this approach does not always lead to precise results: the uniqueness of a
probability solution can take place also in the case where there are several linearly independent
integrable solutions. Moreover, the conditions for uniqueness in the class ., differ principally
from those in the class £,.

In this section, we obtain sufficient conditions for the uniqueness of integrable solutions to the
Cauchy problem (1.2) in terms of Lyapunov functions, which enables us to deal with operators
L with rapidly growing coefficients. The principal results presented below were obtained in [9]
in the case of a unit diffusion matrix. However, the case of a nonconstant diffusion matrix under
conditions (H1) and (H2) can be treated in a similar way.

We recall that, according to [1], every locally finite measure p satisfying the equation Oy =
L*p with b € LY (|u|,R? x (0,T)), where p > d + 2, possesses a continuous density o. As in the

case of a probability solution, we need several auxiliary lemmas.

Lemma 5.1. Suppose that conditions (H1) and (H2) hold. Let a measure p = o dx dt belong
to the class .#,. Then for every nonnegative function ¢ € Cgo(Rd) and any numbers s and t in
(0,T) with s <t

[v@letev]ds < [ (@)t s)|do+ / [ Lot nlote. ) do
Rd Rd

s Rd

We begin with an informal reasoning, clarifying this assertion and becoming rigorous in the
case of smooth coefficients. Then a complete proof will be given.

Assume that f € C%(R) and f” > 0. Let ¢ € C§°(R%), and let 1) > 0. We set

d
Wo=0b =" 0,07,
j=1
We have the equality

L*f(0) = f'(e)L" 0 + f"(0)(AVo, Vo) + (of'(0) — f(0)) div h.
Since f” > 0 and ;0 = L*p,

L*f(0) = 9(f(0)) + (of'(0) — f(0)) div h.

Multiplying the last inequality by ¢ and integrating, we find

/ (o) f (ol 1)) dx < / (o) (o, ) de + / / Ly, 7) f (o, 7)) dx dr
Rd R4

s Rd

—//(@(wn)f’(@(as,r)) — f(o(z,7)))div hdz dr.

s Rd
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This inequality does not involve the second order derivative of the function f. Therefore, it
remains valid for functions that are convex downwards and Lipschitz. Let us take f(z) = |z|.
Then zf'(z) — f(z) = 0, and we obtain the desired inequality

[vo@letevlds < [ (oot s)|do + / [ Lote ot ] dz dr
Rd Rd s Rd

Now, we give the rigorous proof.

Proof of Lemma 5.1. Let w € CP(RY), w > 0, ||lw|zr = 1, we(z) = e %w(x/e). Let ge
denote the convolution g * w. for any locally integrable function g. The function g, is smooth
with respect to  on every compact set in R% x (0,7). We observe that for all z € R¢ the
function ¢t — p.(x,t) is absolutely continuous on every closed interval J C (0,7). Indeed, for all
z € R? we have the equality

Or0: = 8:51-8331- (a7 0)e — Or; (b"0)e. (5.1)

in the sense of the theory of distributions on ¢ € (0,7"). Moreover, the right-hand side of this
equality is integrable on J because bp and g are integrable on U x J for every ball U. Let

d d
o= Z aijaxiamj@v CAES Z 0z, 0y, (aij‘ao)-

i,j=1 6j=1

Let also
d

Rz,s = Z(axj (aijQ)a - 890]- (aier))

j=1
Then we can write (5.1) as follows:
Op0e = A 0c — div ((bo)e — Rype)-

Let § > 0. We set g5 € CY(R), gs(—r) = —gs(r), gs(r) = sgnr for |r| > 6, |gs] < 1 and
lg5] < C6~! for some number C > 0. Let

f3(r) = / os(y)dy, T ER.
0

Note that f5 € C?(R) and %in(l) fs(r) =|r|, %in%) fi(r) = sgn 7. Let ¢ € Cg°(RY). Integrating by
— —

parts, we obtain the equality

t t
/ / Js(00) b do dr — / / A (0 f0)) 0- + F2(0:)(AaV oz, Voo )b dar d — W — Vi,
s Rd s R4
where

t
W, = / / (0-£1(02) — fo(0:))Pu a0y b da d,

s Rd
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Note that

t

//W(W‘g(gf))&d@“dTZ/t/at(fg(ga))zpdxdT
Rd

s Rd s

/ / — Ry, V) f3(02) + ((b0)- — Ro, Vo) £ (02)

Thus, we have the equality

/w ) f5(0e(, t))dw+//fs 0:)(AaVoe, Ve )tp da dr

s Rd
/¢ )fs(e=(2, 5) dv’“r//fa 0:) Y + f5(0:)((b0)e, V) d dr + We + Ve + Ze,
s Rd

where

- //[(R@ﬁv Vl/})fé(gg) + ((bo)e — Roe, er)fé/(Qe>]wdx dr.
s Rd

Let a ball U contain the support of the function . Let v = v(U) > 0, and let A = A(U) > 0
be numbers from conditions (H1) and (H2). Recall that f§ > 0. Then

// (0¢)(AVoe, Vo ) dxdr > // (0e |VQE\ Y dx dr.

s R4 s R4
Let us estimate W;. Note that |rf5(r) — fs(r)| < Cd. We obtain the inequality

|[We| < dA5T|U|max|V1,ZJ( )|

Let us estimate V.. Since f{(r) =0 for |r| > & and |f/(r)] < C6~!, we have

Vel < // ()| oel* dev d + 3y~ dA2OT|U | max [)].
s Rd

Finally, let us estimate Z.. We have

t
|Zs|<//R,

S R4

+371// )|(bo)e|*y da dr + = // (0:)|Vo: |9 dx dr.

s Ra s Rd

LY R, P da dr
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Combining the obtained estimates, we arrive at the inequality

/w ) fs(oe(z, 1)) dx—/w )V fs(oo(, 5) dw+//fa 02) % + f'(02)((bo)e, V) da dr

S Rd

+5.C(d,A,y,¢)+//\RMHWH:’W151¢ng,£|2dxdr
s Rd

43y //f )|(bo)< |2 dz dr.

s Rd

Letting ¢ — 0 and taking into account that

¢
. 2 .
gl_%//mw dx dr =0,
s U

we obtain the inequality

/¢ s (ol 1) da:_/z/) Vs (ol ) d:c+//f5 Ve + Fi(0)(bo, Vib) da dr

S R4
+6-C(d,A,vy,¢) + 3y~ // 0)|bo|* dz dr.
s Rd

Recall that b € LP(|u|,U x [0,7]) and

/t JEtR

t
éC5<p_2)/p//]b]2|g\2/p¢dxd7

s Rd s Rd
¢ 2/p st 2/(p—2)
<C(5(p_2)/p(//]b|p|g|1/)dxdr> (//@dedT) .
s Rd s R4
Hence
hm// 0)|bo*¢ dx dr = 0.

s Rd

Letting § — 0, we obtain the inequality

/w Jo(z,t)| dx < /w \ga:s\dx—i—//dw—k bvwmg(xT)\dwdT O

s Rd

The following lemma gives some information about the behavior of the solution as t — 0.
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Lemma 5.2. Suppose that conditions (H1) and (H2) hold and the functions a® are contin-
uous on RY x [0, T). Let the measure u = o(x,t) dx dt belong to .#,. If v =0, then for every ball
U cCR?

hm/\gwt\d:p—()

Proof. The case A = I is considered in [9]. The reasoning is similar in the present more
general situation. Let us set A(x,t) = A(z,—t) for t € [~T,0]. Then the functions a¥/ are
continuous on R x [T, T'] and satisfy conditions (H1) and (H2). Assume also that 1) € C§°(R9),
1 2 0, and U is a ball containing the support of the function 7). We can redefine the functions
a outside U in such a way that conditions (H1) and (H2) will hold on R? x [0, T] with the same
numbers v = y(U), M = M(U), and A = A(U). We set gs(r) = 6~ 1rif |r| < § and gs(r) = sgn r
if |r| =9

Let 0 <t <T. By [34, Theorem 1.3], there exists a solution @ to the Cauchy problem

0sQ + ApQ = 0,

5.2
Ql,_, = gs(e(-, 1)), )

on RY x (—1,t), where
d
AQ =) a78,,0,,Q.
ij=1

The function gs(o(-,t)) is continuous and bounded. Moreover, |gs(o(x,t))| < 1. According to
[34, Theorems 1.1 and 1.3] (cf. also [14]), we have the inclusion

Q € Cy((-T. 1] x RY [ CH((-T,t) x RY)

and the inequalities

1Q(z,u)| < C, |VQ(z,u)| < C(t—u)"1?

with some number C' depending on v, A, and d. Let s <t be fixed. Applying Lemma 1.1 with
o(x,u) = Q(z,u)(x) on [0,s] x RY, which is possible since ¢ belongs to the respective class,
after integration by parts (which is again possible due to the stated properties of @ and the
compactness of the support of ) we obtain

/Q:):s :):sdac—// (x,7)VQ(z,7), Vip(x)) + Q(z, ) App(x)

0 R4
+ (b, 7), VU, )b () + (b, 7), V(@) Qa, 7)o, 7) dwdr. (5.3)
We estimate the right=hand side of the equality by the expression

C sup (Jo(x)] + |AVep(a)] + | Aop(a / [ =172 @+ bl ) el do

xER4
0 Rd

Recall that o € L>°((0,1), L'(R%)) and b € LP(|u|,R? x [0,1]). Applying the Holder inequality
to the functions |b| and (¢t — 7)~'/2, we obtain

/ Q. $)p(@)o(e, s) du < Oyt
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where C; does not depend on s and ¢. Since ¢ and @ are continuous functions on R¢ x (0, 1],
letting s — ¢, we obtain

/90(95)96(9(95715))0(95715) dw < Oyt
Rd
Letting § — 0, we arrive at the inequality
/ p(x) |0, 1)] dx < Crt P
R4
Since p > 2, we have p/ < 2 and tZ 2/ 5 0 ast — 0. O

Finally, we prove our main result on the uniqueness of integrable solutions.

Theorem 5.3. Let conditions (H1) and (H2) hold , and let the functions a¥ be continuous
on R? x [0,T]. Let a measure p = o(x,t)dx dt in .7, be such that

al b

, e L'(|u|, R x [0, T7).
T2 T4 ] (|pl [0,T7)

Then the function
t»—>/\g(w,t)|d:n
R4
is decreasing on (0,T"). Moreover, the set

ja¥] V]

1+ z)2" 1+ |z

&z = {uéfu: € Lt (|ul,R? % [UvT])}

consists of at most one element.

Proof. We set ¢(z) = ((x/N), where the function ¢ € C§°(R%) is such that ¢ > 0, {(z) =1
if |x] <1 and ((x) =0 if |z| > 2, and for some number K > 0 and all =

[C@) <K, [0nC(2)| < K, [0r,00,¢(2)| < K.

Applying Lemma (5.1), we obtain the inequality

d 1 ;
j
/¢N )o(z,t)] dx < /le )o(z,s)|dz + KN~2(1 4+ N?) Z/ / 1+"’2‘Q‘d$d8
Rd Rd 0

=10 N<|z|<2N

d t
+KN'(14N! Z/ / 1+"’Q]dxdsdxd7
=10 N<|z|<2N

/\@<x,t>\dx</ra<x,s>rdx
Rd Rd

Letting N — oo, we obtain
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Assume that there are two measures 1, uo € .Z,. Then the measure p — s satisfies the Cauchy
problem with zero initial condition and
a¥ bt

, S
1+ [z)2" 1+ |z

Ll(“l'l - M2|7Rd X [OaT])
Consequently, whenever ¢ > s we have

/\gl(x,t) — 02(z,t)|dx < /\gl(x,s) — 02(x, s)| dx.

R4 R4

Applying Lemma 5.2, we obtain

/!91(36,15) — o2(x,t)| dz <0
Rd

It follows that p; = us. O

Remark 5.4. The conditions on the coeflicients in this theorem can be weakened as follows:

the inclusions . )
at 7

, e LY(|ul,R* x [0, T
TP T+ (|l [0,T7)

can be replaced with the equality

L A 2
lim ILV] + [VAVY]

N—o0 %4 V2
0 NKVLN+1

dlul =0,

where V' € C%(R?) is a positive function such that lim V(x) = +oo.

|z| =00

Theorem 5.5. Let conditions (H1) and (H2) hold, and let the functions a’ be continuous
on R? x [0, T]. Suppose that there exists a positive function V€ C*(R?) such that V(z) — +oo
as |z| — +oo and for some number C > 0 and all (z,t) € R? x (0,1)

LV(x,t) > —C, |VAVV(z) <C.

Then for every measure p = o(x,t) dx dt in &, the function

tr—>/|g(x,t)|daz
R4
is decreasing on (0,T). Moreover, if the initial distribution v vanishes, then = 0. Therefore,

the set I, consists of at most one element.

Proof. By Lemma 5.1, for every nonnegative function ¢ € C5°(R%) and 0 < s <t < T

/w(m)]g(x,t)]dx < /1/1(x)|g(x,s)]dx+//Lw(x,T)\Q(x,T)]dxdT. (5.4)
R4 Rd

s Rd
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We set ¢(z) = ((N~1V(z)), where ( is a function such that ¢ > 0, {(z) = 1 if |2|] < 1 and
C(z)=0if |z| > 2, ¢'(2) <0if 2 >0, and for some number M > 0 and all x

C@) <M, |[(@)|<M, [("(@) <M
Applying (5.4), we arrive at the inequality

/wN )o(z,t)] dx < /w )|o(z, s)| dx

u//ﬁN C(N"W(2))LV (z,7) + N2 (N~ 'V (2))|VV (z)*|o(z, 7)|] dz dr.

0 Rd
We observe that (/LV < MC'. Therefore,

t

/wN(x)|Q(x,t)|dx < /zp(x)\g(a:,s)|dx+MC(N1+C’N2)//|Q(x,7)]dazd7’.
Rd Rd s Rd

Since lim 9y (x) =1, letting N — oo, we obtain
N—00

/ oz, )] dr < / lole, )| da (5.5)
R4 R4

and the assertion about monotonicity is proved. If v = 0, then Lemma 5.2 yields the equality

1im/|g(:v,s)]dx =0.

s—0
Using this inequality along with (5.5), we obtain

/|Q(x,t)|dx:0 vVt € (0,7). O
R4
Let us consider several examples.

Example 5.6. Let V(z) = In(In(1 + |z|)) if |z| > 1. Then, whenever |z| > 1, we have
Azt
VA, OVV (2))? = (Alz, ) VV (2), VV (z)) = (A(z, )z, 2)

22 (|2] + 1)1 (|Ja + 1)
Let us calculate LV (x,t) for |z| > 1:

_ Az S
W0 =Lt e s R R )
trace A(x,t) (b, 1), z)

z[(1+ |2)) In(1+ |2[)  |2[(|= + 1) In(|z + 1)
To ensure the assumptions of the theorem, it suffices to have the estimates
(A(z, t)z,2) < C + Clz|*In(1 + |2|),
(b(z, 1), ) = =Clal*In(1 + |2]) —
for all (z,t) € R? x (0,1).
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Let us give an example with a Lyapunov function that is not radial.

Example 5.7. Let A be the unit matrix, and let

d
=> In(In(2+23))
=1

To ensure the condition LV (z,t) > —C, it suffices to have the estimate

d

2z
E zib(z, ) > —C
P (2+a? 1n(2+a:)

for some numbers C; > 0 and all (z,t) € R? x (0,1).
Let d = 2. Then
V(z,y) = Inln(2 + 2%) + Inln(2 + »?).

We set

b (z,y) = y(2 + 2%) In(2 + 27),
V2 (z,y) = —2(2 + y*) In(2 + %).
Then
22b' (z,y) 290°(z,y)
(2+22)In(2+22)  (2+92)In(2+92)
Therefore, there exists at most one integrable solution to the corresponding Cauchy problem.
Since |LV| < C in this case, for any probability initial distribution there exists a unique proba-

bility solution to the Cauchy problem, which is also a unique integrable solution.
We observe that

b (z,y)x + b*(z,y)y = 2y[(2+ 2°) In(2 + 2°) — (24 %) In(2 + »)].

Hence it is clear that b'(x,y)x + b?(x,y)y cannot be estimated from below by an expression of
the form —C(y/22 + y2)3 — C. Therefore, sufficient conditions of the form

1 2
LTI > 5T,

expressed in terms of the function 8, do not work in this example.

Finally, let us mention several open problems related to the above discussion.

e Is a probability solution to the Cauchy problem on R! x [0, 7] with the unit diffusion
coefficient and an infinitely differentiable drift unique? Recall that we have constructed a
counterexample in dimension d = 4.

e Is it true that under merely locally assumptions about the coefficients (for example, locally
bounded) every solution to the Fokker—Planck—Kolmogorov equation is generated by a
solution to the martingale problem or it may happen that the Cauchy problem has a
probability solution whereas the martingale problem is not solvable? It would be interesting
to investigate the connections between the two problems under local assumptions.
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e [s it possible to obtain the results of Sections 4 and 5 under weaker assumptions about the
diffusion matrix, for instance, assuming that it is Holder continuous in z?

e Our theorems involving Lyapunov functions impose the additional restriction on the Lya-
punov function V' of the form [VAVV(z)| < C. Is it really needed? We observe that
analogous results for martingale problems do not use this restriction.

e It would be interesting to find conditions ensuring that the Cauchy problem has no prob-
ability or integrable solutions.
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