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Abstract
A new existence result is established for weak parabolic equations for probability measures. Suf-
ficient conditions for the existence of local and global-in-time probability solutions of the Cauchy
problem for such equations are given. Some conditions under which global-in-time solutions do not

exist are indicated.
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1. INTRODUCTION AND MAIN DEFINITIONS

In this paper we study the well-posedness of the following Cauchy problem for probability
measures:

Onpte = Onya; (@ (w,t, w)pe) — Oy (V' (2, ) pe), 1o = v, (1)
where v is probability measure on R,

First and second order nonlinear parabolic equations for probability measures belong to the
most frequently used equations in physics and statistical mechanics. These equations have been
an objet of intensive studies, especially over the past decade (for example, transport equations
n [1, 2, 23]). However, they deal with coefficients like convolutions (see the Vlasov equations
[16, 19, 20] or more general equations in [11, 12]), and only few results concerning the general
case are known (see [9, 18, 22]). It should be noted that in the cases of degenerate and non-
smooth coefficients the study of such equations in the space of finite measures rather than in
function spaces seems more appropriate and allows one to extend finite-dimentional results to
differential equations on infinite-dimentional spaces. Surveys of the recent studies on linear
parabolic equations for measures are given in [8, 6, 10, 27].

Let us consider the operator L, defined by
Luu = aij(x7 t? :u)aﬂﬁﬂﬁgu + bl(xa ta :U)al“zua

where summation is taken over all repeated indices.

Let M(R? x [0, 7]) be the linear space of finite Borel measures on R¢ x [0, 7]. Given a family
of Borel measures (i )seo,-] on R, we associate to it a measure p € M(R? x [0, 7]) (in this case
we write yt = (f1¢)[0,7)) if the mapping ¢ — p;(B) is Borel measurable on [0, 7] for each Borel set
B and for each function u € C§°(R? x (0, 7)) the following identity holds:

/ u(z,t)dp = / / u(x, t) duy dt.
R2%[0,7] R4

It is obvious that the last identity extends to all functions of the form fu where u is the same
as before and f is integrable with respect to the measure y on each compact set in R? x (0, 7).
A Borel measure o on R is called a probability measure if o > 0 and o(R?) = 1.
We shall say that 1 = (11 ):c[0,) satisfies the Cauchy problem (1) if y; are probability measures
and



e for all 1 <1,7 < d we have Borel mappings

(z,t) > a (2, t, 1), (z,t) — b'(x,t,p0)

are defined on R? x [0, 7] and a¥,b' € LY(U x [0, 7],du) for each closed ball U C R,
e for all £ € [0, 7] and all p € C5°(R?) the following identity holds:

/ pdpiy — / pdv = / / Lyupdpsds. (2)

Typical coefficients of parabolic equations for measures contain expressions like

t
[E@ytan o [ [ Ky duds
0

where the kernel K grows at infinity.
We recall that M(R?x [0, 7]) is a normed space with respect to the Kantorovich-Rubinshtein

norm
Il =sun{ [ au fetivg, Ir1<1},

where Lip, is the class of Lipschitzian functions with constant 1. Moreover, the topology
generated by this norm on the space of nonnegative measures coincides with the topology of
weak convergence (see [5, Theorem 8.3.1]). We also recall that a sequence of finite measures
tn on R? or on RY x [0, 7] converges weakly to a measure p if for each continuous bounded

function f one has

lim [ fdu, = /fd,u.

n—oo
Further, a sequence of measures p, is called a Cauchy sequence if, for every bounded continuous
function f, the sequence / fdu, is a Cauchy sequence. We recall that every Cauchy sequence

of Borel measures is weakly convergent (see [5, Theorem 8.7.1]).

Our approach to the proof of the existence result for probability measures is based on the
Schauder fixed-point theorem: Let () be a continuous mapping of a conver compact set K in a
normed space into itself. Then it has a fixed point, that is there exists x € K such that Q(x) =
(see [17]).

Let C(]0,7]) and C*([0,7]) denote the spaces of continuous and nonnegative continuous
functions on [0, 7], respectively.

Let 79 be a fixed positive number and let V' be a nonnegative function. For each function
a € C*([0,7]) and each 7 € (0,79 let M, (V) denote the set of nonnegative measures p =
(11¢)teo.r) in M(R? x [0, 7]) such that for all ¢ € [0, 7] the following estimate holds:

/V(x) dpy < aft).

We observe that « belongs to C*([0, 79]), but not to C* ([0, 7]) because this condition enables
us to choose a and 7 independently.

Let us introduce the following conditions on the coefficients a* and b'.

(H1) Suppose that there is a function V € C?*(R?) such that

V(z) >0, lim V(x)=+o0,

|| —=+o0
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two mappings A; and Ay of the spaces C*([0,79]) into C* ([0, 79]) such that for all 7 € (0, 7]
and every a € C*([0,7]) the functions a” and b* are defined on M, , = M, (V) and for all
p € M, and all (z,t) € R? x [0, 7] one has

LV (2, t) < Ai[a](t) + Aala] (1) V ().

We shall call such a function V' a Lyapunov function for L. It will be important below that

V' is strictly positive.

Example 1.1. Condition (H1) is fulfilled, for example, if V(z) = 1 + |x|?> and

Lu=(z, Vu)G(/ |y|2dﬂt)7

where G is a increasing nonnegative continuous function on [0, +00). In this case

LV =20 G( [ o) < 26(ale)V (@

and L,V < Ay + AV, Ay[a] =0 and Asfo] = 2G(a).
We also note that typical examples of A; and Ay are mappings of the type a(t) — G(a(t))

aft) s /O Gla(s)) ds.

As it has been mentioned, in typical cases the coefficients are the convolutions with growing
functions, so we need that our coefficients be continuous with respect to some stronger (than

weak) convergence.

We shall say that a sequence of measures u™ = (7 )icpp,r] in My is V-convergent (or V-

converge) to a measure p = (ft)cj0,- in M, if for all ¢ € [0, 7] one has

n—oo

lim [ F(x)du; = /F(x)dut

for every continuous function F' such that lim F(x)/V(x)=0.

|z|—o0

(H2) For all 7 € (0, 7], « € CT([0, 7)), o € M, 4, and x € R? the mappings
tsa?(x,t,0) or tw b(z,t,0)
are Borel measurable on [0, 7] and for each closed ball U C R? the mappings
x s b(x,t,0) or x~ a’(z,t,0)

are bounded on U uniformly in o € M, , and ¢ € [0, 7] and are equicontinuous on U uniformly
in o € M,, and t € [0,7]. Moreover, if a sequence u™ € M, , is V-convergent to u € M, ,,
then for all (z,t) € R? x [0, 7] one has

lim a”(z,t, ") = a"(x,t, ), lim b (z,t, u™) = b' (2, t, ).

n—oo n—oo

Remark 1.1. (i) The continuity of the mappings x — a(x,t, ) and x +— b'(z,t, ) and the
measurability of ¢ — a¥(z,t, 1) and t — b'(z,t, ) ensure that the mappings (z,t) — a¥(x,t, j1)
and (x,t) — b'(z,t, 1) are measurable with respect to the Borel o-algebra B(R? x [0, 7]) (see
[5, Lemma 6.4.6, Exercise 6.10.39]).



(ii) For each t € [0, 7] the sequences a”(z,t, u™) and b’ (x, ¢, u™) are uniformly in x convergent
on all balls U € R?. This follows from their pointwise convergence, the uniform boundedness
and equicontinuity:.

Note that we do not assume that the coefficients are continuous in ¢.

Example 1.2. Condition (H2) is fulfilled, for example, for

b, t, ) = / K (e, y)dp

with a Lyapunov function V' and a continuous vector field K on R? x [0, 7] which satisfy the
following estimate:
|K(._'L', y)| < Cl(x) + CQ(x)Vl_’y(y)a

where v € (0,1) and C4(x), Cy(x) are bounded functions.

Finally, we need one more assumption.

(H3) For each 7 € (0, 7], each function o € C*([0,70]) and each measure o € M,,, the
matrix A(z,t,0) = (a”(x,t,0))1<i j<a i symmetric and nonnegative definite, that is @ = a’*

and for all £ € R? one has (A(z,t,0)&,€) > 0.

Remark 1.2. One can see from the proof of the main theorem that it is sufficient that the
conditions (H1), (H2) and (H3) be fulfilled not on every set M, , , but on some of them with
certain fixed 7 and «, which are completely determined by the initial data in the Cauchy

problem and the mappings A; and As.
The main result of this paper is the following theorem.

Theorem 1.1. Let the coefficients a” and b° have properties (H1), (H2), (H3) above. Let also
the initial data v be a probability measure on R and V € L'(v). Then the following assertions

are valid:

(i) There exists T € (0,7] such that the Cauchy problem (1) has a solution on the inter-
val [0, 7].

(ii) If Ay and Ay are constant, then the Cauchy problem (1) has a solution on the whole
interval [0, o).

(iii) If Ai[a] = 0 and As[a](t) = G(a(t)), where G is a strictly increasing continuous positive

function on [0, +00), then the Cauchy problem (1) has a solution on each interval [0, T], where

7€ (0,70, 7<T and
+o0 1
T = d = [ V(zx)dv.
/1;0 'LLG(U) u, U / (l') v

(iv) If Aia)(t) = G(a(t)) and As[a] = 0, where G is a strictly increasing continuous positive

function on [0, +00), then the Cauchy problem (1) has a solution on each interval [0, T], where

7€ (0,70], 7<T and
400 1
T = —_— - .
/uo Gl du, ug /V(:E) dv

Moreover, in all these cases for any solution (ji)icjo.-) one has p; are probability measures and

sup /V(m)dut < 0.

te(0,7]
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It is natural to call a solution of the Cauchy problem (1) on the whole interval [0, 79] a global
solution and a solution on an interval [0, 7], where 7 < 79, a local solution. In these terms, in
(i) we claim the existence of a local solution and in (ii) the existence of a global one.

The assertion in (ii) was established in a special case in [9]. The assertion in (iii) with 7" = +o0
was established in [18], where the well-posedness of the appropriate martingale problem was
proved (applications of probabilistic methods to the study of nonlinear parabolic equations are
also considered in [3]). The main difference between our results and the known ones is that,
on the one hand, we do not restrict the growth of the coefficients of L,, only the existence
of a Lyapunov function is needed, and, on the other hand, we do not use the exact form of
the coefficients. Thus we cover typical cases considered in [16], [19], [20], [11], [12], [15], and
[22]. Moreover, we do not assume that the coefficients belong to a Sobolev class or the class of
functions with bounded total variation, only their continuity is assumed. Also we investigate
the existence time for the solution and give the exact estimates of the moment after which the
solution does not exist. We note that in [16] the Vlasov equation is considered in the space
of finite measures with the Kantorovich norm and the existence is established by using the
contraction mapping theorem. In our more general case this theorem cannot be used, because,
for example, generally speaking, a solution is not unique. In [11], [12], [21], and [22], nonlinear
transport equations with coefficients of the convolution form are also studied in the space with
the Kantorovich norm and the solutions are regarded as geodesics. However, this approach is
based on the specific form of the coefficients. We also note that the stationary equation was
studied in [29].

This paper consists of 3 sections. The first one is the introduction, the formulation of the
problem and the main result. In the second section we prove Theorem 1.1 and give some
examples of its application. The proof of Theorem 1.1 is divided into several steps.

1. From the Schauder fixed-point theorem and the linear theory of parabolic equations for
measures we obtain the assertion of Theorem 1.1 in the case of a non-degenerate and sufficiently
smooth matrix A .

2. By using the method of “vanishing viscosity” we obtain the assertion of Theorem 1.1 in
the case of a degenerate and sufficiently smooth matrix A.

3. Finally, we proceed to the general case.

The main reason for such division (with respect to the smoothness of A) is that we need
the uniqueness of solution to an appropriate linear equation in order to apply the Schauder
theorem, and this is possible only with additional restrictions on the smoothness of A.

Finally, the last section is concerned with the lack of global solutions.

2. PROOF OF THE THEOREM 1.1

We shall deal first with the case of a nondegenerate matrix A. This assumption enables
us to apply the linear theory with its broad conditions on the coefficients and it provides the

well-posedness of the Cauchy problem for the linear equation.

2.1. Nondegenerate case. In this section and in the following one we suppose that in place

of (H3) the following stronger condition is fulfilled:



(H3") condition (H3) is fulfilled and for every 7 € (0, 79), each function o € C([0, 7)), each
closed ball U C R? and each o € M, ,, there exists a number A = A(c,U) > 0 such that for all
x,y € U, t € ]0,7] one has det A(x,t,0) # 0 and the following estimate holds:

|A(.Z',t, U) - A(y>t70)| < )\|£C - y|

Moreover, we suppose that for each measure o € M, , there exist numbers C; and C5 such that

[V A(x,t,0)VV(z)| < Cy+ CoV ().

Let 0 € M, ,. Consider the following Cauchy problem for the linear equation:

Oupty = azizj<aij(‘r7 t, o)) — O, (bi(ﬂfa t, o)), o = V.

It is proved in [6] (see Theorem 3.1) that (H1), (H2) and (H3’) are sufficient for the existence of
a probability solution p1 = (p)icp,-]. We also observe that the existence result in the linear case
follows from the well-posedness of the appropriate martingale problem (see [28]). Tt is proved
in [27, Theorem 2.3] (see also [10]) that Conditions (H1), (H2) and (H3’) are sufficient for the
uniqueness of a probability solution. A survey of the principle results concerning the local and

global properties of solutions p can be found in [§].
Hence the mapping Q: M, , — M(R? x [0,7])

Q(U) =X <= dxt = a’rz‘wj (aij(wv L U)Xt) — O, (bi(;c, t, U)Xt>7 Xo =V

is well defined.

It is obvious that p is a solution of (1) if and only if u is a fixed point of ). Thus, it is
natural to prove the existence result employing the Schauder fixed-point theorem.

We observe that the uniqueness of a solution to the Cauchy problem for the linear equation
will be also used when we prove the continuity of ().

By definition, a measure p = (t)tcjo,] € Mrqo belongs to the set N, , if and only if for each
© € C°(RY) and all ¢, s € [0, 7] the following estimate holds:

‘ / edpy — wdus

< A1, 0, 0)|t — s, (3)

where
A(7 e, ) = sup{|Lup(z, t)]: (2,t) € RT < [0,7], p € My}

does not depend on p € N, ,. Note that sup in this definition is finite due to (H2).
In order to use the Schauder theorem we have to find a convex compact set K in M(R4x [0, 7])
such that Q(K) C K. With an appropriate choice of 7 and « the set N, , will be the required

compact.

Lemma 2.1. Every sequence of measures " = (11 )icjo,r] in Nro has a subsequence {p™} such

that {p™} converges weakly to p € Ny and {p'} converges weakly to p; for allt € [0, 7].

Proof. Taking into account the definition of N., and Chebyshev’s inequality, we obtain that
the set {py'} is uniformly tight for each t. Let T' = {t,%, ...} be a countable dense set in [0, 7].
Prohorov’s theorem yields that for each j in e, there is a weakly convergent subsequence.

Using the diagonal method, we find a subsequence ;! which converges weakly for each t € T.
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Let us show that it is a Cauchy sequence for all ¢ € [0,7]. Consider t € [0,7], s € T and
¢ € C°(R?). One has

‘ / pdpy” — / pduy*| < ‘ / pdpy,” — sodu
+ ‘ / eyt — / pdpi*

Choosing s close to t, we can make the first summand less than €/2 for every given € > 0. As

‘ / pdpg? — wdu?k

< 2M(7,a,9) - |t — s| + ‘/@du’“ —/sodu?k

the sequence {u2'} converges, it is a Cauchy sequence, hence there is a number N such that
for all p,k > N the second summand is less than £/2. So for each function ¢ € C5°(R?) the

sequence / o(x) dpy" is a Cauchy sequence. Using the uniform tightness of p;" for each e > 0

we find a ball U such that ' (RA\U) < ¢ for all [. Let f be a continuous bounded function
with [f(z)] < M. Let ¢ € C°(R?) be such that |f(z) — ¥ (z)] < € for every z € U and
|Y(z)| < M + 1. Then

‘/fdu?p_/fdu?k S/U|f_w’d’u;lp+/U’f_w‘d/L?k+

n ‘ [~ [ v

which is obviously bounded by
+ ‘ / Y — / Wy

The last summand can be made as small as required by letting p — oo and kK — oco. So we

d np d ng
o UL RO

obtain that the sequence {u;"} is a Cauchy sequence for each ¢ € [0, 7] and thus it converges

weakly to some measure p, for each ¢ € [0,7]. Hence for every continuous bounded function

f the mapping t — / f duy is Borel measurable on [0, 7] as a limit of measurable functions.

Consider the class ® of bounded Borel functions ¢ on R? for which the mapping t / O dpy is
Borel measurable on [0, 7]. The set ® contains the algebra of continuous bounded functions on
R? and is closed with respect to uniform and monotone limits. By the monotone class theorem
(see [5, Theorem 2.19.9]) the set ® contains all bounded Borel functions on R¢. In particular,
the mapping ¢ — p,(B) is Borel measurable on [0, 7] for each Borel set B.

Consider p1 = (ft¢)sejo,-]- Let us show that {u™} converges weakly to p. Let h be a continuous
bounded function on R¢ x [0, 7]. As shown above, for each fixed ¢ one has

lim | Bz, 6)dul = / W, ).

l—o00

The function h is bounded and each p;" is a probability measure, hence the quantities / h(z,t)du"

are uniformly (with respect to ¢ and n;) bounded. The Lebesgue dominated convergence theo-

llim/ /h(m,t)du?ldt:/ /h(x,t)dutdt.
—>Jo 0

This gives the weak convergence of u™ to pu.

rem yields that



Finally, we show that 1 € N, ,. By the weak convergence of {x;"} to p; one has

/ min{V(z), N} dpe < a(t)

for each integer N. Letting N — oo and using Fatou’s lemma, we obtain that u € M, ,.

Letting [ — oo in the estimate

’/sodul” —/sodu?’
‘/s@dut—/s@dus

This proves the lemma. O

< A(Ta Q, gO)’t - S|

we get

< A(T>a>(10)’t - 8“

Corollary 2.1. The set N, is a convexr compact set in M(R? x [0, 7]).
Lemma 2.2. If a sequence of measures u" € N, converges weakly, then it V-converges.

Proof. Let the sequence pu™ be weakly convergent to p. Then for all ¢ € [0, 7] the sequence of
measures py converges weakly to p;. Indeed, using Lemma 2.1, in each subsequence of indices
n; we can find a subsequence {n;, } such that {y;*} weakly converges to s, Hence the whole
sequence {u'} converges weakly to p;. Let F be a continuous function on R?. Consider the
function g(z) = F(x)(14 V(x))™!, for which lim g(z) = 0. Then, for each & > 0, there exists

|z|—o0

a function ¢ € C§°(R?) such that |g(z) — ¢ (z)| < ¢ for all x € R%. Therefore,

‘/qu?—/qut
Joaevide - [va+v)du

Finally, we observe that the following identity holds due to the weak convergence of p}":

Joasvyaw - v+ vyd

This completes the proof. ([l

<

:‘/g(1+v)d,u?—/g(1+‘/)dm

< +e(2 4 2a(t)).

lim =0.

n—oo

Corollary 2.2. Suppose that for some T € (0, 7] and a € C*([0, 7)) one has Q(N:q) C Ny 4.

Then @ s a continuous mapping of N, to Ny .

Proof. Suppose that p™, u € N, and the sequence {;"} converges weakly to p. Set x™ = Q(u")
by definition. To prove convergence of {x"} it is sufficient to prove that in every subsequence
in {x"} there is a subsequence convergent to one and the same measure x and that it satisfies
the equality Q(u) = x. Without loss of generality we prove this for {x"}.

Using Lemma 2.1 we find a subsequence of indices ny, such that {x"#} converges weakly to
some measure y € N;,. Moreover, {x;*} converges weakly to x; for each t € [0, 7]. Combining
convergence of ™ to p and Lemma 2.2, we obtain V-convergence of p"* to p.

Due to (H2) for each ¢ € [0,7] the sequences of functions z +— a”(z,t,y™) and = —
b'(z,t, u™) are equicontinuous and uniformly bounded and converge pointwise to a” (z, t, 1) and
bi(z,t, 1), respectively, on each ball U C R?. Hence the sequences a%(x,t, u™) and b*(z,t, u™)
converge uniformly on U C RY to a¥(z,t, ) and b(x,t, 1), respectively.
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Let us show that Q(u) = x. Let ¢ € C5°(R?) and let U be a ball containing the support of
©. Since Q(u") = x™, one has

/ pdx;* / pdv = / / e pd xR ds.
U

U U U

Letting £ — 0o we see that the first summand tends to zero due to the uniform convergence

Note that

of a”(x,s, ™) and b'(x,s, ™) on U, and the second one tends to /Lugodxs due to the
U
weak convergence of {x7#} to xs. We recall that |L,w¢| < A(7,a,¢). Hence the quantities

/ Lniodxt* are uniformly bounded. Using Lebesgue’s dominated convergence theorem we
U

t
klim/ /Lnkgodxs’“ds—// L, odyxs.
— Jo

The sequence {x;*} converges weakly to x; for each ¢, so one has / wdx* — / wdx;. Letting

/Sdet /SOdV—// L, pdxds.

Since ¢ was arbitrary, we conclude that Q(u) = x. Finally, we observe that under our assump-

obtain

k — oo we obtain

tions x is uniquely defined. O

To complete the proof of Theorem 1.1 we have to find a number 7 € (0, 79] and a function
a € CT([0,7]) such that Q(N;) € N,,. We emphasize that we need only the inclusion
Q(M, ) C M, ,, because Condition (3) holds automatically for any x such that x = Q(u).

Lemma 2.3. Let 1 € N, and x = Q(u) on [0,7]. Then for allt € [0, 7] the following estimate
holds:

/ V(z)dy, < Slal(t) + Rla](t) / Vi) dv,

where
1) = exp /0 Mofal(s)ds).  Sfal(t) = Rlo](1) /0 %d&

The mappings Ay and Ay are defined in Condition (H1).

Applying Lemma 2.3 we can find 7 and « in each of cases (i)—(iv) in Theorem 1.1. In the

next corollary we find 7 and « in case(i).

Corollary 2.3. There exist T € (0,7] and a constant function a(t) = a > 0 such that
Q(NT7OC) g N’T,O{'

Proof. Due to Lemma 2.3 for x = Q(u), where u € N, ,, one has

/ Vdy, < Sal(t) + Rlal(t) / V(z) dv.

azQ/Vdu+1

Let
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and note that the functions S|a] and R|a] do not depend on 7, because A; and Ay do not
depend on 7. Moreover, lim; o S[e](t) = 0 and lim; o R[e](t) = 1. Choosing 7 such that
Sla](t) < 1 and Rla](t) < 2 for all t € [0, 7], we arrive at the estimate

/detga

for all ¢t € [0, 7]. O

Let us find 7 and « in case (ii) of Theorem 1.1.

Corollary 2.4. If the mappings A1 and As are constant, then for every 7y there is a constant
function a(t) = a on [0, 79] such that Q(Ny o) C Nyy.a-

Proof. Let
@ = max (S(t) + R(t)/V(x) dV),

t€[0,7o]
where S and R are the functions from Lemma 2.3. Note that S and R do not depend on «,
because they are functions of Ay and As, which do not depend on «, that is, Aj[a] = A;[0] and
As[a] = As[0]. Now it is obvious that
/ Vidy <a

for all ¢ € [0, o). O

Let us find 7 and « in case (iii) of Theorem 1.1.

Corollary 2.5. Suppose that Ai[a] = 0 and As[al(t) = G(«(t)), where G is a strictly increasing

continuous positive function on [0,400). Let

T:/u:m%?u), uoz/V(x)dz/.

Then for each T € (0, 19] with T < T there exists a function o € CT([0,79]) such that Q(N,.) C
N

Proof. Applying Lemma 2.3 for x = Q(u), we obtain

/det < /le/exp(/otG(a(s))ds).

Let 7 € (0,70], 7 < T, and let the function « on [0, 7] be defined by the following identity:

t:/():(:)%&), a(O):/V(x)du.

If 7 < 79, then we set «(t) = «(7) for all ¢ > 7. Then the function « is continuously differentiable
and strictly increasing on [0, 7] and continuous on [0, 79]. Moreover, o' = aG(«). Hence for all

t € [0, 7] we have

t
/Vdu exp(/ G(a(s)) ds) = oz(t)oz_l(O)/le/ = o(t).
0
Thus, for this function « the inclusion 1 € N, yields that x € N.,. O

Let us find 7 and « in case (iv) of Theorem 1.1.
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Corollary 2.6. Suppose that A1[a](t) = G(a(t)) and Ay]a] = 0, where G is a strictly increasing

continuous positive function on [0,400). Let

T:ﬁmg%,wz/vwma

Then for each T € (0,70 with 7 < T there exists a function o € CT([0, 70]) such that Q(N) C
N

Proof. Applying Lemma 2.3 to x = Q(u), where u € N, ,, we obtain

/wmg/vw+lbm@m&

Let 7 € (0,70], 7 < T, and let the function « on [0, 7] be defined by the following identity:

" L, a0
t= ——du, 0 :/Vdu.
«a(0) G(U)

If 7 < 79, then we set «(t) = «(7) for all ¢ > 7. Then the function « is continuously differentiable
and strictly increasing on [0, 7] and continuous on [0, 7). Moreover, o’ = G(«). Hence for all

t € [0, 7] we have

t
/Vdu + / G(a(s))ds = a(t) +/Vdu —a(0) < aft).
0
Thus, for this function « the inclusion 1 € N, yields that x € N.,. O

Remark 2.1. Let us observe that in Corollaries 2.3, 2.4, 2.5, and 2.6 our choice of 7 and
a has been completely determined by the mappings A; and A,. Thus, one can assume that
Conditions (H1), (H2) and (H3’) are fulfilled on some fixed (and completely determined by A;
and Ag) set M, ,.

Proof of Theorem 1.1 in the non-degenerate case. Using Corollaries 2.3, 2.4, 2.5,
and 2.6, for each case (i)—(iv) we find appropriate o and 7. According to Corollary 2.1, the
set N, is a convex compact set in M(R? x [0, 7]), hence, due to Corollary 2.2, the mapping
Q: N;o — N, is continuous. Taking into account the Schauder theorem, we obtain that
there exists a measure p € N, , that is a fixed point of (). Hence it is a solution of the Cauchy
problem (1). O

2.2. Degenerate case. The proof of the main theorem in the degenerate case is based on the
well-known method of “vanishing viscosity” (see, e.g., [15, 26]). We assume again that all the
hypotheses of (H3") hold except for the nondegeneracy of the matrix A, that is, we do not need
det A to be positive.

Let o € C*(RY) with ¢ > 0 be such that for all z € R? the following estimate holds:

o(@)(|AV ()] +|[VV(2)[*) < min{V (z), 1}.

Such a function p exists, because one has min V' > 0 due to (H1). For each € > 0 we consider

the following Cauchy problem:

O = £0(x) A gty + Oy (a7 (8, 1)) — O, (' (b, ) pue), 1o = v (4)
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Let us show that all the assertions in Theorem 1.1 in the non-degenerate case are fulfilled. First
we check (H1). Let

L, =¢coA+L,.
Let € € (0,&0). Then one has
L, V(x,t)=co(x)AV(z)+ L,V (x,t) < gomin{V(z), 1} + Ay[a](t) + As]a](t)V ().

Thus, (H1) is fulfilled with A[a](t) = Ai[o](t) + & instead of Aj[a]. If one has A, = 0 (like
in assertion (iii) in Theorem 1.1), then we replace Ay with Aga](t) = As[a](t) + 0. We recall
that in (iii) and (iv) we take 7 < T', where

oo du oo du
T = T = e
/uo WGlay ™9 / Glw)

respectively. We replace A; with A 4+ o or Ay with Ay + &9, so we have a new moment 7T,
with the function G' + € in place of T" with the function G. Note that T,, < T and T, — T
if g — 0. Let g9 > 0 be such that 7 < T, < T. It is obvious that (H2) and (H3’) are also

fulfilled. Hence, for each assertion (i)—(iv) in Theorem 1.1, taking into account Corollaries 2.3,

2.4, 2.5, and 2.6, one has appropriate 7 and «. We recall that 7 and o depend only on A; and
As and hence they do not depend on €. Let ¢ = 1/n < gy. Using the non-degenerate case, we
obtain that for each n there exists a measure u™ € N, , that is a solution to (4).

Applying Lemma 2.1, we obtain a subsequence of indices n;, such that {u"*} converges weakly
topu € N;o. Using Lemma 2.2 we obtain that this sequence V'-converges to the measure p. Tak-
ing into account (H2), we observe that for each ¢ € [0, 7] the sequences of functions a™ (z, ¢, u™)
and b(x,t, ui"*) converge uniformly on every ball U C R% Let ¢ € Cg°(R?) and let U be a ball
containing the support of . The following identity holds:

t
/ pdpui* — / pdv = / / [y 0AP + Ly pldp*ds. (5)
U U 0 U

Taking into account the uniform convergence of a(x, s, u™), b'(z, s, u™) and the weak conver-

gence of u for each s € [0,t], one has

lim [ Lnodpl* —/L“godus.

k—o0 U U

Since |L,m | < A(T, o, ), applying Lebesgue’s dominated convergence theorem we obtain

t t
lim/ /L“nkgod,u;”“ ds:/ /Lugpdusds.
k=0 Jo Ju 0 Ju

t
lim/ /n;lgAcpd,usds:O.
k—o0 0 U

Letting &k — oo in (5), we arrive at the equality

t
/cpdut—/godV:/ /L“g)d,usds.
0

Thus, p is the required solution of (1).

It is obvious that
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2.3. The case of a non-smooth matrix A. Now suppose that Conditions (H1), (H2), and
(H3) are fulfilled.

Let us begin with an important special case. We suppose that there exists a number R > 0
such that A(x,t,0) =0 for all x if |z| > R. Then, taking into account (H2), for each 7 € (0, 7]
and a € C*([0,79]) there exists a number C(a, 7) > 0 such that |a”(z,t,0)| < C(a, ) for all
r€RY t€(0,7] and 0 € M, . Moreover, the mappings = +— a¥(x,t,o) are continuous on R?
uniformly in 0 € M, , and ¢t € [0,7] .

Let w € C*(R%), w > 0, w(z) =0 if |z] > 1 and ||lw]|p1re) = 1. Whenever 0 < § < 1, we set
ws(z) = 6~%w(x/d) and A; = (af), where

agj(xv tv 0) = aij * u)(;(.??, t? U) = /a’ij (y> t? O')w(g(.l’ - y) dy

Note that As(z,t,0) = 0 if |z| > R+ 1. It is obvious that (H2) is fulfilled for As and for
every measure o the mapping As(z,t, o) is Lipschitzian uniformly in ¢. Moreover, the mapping
x +— A(z,t,0) is equicontinuous in o and ¢, hence for each ¢ > 0 there exists § € (0,1) such

that for every z € R%, ¢t € [0, 7] and ¢ € M., the following inequalities hold:
Awit.0) = Ao t.0)] < [ |Ale1.0) = Alw+y.t.0)s(y) dy < =

Therefore, for each 7 and « one can find a sequence 6,, > 0 such that for every o € M., the

following estimate holds:

1
max |A(x,t,0) — A,(z,t,0)| < —, A, = As,.
(z,t)ERIX[0,7] n

Let us consider a new operator

L,,u:= af{@miﬁxju + b0y, u.
Let g9 > 0. Let Aq[a](t) = A1[o](t) + g and As[a] = As[a]. If one has A, = 0 (like in assertion
(iii) in Theorem 1.1), the we replace Ay with As[a](t) = As[a](t) + go. We recall that in (iii)
and (iv) we take 7 < T, where

oo du oo du
/uo uGlu) / Gu)’

0

respectively. We replace A; with A; 4+ ¢ or Ay with Ay + £, so we have a new moment 7,
with the function G + ¢ in place of 7" with the function G. Note that 7., < T and T., — T'if
g9 — 0. Let €9 > 0 be such that 7 < T, < T". Hence for every assertion (i)—(iv) in Theorem 1.1,
taking into account Corollaries 2.3, 2.4, 2.5, and 2.6, one has appropriate 7 and a. According
to Remark 2.1, it suffices to have Conditions (H1), (H2) and (H3’) only on this set M, ,.

There is an index N such that for every n > N and every measure 1 € M, , one has
| Ly, V (2, ) = L,V (3,t)| = |(a (z,1) — a”(x,)) 0,0,V (z)| < eomin{V (z), 1}.
We recall that Condition (H1) holds for L, . Let p € M., and n > N. Then
LoV =LV + (Ly,V — LV) <Ay + AV + gomin{V, 1} < A, + A,V

Hence Condition (H1) is fulfilled on M., for L, , if n > N. Moreover, 7 and « are such that
Q(N:o) C N, . Werecall that A,, = 0if |x| > R+1. Hence the condition [/ A,VV| < C1+CyV
is fulfilled for some constants C; and Cy. Therefore, Conditions (H1), (H2), and (H3") hold and
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for each n > N there exists a solution p™ to the Cauchy problem (1) with the operator L, ,
and the measures " belong to N, ,. Also, as before, one can find a subsequence {p"*} that

is weakly and V-convergent to some measure p € N.,. Let us show that for every function

¢ € C°(R?) one has
t t
klim / /Lnk,#nkgpd,ugk ds = / /Lugo dpis ds. (6)
Indeed, we have

t t t
0 0 0

The first summand can be estimated as follows:

t
/ / Ly yirwp — Lyme o dpg® ds
0

Hence it tends to zero. Repeating the reasoning from Subsection 2.2, we obtain

t t
klim/ /Lunkcpd,ugk ds :/ /Lugod,us ds.
—Jo 0

This proves (6). For each k and every function ¢ € C5°(R?) one has

t
/ pdpy™ — / pdy = / / Ly e tp dpig*ds.
0

Letting £ — oo, we arrive at the equality

t
/gpdut—/gpduz/ /Lugpd,usds.
0

Hence p is the required solution of (1).

S n;lt max |8a:zaxj (p(l') |’

Finally, we proceed to the general case and reduce it to the already studied case. Let
e C®(RY), 0 <9 <1, ¢(x) =1if |[z] < 1 and ¢(z) = 0if |z| > 2. Set ¥, (z) = ¥(x/n)
and L, , := 9¥,L,. One can easily see that the matrix A, of L, , vanishes outside of the ball
|z| < n. It is obvious that Conditions (H2) and (H3) are fulfilled for L, ,. In addition, one has

L.,V =v,L,V <A1 + 0, AV < Ay + A5V,

so (H1) is fulfilled. Let p™ be a solution to the Cauchy problem with the operator L, ,. One
can assume again that u" belong to one and the same set NV, ,. Repeating the same reasoning
with weak- and V-converging subsequence {u"*}, letting k& — oo and taking into account that

L, p(x) = L,p(x) if || < n, we complete the proof of Theorem 1.1.

2.4. Examples. Consider the following Cauchy problem:
O = div ([ VW(e = p)du). o= (7)

Proposition 2.1. Let W(z) = K(|z|), where K € C?*([0,+)), K(0) = 0, K'(0) = 0,
K'(u) > 0, K"(u) > 0 for w > 0 and there ezist constants Cy; > 0, Cy > 0 such that for all

u,v > 0 one has
K'(u+v) < Ci1K(u) + C2K (v).
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Suppose also that K™ (|z|) € L' (v) for some m > 1. Then there exists a positive number T such
that the Cauchy problem (7) has a probability solution p = (i), on [0,7]. Moreover, one

has

sup /Km(|x|)dut < 00.

te[0,7]

Proof. Tt follows from our assumptions that a” = 0 and

K'(|lz — -
bt 1) / (lz —yD(z —y) i
|z =y

Let V(z) = K™(|z]) + 1 . Note that
K'(|lz —y|) < CLE(|2]) + CoK(lyl) < C1E(|Jz]) + C2V 7 (y),

where 7 = (m — 1)/m. Hence Condition (H2) is fulfilled and, as before, we only have to ensure
Condition (H1). Let f(u) = K'(u). One has

(b, t, 1), @ /f‘x_y‘ 02 gy <

|z — 9

-1/ﬂu—ny—mmﬁ+/fm~wmmm%

We recall that for ¢, d > 0 the following Young inequality holds:

ed < /chl(s) ds + /Odf(t) dt

where f~! is the inverse function to f. Applying this inequality to f(|z —y|)|y| and using that

(Jz—yl)
[ el -
one obtains
|y]
b du) dy.
((:c,t,u),x)gf( 0 flu) u) I

Notice that VV (x) = mK™ (|z|) f(|x|)z/|z|. Hence for some ¢; > 0 and ¢, > 0 one has
1/m
LV (@) < e+ eV @) ([ Vi din) " = (e + V(@) e (1),
This yields (H1). Finally, we apply assertion (i) in Theorem 1.1. O

Let 79 > 0 and let a(z,t) be a nonnegative continuous function on R¢ x [0, 79] and b(x,t) be
a continuous vector field on R? x [0, 79]. Let F' be a continuous nonnegative function on R% and

let G be a strictly increasing continuous positive function on [0, 400), G(0) > 1. Let us set

bt ) = WG [ Flg)dis)-

Consider the following Cauchy problem:

Oup = alw, ) Apig + div (b, t. 1)), o = v, (8)
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Proposition 2.2. Suppose that there exists a function V € C*(R?) such that
V>1 lim V(z)=+oco, lim F(z)/V(z)=0

| —+o0 Je|—+o0

and for some constants Cy and Cy and all (z,t) € RY x [0, 7] one has
a(z, t)|AV (x)| + (b(z,t), VV(x)) < C1 + CoV ().

Let V € L'(v). Then there exists T € (0, 7] such that on [0, 7] the Cauchy problem (8) has a

probability solution p = (ji)ico,). Moreover, one has

sup /V(x) dpy < 0.

te(0,7]

oo du
= = | Vav.
/uo WGy o / y

then a solution exists on the whole interval [0, ).

Furthermore, if one has

Proof. Let n € M. . Note that
LV (2,t) = a(z, ) AV + (b(z, £), VV(2))G(a(t)) =
=a(x,t) AV + (b(x,t), VV (z)) + (b(z, 1), VV(2))(G(a(t)) — 1) < (Cy + C2V)G(a(t)).
The required assertion follows immediately from Theorem 1.1. 0

For example, let a = 1 and V(z) = exp(M|z|"), where M > 0 and r > 2. To ensure the

hypotheses of Proposition 2.2 we need the following two estimates:
exp(Mz|") € L'(v), |F(x)] < exp(M'l2]"), M'<M
and, for some ¢; and ¢, > drM and all (z,t) € R? x [0, 7],
(b(x,t),z) < 1 — colz|"
3. THE ABSENCE OF GLOBAL SOLUTIONS

In this section we obtain sufficient conditions for the absence of global solutions. Let us
observe that there is an extensive literature concerned with the so-called “blow-up” of solutions
to such equations, see [24, 25, 4, 12, 21].

We recall that if one has Aj[a] = 0 and Az[a](t) = G(a(t)) in (H1), then, under Conditions

(H2) and (H3), assertion (iii) in Theorem 1.1 gives the existence of solutions on each interval

</+oo du
" uGu)

A similar assertion is given in (iv). Our next theorem shows that, in a sense, such estimates

0, 7], where

for the existence time are exact.

Theorem 3.1. Let V € C*(RY), V >0, lim V(z) = +oo. Let G be a continuous positive

|z]—o0
increasing function on [0,4+00). Suppose that the coefficients of the operator
L, = a"(x,t,11)0,,0,, + b (2,1, 1)0s,

are defined on every set M, (V) and for all p € M, (V) and all (z,t) € R? x [0, 7] one has
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i) L,V(x,t)> ( d,ut) V(z

or
(i) L,V(z,t)> < dut)
Suppose that |\/ A(z,t, ))VV (z)

> <
that uy = /Vdu > 0 and in case (i) one has

*  du
T — <
lomﬂm e

C1 + GV (z) for some Cp > 0 and Cy > 0. Suppose

and in case (ii) one has
> du
G(u)

Then the Cauchy problem (1) has no probability solution p = ()i, on [0,7] with T > T

T =

uo

and
sup /V(a:) dpy < oo.

t€[0,T]

Proof. We first consider (i). Let 7 > 0. If i = (p)¢efo,- is a solution to the Cauchy problem,
then for every ¢ € C5°(R?) one has

t
/cpdut—/godyz/ /Lﬂgpd,usds.
0

Let ¢n € C®[0,400) be such that 0 < ¢ (2) < 1, ¢, <0, (u(2) = 2z for z < m — 1, and
Cm(z) =m for z > m. Set p(x) = (n(V(z)) — m. We note that

LyGn(V) = (V)L + ¢, (V)(AVV, VV).
Hence

/Cm(V)dut:/gm( dl/+/ /g V)L Vdusds+/ /g V)VAVV Pdpds,

which has a lower bound

/Cm dl/—i—/ /C VG(/Vdus)dusds—/ /V|>m W(Cy + CoV)dpsds.

Letting m — oo and taking into account that V' € L'(u), we obtain that

/Vdut > /Vdu+/0tG(/Vdus) /Vd,usds.
H(u) = Guu, g(t) = / Vv + /0 tH< / Vdus)ds.

Then the inequality can be rewritten as H~'(g (t)) > g(t) or, in other words, ¢ (t) > H(g(t)).
Dividing it by H(g) = gG(g) and integrating over [0,t], we arrive at the following inequality

for all ¢:
t</9(t) du </+°° du _ 7
- g(O) UG(U) - g(O) UG(U) ’

Let
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We recall that g(0) = /V(m) dv. Let 7 > T. Then for t = T we have g(t) = 400 and this

contradicts the estimate sup / V(z)dps < 0o. The proof in case (ii) is analogous. O
te[0,7]

Example 3.1. Consider the Cauchy problem (1) with
a? =0, bx,t,p)= x/ |y 2d s
Suppose that |z[P € L'(v) for some p > 2. Let m € (2,p). Then
Lyfol™ = (b, Jal"™) = mal" [ uf*d.

Thus, for V(z) = § + |z|™ with § > 0 one has

2/m

and hence, according to assertion (iii) of Theorem 1.1, there exists a solution () on [0, 7]

whenever

te du 1
T < = , u0:6+/|x]mdl/.
[, i = g

Taking into account that m is an arbitrary number in (2,p) and 0 is an arbitrary positive

number, letting m — 2 and § — 0, we obtain that a solution exists on [0, 7] for each moment
T < (2/ |x|2dy> 71. If / |z|* dv > 0 (that is, v is not Dirac’s measure dy at the origin), then
the hypotheses in assertion (i) in Theorem 3.1 with the function V(z) = |z|* are fulfilled. Hence
there is no solution on [0, 7] for 7 > (2/ |z|? d7/> _1. It can be easily proved that p, = dp is a

solution of the Cauchy problem with the initial measure v = ¢, on each [0, 7].
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