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with linear multiplicative noise:
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Abstract. We prove well-posedness results for stochastic nonlinear
Schrodinger equations with linear multiplicative Wiener noise inclu-
ding the non-conservative case. Our approach is different from the
standard literature on stochastic nonlinear Schrodinger equations. By
a rescaling transformation we reduce the stochastic equation to a ran-
dom nonlinear Schrédinger equation with lower order terms and treat
the resulting equation by a fixed point argument, based on genera-
lizations of Strichartz estimates proved by J. Marzuola, J. Metcalfe
and D. Tataru in 2008. This approach allows to improve earlier well-
posedness results obtained in the conservative case by a direct ap-
proach to the stochastic Schrodinger equation. In contrast to the
latter, we obtain well-posedness in the full range [1,1+4/d) of admis-
sible exponents in the non-linear part (where d is the dimension of the
underlying Euclidean space), i.e. in exactly the same range as in the
deterministic case.
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1 Introduction

We are here concerned with the stochastic nonlinear Schrédinger equation
idX (t,€) = AX (¢, E)dt —ipu(&)X (¢, &)dt + N X (¢, €)|* 71X (¢, &)dt
+i X (t,6)dW (t,€), t € (0,T), £ € RY  (1.1)
X(0) = x € L*(R?) := L*(R% C),

where W is the Wiener process

W8 = D mes(Of(t), t20, EERS (1.2)

uE) = Zm le; ()7, € e R™ (1.3)

DN | —

Here, {e;})., € O®(RY)NL* (R R), {1}, are complex valued and {3;}7
is a family of independent real valued Brownian motions on a probability
space (2, F,P) with normal (in particular right-continuous) filtration (F;):>o.
In addition, A € R and o > 1.

The physical significance of (1.1) is well known. X = X(¢,&,w), € € R4,
t >0, w e Q, represents the quantum state at time ¢, while the stochastic
perturbation ¢ X dW represents a stochastic continuous measurement via the
quantum observables j;e;. A better insight in equation (1.1) can be gained
from the analysis in [3], [4]. Then, an (at this stage) heuristic application of
[t0’s formula implies that

(X ()] = |alr2 + 2236%')/0 (X(s), X(s)ej) 2 dfi(s), t= 0. (1.4)

=1
Applying It6’s formula to log | X (¢)[32, we see that

N

X0 = ol e {2 [uas -3 [ e } ,

Jj=1

where v;(t) = 2Re (X (1), j1;e;X (1)) 2 | X (t)| 3. Clearly, by (1.4), t — | X(t)[2,
is a continuous martingale and so, if |z|.2 = 1,

/|X w)|3.dP(dw), F € Fr,



defines a probability law on {2, Fr} (the physical probability law) and, under
this law by Girsanov’s theorem the continuous process

B;(t) :ﬁj(t)—/otvj(s)ds, te0,T], j=1,..N, (1.5)

are independent Gaussian processes with respect to the filtration (F;) (Theo-
rem 2.14 in [1]). Here P is the physical probability law of the events oc-
curring in time [0, 77, while @/D\(t,w) = X(t,w)|X(t,w)|5" is the state of the
quantum system conditioned by observation of s — f§;(s,w), 0 < s < t.

In the particular case (conservative case), p; = —if;, with j1; real, which
is considered in [5], [6], we have v;(t) = 0, | X (t)|.2 = |x|L2, Vt and PT = P|z,.
Then, by (1.5), 5] = f;, Vj, and so, in this case, the randomness is inde-
pendent of the quantum system, and the measurement does not provide any
information on the quantum system.

Here, we shall study existence and uniqueness of solutions to (1.1) under
the following key assumption on the basis {e; }jvzl

(H1) e; € Cg°(R?) such that

lim ¢(E)(le; ()] + Ve ()] + [Ae;(E)]) = 0,

|§|—=o00

where j € {1,..., N} and

o [ 1R if d#2.
(1+ €2 + €)%, if d="2.

The assumption that each e; is smooth is made only for simplicity, in
order to be able to apply results from [9] directly (see Lemma 3.3 below) on
well posedness of linear Schrodinger equations with lower order terms. But,
as in [14], an approximation procedure allows to weaken (H1) and to just
assume that e; € CZ(R?) for all j € N.

Under assumption (H1), one shows in Theorem 2.2 below that, for each
z € L*(R%) and 1 < @ < 1+ 2, equation (1.1) has a unique global solution
in a sense to be made precise later. In the critical case a =1+ % there is a
unique local solution (Corollary 5.2). These results improve an earlier result
of A. de Bouard and A. Debussche [5] obtained by a direct approach under
the more restrictive condition: 1 < a < 14 2 if d > 3. (See, also, [6], [7].)
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It should be mentioned, however, that the results from [5] are concerned with
the stochastic equation

idX = AX dt — ipX dt + N X|*7' X dt +iX dW, (1.6)

where W is given by (1.2) and p; = —ig;, u; € R, 1 < j < N, ie., the
conservative case discussed above.

The sharper existence and uniqueness result we prove here is the same
as for the deterministic Schrédinger equation (see, e.g., [13], p. 92) and it is
a direct consequence of our rescaling approach which reduces the stochastic
equation to a random Schrodinger equation for which pointwise for P-a.e.
w € () estimates similar to that in the classical theory can be obtained. As a
matter of fact, this is one of the main advantages of this rescaling approach:
one can replace the L'(Q) estimates by pointwise P-a.s. estimates. In a
different context, this approach was used in [1], [2].

The main existence result, Theorem 2.2, is presented in Section 2 and
proved in Sections 3 and 4. In Section 5 we briefly discuss the critical case
a=1+ 2—11. We conclude the paper with some final remarks in Section 6 and
some calculational details in the Appendix.

2 Notations and the main result

For 1 < p < oo, we denote by LP(RY) = LP the space of all Lebesgue p-
integrable (complex valued) function on RY. The Hilbert space L?(R%) is
endowed with the scalar product

(), = /Rd uw(&)v(&)dE; u,v € L2(Rd).

The norm of L? is denoted by | - |r». For p € [1,00], p’ € [1, 0] denotes the

unique number such that % + z% = 1.

We also set | - |[z2 = |- |o. By L%0,T;LP) we denote the space of all
integrable LP-valued functions w : (0,7) — LP with norm

T % 5
||| Lago,rsLe) = (/0 ( y |U(t7f)|pd§) dt) :

By C([0,T]; L?) we denote the standard space of all LP-valued continuous
functions on [0, 7] with the sup norm in ¢. Finally, H*(R?), k = 1,2, are the
classical Sobolev spaces of complex valued functions on R¢.
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Definition 2.1 Let o € [1, 1+ %] and fix T > 0. A solution to equation
(1.1) is an L3-valued continuous (F;)-adapted process X = X(t), t € [0, T,
such that |X|* € LY([0,T], (H*(R%))') and it satisfies

X(t) = z- / (IAX () + X (s) + Ni| X (5)[* X (s))ds
- (2.1)
+/ X(s)dW (s), Vt € [0,T], P-a.s.

Here, the integral

/X )W (s Z/ pie; X (s)dp;(s)

is taken in sense of Ito, AX € L?(0,T; (H?*(R?))’") and (2.1) is understood as
an equation in (H?(R%)) = H~%(RY).
Theorem 2.2 is the main result.

Theorem 2.2 Assume W is as in (1.2) and satisfies (H1), A € R and
1§o¢<1—|—§, 1 <d < oo. Then, for each x € L? and 0 < T < oo, there is
a unique solution X = X(t,z) to (1.1) in the sense of Definition 2.1, which
satisfies

X € L*(Q;C([0,T); L?)) (2.2)
X € L90,T; L), P-a.s., (2.3)

where g = Ezﬂg (2+ 3, 00].
Moreover, for P-a.e. w € Q, the map x — X(-,x,w) is continuous from
L? to C([0,T); L*) N L0, T; LYY, ¢ — | X(¢)]3 is a continuous martingale

with the representation
t N
XOB = lel+2 [ [ S RelueX()Pdeas (). 1€ 0.7 (24)
j=1

By Sobolev’s embedding theorem, it is easily seen that (2.3) implies also
that | X|* € L1(0,T; H~2(R%)), as claimed in Definition 2.1.

As explicitly stated, Theorem 2.2 is a global existence and uniqueness
result for equation (1.1) in the subcritical case 1 < o < 1+ %- The more
delicate critical case a =1+ % will be briefly discussed in Section 5.
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3 Proof of Theorem 2.2
We apply in equation (1.1) the rescaling transformation

X ="y (3.1)
By a heuristic application of 1t0’s product formula, we see that P-a.s.

dX = eVdy + eV ydW + e ydt

N
where i = £ 37 p2e?.
j=1

Substituting into (1.1) yields P-a.s.

Oy “W A (W ~ - -

= A — A (Ot 1)W a—1
i = (ey) — (u+ m)iy + Ae yl* ™y, (3.2)
y(0) =z € L%

Equation (3.2) can be rewritten as

) : ~
P S = Ay (D20 AW = (ot i)y + 2V - Ty
i=1 o . (3:3)
FA[el IV Jy|*ty, ¢ € (0,7),
y(0) = =.

Definition 3.1 A solution to (3.3) is an L2-valued continuous (F;)-adapted
process y = y(t), t € [0,7T], such that |y|* € L([0,T]; (H?*(R%))") and it
satisfies (3.3) P-a.s. as an equation in (H?(R?))’.

A rigorous proof of the equivalence of (2.1) and (3.3) is included in the
Appendix (see Lemma A.1).

We set
d
e(t.€) = D_OW) + AW(L.E) — ilu+ i) (3.4)
i=1 .
and rewrite (3.3) as
i % = Ay +cy+b-Vy+ AV |y|*ty in (0,T) x RY, (3.5)

y(0,8) = (¢), £ R,



for each w € Q. We note that, by (H1), we have P-a.s. that conditions (1.5),
(1.6) on b,c in [14] are satisfied with R replaced by [0,77], which will be
crucially used below.

It should be said that, though (3.5) is similar to the standard nonlinear
Schrodinger  equation iy, = Ay + A|y|* 'y, its existence theory is not re-
ducible to the latter due to the presence of lower order terms which excludes
the direct use of classical Strichartz estimates.

However, we have the following existence and uniqueness result, which
shall be proved in the next section.

Proposition 3.2 Under the assumptions of Theorem 2.2, for each x € L?
and T € (0,00) there is a unique solution y to equation (3.5) which satisfies

ey € L2(Q;C([0,T); L?)) (3.6)
y € L0, T; L*T), P-a.s., (3.7)
where q = EEZJ_FB € (2 + %,oo] . The mapping x — y(-,x,w) is continuous
from L? to C([0,T]; L*) N L0, T; L*tY), for P-a.e. w € ().

The solution y to (3.5) is taken in the following mild sense: for ¢t € [0, T

y(t) = U(t,0)x — M'/O Ut s) (e y(s)[* 1y (s))ds, (3.8)

where U = U(t,s) € L(L* L?), —oco < s < t < 00, is the evolution generated
by the random time-dependent operator

At)yu = —i(Au + c(t)u + b(t) - Vu), Yu € H*(R?), (3.9)

where A and V are taken in the sense of distributions on R?. By stan-
dard arguments, it then follows in our case that y is also a solution to (3.5)
(equivalently, (3.3)) in the sense of Definition 3.1.

The evolution U must satisfy P-a.s. the equation

%U(t, S)r = AWMU, s)z, Yo € HXRY), t > s, (3.10)
%U(t, s\ = —U(t,s)A(s)z, Vo € H*(R?). (3.11)

We have



Lemma 3.3 For (P-almost) every w € S, the operator A(t) generates an
evolution U(t,s) = U(t, s,w) in the space L*. Moreover, for each x € L* and
s € [0, T, the process [s,T] 3t — U(t, s)x is continuous and (F;)>s-adapted,
hence progressively measurable with respect to the filtration (Fi)iss.

Proof. The existence of the evolution operator U generated by A(t) is a
direct consequence of the fact that, for (P-almost) every w € Q, the Cauchy
problem

dy

— = A(t

y(s) =z, s <t < oo,

(3.12)

for each z € L*(R?) has a unique continuous solution y € C([s, T]; L*(R?))
for all T > s. Indeed, by Theorem 1.1 in Doi [9] (see, also, [8]), under our
assumptions on ¢ and b, for each z € L? and f € L'(s,T; L?), the Cauchy
problem

i%:Au%—cu—l—b-VU‘i‘f in (s,7) x RY, (3.13)
U(S):xv

has a unique solution u € C([s, T]; L?), which satisfies the estimate

|u(t)|2 < C <|a:|L2 +/ |f(s)|L2ds> , s<t<T. (3.14)

The solution u to (3.13) is taken here in sense of distribution on (0, T") x R?.
More precisely, for each v € L2((0,T) x R?), Lu = —iAu—icu—ib-Vu—if €
L?*(0,T; H=2(R%)) and so (3.13) reduces to

du

pr (t) = Lu(t), ae. te (s, T), u(s) ==z, (3.15)

where < is taken in sense of vectorial H~?(R%)-valued distributions on (0, T').
This means that u : [0,7] — H %*(R%) is absolutely continuous and a.e.
differentiable on (0,7T). Moreover, if x € H°(RY), f € L*(0,T; H°), o € R,
then u € C([s,T]; H°(R?)). This implies the existence for (3.12) and so, of
an evolution U(t,s) € L(L?* L?) defined by U(t,s)r = y(t), 0 < s <t < T.

Moreover, since U(t,s)H?(RY) c H?*R?) for every t,s € [0,T], and
U(t,s)zeC([s, T]; HX(R?)) for z € H*(R?), we see by (3.15) that t — U(t, s)z
is continuously differentiable for each # € H?(R?) and is also easily seen by
the continuity of b and ¢ that s — U(t, s)x is continuous.
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Since the Cauchy problem (3.12) is, by virtue of the above results, uniformly
well posed, that is, D(A(t)) = H?*(R?) for all ¢ and for each z € H?*(R?),
the function (¢,s) — U(t,s)z is continuous together with 2 U(t,s)z on
{(s,t); 0 < s <t < T}, it follows that besides (3.10) we have also (3.11)
(see, e.g., [12], Sect. 3, Chap. II).

The second part of Lemma 3.3, that is the adaptedness of the process
t — Ul(t, s)x, follows immediately from the fact that, by (3.4), the processes
t — c(t) and t — b(t) are progressively measurable with respect to the
filtration (F;)i>o. O

By (3.10), (3.11), it follows that, in terms of U, the solution to (3.13) can
be represented in the "mild” sense below

u(t):U(t,s)x—i/tU(t,r)f(r)dr, s<t<T.

By Lemma 3.3, it follows that u is progressively measurable for each z € L?
and any progressively measurable process f : [s,T] x Q — H~1(R?).

4 Proof of Proposition 3.2

Wee need a Strichartz type estimate for the solutions to the random non-
homogeneous linear Schrodinger equation

ia—?:Au—l—cuva-Vu%—fon (0,T) x R?,
u(0) = up on RY,

(4.1)

where ¢ = ¢(t,£), b=0b(t,¢) are defined by (3.4). Indeed, we have

Lemma 4.1 Assume (H1). Then, for any T > 0 and uy € L?, f €
L%(0,T; LP2), the solution

MﬂzUmmm—il%W@ﬁ@M&OStgﬂ (4.2)

to equation (4.1) satisfies the estimate

lullzo 752y < Crlluolze + 151 14 0 pszrt) (43)
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where (p1,q1) and (ps,q2) belong to the set

{(p,q)E[Q,OO]X[Q,OO]:gzg—g}, if d +# 2, (4.4)
respectively,
{(p,q)e[2,oo)x(2,oo]:§:g—g}, if d=2. (4.5)

The process Cy, t > 0, can be taken to be (F;)-progressively measurable,
increasing continuous, with Cy = 0.

Here, any pair belonging to the set in (4.4), (4.5) respectively, is called a
Strichartz pair.

Lemma 4.1 follows by the results of J. Marzuola, J. Metcalfe and D. Tataru
[14] on Strichartz estimates for the linear Schrédinger operator with non-
smooth and asymptotically flat coefficients, which is the case for equation
(4.2) under assumption (H1). The proof is outlined in the Appendix.

The proof of Proposition 3.2 will be completed in several steps. First,
one proves the existence of a local solution y to (3.5) (see Lemma 4.2). As
happens in the deterministic case, the next step from a local solution to a
global one is determined by the existence of an L°°(0, T’; L?) estimate for the
local solution. To this end, one proves an L?-estimate for this solution inde-
pendent of the interval [0, 7] of maximal existence (Lemma 4.3) and, finally,
one extends y to a global solution of (3.5) satisfying all the requirements of
Proposition 3.2.

In the following, we take ¢ = ;%Zi; € (2 + é, OO} .

Lemma 4.2 Under the assumptions of Proposition 3.2, for each x € L2,
there exists an increasing sequence of stopping times T, and 7*(x), satisfying
() = 1i_>m Tp, @.S., and a solution y to (3.5) on [0,7*(x)) starting from x
such tha? -

y € C([0,7,); L*) N LU0, 7,,; L), (4.6)

for eachn > 1. The process t — y(t) € L* is adapted to the filtration (F;)¢>o-

Proof. We construct the solution to (3.5) in the "mild” sense

y(t) =U(t,0)x — i/o U(t,s)()\|e(°‘_1)w(5)|g(y(s)))ds, t € 0,T], (4.7)
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where g(y) = |y|* 'y, Vy € C. This solution is then also a solution in the
sense of Definition 3.1. We set X = C([0,T]; L*)NL%(0, T; L*™) and consider
the integral operator

Fy)(t) = U(t,0)x — i/OtU(t, ) Og(y(s)))ds, ¢ € [0,T],  (4.8)

defined on X and, for P-a.e. w € ), we construct a unique local solution by
Banach’s fixed point theorem applied to F'. Then, we extend the solution to
a maximal interval [0, 7*(x)).

Step 1. By estimate (4.3), with Strichartz pairs (a+1, ¢), we have for y € X,

IFW) o200y < Crlalz + CrlA|]| e~V [g(y)

HLq’ 0,1;L%)
T Ly T

el DWleecn Ty o,

IN

0,T;La+1)>

where |Wlw oo = [|Wllzeo(orn) and 0 = 1 — @ > 0. We set yp =
ele=DWlee.c We have, therefore,
IF@sorizeny < Cr [J2laNT v Wl gaoraern) - (49)

By (4.3), with the Strichartz pair (2, 00) and (« + 1, ¢), we also have
IFWllz=ora < Cr |lels + Aa Tyl gaorizos| - (4.10)

In particular, this implies that FI(X) C X.

We note that, in (4.9), (4.10), the constant C7, coming from the Strichartz
estimate (4.3), depends on w € Q. However, as mentioned in Lemma 4.1, the
process t — C} is (F;)-adapted.

Now, we fix w € €2 and consider the operator I’ on the set

¥, ={y € COTHL N L0, L) sup IOl Iyl < M0
<t<rt

where 7 = 7(w) € (0,7] and M; = M;(w) > 0 are random variables.
For y € XY, , we have, by estimates (4.9), (4.10), that

IE @)z mi22) + IF @ lsomizerry < 20zl + N7 Iyl Zao 7001
< 2C:(|zl2 + [l 7" MY),
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where v, = exp((a — 1)[|W{| e (0,;z00))- This means that F(XJ,; ) C Xj,, if
M; and 7 are chosen in a such way that

20, (|z]2 + a| Ay M) < M. (4.11)

To this end, we choose M; = 3C,|x|2, and define the real-valued continuous,
(F)-adapted process

Zt(l) =2 3°71Cz|s o Ay, t?, t € [0,T).

Then (4.11) is equivalent to zM < 1 - Hence, defining the (F;)-stopping time

1
= inf{t el0,7]: 2" > g} AT,
we have 71 > 0 and Zﬁll ) < % and hence
F(X::éflmg) - Xa%qm-

Now, let us show that F is a contraction in C'([0, 71]; L*) N L(0, 7y; L>T1).
The argument is standard (see, e.g., [13], p. 92, and also [10]), but we
reproduce it for completeness. Arguing as in the proof of (4.9), (4.10), we

get, fOI' y17y2 e X;éTllxh’

1E Y1) = Fy2)llLamizerty + 1F (1) = F(y2)ll e ©.m:22)

m / q
<2 b ([ =t = )
0 [e3

< 207—104)\‘7-19/771 (Hyl ||%;(%],T1;La+l)
(4.12)

+||y2||%q_(10,mm+1))||y1 - y?”Lq(O,n;LaH)

< 4CT1a|>“7T1T19M1ailHyl - y2||Lq(0,7-1;La+1)
= 22;1)“% — Yol La(0,m15L041)

2
< g Hyl - yZHLq(O,Tl;La-s-l),
by definition of 71. We see, by (4.12), that F is a contraction on the space

C([0,7]; L*) N L0, 7; L), Hence, by Banach’s fixed point theorem, we
know that there exists a unique solution y € C(0,7; L?) N L9(0, p; L)
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satisfying y = F(y) on [0, 7], which implies that y is a solution to (4.7)
on [0,7;]. Moreover, there exists a sequence uy,, € X, m € N, such that
U1 = F(urm), m > 1, upy = 2 and WP—IE;O Ut o =y in C([0,7]; L*) N

L0, 7y; L), Define y(t) :== y(t A71), t € [0,T]. Then

y1 = lim uy,,(- A7) in C([0,T]; L?).

m—r0o0

Since, obviously, each uy ,, is (F;)-adapted, so is y;.

Step 2. We shall use an induction argument to extend y; to y,.1, which
is a solution to (4.7) on a larger interval [0, 7,,41]. Suppose that at the n-th
step we have a continuous, (F;)-adapted process y,(t), t € [0,7], and an
(F)-stopping time 7, with 7,, > 7,1, such that y,(t) = y.(t AT,), t € [0,T],
and it satisfies (4.7) on [0, 7,].

We define the integral operator

t

F.(2)(t) = U(Tn+t,7'n)yn(7'n)—i/0 U(Tn+t,Tn+8)<>\|6(a_1)W(Tn+s)|g(2(8)))d8,
te [0, T — 7],

and consider F;, on the set

X&’;H = {Z € C(0,00; L2) N L9(0, 0y; LHY;

sup |Z(t)|2+||Z||Lq(07a—n;La+1)§Mn+1}

SUS0n
where 0, = 0, (w) and M,,+1 = M, 11(w) are random variables.

By a similar calculation, we have, for every z € X ]‘\ZH,

[En(2)] o 0.05L2) + [ Fn(2) | La(0,0sz041)
S 20(7n+0'n)(|yn(7—n)|2 + |>\|,y(7—n+o'n)o-z||Z||%‘Z(O,o’n;La+1)>7

which implies that F,(Xy, ) C Xy, and F, is a contraction in AXy;
if we take M, 11 = 3C(s,40,)|Yn(7n)|2 and choose o, such that

20(7n+an)(|yn(7—n)|2 + a|>‘|'7(7'n+0n)azMr?+1) < My,

ie.,

: (4.13)

Wl

2- Sa_lcg'n—l-an)|yn(7—n)|g_1a|)\|7(7n+0n)0-z <
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So, similarly as above, we define the real-valued continuous, (F;)-adapted
process

Zt(n) =2 3a_lc(cj'n+t)|yn(Tn)‘a_la‘)‘h(m-i-t)teu te [07T - Tn]a

and

1
o, := inf {t €0,7T—m,]: Zt(n) > §} A(T —1,).

Then o, > 0 and ZC(,Z) < %, i.e., (4.13) holds.

Set Tp41 = Tn + 0y Then 7,41 is an (F;)-stopping time. Indeed, for
t €10,7],
{Tn+0n<t}: U {Tn<Q170n<QZ}>
91,92€Q ¢
q1+aa<t

where (), denotes the nonnegative rational numbers.
But, by induction, 7, is an (F;)-stopping time and

1
{Tn<QI70n<Q2} = U {Tn+qQ<q1+q2,Z§") >§}

q€EQ
a<q2

< }—(TnJrqz)/\(qqu) C ‘Fq1+q2 C Fu,

since {Zén) > %} € Frovq C Frotqo- Since (F) is right-continuous, 7,41 is
thus an (F;)-stopping time.

Analogously to the case n = 1, one now shows that, by Banach’s fixed
point theorem, there exists a unique z,,; € X &ZH, satisfying zp,+1 = F(2ny1)-

We define
Un(t), t € 0,7,
Yni1(t) =
Znp1((t =) ANoy), t e (m,T].

It follows from the definition of F'in Step 1 and F), that y,+1 = F(y,+1) on
0, 7,41], which implies that y,, 41 is a solution to (4.7) on [0, 7,,+1]. Moreover,
Ynt1 is adapted to (F;) (see Lemma A.2 in the Appendix).

Therefore, we can extend y, to a new (F;)-adapted y,.1, which is a
continuous process in L? and a solution to (4.7) on [0, 7,11].

Step 3. Starting from Step 1 and reiterating the process in Step 2, we finally
have a solution y(t) of equation (3.5) on a maximal interval [0, 7%(z)), where
T(z) = liTm To(x) (£ T). This completes the proof of Lemma 4.2. [J
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In order to get a global solution, i.e., 7*(x) > T a.s. (for every fixed

T > 0), we need an estimate of E
0<t<t*(x)

sup |6W(t)y(t)|§] , which is given by
Lemma 4.3 below.

Lemma 4.3 Let y be the solution from Lemma 4.2. Then we have P-a.s.

N t
Lowo,me 2 Lpe // el Oy (s)2de dp;
5 e Py(t)]; = 5 2|3 + JZI e Re(p;)ejle™ y(s)[7d€ dp;(s), (4.14)

0<t<71*x).
Moreover, we have, for T > 0,
E| sup [VOy@)2] <Cr < oco. (4.15)
0<t<7*(x)

Proof. In order to obtain (4.14), we apply Itd’s formula to [eV®y(t)|2, we
first note that, for ¢t < 7,, y(t) satisfies equation (3.5) in the mild sense (4.7),
thus we use the idea in the proof of Lemma A.1 to apply 1t6’s formula to
WDy (t)|2, where y. satisfies the approximation equation (7.4). After that,
by taking € — 0 we obtain the It6 formula of [e" )y (¢)|2 up to each stopping
time 7,,, which implies the desired formula (4.15).

Now, let {f;};>1 be an orthonormal basis in L?, f; € H*(R?). As in the
proof of Lemma A.1, we have for each f; and t <7,

(F O (1)), = <f¢xJ2+-/“<ﬁf—ww“lk&fW“Uﬁww“MA@)D2ds
/(Lr> T((n+ By(s)) + e Wy.(s)), ds
-+b/1<f}f—kie”“ﬁuk(k4a1”V“H!y<sﬂa1y@ﬂ)>2ds

+Z/fwme o(5)), dBu(s).

15



Applying the It6 product rule, we get

’ <€W(t)ya(t)7 fj>2 |2 = | <I5, fj>2 |2 + 2Re/0 <6W(S)ye(8)7 fj>2 d<fj’ €W(S)

+ <<6W(t)y€(t)7 fj>2 ) <fja BW(t)yE(t)>2>

y5(8)>

= | {ze, fi), I
—|—2Re/ <e $), fi)y <fj,—lew(S J-(e _W(S)A(ew(s)y(s)))>2 ds
#2Re [ (0061, 5}, 5= O+ () + (5] s

t
w2Re [ (M O(s), 1), =N Ol )y s), s
0

#23 ke / (M O(5), 1)y (Fi e’ Dy(s)), dBu(s)

+Z/| iy ere™t ()> 1%ds, t € [0, 7).

Now, summing over j € N and interchanging the infinite sum with the

integrals, we arrive at

1 1 — 1
S 1Oy = D MOy (1), i), 1P = 5 el
j=1

—I—Re/o <6W(5)ya(s),—iew(s)J( “WEA(EE) y(s)))), ds

+Re /Ot <eW(S)y6(s), — VO T (1 + )y(s)) + (1 + ﬁ)ew(s)y5(5)>2 ds

t
FRe [ (M), e OO )y (s)) s
0

+ZR6/ <e Ve (s), pwene” Dy (s )> dB(s), t € [0, 7,].
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Hence, by taking ¢ — 0, we finally obtain for ¢t < 7,

%|€W(t) (t)] |x|2—|—ZRe/ <€W(S ), pwene’’ ) (s)>2 dB(s),

which implies (4.14) since 7,, T 7%(z), a.s.
N

In order to get (4.15), taking into account that Z 1117 |e; |30 < 00, by
j=1
the Burkholder-Davis—Gundy and Young’s inequality, we have for ¢ € [0, T
and all n € N

< CE /W"Z (/ Re(j1;)e; e (s)|2d§)2ds]

tATh 2
< CE / |eW<S>yE<s>r;*ds}
LJ O

tATh %
<CE| sup [V Py(s)y (/ |€W(s)y(3)|§ds> ]

N

> /0 R Re(u;)e;le™ Vy(r)|*dE dp;(r)

J=1

E| sup

SE[0,tATR]

NI

_SE[O,t/\Tn]
t/\Tn
<C [E sup [eV®)y / (s)|3ds
SE[0,tATR]
1
<ZE sup [e"Py(s));+C / sup [y (r)[3 | ds,
4 SE[0,tATR] r€[0,5ATy]

where C' is a constant independent of n and may change from line to line.
Together with (4.14), this yields

E

sup |e ( )]2] < 2|x]2+4C’/ ( sup |6W(r)y(r) %) ds,
]

SE[0,tATR r€[0,5ATn]
which implies

E sup |6W(t)y(t)|§ SGT,

te[0,TAty)

17



where 5T is independent of n.
Finally, taking n 1 oo and applying Fatou’s lemma, we obtain (4.15), as
claimed. [J

Proof of Proposition 3.2 (continued). By Lemma 4.3, we have P-a.s.

sup [y (s)]2 < oo

0<s<7*(x)

We set M = sup |y(t)|5. We have, therefore,
0<t<7*(x)
M = sup |e "V y(s)[3
0<s<7*(x)

W(s)

< EWleoe qup [ Gy (s)]2 < 00, P-as.

0<s<7*(x)
Let us first show that 7*(x) = T' P-a.s. We know already that 7*(z) < T P-a.s.
So, let w € {7*(z) < T}N{M < oo} and choose 0 = o(w) € (0,T—7*(z)(w)),
such that

@IH

237 Oy 1oy MO A Y () 40y 07 <
More precisely, define the real-valued continuous process
Zy =237 Clu iy sy MO My @yyt?, £ € 10,77,

and
o = inf {t €0,7): Z > é} A (T —7*(x)).

Then o has the desired property, and Z; > Z, ™) for each n € N, since, for
every n > 1, |y(7,)|2 £ M, Clrr10) < Clrr(@)4o) A0 Yrt0) < V(e (2)40)- BY
the deﬁmtlon of o, in Step 2 of Lemma 4 2, we thus have for each n € N,
on(w) > o(w).

Hence 7,41(w) = 7(w) + on(w) > 7n(w) + o(w), which implies that
Toni1(w) > 11 (w) + no(w), n > 1. Thus, after finitely many steps, 7,,(w) will
exceed T', which contradicts the fact that 7,,(w) < 7*(x)(w) < T'. Therefore,
we conclude that P(7*(x) =T) = 1.

Now, (3.6) follows from (4.15).

Now, let us prove (3.7). By Step 1, we have ||y pao,r;z0+1) < 3Cr |]o.
Moreover, if 71 < T, we choose L = L(w) € N such that 7, < T = 77,1. At

18



the (n 4 1)-th step, since 2,41 € Xy, we get, for 1 <n < L,

HyHLq(Tn,TnH;LO‘“) = ”Zn-&-lHLq(O,on;L"“) < My

Yn(Tn)l2 < 3C7, |yl Lo o2y < oo

= SC(Tn +0'n)

Therefore, we obtain
1yl zao,rsrovty < 3(L 4+ 1)Crpy 1Yl 2e0i22) < 00, P-as.

This completes the proof of the existence in Proposition 3.2.

As regards the uniqueness, as in (4.12) we have for two solutions yi, yo
to (3.5)

31 — y2HL°°(0,t;L2) + [lyr — 1/2“Lq(o,t;La+1)
< 4CT04|>\”YT?59MQ_1(HZ/1 - yzHLoo(o,t;L2) + [lyr — y2HLq(0,t;Lc«+1)),

where M = |y1|paor;00+1) + |Y2| Lao,mi00+1) < 00, a.s., which implies y; = v
on a sufficiently small interval (0,¢). Then, by a standard argument, global
uniqueness follows. It remains to prove the dependence with respect to the
initial data z € L?.

Suppose that z,, — x in L% For every x,, (resp. x), we know that, for
P-a.e. w € Q, there exists a unique solution y,, (resp. y) to equation (3.5)
satisfying y,,(0) = x,, (resp. y(0) = z).

First, we use a similar argument as in the proof of (3.7) to show that

”?JmHLq(o,T;LaH) < M, Vm €N,

L41
where M = (L +1)3%+! H Cy, Sup ||z < 00, a.s. with L as in the proof of
j=1 "
(3.7) above.
In fact, by Step 1, we have

“ym“Lq(O,n;Lanl) S 307'1|37m|2 S 307'1 sup |xm|2>
m

while, at the (n + 1)-th extension step, we have, for 1 <n < L,

”ym”Lq(Tn7Tn+1;Lo‘+1) < 3CTn+1’ym(7—n)|2

n+1 L+1
n+1 | | L+1 | |
S 3 C’T]’|xm|2 S 3 C’T]’ sup |mm|27
j=1 j=1 m
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hence
L+1

||ymHLq(0,T;La+1) < (L + 1)3L+1 H er sup |$m’27
j=1 m

as claimed. N
Then, we have, for t,t € (0,7 (cf. (4.12)),

[ Ym — y||Lo<>(t,t+Z;L2) + Y — y||Lq(t,t+t~;L“+1)

< 20T|Im — l’|2 + 4CTa|)\|7T’tV9M°‘*1||ym - y||Lq(t,t+t~;La+1),

where 0 =1 — @ > 0. If we choose  such that

1
4CT(X|>\"YT¥BMCY—1 < 57

we obtain
[Ym — y”LOO(t,t+t~;L2) + 1y — y"Lq(t,t+ELa+1) < ACT|Tm — 2.

Since ¢t = t(M) is independent of m and for m — 0o z,, — 2 in L?, we get
that
Y — y in L(t,t +t; L*) N LI(t, t + ¢ L),

Moreover, as t = N(M ) is also independent of ¢, we conclude that
Ym — y in L°(0,T; L*) N L9(0, T; L*). (4.16)
This completes the proof. [J

Proof of Theorem 2.2. As noticed earlier, the existence, uniqueness and
continuous dependence on initial data of the solution X follows directly by
Proposition 3.2. Moreover, by (4.14) we see that t — £ | X (¢)|3 is a continuous
martingale and that (2.4) holds. This completes the proof. [J

5 The critical case

In the critical case, equation (3.5) and, consequently, (1.1) has a local solution
only. More precisely, we have
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Proposition 5.1 Assume o = 1 + %- Then, for each x € L?, there exists
a stopping time 7*(x) and a unique solution y to (3.5) starting from x such
that t — y(t A7) is adapted on [0,T] and

y € C([0,7]; L*) N L*(0, 7; L), P-a.s., (5.1)
for any stopping time T < 7*(x). Here, p =2+ % :

Proof. Since the proof is essentially the same as that of Lemma 4.2, it will
here be sketched only. Consider, as above, for fixed w € €, the set (see, e.g.,
[13], p. 97)

Gr={yeC([0,7]; L*)NLP(0,7; L"); sup |y(t)=U(t,0)z|o+|yllzo0r.oy <M},

0<t<r

where U is defined by Lemma 3.3. We have
t

sup [F(u)(t) = U(t. 0l < sup | [ Ut )™ g(y(s)ds
0<t<r o<t<r |Jo

< G gl ot o,rir) < CLM.

2

Similarly, _
\F(y)|ze0,m:00) < |U(E,0)2|1o(0,7:20) + C1M,

where C; depends on C', v, and A\. Then, arguing as in the proof of Lemma
4.2, it follows that, for 7 and M suitably chosen F(G7,) C G, and F is
a contraction on G}, in the norm of LP(0,7;L’). Hence, on [0, 7], with
T a stopping time, there is a solution y to (3.5) on [0,7] and the process
t — y(t A7) is adapted. Arguing as in the proof of Lemma 4.2, one finds a
maximal interval [0, 7%(z)) and a solution y to (3.5) on each [0,7], T < 77,
P-a.s. Since, in this case, 7*(z) is not a function of |z|3, as happens in the
subcritical case, in general 7*(x) < T and so the solution y is local only. [J

As regards the stochastic equation (1.1), Proposition 5.1 implies, via
transformation (3.1), the following local existence result.

Corollary 5.2 Assume a = 1 + z—ll- Then, for each x € L?, there exists
a stopping time 7*(x) and a unique solution X to equation (1.1) such that
t — X(t A7) is adapted on [0,T] and

X € C([0,7]; L*) N LP(0, 7; L?), P-a.s., (5.2)

for any stopping time T < 7*(x).

21



In this case, Lemma 4.3 holds too, and so X satisfies the martingale equality

FIXOE =5l + [ Re(X(). XEaW (), te 0.7 @) 63)

6 Final remarks

1° Theorem 2.2 and Corollary 5.2 remain true for more general real Gaus-
sian processes W (t) in L? with cov(W (t)) = tQ, where Q is a sym-
metric nonnegative operator with Tr () < oo with appropriate spatial
assumptions so that [14] applies. We omit the details.

2° The H'-existence theory for equation (1.1) can be treated in a similar
way and leads to results comparable with that in a deterministic case,
by using in the proof of Proposition 3.2 the Strichartz estimates (4.3)
for Vou, s = 1. We omit the details which will be contained in a
forthcoming work. (We refer to [6] for a direct approach in this case.)

7 Appendix

Proof of Lemma 4.1. Under assumption (H1), the coefficients ¢, b defined
in (3.4) satisfy (1.4)-(1.6) in [14] on [0, 7] x R%. We would like to recall here
that in [14] (e.g., (1.1)), the common notation D; = —id;, D; = —i0,, is
used. Then, by Theorem 1.13 in [14] and, more precisely, by estimate (1.24)
(see Remark 1.17 in [14]), we have

[ullzar o,75000) < C (|U0|2 S et 0,005 + ||U||L2(0,T;L2(|£\§2R))) , (71

for R sufficiently large.
We are going to prove first that (4.3) holds for T sufficiently small. To
this end, we note that

T
p1—2
||u||%2(0,T;L2(|§|§2R)) < (m(Bzr)) ™ / |u(t)[70 dt
0

P1— 91

2 -2
< (m(Bagr)) » T« HUH%‘ZI(QT;LM)’
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where m(Bsg) is the volume of the ball Bsg of radius 2R. For simplicity, we
assume that ¢; > 2, which is, in fact, the case in the application of Lemma
4.1 to problem (3.5). Then, for

a1

0<T= ((20)*2(m<3m))—”%2) nr (7.2)

we get by (7.1) that

lullzo ooy < 2C (luole + 1/ o)) (7.3)
For ¢ = o0, p1 = 2, we get in a similar way

lull o2y < 2C (ltols + 1l o pigrty )

for 0 < T' < (2C)~2. Reiterating (7.3) on the interval (7', 2T), we get therefore

IA

20 (1u(T) s + 1 st i)

2C |2 (Juo> + I

[ullen (.2

IN

Lq’z(o,T;LP'z)) + ||f||Lq§(T,2T;Lp,2)}

IA

20 |2C ks + (2C + DIl g1

10(C+1) (Mol + 11t )

IN

Hence

Then, after a finite number of steps, we get estimate (4.3) on an arbitrary
bounded interval, as claimed.
Furthermore, for each ¢t € [0, 7], we may take

Cy = sup{||U(t, 0)uol|Lar (0,4:101); [uo]2 < 1}

+sup {‘ /Ot U(t, s)f(s)ds

Obviously, the function ¢ — C} is monotonically increasing, Cy = 0, and
it follows by (4.3) and standard arguments that it is continuous. Since by
separability the sup in the definition of C} is a sup over countably many

mummWﬂbzl}

L91(0,t;LP1)
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ug € L? and f € L%(0,t; LP2) C L'(0,t; H') (by Sobolev embedding) and
since, as seen earlier in Lemma 3.3, ¢ — U(¢,0)ug, t — fot U(t,s)f(s)ds is
adapted, we conclude that ¢ — C} is adapted to the filtration (F;):>o. But
then, as a continuous process C; is (F;)-progressively measurable, thereby
completing the proof.

Lemma A.1.

(i) Let y = y(t), t € [0,T], be an L*-valued (F;)-adapted process with
continuous sample paths satisfying (3.3), (3.6), (3.7). Then, X := "y
is a solution to (2.1).

(ii) Suppose X = X(t), t € [0,T] is an L*-valued (F;)-adapted process
with continuous sample paths satisfying (2.1), (2.2) and (2.3). Then,
y:=e "X satisfies (3.3) (equivalently, (3.5)).

Before going to the proof of Lemma A.1, a few remarks are in order
concerning the formal calculation given at the beginning of Section 3 to
link (2.1) and (3.2). In fact, it is purely heuristic since we applied the Ito
product to y though it is not of bounded variation in L?. Furthermore,
taking into account that the exponential is an operator of Nemitsky type in
L? which is not differentiable, the infinite dimensional It6 formula in L? is
not justified. Also, when we try to apply Ito’s product rule for real valued
stochastic processes after evaluating the L?-valued processes X, W, y at
¢ € R?, which by itself is delicate since L? consists of equivalence classes of
functions, we run into problems since e.g. again X(¢,&), y(t,€), t € [0,T],
might not be semi-martingales.

The proof we give below is based on the stochastic Fubini theorem and
uses the stochastic calculus for complex valued processes and their products
in C. (We refer to [11], Section 2, as background literature in regard to this.)

Proof of Lemma A.1. We only prove (i), since (ii) can be proved analo-
gously. Let ¢ € H?(R%). Then, for every t € [0,T], we have

<907 eW(t)y<t)>2 = Z <€W(t)§07 fj>2 <fj7 y(t)>2 )
j=1
where {f;}32, is an orthonormal basis in L?; f; € H*(R?).

By Ito’s formula, we have for all £ € RY, ¢t € [0, T,
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t t
W 14 [ MeOnw (s 6+ ite) [ e9as
0 0

Fix j € N. Then, we have P-a.s. for all ¢t € [0, T7,

<Wso,fj>2 = (p, fi)s

v kﬁ:m [ e@e@ e [ 0 + [ (70 1), i
= (¢, fﬂﬁgﬁk / (e £, dile) + / (RO 1), ds

(Here, we have used the stochastic Fubini theorem in the second equality.)
Now, we set Ag = iA, D(Ag) = H*(RY) and J. = (I +¢eAy)!
Let y. = J.(y). Then, y. € C([0,T], H*(R%)) and

Y.
ot

= —iJ(e"MAEY) — J((u+ m)y)
—Xie(|e@ IV [y|o~ty), t € (0,T), (7.4)

y-(0) = J.(x) =x..

Since f; € H*(RY), for each 7, (f;,y-(t)),, t € [0,T], is of bounded variation.
Hence, we can apply the Ito product rule (for scalar valued processes) to
obtain

(7O, 13), ey = o1 F7)a ()
i [ (0, IO (5)), s
~ [ (0.1, 485 2+ Bt
3 [ (T 13) (5T )5,

+Zuk/ (firve())y <€k€ 907fJ> A (s)
+/0t VRACHE <M€W 2 f]>
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(We note that, since J.(e"WVA(eWy)) € C([0,T]; L?), the second integral in
the above equality makes sense.)

Now, summing over j € N and interchanging the infinite sum with the
integrals, we obtain P-a.s., for all ¢ € [0, T,

t
(0, eV Oy (1)), = (p, ), + i / (9, MO T (VA Py (s)))), ds
0

—/<¢,6W(S)Je((u+il)y)>2d8+M/<so, eV T (JeIW |y(s)|*y(s))), ds
+Z/ (o, prere™ Py (s)), dBi(s / (o, 1"y (s)), ds.

On the other hand, we have, for ¢ — 0,
J.(f) — f strongly in H”.

Furthermore

e (P e < {1 f 1 rre,

where f € H* and k = 0,1, 2. Then, we may pass to the limit £ — 0 in the
previous equality to obtain

(e Ou(0), = (o), +i [ (0 A (s ds = [ (e Dy(s))
Y / (9, W O)@DWE)| |y (5) [0y (5)) ds

N oot
+Z/ (o, mrere™ Py(s)), dBi(s), vt € [0, T,
k=10

which implies the fact that X(t) = e"V®y(t) is the solution to (2.1), as
claimed. In the above equality, (-,-) is the pairing between L?, H? and H 2
or, equivalently,

{p,A("y)) =/ ApeWyde, o € H”.
Rd

This completes the proof. [J
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Lemma A.2. Let 7,,1 be defined as in Step 2 in the proof of Lemma 4.2.
Then yn+1 is adapted to (Fy).

Proof. We first note that, by z,.1 = F,(2,4+1) and Banach’s fixed point
theorem, there exists a sequence {vy41.m }m>1, adapted to (F, 1), satistying

Unttmitl = Fp(Ungrm) for m > 1, v411 = yn(7,) and zp41 = lim v, 41,4, in
m—r0o0
C([0,¢]; L*) N L1(0,t; L>T)), t € [0,0,]. Now, we define

Un1,m(t) = { n(0), t € 0,7,

Unt1m(t —7), t € (1,,00).

n+1,m?
adapted to (F;). In fact, let f;, j € N, be an orthonormal basis of L*. We
have, for each a > 0, {| (Unt1,m(t), fj),| < a} = Jia U Joq, where J;, =
{I (a(t), 1)y ] < a,t <7} and Joo = {| (Vnp1m(t — T0), fi)y | < a, 70 <t}
Since y, is adapted to (F;) and 7, is an (F;) stopping time, it follows that
Jia € F.
By the continuity of ¢ — | (Vpi1,m(t — 70), f;), | We see that

J2,a = U U ﬂ Jq7h,sa

9€Q heN seQ
q<a

Thus, Y41 = lim u %5, in C([0,T]; L?). Below, we show that w1, is
m—00

where J, s = {| (Ung1,m(8), fi)o| <@, t =70 — % <SS <t =Ty, Tn < t} )
Taking into account that {| (Vn1,m(5), )y | < a} € Fr4s and 7, + 5 < ,
we have J, s € F;, which implies that Jy, € F;.
Collecting the above results, we obtain that, for any j € N and a > 0,
{I (Uns1,m(t), f)s | < a} € F;. This is enough to imply that 41, is adapted
to (F;). Therefore, as the limit of u,},,, ynt1 is also adapted to (F;). This
completes the proof. [

Acknowledgement. The authors are indebted to Daniel Tataru for fruitful
discussions and suggestions regarding the proof of Lemma 4.1 [15].
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