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1 Introduction

We consider the following abstract stochastic differential equation in a separable Hilbert
space H
dX; = (AX: + B(Xy))dt + dW, ¢t >0, Xo=z € H, (1)

where A : D(A) C H — H is self-adjoint, negative definite and such that (—A4)~1+°
for some § € (0,1), is of trace class, B : H — H and W = (W,) is a cylindrical
Wiener process. In [5] under the assumption that B is Borel measurable and (globally)
bounded we prove pathwise uniqueness of solutions to (1). A natural generalization is
to extend it to the case where we only assume that B is Borel measurable and locally

bounded (i.e., bounded on balls):
B e Bb,loc(Ha H) (2)

In this paper we prove that assuming (2) pathwise uniqueness holds for p-a.e. initial
condition z in the class of global mild solutions to (1). Here u denotes the Gaussian
measure which is invariant for the Ornstein-Uhlenbeck process Z = (Z;) which solves
(1) when B =0 (see Section 1.1 for more details).

In other words if for some initial condition x € H, p-a.e., there exists a solution
for (1) on some filtered probability space (€2, F, (F;),P) with a cylindrical (F;)-Wiener
process W then our main result shows that this solution is pathwise unique. This is in
particular the case when

B is measurable and at most of linear growth (3)

(i.e., B is measurable and there exists a,b > 0 such that |B(z)| < a + blz|, x € H),
because then existence of weak mild solutions is well-known (see Chapter 10 in [6],
[11, 14] and also Appendix in [5]). Moreover, under condition (3), the unique law
of any mild solution X* is equivalent to the law of the Ornstein-Uhlenbeck process
starting at x (corresponding to B = 0).

By our main result, using a generalization of the Yamada-Watanabe theorem (see
[18, 21]), one deduces that under (3) equation (1) has a unique strong mild solution,
for p-a.e. x € H, generalizing A. Veretennikov’s seminal result [26] in the case H = R?
(see also [9, 10, 15, 16, 17, 25, 27, 28]) to infinite dimensions.

In Section 4 we generalize this by relaxing assumption (3). We prove existence
of strong mild solutions, starting from p-a.e. initial condition x € H, when B €
By 1oc(H, H) and moreover there exist C' > 0, p > 0, such that

(B(y+2),y) <C(|y]* + e +1) (4)

for all y,z € H (see also Remark 17). Finally in Section 4.3 we show a possible
extension of our result by considering local mild solutions.
In order to prove pathwise uniqueness for (1) we will consider bounded truncated

drifts like
By = BlponN), N >1, (5)



where B(0, N) is the open ball of center 0 and of radius N and 1p(o n) is the indicator
function of B(0, V), by performing a suitable stopping time argument. This argument
is not straightforward since it must be also used in combination with the Ito-Tanaka
trick from [5] (see also [8, 12, 13, 23, 26]).

In addition in this paper we also simplify some arguments used in [5] in the case of
B € By(H, H) (see, in particular, Lemma 8). Before stating our main result precisely,
let us recall the following definition (cf. [21] and [18]).

Definition 1. Let z € H.

(a) We call weak mild solution to (1) a tuple (2, F, (F:),P, W, X), where (0, F, (F),P)
is a filtered probability space on which it is defined a cylindrical (F;)- Wiener process W
and a continuous (Fy)-adapted H-valued process X = (X;) = (Xy)i>0 such that, P-a.s.,

t t
X, = e + / eI B(X,)ds + / AW, t > 0. (6)
0 0

(b) A weak mild solution X which is (F}V)-adapted (here (F}V) denotes the completed
natural filtration of the cylindrical process W) is called strong mild solution.

We will often use stopping times
n =inf{t >0 : X, ¢ B(0O,N)} (7)

(7% = 400 if the set is empty), N > 1.

In our main result we consider two mild solutions X and Y, having the same initial
condition # € H, and solving the same equation (1) but with possibly different drift
terms, respectively B and B’ € By ,.(H, H), i.e.,

dX, = (AX, + B(X,))dt + dW,, X, =z, (8)
dY; = (AY, + B'(Y,))dt + dW,, Y, = x. (9)

Theorem 1. Assume Hypothesis 1 (see Section 1.1) and let p be the centered Gaussian
measure on H with covariance () = —%A‘l.

Then for p-a.e. x € H, if X and Y are two weak mild solutions, respectively of
(8) and (9), defined on the same filtered probability space (0, F, (F;),P) with the same
cylindrical Wiener process W, and if, for some N > 1,

B(z) = B'(xz), x € B(0,N), (10)

then, P-a.s.,
Xt/\rf\,(/\r}\j = Yi/\/\—rﬁ,{/\—r}\ia t =0, (11)

and so 7% = 75, P-a.s..



Above we restrict to W which are cylindrical with respect to the eigenbasis of A
(see Section 1.1 for details). Clearly if B = B’ the result implies that, P-a.s.,

Indeed using that 7% 1 400 and 73 1 +00 as N — oo (because X and Y are both
global solutions) we deduce easily (12) from (11).

The proof of Theorem 1, performed in Section 3, uses a truncation argument and
regularity results for elliptic equations in Hilbert spaces involving truncated drift terms
By (cf. (5)). Such regularity results are given in Section 2, where we also establish
an It6 type formula involving u(X;) with « in some Sobolev space associated to p (see
Theorem 10). In comparison with [5] to prove such an It type formula we use a new
analytic lemma (see Lemma 8).

There are several other quite essential differences in comparison with [5] in our
proof. We refer to Remarks 9 and 12 for details.

1.1 Assumptions and preliminaries

As in [5] we are given a real separable Hilbert space H and denote its norm and inner
product by |-| and (-, -) respectively. We follow [4, 6, 7, 22|, and assume

Hypothesis 1 A : D(A) C H — H is a negative definite self-adjoint operator and
(—A)~*° for some § € (0, 1), is of trace class.

Remark 2. Our uniqueness result continues to hold under the following more general
assumption: A : D(A) C H — H is self-adjoint and there exists w € R such that
(A — w) is negative definite and (w — A)~1*° for some § € (0,1), is of trace class.
Indeed if we write equation (1) in the form

dXt = (AXt — (.UXt)dt + ((.UXt + B(Xt))dt + th, XO =2 c H,

then the linear operator (A — wl) verifies Hypothesis 1 and the drift w/ + B continues
to satisfy (2).

Since A™! is compact, there exists an orthonormal basis (e;) in H and a sequence
of positive numbers (\g) such that

Aek = —)\kek, k € N. (13)

Recall that A generates an analytic semigroup e!4 on H such that e‘e, = e Mley,.

From now on until and including Section 3 we fix (Q, F, (F;),P), W, X and Y as
in the assertion of Theorem 1. As said before we will consider a cylindrical Wiener
process W; with respect to the previous basis (ex). The process W, is formally given by
“Wy = > 1~ Be(t)er” where By (t) are independent one dimensional Wiener processes
(see [6] for more details).



By R; we denote the Ornstein-Uhlenbeck semigroup in B,(H) (the Banach space
of Borel and bounded real functions endowed with the essential supremum norm || - ||o)
defined as

Riple) = [ p)N(.Qildy), ¢ € BulH), (14
H
where N (e'dz, Q;) is the Gaussian measure in H of mean ez and covariance operator
Q) given by,
1
Qu=—3 ATHI — ), t>0. (15)

We note that R; has the unique invariant measure p := N(0,Q) where ) = —% AL
Moreover, since under the previous assumptions, the Ornstein-Uhlenbeck semigroup is
strong Feller and irreducible we have by Doob’s theorem that, for any ¢t > 0, x € H, the
measures N (e!dz, Q;) and p are equivalent (see [7]). On the other hand, our assumption
that (—A)~!*° is trace class guarantees that the OU process

t
Zy = Z(t,x) = e + / eE=DAqWY, (16)
0

has a continuous H-valued version.

If H and K are separable Hilbert spaces, the Banach space LP(H,u; K), p > 1,
is defined to consist of equivalent classes of measurable functions f : H — K such
that [, | f[% p(dr) < +oo (if K =R we set LP(H, j;R) = LP(H, ;1)). We also use the
notation LP(u) instead of LP(H, u, K') when no confusion may arise.

The semigroup R; can be uniquely extended to a strongly continuous semigroup of
contractions on LP(H, u), p > 1, which we still denote by R;, whereas we denote by
L, (or L when no confusion may arise) its infinitesimal generator, which is defined on
smooth functions ¢ as

Le(w) = STH(D?p(x) + (Ar, Dp(a),

where Dy(x) and D?*p(x) denote respectively the first and second Fréchet derivatives
of ¢ at ¥ € H. For Banach spaces F and F we denote by C¥(E, F), k > 1, the
Banach space of all functions f : E — F' which are bounded and Fréchet differentiable
on F up to order £ > 1 with all derivatives bounded and continuous. We also set
CH(E,R) = CH(E).

According to [7], for any ¢ € By(H) and any ¢t > 0 one has Ryp € C;°(H) =
Ne>1CF(H). Moreover,

(DR 1) = [ (b Qs + YNO.QI). heH  (7)
H
where @); is as defined in (15),
At — Qt_l/QetA — \/§ (_A)l/QetA([ . 621&A)—1/2 (18)

5



and y — (A¢h,Q, 2y) is a centered Gaussian random variable under u; = N(0, Q)
with variance |A;h|? for any ¢ > 0 (cf. Theorem 6.2.2 in [6]). Since

Atek _ \/é ()\k)l/Qe—tAk(l - 6_2t)\k>_1/26k,

we see that there exists C!) > 0 such that ||A,]| < C}¢z.
In the sequel || - || always denotes the Hilbert-Schmidt norm; on the other hand || -]z
indicates the operator norm. By (17) we deduce

sup [ DRp(x)| = [|DRiello < Co t72[|llo, >0, (19)
xe
which by taking the Laplace transform yields
—1 CO
1D (A= L) ello < " lello, A > 0.

Similarly, we find )

IDRipl 220y < Cot™2 [l 22
and
Co
- el L2 -
Recall that the Sobolev space W*P(H, i), p > 1, is defined in Section 3 of [3] as the
completion of a suitable set of smooth functions endowed with the Sobolev norm (see
also Section 9.2 in [6] for the case p = 2 and [24]). Under our above assumptions, the
following result can be found in Section 10.2.1 of [7].

1D (X = La) "l p2() <

Theorem 3. Let A > 0, f € L*(H,u) and let ¢ € D(Lsy) be the solution of the equation

Ap — Lap = .

Then ¢ € W*2(H, 1), (=A)Y2Dy € L*(H, ju; H) and there exists a constant C(\) such
that

1/2
Il + ([ 1D%0()IP () + A2 Dilzzgy < Cl o

The following extension to LP(u), p > 1, can be found in Section 3 of [3] (see also
2, 20]).

Theorem 4. Let A > 0, f € LP(H, i) and let ¢ € D(L,) be the solution of the equation
Ao — Lyp = f.

Then ¢ € W?P(H, 1), (—A)Y2Dy € LP(H,pu; H) and there exists a constant C =

C(A\,p) such that

2 » 1/p 1/2
el + ([ 1D%6(@IP utde))" + (=22 Dllgo < s



2 Analytic results and an It6 type formula

2.1 Existence and uniqueness for the Kolmogorov equation
when B is bounded

We are here concerned with the equation
M — Lou — (B, Du) = f, (20)
where A > 0, f € By(H) and B € By(H, H) (i.e., B: H — H is Borel and bounded).

Remark 5. Since the corresponding Dirichlet form

E(u,v) = /H<Du,Dv)d,u—/H<B,Du>vdu—|—)\/Huvd,u,

u, v € WH2(p), is weakly sectorial for X big enough, it follows by Chap. I and Subsec-
tion 3e in Chap. II of [19] that (20) has a unique solution in D(Ls). However, we need
more regularity for w.

We recall a result from [5].
Proposition 6. Let A\ > )y, where
Ao = 4| B|[5Cq- (21)
Then there is a unique solution u € D(Lg) of (20) given by
u=uy=(\— L) '(I = T\)"'f,

where
Thg := (B, D(A — Ly) '¢). (22)
Moreover, w € Cy(H) with
201’0
Az

lullo < 2[|.fllo,  [[Dullo < [1/{lo, (23)

and, for any p > 2, u € W*P(H, ) and, for some C = C(\,p,||Blo),

/H | D2u(a) [ ulde) < C /H @) p(do). (24)



2.2 Approximations

We are given two sequences (f,) C By(H) and (B,,) C By(H, H) such that

(1) fulz) — f(z), Bn(x)— B(x) p-ae..

(25)
(i2) [[fallo <M, | Bullo < M.
The following result has been proved in [5].
Proposition 7. Let A > Ao, where \g is defined in (21). Then the equation
M, — Lu, — (B, Du,) = fn, (26)
has a unique solution u, € C{(H) N D(Ly) given by
Up = ()\ - L)_l(I - Tn,)\)_lfnv
where
Torg = (B, DA — La) " '¢).
Moreover,
2C
2

Finally, we have u,, — u, and Du,, — Du, in L*(11), where u is the solution to (20).

Next we prove a new result. The idea behind the result is that if (f,,) satisfies (25)
then, for any x € H (not only p-a.e.), t > 0,

Ryfn(x) = Rif(x) (28)

as n — 00, due to the fact that, for any x € H, the law of the OU process Z(t,x) at
time ¢ > 0 is absolutely continuous with respect to pu.

Lemma 8. Consider the situation of Proposition 7. Then we have:
up(x) = u(x), Duy(x) — Du(x), (29)
for any x € H.

Proof. By a standard argument, possibly passing to a subsequence, we may assume
that Du,(x) — Du(x), p-a.e.. It follows that for any x, p-a.e.,

fu(@) + (Bn(2), Dun(x)) = f(x) + (B(x), Du(x)),

as n — o0o. We write, for any A > X\g, © € H,
up(z) = / e MRy (fo + (Bn, Duy)) (z)dt.
0
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By the argument used in (28) we can apply the dominated convergence theorem and
obtain that u,(x) — u(x), asn — oo, x € H.

Concerning Du,,, using (19), we obtain, for any =z € H, h € H,

(Duy(z), h) = /0 T UDRL(fo + (Bay Dun) (), b .

Setting ¢, = fn + (Bn, Duy), g = f + (B, Du), note that

(DRgo(w)ex) = [ (et @, H9) (e +5)N(O.Q) ). k=210 € Ht>0,
It follows that
(DRi(an = 9)(@) el < 1henl [ lo(e'a+9) = g, (e 2 + PN, Q)
and so
IDRi(gn = )@ < I [ Jo(e' e+ 9) = gu(e o -+ 5) PNI0,Qu) ).

Now we get |DR(g, — g)(z)]*> — 0 as n — oo, for any x € H, ¢t > 0, by the same
argument used in (28).

Using again the dominated convergence theorem we obtain easily that Du,(x) —
Du(z), as n — oo, for any = € H. ]

2.3 Modified mild formulation

Recall the notation
BN =B 1B(0,N)7 N Z 1; (30)

where B(0, N) is the open ball of radius N (hence By € B,(H,H), N > 1).
For any i € N we denote the i** component of B by BY, i.e.,

BY(z) := (B(x),¢), x€ H.
Then for A > 4||By||2CZ we consider the solution ug\i,) of the equation
)\u%) - Lug\i,) — (Bn, Dug\i,)) = BJ(\?, [ -a.e. (31)
We recall that by Proposition 6, u{? € C}(H) and, for any p > 2, u\) € W2P(H, p1).

The next result is a kind of “local version” of Theorem 7 in [5]. In contrast to
Theorem 1 the result holds for any initial condition = € H.



Remark 9. Compared with the proof of Theorem 7 in [5], here we will use Lemma
8 which allows to simplify some arguments of [5] and it is also needed to justify the
approximation procedure (see in particular (45)). We also mention that differently
with respect to [5] in Step 3 of the proof we need to construct a suitable auxiliary
process X = (X}) (see (47)) in order to apply the Girsanov theorem and get the
assertion.

Theorem 10. Let X = (X;) be a weak mild solution of equation (1) defined on some
filtered probability space with a cylindrical (F;)-Wiener process W. Consider the stop-
ping time

n =inf{t >0 : X, ¢ B(0O,N)}

Let ugf, be the solution of (31) and set X9 = (X, €;). For any t > 0 we have P-a.s.
on the event {t < 7x }

X = e (2,65 + uly (2)) — ul (X)

t .
+()\+)\i)/ e*/\i(tfs)ug\z])<Xs)d8
0
t .
+ / N (AW, e) + (Dul) (X,), dWS)). (32)
0

Proof. We fixt >0, N>1andi:> 1.
Step 1 Approximation of By and uy.

Set
Buale) = [ Buleta+ )NO.Qu)(dy), € M. (33)

Then By, is of C* class and all its derivatives are bounded. Moreover, ||By,llo <
|Bnllo, n > 1. It is easy to see that, possibly passing to a subsequence,

By, — By, p—ae.. (34)

(indeed By, — By in L*(H, u; H ) thlS result can be first checked for continuous and

bounded B). Now we denote by u' N the solution of the equation

My, — Luly, — (B, Duly,) = BY

7n’

(35)

where B%)n = (Bnn,€i). By Lemma 8 we have, possibly passing to a subsequence, for
any v € H,
lim u? (x) = ul? (x), lim Dul? (r) = Du(i)(x) (36)
n—oo NTL N ’ n—0o0 NTL o N ’

sup HUN,n”CZ}(H) = Cjn < 00,
n>1

where ug\i,) is the solution of (31).
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Step 2 Approximation of Xj.

For any m > i we set X,,, = (Xyt), Xt := T Xy, where 7, = Z;n:l e; ®ej. Then
we have . .
Xt = Tim® + / A, X ds + / TmB(Xs)ds + m, Wy, (37)
0 0
where A,, = m,A. '
Now we denote by ug\l,)nm the solution of the equation
)\ug\zf),n,m - Lug\zf),n,m - <7TmBN7n O T, Dug\zf),n,m> = BJ(\??n O T, (38)

where (By,, © ) (x) = By n(mmx), * € H. Since only a finite number of variables is
involved, we have, equivalently,

/\ug\if),n,m - L(m)US\Zf),n,m - <7TmBN,7Z O Tm; Dug\if),n,m> = B](\Zf?n O My
with .
LMe(z) = 5 Tr [7,, D*p(2)] + (A, Dp(z)). (39)

(@)

N.n.m depends only on the first m variables, we have

Moreover, since u

Applying the finite-dimensional Ité formula to w4 (X)) = ul) (X;) with the

Nnm N,n,m
stopping time 75 yields
ug;bf),n,m(Xm,t/\Tﬁ) - nggn,m(ﬂ'mf) - (41)

t/\TI)V( 1 ) .
/ (5 T (D20 (X)) + (DU, (Xin)s An X+ 7 B(X.)) ) ds
0

t/\T])V( )
+ / (Dud) (Xpns), TmdWs).
0

On the other hand, by (38) we have

MR (Xone) — L Tr D2 (X))

N,n,m

—(Du(i) (Xont)s A Xt + T By n(Xint)) = B](\?n(Xm»t)‘

N,n,m

Let us fix r €]0,¢]. This will be useful in Step 3 of the proof to apply the Girsanov
theorem (see in particular (49)).
Comparing with (41) and using (40) we find

U (Xinr) = U (Xir) (42)

Nnm N,n,m

11



t/\‘rf\f ) t/\‘rf\f )
=\ / U (X )ds — / BY, (Xons)ds

X X
AT NT3

X
tATN

t/\TN .
[ DU (X A (B = Bra X s+ [ (DUl (X). W)

X X
NTR ATR

Possibly passing to a subsequence, and taking the limit in probability as m — oo (with
respect to P), we arrive at

U (Xipry) = U (Xonry) (43)
t/\‘rN ) t/\‘rj)\f )
=\ / uly, (Xs)ds — / BY,(X,)ds
’!’/\7‘1)\]( 7"/\7'])\5
IATR ‘ TR _
[ DU (0 (BOX) — BralX)ds+ [ (Dul), (). ).
T/\TN r/\‘rN

Let us justify this assertion.

First note that in equation (38) we have the drift term 7,,, By ,, 07, which converges
pointwise to By, and B](\z,)n o m,, which converges pointwise to B](\Z,)n as m — 00. Since
such functions are also uniformly bounded, we can apply Proposition 7 and Lemma 8
and obtain that, possibly passing to a subsequence (recall that n is fixed),

(x) = Duyy, (x), =€ H, (44)

(4) (@) : (4)
Trlll_{%ouNnm(x) - uN (ZL‘), TAI_I)HOODUN,n,m

sup [[ul ol iy = CY < 0.
m>1

We only consider convergence of the two most involved terms in (42).
We first treat convergence in L?(Q) of the stochastic integral. Recall that

t/\TN t
/ (Dull) (X,),dW,) = / 1{s<tATx}<Du§vn(X) AW,);
0 0

by the isometry formula and (44) we get

’ —0 (45)

N,n,m

t/\T])\,( ) )
]E‘ / (DUl (X,) = Du (X,), dW,)
0

as m — o0o. Note that we have used that lim,,_, . DU%) nm

x € H (not only for u-a.e x € H). In a similar way we get

(x) = Dug\z,)n(m), for any

AT
]E‘/ N (Du), (X)) — Dul) (X, dW| 0

12



asm — 0o. This shows that [~ 1Ty (Du¥) (X,),dW,) converges tof (D E\Z,n(X) dWs)

N,n,m

in L?(Q) as m — oco. To show that, P-a.s.,

t/\TJi,( .
Jim [ DU, (X)) T (BIXL) = Bya(Xins)) (46)
TATN

—(Du,(X.), (B(X.) = Bxa(X,)))|ds =0,
it is enough to prove that lim,, .. H,, + K,, = 0, where
t/\TN )
H = / (Du,(X.) = DU (X.), 7 BOX.) = Byn(Xon ) |ds
0
and
t/\Ti,( )
K, = / (DuRy, (X,), [T B(Xs) — B(X,)] + [Bya(Xs) — T B (Xins)])|ds.
0

By using (44) we easily get the assertion.

Step 3 A convergence result involving stopping times.

In order to pass to the limit in probability as n — oo in (43) we recall formula (36)
and argue as before. The only difficult term is

t/\’T‘N )
| D). (BX) = Bral(X))ds =, + I
7’/\7-])\,(

tAT . )
where J,, = / ) (Du%{n(Xs) - Dug\zf)(Xs), (B(Xs) — Byn(Xs)))ds,

/\Tji,(
t/\TN .
L= [ DU, (Br(X) ~ Ba(X)ds
T‘/\TN

(using that s <t A 7% ). As for J, we have

t/\T]i,{ ) )
Jo= [ D) = DU X.), (B (X.) = Baa(X.))ds.

X
ATR

and so |J,| < 2||Bxllo fg \DU%),n(Xs) —Du%)(XS)|ds — 0, P-a.s., as n — oo, by Lemma
8.
Let us consider I,,. We define an auxiliary process X~ = (X}V) as follows:

t t
XN = etAx+/ e =By (X snrX )d8+/ E=Adw,, t >0, (47)
0 0

13



Note that X, x = ngx, s > 0, so that
N
t/\’r])\f ) R R R
Ll=] [ D). (B () - Bral(2)))ds
rATx

t
< 1 DDy o / By (XY) = Byn(X)|ds. (48)

Now we use the Girsanov theorem (see e.g. Appendix in [5]). Let 7" > 0. Since

t

t
XN .= etAaH—/ e(t_s)ABévds—l—/ AW, >0,
0 0

where BY = By (X N _x), s >0, is an adapted and bounded process, we have that
N
~ t A
WY =W, +/ Bds
0

is a cylindrical Wiener process on (Q, F, (E)te[O,T] ,IAEBN> where ‘%J,Y .

T
T 1 T
PN = €xXp (—/ BéVdWS——/ \Bf\zds),
0 2 Jo

Hence XY = ez + [ e"=94dWN is an OU process on (Q, F, (Fy)icpr); Pw)-
Moreover, we know that the law of (X} Jeepo,rp on C([0,T]; H) is equivalent to
the law of the OU process Z(t,z) given in (16). In particular, all their transition
probabilities are equivalent. Now under our assumptions the law of Z(t, x) is equivalent
to p for all t > 0 and € H (see Theorem 11.3 in [6]).
Let us come back to (48). Using that the law 7 (x, -) of X}V is absolutely continuous
with respect to u, we obtain

= PN,

B [ 1)~ B (2)jds = [as [ }BN<y>—BN,n<y>|C“Tsd—(f")@)u(dy), (19)

which tends to 0, as n — oo, by the dominated convergence theorem. Hence we have
found that I, — 0 in L'(Q, P).
Up to now we have

ug\lf) (Xt/\rﬁ) - ug\ZT) (Xr/\'r])\,()

t/\’r])\,( (z) t/\’r]f]( ) t/\TJi,( (z)
_ / (X ,)ds — / BO(X,)ds + / (Dul)(X,), dW,).
7'/\7-])\,( r/\’r])\f r/\Tj)\f
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Passing to the limit as » — 0%, since the trajectories of X are continuous, we finally
get

U (X ) — u (@) (50)

IATR 0 AT IATR 0
_ / (X ,)ds — / BO(X,)ds + / (Dul)(X,), dW,).
0 0 0

Step 4 The final formula.
By (1) we deduce

dx = —x\xPdt + BO(X,)dt + dw(.

Inserting the expression for B®(X;), which we get from this identity, into (50), we
obtain

U (X)) — uY (@)

' IR IATR ' IATR _
= X! x+a+A / WS (X,)ds — A / XWds + / (Dul)(X,),dW,)
0 0 0

N
+WZ/\T§ :
By the variation of constants formula this is equivalent to

. t/\‘rf\f .
X(Z) .= 6*)\2‘15/\7']{;( <ZE,€Z‘> + >\/ e*)\i(t/\TﬁfS)ug\l/)(Xs)dS
0

tATy

t/\‘rj)\f ) t/\‘rl)\f ) )
- / e MR =9 4y () (X,) + e M) / MWD + (Dl (X,), dW)].
0 0

This identity yields (32) on {t < 75 }. O

The next lemma is similar to Lemma 9 in [5] and shows that uy(z) = >, ug\’f) (x)ex
(where u%“) is as in (31)) is a well defined function which belongs to C}(H, H).

Lemma 11. For \ sufficiently large, i.e., X > X, with A\ = XA, | Bxllo) > 0 there
exists a unique uy = uyy € CL(H, H) which solves

ux(@) = [ e M B(Duy()Ba() + Ba() @i, w € B,

where Ry is the OU semigroup defined as in (14) and acting on H-valued functions.
Moreover, we have the following assertions.
(i) For any h € H, Dun(-)[h] € Cy(H, H) and || Dun(-)[h]|lo < Coxnlhl;
(i) for any k > 1, (un(:), ex) = ugl\;), where ug\],c) is the solution defined in (31);
(iii) There exists cs = cs(A, | By|lo) > 0 such that, for any X > X\, u = u, satisfies

[Duxllo < (51)

o
Nev
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3 Proof of Theorem 1

Let X = (X;) and Y = (Y;) be two weak mild solutions (see (8) and (9)) defined on the
same filtered probability space (solutions with respect to the same cylindrical Wiener
process W) starting at « € H.

In the first part of the proof we will adapt the proof of Theorem 1 in [5] by intro-
ducing additional stopping times. The main difference with respect to [5] will appear
in Proposition 13 which is needed to finish the proof.

For the time being, = is not specified. In Proposition 13 a restriction on z will
emerge.

Note that by our hypothesis

BN = BlB(O,N) = B/13(07N) = B;\f (52)

It follows that Kolmogorov equation (31) written with respect to the truncated drift By

(with B](é) in the right-hand side) or with respect to B} (with B;\fi) in the right-hand
side) is the same and gives the same solution u%) A

It follows that both X and Y satisfy (32) on the event {t < 7% A 7% }.

Now we consider

UN = UNN - H—~H
be such that uy(z) = >, ug\i,) (x)e;, v € H, where ug\i,) = ugf,))\ solve (31) for some A
large enough possibly depending on V.
Let us fix T > 0. By (32), taking into account (52), we have, for t € [0, TATR ATY],

P-a.s.,
X, =¥ = uy () =y (X0 + (= 4) [ 609 (uy () =y (V) s
+ / t e =Y Duy (X,) — Dun(Yy))dW,.

Here and in the sequel we will drop the A-dependence of uy to simplify notation.
However, at the end we will fix a value of A large enough. By (51) we may assume that
[Duyllo < 1/2.

It follows that for t € [0,T A T8 AT,

1 t
X = ¥ < 51X = Vil [ = ) [ ey ()~ () d
0

" /0 =94 Dy (X.) — Duuw (Y)W,

Let 1 be a stopping time to be specified later and set

T=nATATN ATx. (53)
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Using that 1j-(t) = 1j0.7(t)- 1p7(s), 0 < s <t < T, we have (cf. page 187 in [6])

t
L) (1) X = i < CLigmy®)] (A= 4) [ e (uy () =y (1) s
0

+C[1a(®) [ e (Duy (X.) = Dy (¥2) Tr(5) .

Y

where by C' we denote any constant which may depend on the assumptions on A, By
and T.

Writing 1j9.(s) Xs = X, and Lios(s)Ys = Y., and, using the Burkholder-Davis-
Gundy inequality with ¢ > 2 which will be determined below, we obtain (recall that
|| - || is the Hilbert-Schmidt norm, cf. Chapter 4 in [6]) with C' = C,,

T

2 [|% - =) [ My () = () o)

(/ 1[07’] ||e (DUN (Xs) — Dun (Y5)) H2d5>q/2] .

In the sequel we also introduce a parameter § > 0 and Cy will denote suitable con-
stants such that Cp — 0 as § — 400 (the constants may change from line to line).
Similarly, we will indicate by C(\) suitable constants (possibly depending on N) such
that C(A\) — 0 as A — +o0.

From the previous inequality we deduce, multiplying by e~ for any 6 > 0,

] (54)
|

t q/2
([ 01 D 0 = D ) |
0

q] < CE {exqt

+CE

E [eiqet j(v—t — }2

< 0B [|n— ) [ e (0 () (5

+CE

Now proceeding as in the proof of Theorem 7 of [5] we arrive at

T
/ E |:efq9t
0

T T
<O\ / e E| X, — Vi|'ds + CoE | Ar / e\ X, — Y, |'ds]
0 0

X, -,

q} dt (55)

provided that ¢ € (4,00), v = ¢/2, 0 > X and

T ! 1 2, (n) 2\”
Ap ::/ /1[0771(3)/ (3 sz ) dr ds dt,
0 0 0

n>1""

where Z] =rX; + (1 — r)Y;, (56)
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and DQu%)(x) is defined for p—a.e. * € H. The existence of DQuE\?) € LP(n), p > 2,
follows from Proposition 6 applied to equation (31) (see also Lemma 23 in [5]).

Since
TAT (n) 7
Ap<T- / / D% (Z;”)H2> dr ds
n>1 n

it is natural to define, for any R > 0, the stopping time

72N — inf {t >0 / / 5\;0%5@(2;)“2)%7« ds > R} AT.

_z.N . . .
Take n = 75" in the previous expressions so that

_ =N X Y
T=Tp ATy NTy.

We get from (55),
/ QGt]E’Xt Yi‘th
L s T o
S / ¢ E|X, — Y,|"ds + CoR / ¢ 1 E| X, — Y;|'ds.
0

Now we fix A large enough such that C'(\) < 1/2. For sufficiently large 6 = 0 > A,
depending on R and N, we have CyR < 1/2 and so

T

T
E[/ e~ Rty (1) | X, —m‘i'dt} — E[/ "Rt | X, —qut] ~0.
0 0

In other words, for every R > 0, N > 1, P-a.s., X =Y on [O, Tr /\TN /\TN} (identically
in £, not only a.e. in ¢, since X and Y are continuous processes).
If we prove that

lim 72N =TATEATY, P—as., (57)

R—o0
then we obtain that X =Y on [0,7 A 7a A 7y] and this finishes the proof.

The crucial assertion (57) follows by the next proposition.

Remark 12. Assertion (57) is a “local version” of Proposition 10 in [5]. Similarly to
(47) also in the next proof we have to find an auxiliary process (see (58)) which allows
to apply the Girsanov theorem.

Proposition 13. Let N > 1 and T > 0 and suppose X and Y as in Theorem 1. For
p-a.e. v € H, we have IP’(SI

TATENAT

)
_ 5N = //( LD <">(zr)||2) drds, te 0,7,
n>1 n

with v = q/2 (un(x) =3 ;5 ug\z,)(x)ei, x € H, where ug\i,) = ugf,)/\ solve (31)).

Y < oo) =1, where

18



Proof. To prove the assertion we will show that, for y-a.e. x € H,

E[SZ,

T/\TN < +00.

/\T}\;]

In the first part of the proof, x € H is given, without restriction. Let us consider
stopped processes
N N
Xt = Xt/\’l’i?/\’l’}(;? Y; = Y;f/\'rl)\,(/\'r}\;a

and then we define an auxiliary process (7, ’N)te[o,T] as follows
t B t
ZIN = ety +/ et==)A BTN g —i—/ et AqW, (58)
0 0

where (recall (10))
BN = [rB(XM)+ (1 —r)B(YM)], r€][0,1], s€[0,T].

Comparing Z" (see (56)) and Z"" we see that Z" = 7N s € 10,7,

SATREATY SATRATY
r € [0,1]. Hence we have to prove

T/\’T])\S/\T}\; 1
This follows if we can show that
L ST L pra vy )
E/O /0 (Z )\1_5HD uy (230 > dr ds < 0. (59)
n>1" "

We fix N > 1. To verify (59) we can follow the proof of Proposition 10 in [5]. We only
indicate the small changes which are needed.

Define , ,
_ 1 _
P = eXP (— / BrVaw, — = / |B:VN|2ds) .
0 2 Jo

We have, since |B7| < ||Bx/|lo, 7 € [0,1], s > 0, P-a.s.,

T
E [exp (k/ |B§’N|2ds)} < O < 00, (60)
0

1 v
P ||D2US\77L)(Z§’N)||2> dr ds < oo.

n>1

for all £ € R, independently of  and r, simply because By is bounded. Hence an
infinite dimensional version of Girsanov’s Theorem with respect to a cylindrical Wiener
process (the proof of which is included in the Appendix of [5]) applies and gives us that

t
Wy =W, +/ BN ds
0
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dP, n
dP

is a cylindrical Wiener process on <Q, F, (F), c0.1] > R’ N) where

= p,~n. Hence
Fr

t
ZPN = ey 4 / e AWy
0

is an OU process on (Q, F, (]:t)te[o 7] ,@T7N>. Continuing as in the proof of Proposition

10 in [5] with u™ replaced by ugf;)? pr replaced by p, n, Z7 replaced by Z"N | B, replaced
by B2V we see that (59) holds if we prove that

/ CE[(3 s DR et Wa) ) ] ds < oo (61)
0 n>1 7"

where Wy(t) = fg el=94dW (s), t > 0. If u¥ denotes the law of e*Ax + Wy (s), we
have to prove that

[, (S s ) s <o 62

This can be checked as in the mentioned proof (see in particular Steps 3 and 4 in that
proof) only for p-a.e. x € H; one has to replace B in the proof in [5] with our By. O

Remark 14. As is easily checked in Theorem 1 the ball B(0, N) can be replaced by
any open bounded set in H.

Remark 15. According to Remark 11 in [5] our Theorem 1 provides an alternative
approach to Veretennikov’s uniqueness result in finite dimension. In this respect first
note that Theorem 1 when H = R? does not require to start from p-a.e. initial
conditions x, but works for any initial z € R?.

Note that in finite dimension an SDE like dX; = b(X;)dt + dW,; with b Borel and
bounded is equivalent to dX; = —X,dt + (b(X;) + X;)dt + dW; which is in the form (1)
with A = —1I, and with a drift term B(z) = b(x) 4+ = which is completely covered by
Theorem 1.

Recall that in this alternative approach to Veretennikov’s result, basically the ellip-
tic LP-estimates with respect to Lebesgue measure used in [26] are replaced by elliptic
LP(p)-estimates.

4 Existence of strong mild solutions

Here we will use our Theorem 1 to prove existence of strong mild solutions when B

grows more than linearly. We will construct such solutions for p-a.e. initial x € H.
According to Chapter 1 in [21] (see also [18]) if # € H we say that equation (1) has

a (global) strong mild solution if, for every filtered probability space (2, F, (F;),P) on

20



which there is defined a cylindrical (F;)-Wiener process W there exists an H-valued
continuous (F;)-adapted process X = (X;) = (X})i>0 such that

(Q,F,(F),P, W, X)
is a weak mild solution.

Theorem 16. Let us consider equation (1) and assume Hypothesis 1 and B € By jo.(H, H).
Moreover, suppose that there exist C' > 0, p > 0, such that

(B(y + 2),y) < C(|y|* + el +1), y, 2 € H. (63)

Then, for p-a.e. © € H (where p = N(0,—3A™"Y)), equation (1) has a strong mild
solution. Moreover, this solution is pathwise unique.

Remark 17. Condition (63) is a bit stronger than the classical one: (B (y),y) <
C ( ly|” + 1), y € H, which is usually imposed in finite dimension to have non-explosion
for SDEs with additive noise. We can not use such condition. Indeed for a given mild
solution (X;) we can not write the It6 formula for | X;|* due to the fact that our noise
is cylindrical.

To prove the result we will use our Theorem 1 together with a generalization of
the Yamada-Watanabe theorem (see Theorem 2 in [21] and [18]) and some a-priori
estimates on mild solutions (see Section 4.1).

Example 18. To introduce an example of a drift B which satisfies the assumptions of
Theorem 16, we first consider a measurable function g : R — R, such that g(s) = 0
if s > 0and 0 < g(s) < Ce?®l, s < 0, for some ¢ > 0. It is easy to check that
gls+7)r < C'"(1+|r]2+etl), 5,7 € R. We define B: H — H,

B(x) = Z g(kik)ek, x e H.

k>1

It is not difficult to verify that B satisfies the assumptions of the previous theorem.
We can also add to our drift B one of the singular drifts considered in Section 4 of [5];
we will still obtain an admissible drift for our theorem.

4.1 An a-priori estimate

Here we prove an a-priori estimate for mild solutions to (1) under condition (63). For
this purpose let us consider the OU process

t
Zy = Z(t,x) = ez + / e=DAqWY,
0
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which under our hypotheses has a continuous H-valued version. It satisfies

(Zoy o) = / (e, Ag) ds + (Wi, )

for all ¢ € D (A). By Proposition 18 in [5] we deduce, in particular, that for any p > 0,
T>0

Kr = E[ sup ep|Zt‘] < 00.
te[0,7

Recall that under our hypotheses a weak mild solution to (1) can be defined, equiv-
alently, as a tuple (Q, F, (F;),P, W, X), where (2, F, (F;),P) is a filtered probability
space on which there is defined a cylindrical (F;)-Wiener process W and a continuous
(F:)-adapted H-valued process X = (X;) = (X;)i>0 such that, P-a.s.,

(Xo ) = (2, 0) + / (X0 Ag) 1 (B (X.), ¢))ds + (W), 20,

for all ¢ € D (A) (cf. Chapter 6 of [6]).

Theorem 19. Assume Hypothesis 1, B € By,.(H, H) and condition (63). Let X =
(X1)i>0 be a weak mild solution of equation (1) with Xo =z € H.
There exists C, > 0 (possibly depending on C and p given in (63)) such that

E[ sup |Xt|2} <O (g + Kr+1), T>0. (64)
te[0,7)

Proof. The process Y; = X; — Z,; satisfies

Yo, 0) = (2,0} + / (Ve Ag) + (B (Y + 2.)))ds, (65)

for all ¢ € D (A), and it has continuous trajectories in H. Let us consider (65) with

*)
© = e (see (13)) and set v = (Y, ex). Since d% Y < B®(Y; + Zt)Yt(k), we find

t
SV en)? < |:c|2+2/ (B(Y,+ 2,),Y.) ds.
0

k>1

Hence, by assumption (63), for t € [0, 7],
t

P < laf 420 [ (0P 1) ds
0

and therefore, by the Gronwall lemma,

Y|* < eCT< z|” + 2CT( sup e?%:! 4 1))
s€[0,T
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This implies
E[ sup |Yt|2] < 601T<|I|2 +E[ sup ep|ZS‘] + 1).
te[0,T] s€[0,T7]

Therefore,

E[ sup |Xt|2} < 2601T<|ZE|2 —HE[ sup ep|Zs‘] + 1> —|—2]E[ sup |Zt|2]
te[0,7 s€[0,7T te[0,7)

< eCpT< |z|? +]E[ sup ep‘qu + 1).
s€[0,T]

4.2 Proof of Theorem 16

By Theorem 1 we only have to prove existence of strong solution for p-a.e. x € H.
We will again consider truncated bounded drifts By = B 1pn), N > 1.
By the main result in [5] there exists a Borel set G € H with ;(G) = 1 such that
for any 2 € G we have pathwise uniqueness for each stochastic equation

dX, = (AX, + By(Xy)dt +dW,,  Xo=uz € H, (66)

N > 1. Let z € G. By the Girsanov theorem (see Appendix in [5]) there exists (a
unique in law) weak mild solution Xy = (Xn(t)) = (Xn(f))i>0 for each stochastic
equation (66).

Therefore we can apply a generalization of the Yamada-Watanabe theorem (see
Theorem 2 in [21] and [18]) to (66) when z € G.

Let us fix any filtered probability space (€2, F, (F;),P) on which there is defined a
cylindrical (F;)-Wiener process W. By the Yamada-Watanabe theorem, for any N > 1,
on the fixed filtered probability space above there exists a (unique) strong mild solution
Xy to (66). Moreover, since

BN(.T}) = BN+]€(JJ), S B(O,N),

k > 1, we have by Theorem 1 that, P-a.s.,

™ : TﬁN:TJi,(N*’“, E>1, N>1,

and XN(t/\TN) = XN+k(t/\TN), t Z 0.
It is enough to construct the strong solution X to (1) on [0,7]] for a fixed T" > 0.
We define an H-valued stochastic process X on ' = Uys1{7ny > T} as
X(t)(w) = Xn(t)(w), te]0,T],

ifwe{ry >T} (weset Xy(w)=0ifwe Q) ¢te[0,T]). Then X(t) is well defined.
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It is not difficult to prove that X is a strong mild solution on [0, 7] if we show that

lim P(ry >T7) =1 (67)
N—ro0

(this will imply that P(2") = 1). To verify (67) we will apply Theorem 19. Note that
each By satisfies

(By (y+2),y) <C(|y]> +e*+1), y, 2 € A,

with the same constants C' and p of (63). By Theorem 19 we obtain

E[ sup |XN(t)|2] < e (|2 + Kr + 1), (68)
te[0,7

with €, independent of N > 1. Since

P(ry <T)=P( sup |[Xn(t)| > N)
te[0,7)

by (68) and the Chebychev inequality we easily get assertion (67) from (68) and this
completes the proof.

4.3 Existence and uniqueness of local mild solutions

Finally, let us discuss a possible extension of our result to the case when the drift term
B only belongs to By (H, H), without requiring hypothesis (63).

We need the concept of local solution (see, for instance, [1] for some additional facts
about local solutions). Let (€2, F, (F;),P) be a filtered probability space. A stopping
time 7 : Q — [0, +00] is called accessible if there exists a sequence of stopping times
(7n) = (Tn),en such that P (7, <7) = 1 and P (lim, o 7, = 7) = 1. The previous
sequence (7,) is called an approximating sequence of 7.

Notice that, if 71 and 75 are accessible stopping times, then also 7 = 71 A 75 is an
accessible stopping time.

Let 7 be an accessible stopping time and consider [0, 7) xQ = {(t,w) € [0, +00) xQ :
0 <t <7(w)}. An H-valued stochastic process X defined on [0, 7) (i.e., X : [0,7)xQ —
H) is called (F;)-adapted if Xy(-) : {t < 7} — H is F;-measurable, for any ¢ > 0 (on
{t < 7} we consider the restricted o-algebra {AN{t < 7}}4ecx ); moreover, it is called
continuous if trajectories are continuous on [0, 7), P-a.s.. Note that X is (F;)-adapted
if and only if the process X = (Xt)tzo,

Xt == Xt1{7'>t} + 0 : 1{T§t} (69)

is (F;)-adapted.
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Definition 2. Let x € H. We call local weak mild solution to (1) a tuple (2, F, (F;),
P, W, X, 1), where (2, F,(F),P) is a filtered probability space on which it is defined
a cylindrical (F;)-Wiener process W, an accessible stopping time T and a continuous
(Fi)-adapted H -valued process X defined on [0,7) such that, there exists an approxi-
mating sequence (1,,) of T for which, P-a.s., on {t < 1,}

t t
X, = ez +/ e=IAB (X,)ds + / et=)AqW,
0 0

for alln € N and t > 0.

A local weak mild solution X which is (F}V)-adapted (here (F}V) denotes the com-
pleted natural filtration of the cylindrical process W) and such that T is an (F}V)-
stopping time is called a local strong mild solution.

Theorem 20. Assuming Hypothesis 1 and B € By 0. (H, H), existence of local strong
mald solutions holds for p-a.e. initial condition x € H. Moreover, for p-a.e. x € H, if
X and Y are two local weak mild solutions on the same (2, F, (Ft),IP) with the same
cylindrical Wiener process W, defined on [0,7%) and [0,7Y) respectively (% and 7%
are accessible stopping times as in Definition 2), then, P-a.s., X =Y on [0,7), where
r=1%XnNTY.

Proof. Let us sketch some of the details of the proof.

From the first part of the proof of Theorem 16 (see also Theorem 1 in [5]), given a-
priori a filtered probability space (£2, F, (F;),P) and a cylindrical (F;)—Wiener process
W, we have the existence of a local strong mild solution Xy on [0,7y), for every
N € N. Note that each 7y is accessible since as approximating sequence we may take
Tnn =inf{t >0 : Xn(t) € B(O,N — )} An, forn > 1.

Thus, taking 7 = sup ey 7a, 7 is accessible and we have a local strong mild solution
on [0, 7).

In order to prove uniqueness, we first note that if X is a local weak mild solution
defined on [0,7%) and (7X) is an approximating sequence of 7% as in the definition of
solution, then assertion (32) of Theorem 10 holds, for any t > 0, n > 1, P-a.s., on the
event {t < 7,Xy}, where 7%y is the stopping time

TfN:inf{tE 0,7%) : X, € B(O,N)} AT*

(TXN = 71X if the set is empty, to show that 7% v 18 a stopping time, note that Tn N =

inf{t >0 : X; & B(0, N)} A7X, where X, is defined in (69) with 7 replaced by 7).
Indeed, one can repeat the arguments in the proof of Theorem 10 with the same
functions wy, replacing 73 with 7,y

Now let X and Y be two local weak mild solutions as in the second part of the
theorem.
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If (7X) and (7)) are, respectively, approximating sequences of 7% and 7Y as in
the definition of solution, then in order to prove uniqueness, it is enough to consider
o, =7X A7Y and check that, P-a.s.,

X =Y on [0,0,], n>1. (70)

Let us fix n > 1. We can adapt the proof of Theorem 1, arguing on the interval
0,9 AT ATy ATy ] (cf. (53)). We finally get that X =Y on [0,T Agy,], T > 0, and
this gives the assertion. O]
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