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Abstract

In this paper we obtain restricted Markov uniqueness of the generator and uniqueness of
martingale (probabilistically weak) solutions for the stochastic quantization problem in both
the finite and infinite volume case by clarifying the precise relation between the solutions to the
stochastic quantization problem obtained by the Dirichlet form approach and those obtained in
[DD03] and in [MW15]. We prove that the solution X —Z, where X is obtained by the Dirichlet
form approach in [AR91] and Z is the corresponding O-U process, satisfies the corresponding
shifted equation (see (1.4) below). Moreover, we obtain that the infinite volume p(®), quantum
field is an invariant measure for the Xy =Y + Z, where Y is the unique solution to the shifted
equation.
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1 Introduction

In this paper we analyze stochastic quantization equations on T? and on R?: So, let H = L*(T?)
or L*(R?) and consider
dX =(AX—: p(X) )dt + dW (t),

X(0) =, (1.1)
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where A : D(A) C H — H is the linear operator

2N
Ap=Ad—¢, p(¢) =) na,d",
n=1

where agy > 0 and : p(¢) : means the renormalization of p(¢) whose definition we will give in
Section 3 and Section 4. W is a cylindrical F;-Wiener process defined on a probability space
(Q, F, P) with a normal filtration (F;):>o.

This equation arises in stochastic quantization of Euclidean quantum field theory. Heuris-
tically, (1.1) has an invariant measure v defined as

v(dg) = ce”? O, (dg),

where ¢(¢) = Ziio a,¢”, c is a normalization constant and p is the Gaussian free field. v is
called the p(®),-quantum field. There have been many approaches to the problem of giving a
meaning to the above heuristic measure for the two dimensional case and the three dimensional
case (see [GRS75], [GlJ86] and references therein). In [PW81] Parisi and Wu proposed a
program for Euclidean quantum field theory of getting Gibbs states of classical statistical
mechanics as limiting distributions of stochastic processes, especially as solutions to non-linear
stochastic differential equations. Then one can use the stochastic differential equations to study
the properties of the Gibbs states. This procedure is called stochastic field quantization (see
[JLM85]). The p(®)s model is the simplest non-trivial Euclidean quantum field (see [G1J86]
and the reference therein). The issue of the stochastic quantization of the p(®),; model is to
solve the equation (1.1).

In [AR91] weak solutions to (1.1) have been constructed by using the Dirichlet form approach
in the finite and infinite volume case. However, Markov uniqueness for the corresponding
generator (L, D) has been an open problem for many years. Here D is the "minimal” domain
contained in the domain of the generator. Consider a measure v on a Banach space E. The
problem of Markov uniqueness is whether there exists exactly one negative definite self-adjoint
operator L” on L?(E;v) which extends (L, D) and is a Dirichlet operator, i.e. T; := e!X”
is sub-Markovian. The latter property is equivalent to the quadratic form given by L” on
L?(E;v) being a Dirichlet form. Then Markov uniqueness is equivalent to the fact that there
exists exactly one Dirichlet form whose generator extends (L, D). This problem is completely
solved in the finite dimensional case in [RZ94] where Markov uniqueness was obtained under
the most general conditions. The situation is quite different in the infinite dimensional case.
We refer to [ARZ93a], [ARZ93b], [LRIS8|, [KR07], [AKR12] for the best results in this direction
known so far. In these papers Markov uniqueness has been obtained for a modified stochastic
quantization equation

AdX =(=A+ 1) (AX— : p(X) )dt + (A +1)"2dW (),

with € > 0. However, Markov uniqueness for the case that ¢ = 0 is still an open problem.

In this paper we study Markov uniqueness for the operator associated with the stochastic
quantization problem in both the finite volume case and the infinite volume case and obtain
the restricted Markov uniqueness of the operator, i.e. there exists exactly one quasi-reqular
Dirichlet form whose generator extends (L, D) (see Theorem 3.12, Theorem 4.10).
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This problem is also related to the uniqueness of the martingale problem for (L, D), i.e.
whether there exists exactly one (up to v-equivalence defined in Section 3) strong Markov
process solving the martingale problem for (L, D), and the uniqueness of probabilistically weak
solution to (1.1). In this paper we also obtain that there exists exactly one (up to v-equivalence
defined in Section 3) martingale solution (probabilistically weak solution) to (1.1) (see Theorem
3.12 and Theorem 4.10).

We obtain Markov uniqueness in the restricted sense and the uniqueness of the martingale
solution to (1.1) by studying the relations between the solutions to the stochastic quantization
problem obtained by the Dirichlet form approach and those obtained in [DD03] and in [MW15].
In fact, (1.1) has been studied by many authors: In [MR99] the stationary solution to (1.1)
has also been considered in their general theory of martinglae solutions for stochastic partial
differential equaitons; In [DDO03] Da Prato and Debussche define the Wick powers of solutions
to the stochastic heat equation in the paths space and study a shifted equation instead of
(1.1) in the finite volume case. They split the unknown X into two parts: X = Y] + 77,
where Z,(t) = ffoo e=94dW (s). Observe that Y] is much smoother than X and that in the
stationary case

k
c XFE = ZC}CYf /A (1.2)
1=0

with C! = ”Ekk—lclf' and : ZF7' . being the Wick product, which motivate them to consider the
t

following shifted equation:

dY. 2N k—1
1 l L. r7k—1-1 .,
— =AY - ;kak;q_m A

Y1(0) =z = Z:(0),

(1.3)

and obtain local existence and uniqueness of the solution Y; to (1.3) by a fixed point argument.
By using the invariant measure v they obtain a global solution to (1.1) by defining X =
Y1 + Z starting from almost every starting point. In [MW15] the authors consider the following
equation with N = 2 instead of (1.3):

(1.4)

k=1

dy 2N k-1
_ E /‘ 2 l L. 7k—=1-1 .
E =AY — k:ak 2 Ck—ly 2 7 :
Y (0) =0,

where Z(t) = etz + fot et=94qW (s) and : ZF'~! . will be defined later. We call (1.4) the
shifted equation for short. They obtain global existence and uniqueness of the solution to (1.4)
directly from every starting point both in the finite and infinite volume case. Actually, (1.3) is
equivalent to (1.4). For the solution Y; to (1.3), defining Y () := Yi(t) + 4 Z,(0) — ez, we
can easily check that Y is a solution to (1.4) by using the binomial formula (3.1) below.

It is natural to ask whether the unique solution obtained by the methods in [DD03] and
[IMW15] satisfies the original equation (1.1) and has v as an invariant measure. Furthermore,
it is a priori far from being clear what is the relation between the solutions obtained by the
Dirichlet form approach and the solution obtained in [DDO03] and in [MW15]. In this paper



we study this problem and we prove that X — Z, where X is obtained by the Dirichlet form
approach in [AR91] and Z(t) = fg et=94dW (s) + ez, also satisfies the shifted equation (1.4).
We emphasize that it is not obvious that X — Z satisfies the shifted equation (1.4) since (1.2)
only holds in the stationary case and we do not know whether the marginal distribution of the
solution is absolutely continuous with respect to v. However, by using Dirichlet form theory
we can solve this problem and obtain the desired results (see Theorem 3.9 and Theorem 4.8).

Moreover, we obtain that the p(®)s quantum field v is an invariant measure for the process
Xo =Y + 7, where Y is the unique solution to the shifted equation (1.4). As a consequence, we
deduce uniqueness of martingale solutions (probabilistically weak solution) to (1.1) and Markov
uniqueness for the corresponding generator in the restricted sense in both the finite and infinite
volume case (see Theorem 3.12 and Theorem 4.10). We also emphasize that the p(®), field is
not absolutely continuous with respect to Gaussian measure in the infinite volume case. This
makes it more difficulty to analyze the support of v. Here we use [G1J86] and techniques from
Dirichlet form theory to solve this problem (see Theorem 4.7).

We also want to mention that recently there has arisen a renewed interest in SPDEs related
to such problems, particularly in connection with Hairer’s theory of regularity structures [Hail4]
and related work by Imkeller, Gubinelli, Perkowski in [GIP13]. By using these theories one can
obtain local existence and uniqueness of solution to (1.1) in the three dimensional case (see
[Hail4, CC13]). In a forthcoming paper we also prove ergodicity of the solution to (1.4) in the
finite volume case. To the best of our knowledge, this is still an open problem in the periodic
case (i.e. on the torus). In the infinte volume case this has been studied in [AKR97].

This paper is organized as follows: In Section 2 we collect some results related to Besov
and weighted Besov spaces. In Section 3 we consider the finite volume case and prove that
the solution obtained by Dirichlet form theory satisfies the shifted equation. Moreover, we
obtain Markov uniqueness in the restricted sense and uniqueness of the martingale solutions
(probabilistically weak solution) to (1.1). In Section 4 we prove that all the results also hold
in the infinite volume case.

2 Preliminary

In the following we recall the definitions of Besov spaces. For a general introduction to the the-
ory we refer to [BCD11, Tri78, Tri06]. First we introduce the following notations. Throughout
the paper, we use the notation a < b if there exists a constant ¢ > 0 such that a < ¢b, and
we write a = b if a < b and b < a. The space of real valued infinitely differentiable functions
of compact support is denoted by D(R?) or D. The space of Schwartz functions is denoted
by S(R?). Tts dual, the space of tempered distributions, is denoted by &’(R?). The Fourier
transform and the inverse Fourier transform are denoted by F and F !, respectively.

Let x, 0 € D be nonnegative radial functions on R?, such that

i. the support of x is contained in a ball and the support of 8 is contained in an annulus;

i x(2) +22,500(2772) = 1 for all z € R%.

iii. supp(x) Nsupp(A(277-)) = P for j > 1 and suppf(2~"-) Nsupph(277-) = @ for |i — j| > 1.

We call such (y,#) dyadic partition of unity, and for the existence of dyadic partitions of
unity we refer to [BCD11, Proposition 2.10]. The Littlewood-Paley blocks are now defined as

A ju=F Y (xFu) Aju=F 0277 )Fu).
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Besov spaces
For a € R, p,q € [1,00], u € D we define

lullsg, = (D (2 Azull) )",

iz-1

with the usual interpretation as {** norm in case ¢ = oco. The Besov space By, consists of
the completion of D with respect to this norm and the Hoélder-Besov space C* is given by
C*(R?) = B% (R?). For p,q € [1,00),

By, (R = {u € S'(RY) - Jul s, < o0},

C*(RY) & {u € S'(RY) : [[ulca(ra) < oo}

We point out that everything above and everything that follows can be applied to distributions
on the torus (see [S85, SW71]). More precisely, let S'(T?) be the space of distributions on T¢.
Besov spaces on the torus with general indices p, g € [1, oo] are defined as the completion of D
with respect to the norm

||u||Bg,q(1rd) = (Z (Qja||AjU||Lp(Td))q)l/q,

j=—-1

and the Holder-Besov space C* is given by C* = B%, _(T?). We write ||-||4 instead of ||| ga _(79)
in the following for simplicity. For p,q € [1, 00)

By (T%) = {u € S'(T%) - Jull g z0y < 00}.

C* ¢ {ue ST : ||Julla < o0} (2.1)

Here we choose Besov spaces as completions of smooth functions with compact support,
which ensures that the Besov spaces are separable which has a lot of advantages for our analysis
below.

Weighted Besov spaces

In the following we recall the definitions and some properties of weighted Besov spaces,
which are used for analyzing the regularity of the distributions in the infinite volume case. For
a general introduction to these theories we refer to [Tri06].

For 0 € R we let w(z) = (1 + |z|?)77/%, » € R%. For a € R, p,q € [1,00], we define the
weighted Besov norm for v € D,

lullggs = (D (271250l Loguan) )",

j>—1

with the usual interpretation as [* norm in case ¢ = oo and || f||z(wde) = ||Wf]|z(az). The
Besov space Bp:7 (RY) consists of the completion of D with respect to this norm. For p,q €
1, 00),

Aa,0 (Tpd\ __ dy .

Boo(RY) = {u € S'(RY) : [Juf e < o).



By [Tri83, Theorem 9.2.1] we can view functions on the torus T? as periodic functions on R¢
and have that for a € R, > 0, f € C*

[ llee = 1N e, - (2.2)

Wavelet analysis

We will also use wavelet analysis to determine the regularity of a distribution in a Besov
space. In the following we briefly summarize wavelet analysis below and we refer to work of
Meyer [Mey92], Daubechies [Dau88] and [Tri06] for more details on wavelet analysis. For every
r > 0, there exists a compactly supported function ¢ € C"(R) such that:

1. We have (p(-), (- — k)) = dg o for every k € Z;

2. There exist ax,k € Z with only finitely many non-zero values, and such that ¢(x) =
> kez k(22 — k) for every x € R;

3. For every polynomial P of degree at most r and for every € R, >, ., [ P(y)p(y —
k)dyp(x — k) = P(x).

Given such a function ¢, we define for every x € R? the recentered and rescaled function
o as follows

Po(y) = IL122 0(2" (yi — ;).
Observe that this rescaling preserves the L2-norm. We let V}, be the subspace of L?(R?) gener-
ated by {¢” : x € A, }, where

An = {(2nk1, ...,and) : k‘l € Z}

An important property of wavelets is the existence of a finite set W of compactly supported
functions in C" such that, for every n > 0, the orthogonal complement of V,, inside V,, . is
given by the linear span of all the ¥,z € A,,,¢ € V. For every n > 0

{prhxe A} Ul :m >np € Uz € Ay},

forms an orthonormal basis of L?(R?). This wavelet analysis allows one to identify a countable
collection of conditions that determine the regularity of a distribution.

Setting W, = W U {p}, by [Tri06, Theorem 6.15] we know that for p € (1,00), a € R,
feByy

o0

11 . NZW PPN TN () Pw (), (2.3)
YeW, zeA,
and
1Al S 22" NN () () (2.4)
PeW, z€A,

Estimates on the torus

In this part we give estimates on the torus for later use. Set A = (—A)%. For s > 0,p €
[1,+00] we use H? to denote the subspace of LP(T?), consisting of all f which can be written
in the form f = A~%g,g € LP(T%) and the H} norm of f is defined to be the L” norm of g, i.e.

[ fllmg == IA° fll o ey




To study (1.1) in the finite volume case, we will need several important properties of Besov
spaces on the torus and we recall the following Besov embedding theorems on the torus first
(c.f. [Tri78, Theorem 4.6.1], [GIP13, Lemma 41]):

Lemma 2.1 (i) Let 1 < p; <py <ocand 1 < ¢ < ¢y < 00, and let o € R. Then B (T%)
is continuously embedded in ngq‘i“/ p1-=1/p2) (T9).

(i) Let s > 0,1 < p < o0, € > 0. Then H3** C Bj,(T?) C B; (T%).

(iii) Let 1 < p; < pp < o0 and let @« € R. Then Hp is continuously embedded in
Hg—d(l/m—l/m)

) .

Here C means that the embedding is continuous and dense.

We recall the following Schauder estimates, i.e. the smoothing effect of the heat flow, for
later use.

Lemma 2.2 ([GIP13, Lemma 47]) (i) Let u € B (T%) for some a € R,p,q € [1,00]. Then
for every 6 > 0
el pgscmer S 0l ooy

(ii) Let @ < g € R. Then
B-a
11— eDulla 7= Julls.

~

One can extend the multiplication on suitable Besov spaces and also have the duality prop-
erties of Besov spaces from [Tri78, Chapter 4]:

Lemma 2.3 (i) The bilinear map (u;v) — uv extends to a continuous map from C* x C” to
C*M if and only if o+ 3 > 0.

(i) Let « € (0,1), p,q € [1,00], p’ and ¢’ be their conjugate exponents, respectively. Then
the mapping (u;v) = [ uvdz extends to a continuous bilinear form on By, (T¢) x B_%,(T).

We recall the following interpolation inequality and multiplicative inequality for the elements
in H3, which is required for the a-priori estimate in the proof of Theorem 3.10: (cf. [Tri78,
Theorem 4.3.1], [Re95, Lemma A.4], [RZZ15a, Lemma 2.1]):

Lemma 2.4 (i) Suppose that s € (0,1) and p € (1,00). Then for u € H,
lallg S Nl s
(ii) Suppose that s > 0 and p € (1,00). If u,v € C*(T?) then
||AS(W)||LP(W) N ||u||Lpl(Td)||ASU||LP2('J1“1) + ||U||Lp3(1rd)||ASU||LP4(W)>

with p; € (1,00],i = 1, ...,4 such that

Estimates on the whole space



We also collect some important properties for the weighted Besov spaces from [MW15] and
[Tri06], which are parallel to those for Besov spaces on the torus. The Schauder estimate takes
the following form:

Lemma 2.5 ([MW15, Propositions 3.11, 3.12]) (i) Let u € l’;’;’; for some oo € R, p,q € [1, 0.
Then we have for every § > 0
—5/2

leullgosae S 62l e

(ii) Let a < 8 € R be such that 5 —a <2, 0 >0 and p,q € [1,00]. Then for u € [5’5;;

11— eyl gy S 7" ull e

The multiplicative structure and Besov embedding theorems can be written as follows:

Lemma 2.6 ([MW15, Corollary 3.19, Corollary 3.21]) (1) For o > 0,1, p2, p,q € [1, oo] L -+

p% = }D, the bilinear map (u;v) — uv extends to a continuous map from B;‘l({] X Bg;’q to BO‘ 7

(2) For « < 0, + 8 > 0,p1,p2,p0,q € [1, oo],]Dl + ., = 5 the bilinear map (u;v) — uv

extends to a continuous map from Ba 7 X Bi‘fq to BO‘ 7

(3) (Besov embedding [Tri06, Chapter 6]) Let oy < g, 1 <p <py<oo,and 1 < ¢ <
g2 < oo. Then
2 Baz, BOCL . Bom Bah

P1,91 P1,91° P1,91 P1,q2°
If 0 > d, then
Qai, Qat,
Bpmql C Bph‘ll

Here C means that the embedding is continuous and dense.

3 Finite volume case

In this section we consider (1.1) on the torus T?.

3.1 Wick power

In the following we define the Wick powers. First we define Wick powers on L*(S'(T?), u) with
j= N0, (—A+1)71) = N(0,C).

Wick powers on L*(S'(T?), )
In fact p is a measure supported on &’(T?). We have the well-known (Wiener-It6) chaos
decomposition
2(S(T?), 1) = P Ha-
n>0

Now we define the Wick powers by using approximations: for ¢ € §'(T?) define

¢s = ps*¢>



with p. an approximate delta function on R? given by
o T
pel) == 2p(2) €D, [ p=1.

Here the convolution means that we view ¢ as a periodic distribution in &’'(R?) and do convo-
lution on R2. For every n € N we set

: ¢n c= C?/an<0;1/2¢s)7

e -

where P,,n =0, 1, ..., are the Hermite polynomials defined by the formula

[n/2]
. nl ,
P — Sy n—2j
) = W g
and ¢. = [ @2u(do) = 1 [ [ Gz — y)p-(y)dyp-(z)dz = ||K€||%2(Rx1r2)' Then
D QL o€ Hy.

Here and in the following G is the Green function associated with —A on T? and K (¢, r) is the
heat kernel associated with A on T? and K, = K * p., where * means convolution in space and
we view K as a periodic function on R2.

For Hermite polynomial P, we have that for s, € R

n

Py(s+1t) =Y CrPu(s)t"™, (3.1)

m=0

m o__ n!
Where Cn = m

A direct calculation yields the following:

Lemma 3.1 Let « < 0, n € Nand p > 1. : ¢ :¢ converges to some element in
LP(S'(T?), u;C*). This limit is called the n-th Wick power of ¢ with respect to the covari-
ance C' and denoted by : ¢" :(¢.

Proof In fact, for every p > 1,e1,69 > 0, m € N by (2.2) and (2.4) we have that
Sl ic = 5o Iutdo)
S S e e e - o o D Puds ()
P

ev, n>0 xeA,

$Y Y ([ 10 e o e vDP o)

PeW, n>0 €A,

where ¢ > 0 in w(z) and in the last inequality we used the hypercontractivity of the Gaussian



measure. Moreover, we obtain that

/ 6™ o — 1 o o™ Pu(do)

s [ [wee / o (0) 1 (7 =2 [ 64 W0 Duldo)”

/ </552 (1552 ¢)) dydy

<[ [ |\ [ [ et = 2005 2260 — )iy

—2( //p81 — 1) pe, (Y — 22)G (21 — x9)dw1dTo)™

//p,s2 21)Pey (J — xQ)C_J(wl — x9)dxydzy)™ | dydy

<(eh 4+ 5) / / ) @)ly — 510 dydg < (€5 + 5)2-2m e,

where § > k > 0,2a+6 < 0. Here in the third inequality we have used Lemma 10.17 in [Hail4]
and |G(x)| < —log|z|. Thus the results follow from a direct calculation. O

Remark We can also use the approximations from [DDO03] to define the Wick powers. We
can prove that these two approximations converge to the same limit. This follows from the fact
that under 1, ¢ =4 [, [*_K(t — s,- — y)&(ds,dy) and for every ¢ € S(T?),

(: 0" 1, ) :d/[( e gp,HK y;))e(dry, dyy)...£(dry, dy,)

d

Here =" means having the same distribution and ¢ is space-time white noise.

Wick powers on a fixed probability space
Now we follow the idea from [DD03] and [MW15] to define the Wick powers of the solutions
to the stochastic heat equation in the paths space. We fix a probability space (€2, F, P) and
W is a cylindrical Wiener process on L*(T?). We also have the well-known (Wiener-1t6) chaos
decomposition
2(Q,F.P) =P,

n>0

In the following we set Z(t) = |, L elt=9)AqI (s), and we can also define Wick powers of Z(t) with

respect to different covariances by approximations: Let Z.(t, z) fo —s,x—-),dW(s)) =
pe * Z. Here (-,-) means inner product in L?(T?). Let C’t = —(—A)_l(I — e?4). For every
n € N we set 1

P Z2(t) 0= (cep)? Pal(cer) 2 2:(1)) € Hy,

where P,,,n = 0,1, ..., are the Hermite polynomials and c.; = |1 KEH%Q(RXW).

In the following we prove that : Z(t) :¢, is a Cauchy sequence in C([0,7];C%) and define
the Wick powers of Z as the limit. To prove this we have to use the following result from [ZZ15,
Lemma 4.1], the proof of which is a modification of the proof of [Hail4, Lemma 10.18].
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Lemma 3.2 For a smooth function K : RT x R?\{0} + R satisfying |K (t,y)| < (t+ |y|>)*/?
with ¢ € (—3,0), then

s s
(K p) ()| SE2(t+[yl)
for 0 < 6 < 1, +6 > —2, and moreover, if K satisfies [DK (¢,y)| < (¢ + |y[2) "=, then

(5 pe) (k) = K (1)) < (4736 [y[F) At
for ( +6 > —2,( > (.
Using Lemma 3.2 we obtain the Wick powers of Z(t).

Lemma 3.3 Fora<0,neN,p>1,:2Z"t) ¢ converges in LP(Q,C([0,T];C%)). The limit
is called Wick power of Z(t) with respect to the covariance C; and denoted by : Z"(t) :¢,

Proof We first prove that Z. € C([0,T];C%) P-almost-surely. By the factorization method in
[D04] we have that for x € (0, 1)

sin(m

Z.(t) = —K)/o (t—8)" NK(t — s,z —-),U(s))ds,

T

where

U(s.y) = / (s PR (s — oy — ), dW(r)).

A similar argument as in the proof of Lemma 2.7 in [D04] implies that it suffices to prove that
for p > 1/(2k),
EHUHLQF(O,T;CQ) < 0Q. (32)

In fact, by (2.2) and (2.4) we have that

E[UIZS Y D > B2 20U (s), o) [Puw(a)®

PeY, n>0 x€A,

SIS ST grem B (s), v 2 ().

PeV, n>0 €A,

Here 0 > 0 in w(x) and we used Gaussian hypercontractivity in the second inequality. Moreover
we obtain that

E|(U(s), o2 * < / / () ()] / (s 1)K« K(s — oy — g)drdydy

<[ [wrwe) / Py — g~ drdydg

2n+8nk Kk
S27 s,

where we used [Hail4, Lemma 10.17] to deduce that |K* K (s—7r,y—9)| < [s—r|>* Ly —gy| % in
the second inequality. Thus (3.2) follows by choosing x small enough and a direct calculation.

11



Now we prove that for m € N, : Z™ : is a Cauchy sequence. For every p > 1, by (2.2) and (2.4)
we have that for t1,15 > 0

B Z% e — 27 o )(b) — (27 i, = 20 w0, )ty ) |2
<3O SN BRI 20, 20 () — (20 e, — 2 2 e, () ) [P()

YeWw, n>0 zeA,

SO DN 2 EEN(: 20 e, — 20 e () = (20 e, — 20 ey, ) (t, ) ) ) w (),

Yew, n>0 z€A,

where we used Gaussian hypercontractivity in the second inequality. For convenience we use £ to
denote space-time white noise given by [ ¢(s,y)&(ds, dy) = [5, (o, dW (s)) for ¢ € L*(RT x T?).
Then we obtain that for k =1,2 and 7 = 1,2

: Z;Z(t]> :Ctj: /Hzrilksk@] — S,y — yl)lsze[(),tj}g(dnl)g(dnm)a

where 1, = (S4,Ya), and [ f(m_,)E(dm)...£(dny,) denotes a generic element of the n-th chaos
of & for 1., = m1...m,. Moreover, for t; < 5 to estimate

E((: Z1 ey, — 20 0, )t ) = (20 ey, — 2 Z0 ey, )(tay ), o) P,
it suffices to calculate
/ (I, K., (4 — — yi)lsieon] — I Koy (1 — S0 — Ui) Lsiepo,n]
— [ K, (b2 = 83y - — Yi) Lssefonta) — T2 Ky (tn — iy — i) L epoal]s ¥ Pdnn.m,
which is bounded by

g/Mmﬁﬂzxm—&f—y»—nﬁdaxw—af—m»nﬂmﬂ
— (I, K., (t — — i) — 7 K, (ts — Siv e — ¥i)) Lsicon]s VI 2dn. m
+ 2/ ’ Hznl 751 — S — yi)lsie[tl,tg] - H?;]_REQ (t2 — Si Z/z‘)lsle[tl to] ] >| dni..m-
Then by Lemma 3.2 and [Hail4, Lemma 10.18] we have that for every § > 0
K., (t = 80,y — 4i) — Koy (t2 = 50,y — 43)]
Shty = tal (It — il 7273 [t — s 25y — w7,
and

Koy (t = i,y — yi) = Koyt — 50,y — i)
SV + )t — il Ry —
which combined with the interpolation and [Hail4, Lemma 10.14] imply that for every § > 0

E[((: 22 o, — 1 20 w0 )(t) = (0 20 ey, — 0 20 ey, )ty ), ) P
S+ - al’ [ [ 10 we @)l - ol aydg

5(8?5 + 6%5)|t2 . t1|62—2n+8n6.
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Then the above estimates yield that

EH( 51 Cyy T g Ctl)(tl") - (: :z Cry ¢ Z:; :Ct2>(t27'>||§p
5 Z 222anp+2np+2n 51 +€§§)p|t2 . 1|§p2—2np+8np6‘
Yew, n>0

Thus the results follow from Kolmogorov’s continuity test (in time) if we choose 6 > 0 small
enough and p sufficiently large. O

By this lemma we can define the Wick powers with respect to another covariance : Z"(t) :¢.
For t > 0, define

1

L Z0(t) o= 2 Po(es 2 Z.(1)).

Lemma 34 Fora <0,p>1,ne N, : 2" C converges in LP(Q2,C((0,T];C*)). Here
C((0,T];C%) is equipped with the norm sup,. OT]t 2| - |la for p > 0. The limit is called Wick
powers of Z(t) with respect to the covariance C' and denoted by : Z"(t) :c. Moreover, for t > 0

In/2) |
. n . l n: . n—21 .
 Z (t) o= E Ctm : (t) N

=0

where ¢; := lim._,o(c.; — ¢.) locally uniformly for ¢ € (0, T7.
Proof By Lemma 3.3 it follows that for every n € N, p > 1,

D20 ey Z7(Y) o

t

in LP(Q2,C([0,T];C%)).

By the definition of c¢.; and c. we also have that for every p > 0,¢ >0 and ¢ >0
et — €| S 2,

where the constant we omit is independent of ¢, and

Cp = hm(cst —c) = / K(r,z)*dxdr.
—0 ¢ Jr2

Moreover, the definition of P, yields that
[n/2]

|
AL AR = E—EZL:Z”*mt:
s() ¢ ;(C it C) (n—2l)!l!2l € () Cts
which implies the result by letting ¢ — 0. U

Now following the technique in [MW15] we combine the initial value part with the Wick
powers by using (3.1). We set V() = €42, V. = p. x V, 2 € C* for a < 0 and

Z(t)=Z(t) +V(t), Z(t) = Z(t) + Ve(b),
L ZM(t) o= Y CRV() TR ZM() o, Z0(t) o= i CEV.()" k. ZE(t) ¢ .

13



By Lemma 2.2 we know that V' € C([0,T],C*) and V € C((0,T],C") for 3 > a with the norm
SUDye(0,7] =" 2| - ||3. Moreover,

B«
sup ¢ 2 [[V(t)|ls < [zla;
te[0,7)

() =V®)lls < 2]l

for 5 > a,k > 0. Then by Lemmas 2.3 and 3.4 we have the following results:

Lemma 3.5 Let a <0,z € C% p > 1. Define Z and : Z" :c as above. Then for n € N
: Z7 ¢ converges to @ Z™ ¢ in LP(§2,C((0,T1;C*)). Here the norm for C'((0,7];C?) is
(B-c)n-tp
sup &2 | - la
t€[0,T]

for some 8 > —a > 0,p > 0.
Proof By Lemma 2.3 we have

12200 = 2" lla S D IIVEISl : 287 0 =2 277 o Mla+ IIVE = VEllsll = 277 2o [lal,
k=0
which implies the results easily. U

Relations between two different Wick powers
First we introduce the following probability measure. Set : q(¢) := Zn 0ln 1 O" ¢

:p(g) == 2121]11 na, : " ! ;¢ and we assume that a, € R and asy > 0. Let

v =cexp (-2 /TQ 1q(¢) = dz)p,

Where cis a normalization constant. Then by [G1J86, Sect. 8.6] for every p € [1,00), ¢(¢) :=
exp (=2 [z 1 q(¢) : dx) € LP(S'(T?), 1). The following result states the relations between two
different chk powers

Lemma 3.6 Let ¢ be a measurable map from (Q,F,P) to C([0,T], By5) with v > 2,
Po¢(t)~" = v for every t € [0,T] and let Z(t) be defined as above. Assume in addition that
y=¢— 7€ C(0,T];C%) P-as. for some 8 > —a > 0. Then for every t >0, n € N

= ZC’Sy”_k(t) :Z8t) ¢ P—a.s.

Proof By Lemma 3.5 it follows that for every k € N, p > 1
20— Z% ¢ in LP(Q,C((0,T);C%)), as e — 0.

Since y. = ¢. — Z. = p. xy and y € C([0,T];C?) P-as., it is obvious that y. — y in
C([0,T);CP~%) P-as. for every k > 0 with 8 — k + a > 0, which combined with Lemma
2.3 implies that for k € N, £ < n,

Yk ZF o=ty ZF e in C((0,T);C%), as e — 0.
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Here —" means convergence in probability. Since exp (— [ : ¢(¢) : dz) € LP(S'(T?), uu) for
every p > 1, by Holder’s inequality and Lemma 3.1 we get that for t >0 and p>1

CPL(t) o= @"(t) i ¢ in LP(Q,C%), as e = 0.
Moreover, by (3.1) we have
L o= (Ye + Zo)" o= PP (P (y. + 22))

ch n/QP 1/2Z )( —1/2y6)n—k

:ZCS : Zf c y?*k,
k=0

which implies the result by letting ¢ — 0. U

In the following, we only use Wick powers : - ;o and we write : - : for simplicity.

3.2 Relations between the two solutions: starting with solutions
given by Dirichlet forms

As mentioned in the introduction, weak solutions to (1.1) have been constructed in [AR91]
by Dirichlet forms. In this subsection we prove that the solutions constructed in [AR91] also
satisfy the shifted equation (1.4). First we recall some basic results related to Dirichlet forms

from [AR91].

Solutions given by Dirichlet forms

Let H = L*(T?) and let —A + I be the generator of the following quadratic form on
H : (u,v) = [1(Vu, Vo)gadz + [, uvdz with u,v € {g € L*(T?)|Vg € L*(T?)} (where V is
in the sense of distributions). Let {ex|k € Z?} C C*(T?) be the (orthonormal) eigenbasis of
—A+ I in H and {\;|k € Z*} C (0,00) the corresponding eigenvalues. Define for s € R,

H* == {u e S'(T*)] ) Ns(u ex)d < oo},

keZ?

equipped with the inner product

(u, V) s = Z Ars(u, ex)ssi (v, ex)s-

keZ?

If for s > 0 gs(-,-)g-s denotes the dualization between H® and its dual space H~°, then it
follows that
e (U, v)g-s = (u,v)g,u € H*,v € H.

Let E = H "¢ E* = H'™ for some € > 0. We denote their Borel o-algebras by B(F), B(E*)
respectively. Define

‘FCE())O - {U : U(Z) - f(E*<l1,Z>E,E*<12,Z>E, '-'»E*<lm7Z>E)7Z S E’l17l27 7lm € E*)m € N7f € CZ?OGRm)}
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Define for u € FCp° and | € H,

ou d
E(z) = £u(z + sl)|s=0, 2 € E,

that is, by the chain rule,

Ju o
)= > 0 f (e, 2) By Bl 2) By -oos By 2) ) D
j=1
Let Du denote the H-derivative of u € FC;°, i.e. the map from E to H such that
ou
(Du(z),l) = E(z) forallle H,z € E.
By [AR91] we easily deduce that the form

1
E(u,v) == 5 /E<Du, Dv)ydv;u,v € FCy°

is closable and its closure (£, D(€)) is a quasi-regular Dirichlet form on L?(E;v) in the sense
of [MR92]. By [AR91, Theorem 3.6] we know that there exists a (Markov) diffusion process
M = (Q,F, My, (X(t))i>0, (P?).er) on E properly associated with (€,D(£)), i.e. for u €
L*(E;v) N By(E), the transition semigroup Pyu(z) := E*[u(X(t))] is £-quasi-continuous for all
t > 0 and is a v-version of Tyu, where T} is the semigroup associated with (£, D(E)). Here for
the notion of £-quasi-continuity we refer to [MR92, ChapterlII, Definition 3.2].

By [G1J86, (9.1.32)] we have the following:

Theorem3.7 For each [ smooth, we have that the partial log derivative (; of v is given by
2N
Bi(z) = —2Znan 22 (D) 2 AL — 1, 2) s,
n=1

where : 2" : (1) denotes the dualization between : 2™ : and I.

Now we want to extend the definition of 3, to the whole space E. By [R86, Theorem
3.1] I —: 2™ : (1) can be extended to a continuous map from H to L?(E,u). So, by [AR91,
Proposition 6.9], there exists a B(H'7¢)/B(H'7¢) measurable map : 2" :: H~17¢ — H!=¢
such that : 2™ : (1) =g-1-c (: 2" :, ) g1+c v-a.e. for some ¢ > 0. By [AR91, Theorem 6.10] we
have the following Fukushima decomposition for X (¢) under P=.

Theorem 3.8 There exist a map W : Q — C([0,00); E) and a properly £-exceptional set
S C E,ie. v(S)=0and P*[X(t) € E\S,Vt > 0] =1 for z € E\S, such that Vz € F\S under
P* W is an M- cylindrical Wiener process and the sample paths of the associated process
M = (Q,F,(X(t))>0, (P?).cp) on E satisfy the following: for [ € H*™* s > (

2N

woll, X (1) = X(0))p = / (L, dW (r)) + / {H—s—z(—Znan:X(r)"l .
0 0 n=1 (3.3)

+ s <Al — l7X(T>>H—s:| dr Vit >0 P*—as..
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Moreover, v is an invariant measure for M in the sense that [ Poudy = [udv for u € L*(E;v)N

By(E).

Relations between the two solutions

In the following we discuss the relations between M constructed above and the shifted
equation (1.4). In fact, by Lemma 2.1 we have that C* C FE for a € (—1,0), C* € B(E) and
v(C*) = 1. For W constructed in Theorem 3.8 define Z(t) := [; e=*)4dW (s) + ¢4 X (0).

Theorem 3.9 Let o € (—g55— 1,O), —a < B < a+ 2. There exists a properly £-exceptional
set Sy C E in the sense of Theorem 3.8 such that for every z € C*\ Sy under P*) Y := X — Z e
C([0,T);CP) is a solution to the following equation:

Y(t) = / (t=s AZkakZC’k 1 L Z(s) 1 ds. (3.4)
k=1

Moreover,
P?X(t) € CY\ Sy, Vt > 0] =1 for z € C*\ 5.

Proof Recall that : p(¢) := Zfﬁl na, : "' :. Now for 2 € E'\ S under P? we have that

X(t)=— /Ot AL (X (7)) s dr + Z(t).

Since v is an invariant measure for X, by Lemmas 2.1 and 3.1 we conclude that for every T" > 0,
p>1,6 >0, with a4+ 20 < 0, and py > 1 large enough

/ fog / P dri(dz) / Jog / ) Wy drv(d2)
=T [ 1:9(0) s g v(d0) ST [ 159(0): agr(d0) < o

which implies that there exists a properly £-exceptional set S; D S such that for z € E\ S
P*-a.s.

(X () =€ LP(0, T: C2), E/O | p(X(7) : |Pdr < 00, ¥p> 1.

Here we used Lemma 2.1 to deduce the first result. The second, however, does not imply the
first directly because of (2.1). Lemma 2.2 implies that for —a < f < a + 2

/Ot A (X (7)) s dr € C([0,00);C%)  P? —as..

Now we conclude that for z € E'\ S}
X -7 €0([0,00);C%) P*—a.s..

Since P¥ o X(t)"! = v, by Lemma 3.6 we conclude that under P, by Fubini’s theorem Y :=
X — Z satisfies (3.4) and for v-a.e. z € E under P? Y := X — Z satisfies (3.4). In the following
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we prove that the results hold under P* for z outside a properly £-exceptional set. First we
have Z € C([0,0);C*) P"-a.s., which combined with X — Z € C([0, 00);C”) implies

PY[X € C([0,00),CY)] =1
Define Z(t) = fg el=94dW (s) and we obtain that
}7(8, to) Z:X(S + to) — Z(S + t()) — GSA(X('[Z[)) — Z(to))

to+s
:/ ellots=mA (X (7)) 1 dr € O([0,00)%,C%) P” — a.s..

to

Moreover, for s > 0,ty > 0, define
20+ ) + (X (t) — Z()]F 1= Y O (X (0) = Z(10)))': Z(s + 10

where we used that e*4(X (to) — Z(to)) € C? P-a.s. to make the right hand side of the above
equality meaningful. Similar arguments as in the proof of Lemma 3.6 imply that Vs > 0,¢5 > 0

Pr(: p(X(s + o)) Zkak ch Y (s,t0)' [ Z(s + to) + (X (to) — Z(t0))F 1,
X € C([0,00),C%),Y € C([0,00)%:CP)) =1
where we used : [Z(s + to) + (X (to) — Z(ty))]¥ :€ C*. In the following we use I 4, to denote

the equality

/0 (X (s+to)) ds-ZkakZ/ CL_ V(s to) : [Z(s+1to)+ e (X (to) — Z ()] - ds.

Then using Fubini’s theorem we know that
P"(I,4, holds ¥t > 0,a.e.ty > 0, X € C([0,00);C%),Y € C([0,00)?C?)) =

Here we used X € C([0,00);C?) for —a(2N — 1) < 1 to make the right hand side of I,
meaningful. It is obvious that the right hand side of the first equality is continuous with respect
to tp. Since fot p(X(s+tp)) :ds = Hto : p(X(s)) : ds we know that fot :p(X(s+tg)) : ds is
also continuous with respect to and we obtain that

PY (I, holds Vt,ty > 0, X € C([0,00);C*),Y € C([0,00)%C%)) = 1

This implies that there exists a properly £-exceptional set Sy O S; such that for z € C* \ S
under P*
P*(X € C(]0,00);C%), I 4, holds Vt,ty > 0) = 1.

Indeed, define
QO ::{w X € C([O, OO),CQ), [t,to holds Vt7t0 > 0}7
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and let ©; : Q — Q,t > 0, be the canonical shift, i.e. ©;(w) = w(-+1),w € Q. Then it is easy
to check that
0,10 D0, tecRT,

and
Q= (] 6.

t>0,teQ

On the other hand, by the Markov property we know that
P*(0; ') = Pi(la,)(2),

which by [MR92, Chapter IV Theorem 3.5] is £-quasi-continuous in the sense of [MR92, Chapter
IIT Definition 3.2] on E. It follows that for every ¢ > 0

P(O;'%) =1 qezcE,
which yields that
P*(Qp) =1 qez€FE.

Here g.e. means that there exists a properly £-exceptional set such that outside this exceptional
set the result follows. Now Y satisfies (3.4) P*-a.s. for z € C*\S,. Moreover, for z € C*\S,
Y € O([0,00);C?), Z € C([0,00);C*) P*-a.s., which implies that

P?X(t) € CY\ S, Vt > 0] =1 for z € C*\ 5.

O

3.3 Relations between two solutions: starting with solutions to the
shifted equation

Now we fix a stochastic basis (Q2, F, {Fi }iejo,00), ) and on it a cylindrical Wiener process W
in L%(T?). Define Z(t) = fot e=9AdW (s) + ez as in Section 3.2 with z € C* for a < 0. Now
we consider the following equation:

t 2N k—1
Y(t) = ey — / eINN Thay Y CrY(s) 1 Z(s)F T 1 ds (3.5)
0 k=1 1=0

When N = 2, global existence and uniqueness of the solutions to (3.5) have been obtained in
[IMW15]. Now we consider general N € N and have the following existence and uniqueness
results. Moreover, by using solutions given by Dirichlet form theory we also obtain that v is
an invariant measure of the solution to X = Yy + Z, where Yj is the unique solution to (3.5)
with y = 0.

Theorem 3.10 Fix o, such that 0 < —a < f < a + 2 and (3, —« sufficiently small. For
y € LP(T?), with p even, large enough, there exists a unique solution to (3.5) in C((0,7T];C")

Bl
equipped with the norm sup;cp t2 % - ||
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Moreover, v is an invariant measure of the solution to X = Yy + Z, where Y is the unique
solution to (3.5) with y = 0.

Proof TFirst we prove local existence and uniqueness of solutions: for y € LP(T?) and a.s.
w € ) there exists T*(z,w) and a unique solution to (3.5) such that

Y(w) € C((0,T%(2,w)],C").
In fact, we use a fixed point argument in the space

Ly :=C((0,T],C")

8 _
equipped with the norm sup;cjo 1 t2ts | - [|s- By Lemma 3.5 we have that : Z : converges to

: Z™ ©in C((0,T];C%) in probability, with the norm SUDye(0,7] e +p|| Z"(t) ¢ |l < oo for
B> —a>0,p>0. For the above «, 3, p, we introduce the following notation

2N-1

= (B=a)l+p a)l+p
1Z]|e == Z sup T 12 Z4(7)

—0 7€[0,7T

By Lemmas 2.2, 2.3 we obtain that for Y € Lp

/ A Z kay, Z Ct YUr): ZFYN 1) idr € Ly
k=1

and

sup ¢4/2+1/p

/ (t= T)AZka ZC,Zg YTy 2Ny cdr
k=1

t€[0,T7] B
< sup /2P § /(75—7)&26 § Y (D5l 257(7) « [ladr
te[0,7
s (8-0)(h 1)1 (B-a)e1)
< sup tH/Fp / (t—7) 5" 7 VL +7 N Z|| edr
S E E Y1, )]

<pla —B)N+14+5+1-2 v T S—p (7+;) 2N—2)(||Y||E 4 1)
~ T
(3.6)
with 8, —a > 0 small enough and p > 0 large enough. Here we used Lemmas 2.2 and 2.3 in
the first inequality and used Lemma 3.5 in the second inequality and used [|Z||¢ < oo P-a.s.
in the last inequality. Moreover, by Lemmas 2.1 and 2.2 we have

5+

letylls < P lyllore)-

Similarly we obtain that the iteration mapping is a strict contraction in a bounded ball Ly
with T > 0 small enough, which implies the local existence and uniqueness of solutions. A

similar argument as (3.6) also implies that the local solution is continuous with respect to
(Z,: 2%, ...,: Z?N-1 ),
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In the following we give an a-priori estimate on the L” norm of Y: Let Y. be the solution
to (3.5) with Z replaced by Z., where Z. is defined in Section 3.1. Since Z. is smooth we know
that Y. is smooth and we can choose Y?~! as a test function. Then we have

1 P _ P
]—?(HYs(t)lle 1Y=(0)[[%)

—/O [=(p = D(VYe(s), Y22 (5) VYe(s)) — [[Va(s) 170 — akZC/i \YX(s) 1 Z27 N (s) 1 Ye(s)P )]s

k 1

Without loss of generality, suppose that asy = ﬁ Then
1 ! _ _
Z;(HYa(t)Hﬁp - ||Ye(0)||’2p)+/0 [(p = D(VYo(s), Ya(s)P 2V Yo(s)) + [[Ya ()P T2V 72 1] ds
t
—/0 IY=()II0 + (T(Ya(s), Zo(5)), Ya(s)P~")]ds.

Here W(Y.(s), Z.(s)) = Yo kap Y=y CL_Yi(s) : ZF17U(s) : —=Y2N=1(s). Now it is sufficient
to control each term in <\IJ(Y5(S), Zs(s)), Y.(s)P~!) separately. We only consider (Y.(s)?VN72Z_(s), Yo(s)P71).
The other terms can be estimated similarly. We have

(Ya(s) 72 Z(s), Yo()P ") = (Yo(s)*77%, Zo(s).

In the following we omit ¢ if there’s no confusion. Then Lemma 2.3 implies the following duality
(Y (s)*4772, Z(s))] S Y ()M 7o 1 Z(5) o

Moreover, we have

1Y (57N e S AR ()N 73 a0 S AP 5N 2 o [V 5N 72

with A = (A + 1Y%, 8y > —a > 0,py > 1, 2 - + L= —, where we used Lemma 2.1 in the first

inequality and Lemma 2.4 (ii) in the second mequahty Now we estimate each term separately:
Lemmas 2.1 (iii) and 2.4 (i) imply that

IIABOYP+N_§IILP1 S IAPYEN 2| S (IAY BN B Y B

where 31 = By + p% — 2 ] < py <p <2 For |AY5N=2]| s we have

. 1 (2N-3) L _
HAY%*N*%HW SIYENEVY | S YWY PIRIY T 3

where we used Holder’s inequality in the last inequality. Furthermore, we have

p 3 p 3 75+N7%
Y22 e S Y272 S YN

Y

with 2 < ¢; < };f]y:;. Choose p large enough (depending only on ) such that
2 2
4N +p—5 1 1 1 1 E+nN-1
< — < —V 0 T — < . 3.7
2(p 1 2N —2) XN—1) g S2N=1) T praN—2 (37)



(2N 3) < p+2N —2 and the second comes from 31 = By+=—=

P2 p1
and [ — By < — we used below and the third follows from the bound for ¢; . Thus combining

the above estlmates we obtain that

The first mequahty implies that 22

_ _ _N-3 bnv—§ 8
Y (172, Z(s))] S 120 all Y7282 T =2y 2oy ) 2,
By (3.7) we know that for 5y small enough, 5;(N — 1) < 1, which implies that
N -3 E+N-3 B
S BIYD B T A S T
iy R Gl +2N—2+ 2
Then we have that there exists v > 1 such that
(Y ()M 772, Z(s)] S NZ ()2 + (Y272 n + e[ Y2 VY P 10).
We can do similar calculations for the other terms in (Y (s), Z(s)). Then we deduce that there
exist 0 < p; = 71(2N71)(267a)+71p < 1,7 > 1 such that
[(T(Y (s), Z(s)), Y (s)" )]
SsTZIY (Y1505 + Y2 VY P,

Here p; can be chosen less than 1 since §—a > 0 can be chosen small enough. Hence Gronwall’s
inequality yields a uniform estimate

sup [[Yz(8)|[7, < Cr + [Y(0)I7»

te[0,T

Since all the constants above are independent of €, we can extend the local solution to the
unique global solution to (3.5) in C((0,T],C").

Moreover, consider X = Y + Z, where Yj is the unique solution to (3 5) with y = 0. By
Theorem 3.9 and the uniqueness of the solution to (3.5) we know that X has the same law as
the solution X in Theorem 3.8, which combined with v(C%) = 1 implies that v is an invariant
measure of X. U

In the following we start from the transition semigroup of X: Let p, be the transition
semigroup (of sub-probability kernels) associated with X. Since v(C®) = 1, p; can be extended
to a kernel on E by setting

pi(z, dy) = 0.(dy),

for z € E\C?, where §, denotes the Dirac measure in z. By Theorem 3.10 we have

[mtvtan) = [ utin)

ptf _>t%0 fa

for f € Cp(C*). By [MR92, Chapter II, Subsection 4a] (p;);>o uniquely determines a strongly
continuous contraction semigroup (7} )t>0 of operators on L?(E;v). By the pathwise uniqueness
of the solution to (3.5) we obtain that p,f(z) = P,f(2) for all f € By(F),t > 0 and z € C*\S,,
which implies that p; and hence T} is v-symmetric. Here P, is the transition semigroup properly
associated with Dirichlet form (£, D(€)) defined in Section 3.2. Then there exists a Dirichlet
form (&1, D(&)) associated with T}. Moreover, (&1, D(&;)) = (€, D(E)), where (€, D(£)) is the
Dirichlet form obtained in Section 3.2. Hence for (&1, D(&)) the results in Theorem 3.8 hold.

for f € L*(E;v) and
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3.4 Markov uniqueness in the restricted sense

In this subsection we prove Markov uniqueness in the restricted sense and the uniqueness of
the martingale (probabilistically weak) solutions to (1.1) if the solution has v as an invariant
measure.

By [MR92, Chap. 4, Sect. 4b] it follows that there is a point separating countable Q-vector
space D C FC° such that D C D(L(E)). Let £4" be the set of all quasi-regular Dirichlet
forms (€, D(E)) (cf. [MR92]) on L?(E;v) such that D ¢ D(L(E)) and € = £ on D x D. Here
for a Dirichlet form (£, D(£)) we denote its generator by (L(£), D(L(E))).

In the following we consider the martingale problem in the sense of [AR95] and probabilis-
tically weak solutions to (1.1):

Definition 3.11 (i) A v-special standard process M = (2, F, (M;), Xy, (P?)) in the sense of
[IMR92, Chapter IV] with state space Ei 1s sald to solve the martingale problem for (L(E), D) if
for all u € D, u(X(t)) — — [y L (s))ds, t >0, is an (M;)-martingale under P".

(ii) A v-special standard process M = (Q ]-" (/\/l ), X, (PZ)) with state space F is called a
probabilistically weak solution to (1.1) if there exists a map W : Q — C([0,00); E) such that
for v-a.e. z under P*, W is an M;- cylindrical Wiener process and the sample paths of the
associated process satisfy (3.3) for all [ € H*T*, s > 0.

Remark If M is a probabilistically weak solution to (1.1), we can easily check that it also
solves the martingale problem. Conversely, if M solves the martingale problem, then it is easy
to check that

Br(t) =: <ek,X(t)—X(O)>—/O [Hsz(—Znan S X(r)"h s en) o s (Aer—ep, X (1)) s | dr

is a Brownian Motion. Here {e;} is the orthonormal basis defined in Section 3.2. Moreover,
W = > Brer is a cylindrical Wiener process on (Q, F, P¥) and (X, W) satisfies (3.3) for [ €
H?**$ s> 0. That is to say, these two definitions are equivalent to each other.

To explain the uniqueness result below we also introduce the following concept:

Two strong Markov processes M and M’ with state space E and transition semigroups
(pt)t>0 and (p})i=o are called v-equivalent if there exists S € B(E) such that (i) v(E\S) = 0,
(i) P*[X(t) € S,Vt > 0] = P*[X'(t) € S,Vt > 0] = 1,z € S, (iil) pf(2) = pif(2) for all
f€By(E),t>0and z € S.

Combining Theorem 3.9 and Theorem 3.10, we obtain Markov uniqueness in the restricted
sense for (L(E), D) (see part (iii)) and the uniqueness of martingale (probabilistically weak)
solutions to (1.1) if solution has v as an invariant measure (see part (i)):

Theorem 3.12 (i) There exists (up to v-equivalence) exactly one probabilistically weak
solution M to (1.1) satistying P*(X € C([0,00); E)) = 1 for v-a.e. and having v as an invariant
measure, i.e. for the transition semigroup (p¢)is0, [ pefdv = [ fdv for f € L*(E;v).

(ii) There exists (up to v-equivalence) exactly one v-special standard process M with state
space F solving the martingale problem for (L(£), D) and satisfying P*(X € C([0,00); E)) =1
for v-a.e. and having v as an invariant measure.
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(iii) 4€9" = 1. Moreover, there exists (up to v-equivalence) exactly one v-special standard
process M with state space E associated with a Dirichlet form (€, D(E)) solving the martingale
problem for (L(€), D).

Proof For (i), suppose that M is a probabilistically weak solution to (1.1) and let p} be the
transition semigroup (of sub-probability kernels) associated with M'. Since v is an invariant
measure and

pif =",

for f € FC®, by [MR92, Chapter II, Subsection 4a] (p});~o uniquely determines a strongly
continuous contraction semigroup (7})so of operators on L?(E;v). By the proof of Theorem
3.9 we know that the solution to (3.3) having v as an invariant measure minus Z also satisfies
(3.4) under P”. Moreover, by the pathwise uniqueness of solutions to (3.4) we obtain that
pif(z) = P, f(z) v-a.e. for all f € By(FE),t > 0, which implies that p} is associated with the
Dirichlet form (£, D(€)) obtained in Section 3.2. Here P; is the semigroup properly associated
with (€, D(€)) obtained in Section 3.2. Since M' is a v-special standard process and has
continuous paths, by [MR92, Chapter 4, Theorem 1.15, Theorem 5.1] M! is properly associated
with (€, D(€)). Then by [MR92, Chapter 4, Theorem 6.4] M is v-equivalent to M obtained
in Section 3.2, which implies (i) easily.

(ii) follows from the first result and the above Remark.

The second result in (iii) follows from the first result and [AR95, Theorem 3.4]. We only
prove the first. Since for every (€, D(E)) € £9% there exists a unique Markov process M
associated with (£, D(£)) and Theorem 3.8 holds for M, by Theorems 3.9 and 3.10 we know
that for the semigroup p; associated with M we have p,f = P.f v-a.e. for f € B,(E), which
implies that p; is a v-version of the semigroup 7; associated with (£, D(€)). Then by [MR92,
Chapter 1] we know that (£, D(E)) = (£, D()). Now (iii) follows. O

3.5 Stationary solution

Now we consider the stationary case. In this case, we can obtain a probabilistically strong
solution to (3.3). Take two different stationary solutions X, X to (3.3) with the same initial
condition n € C*, a < 0, —a small enough, having the distribution v. We have

X,(t) = e n — /Ot A p(X(7)) s dr + Z(t),

where Z is the stochastic convolution

Z(t) = /Ot eE=DAGW (s).

By a similar argument as the proof of Theorem 3.9 and using Lemma 3.1 we have that for every

p>1 .
B[ 1) s ar =T [ 112 010) - I2wtas) <

Then Lemma 2.2 implies that for a < 0, —a < < a+2
t
/ U=A L p(X(7)) 1 dr € O([0,T);C°) P —a.s..
0
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Thus by Lemma 2.2 we conclude that
X, —ZeC((0,T];C%) P—a.s.,

where C((0,T];C”) is equipped with the norm sup,¢(, 7 t73* 2| -||3. Moreover, similar arguments
as in the proof of Theorem 3.9 yield that if o < 0 with —a small enough, X; — Z is a solution
to the following equation

Y(t) = e n+/ (t= SAZk:akZCk . : Z(s)F1 s, (3.8)

Here the Wick powers of Z are defined as in Lemma 3.4.
Now by similar calculations as in (3.6) we obtain local uniqueness of the solution to (3.8),
which implies that
X1 —Z=Xy—Zonl[0,T] P—a.s.

Then the pathwise uniqueness holds for the stationary solution to (3.3). Now by the existence
of the stationary martingale solution ( cf. [MR99]) and the Yamada-Watanabe Theorem in
[Kur07] we obtain:

Theorem 3.13  For any initial condition X (0) € C* with distribution v and o < 0, —«
small enough, there exists a unique probabilistically strong solution X to (3.3) such that X is
a stationary process, i.e. for every probability space (2, F,{Fi}icor), P) with an F-Wiener
process W, there exists an JF;-adapted stationary process X : [0,7] x Q — E such that for
P —a.e. we Q) X satisfies (3.3). Moreover, for 0 < < a+ 2

X —-2ZeC((0,T];C%) P—a.s.

4 Infinite volume case

In this section, we analyze the stochastic quantization equations in infinite volume. The proof
is similar as for the finite volume case. However, the invariant measure v defined below is
more singular and the analysis becomes considerably harder. For simplicity we choose N = 2.
The general case can be proved similarly. Recall that S’'(R?) is the space of tempered Schwartz
distributions on R? and S(R?) the associated test function space equipped with the usual
topology. In this section we use weighted Besov space [S’gf and we fix o > 2.

4.1 Wick powers

Let po be the mean zero Gaussian measure on (S'(R?), B(S'(R?))) with covariance

/S<k172>8’5<k272>8’ﬂo(d2’) = //%G(f — y)ki(x)ka(y)drdy =: (k1, ko) m,

where G' denotes the Green function of the operator —A on R

Wick powers on L*(S'(R?), uo)
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Let H; be the real Hilbert space obtained by completing S(R?) w.r.t, the norm associated
with the inner product (-,-)g,. Now for n € N, let S_,, denote the Hilbert subspace of S'(R?)
which is the dual of S,, defined as the completion of S(R?) w.r.t the norm

m1 8m2

2 5 11/2
Ikl o= (32 [ (0 o) G s ) P2

Im|<n
For h € H; we define X, € L*(S'(R?), uo) by Xp, := lim,, o0 s(kn, ) in L*(S'(R?), u1o) where
k, is any sequence in S(R?) such that k, — h in H;. We have the well-known (Wiener-Itd)
chaos decomposition
*(8'(R?), o) = D M.

n>0

For h € L*(R?,dz) and n € N, define : 2™ : (h) to be the unique element in H,, such that

[z T1%0 o =t [ TTC[ Glo =)o)y hia)da

j=1

where ki, ...k, € S(R?) and : :, means orthogonal projection onto H, (see [S74, V.1] for
existence of : 2" : (h)).
From now on we define for h € L*(R?, dz)

We have that exp(— : P(z) : (h)) € LP(S'(R?), o) for all p € [1,00) if b > 0 (cf. [AR91,
Section 7]), hence the following probability measures (called space-time cut-off quantum fields)
are well-defined for A € B(R?), A bounded,

_ exp (—: P(z) : (1p))
Jexp(—: P(2) : (14))duo

It has been proven that the weak limit

lim vy =: 1
A—R2
exists as a probability measure on (S'(R?), B(S'(R?))) having moments of all orders (see [G1J86]
and also [AR91, Section 7]). In particular, it follows by [AR89, Proposition 3.7] that v(S_,) = 1
for n € N large enough. We emphasize that vy is not absolutely continuous with respect to
o (c.f.JAR91]). By [AR91, Section 7], if n is large enough, there exists a B(S_,)/B(S-,)-
measurable map : ¢ :: S, — S_,, such that 5_ {: ¢* :,1)s, =: ¢* : (I) vp-a.e. for each [ with
compact support and [ || : ¢* : |5 dvy < oo.
For ¢ € §'(R?) define
¢e = pPe ¥ ¢

with p. an approximate delta function,

pulr) = 2p(2) €D, / p=1,
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and for every n € N we set
:¢n o= Cn/2P ( 71/2¢E>

withc. = [ ¢2uo(de) = 3 [ [ G(x—y)p(y)dype()dz = || K| 72 gy gy Here and in the following
K(t,x — y) is the heat kernel associated with A on R? and K. = K x p., where * means
convolution in space. By [GlJ86] we know that for every smooth funcion g with compact
support, (: ¢ :¢, g) converges to (: ¢ :, g) in L*(S'(R?), y).

Now we give estimates on the measure v, for later use.

Lemma 4.1 Leta0<— oc>2 p>1,peN, then

S8 2 mlds) < .

Proof By (2.3) we have

JARR s

/ (222” S DI WA [T ))Vo(d¢)

Yev, x€An,
<222n ap—1/p+1)p Z Z/ ¢n pr( )Vo(d¢)
YeW, €A,
222n ao—1/p+1)p Z Z Hw HL4w
PYEW, zEA,

Here we used [G1J86, Corollary 12.2.4] in the last inequality. Recall that the L*-norm of ¢ is
of order 22 and that V¥ is a finite set. Thus we obtain that the last term is of order

oo

222”(0‘”3)’3/ w(z)dz.

n=0 R?

Hence the sums over n and x converge for ay < —g. 0

Wick powers on a fixed probability space
Now we fix a stochastic basis (€2, F, (F¢)ic[0,00), ) and on it a cylindrical Wiener process
W in L?(R?). We have the well-known (Wiener-Ito) chaos decomposition

2Q,F,P) =P,

n>0

Now for Z(t) = |, Lelt=9)AqW (s), we can also define Wick powers with respect to different
covariances by approximations: Let Z.(t,y) = [ fo — s,y —x),dW(s)) = p. x Z. Here

(-,-) means inner product in L?(R?). Let Cy:= —(—A)_l(I e*4). For every n € N we set
(1) r0= (cen) FPal(cen) T2 2:(1) € My,
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where P,,n = 0,1, ..., are the Hermite polynomials and c.; = || K14 H%Q(RXW).
By similar arguments as in the proof of Lemma 3.3 and using (2.3) we have:

Lemma 4.2 Forevery o < 0andeveryp > 1,n=2,3,: Z" :¢, converges in LP(Q, C ([0, T; B;‘p‘gp))

This limit is called Wick power of Z(t) with respect to the covariance C; and denoted by
22 (t) i,

By this lemma and a similar argument as in the proof of Lemma 3.4 we can also define
S ZM(t) o
Lemma 4.3 Foreverya <Oandeveryp>1,n=2,3,: Z0' :c= (c2)2 P,((c.)"2 Z.) converges
in LP(€2, C((0, T1; By ). Here C((0,T]; Byy) is equipped with the norm supyep 7 ¢/ - [ ga. for

p > 0. This limit is called Wick power of Z(t) with respect to the covariance C' and denoted
by : Z™(t) :¢c. Moreover, for t > 0

/2] ,
n:

. 7n R l . 7n—21l .
27 (t) o= Z Ctm 27 (t) ‘Cyy
=0

where ¢; == lim.,o(ccy — c.) = — [~ [ K(r,)*dzdr, c. = HK&“%?(RX]R?)'

Now we combine the initial value part with the Wick power by using (3.1). In the following
we fix py > 3. For z € B3Y _ with a < 0,0 > 2 we set V(t) = ez, V. = p. * V, and

Z(t)=Z(t)+V(t), Z.(t)= Z.(t)+ V.(t),
L Z2(t) o= Z(t)? 1o FV (1) +2Z(4)V (1),
L Z3(t) o= Z(t)® 10 +V () +3Z)VA(t) +3: Z(t) i V(1).

1 2" ¢ is defined as : Z’f :c with Z,V replaced by Z, V., respectively. By Lemma 2.5 we
know that V e C([0,T]; By’ ) and V € C((0,T]; B2 ) for f > a equipped with the norm

8 3po,00 3po,00
—
SUPeort 2 |l ||B§I,ng. Moreover,
B-a <
sup £ 7 IV gz S Nolage

t€[0,T)

By Lemma 2.6 we obtain that fora < 0,n =1,2,3,0 > 2,p > 1,: Z" :c€ LP(Q, C((0,T); Boe )

Po,00

and that : Z" :o converges to : Z" :¢ in LP(Q,C’((O,T];B%"’OO)). Here C’((O,T];B;‘dj’oo) is
equipped with the norm sup;cp U || - “335"00 with 8 > —a > 0,p > 0.

Relations between two different Wick powers

Lemma 4.4 Let ¢ be a measurable map from (2, F, P) to C([0,7],87") for some n > 0
large enough, P o ¢(t)~! = 1 for every t € [0,7] and let Z be defined as above. Assume in
addition that y = ¢ — Z € C([0,T]; B37,.) P-a.s. for some 3 with 8 > —a > 0. Then for every
t>0

L0 (t) =D CRyP R ZM(t) e P—aus.
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Proof By [G1J86, Theorem 12.2.1] it follows that for every compactly supported smooth func-
tion g and t > 0

(: 0:(t)* 10, 9) = ( 0(t)* 1,9)  in L*(Q, P).
Since y. = ¢. — Z. = p. * y, it is obvious that y.(t) — y(¢) in [;’gof(’;;" P-as. for k > 0,8 — Kk >
—a > 0, which combined with Lemmas 2.6 and 4.3 implies that for k € N, £ < 3

(W2 (t) : ZEc.g) = (y*5(t) : Z" :c,g)  in probability .

Moreover, by (3.1) and similar arguments as the proof of Lemma 3.6 we have

3
L0 () o= CF - ZE(t) o g2 M (1),
k=0

which implies
3
(o) c,9) = Zczlﬁf@gfk(t) : Z8t) ioyg) P —as.
k=0

by letting ¢ — 0. Now the results follow because the test function space is separable. ([l
In the following, we only use Wick powers : - :¢ and we write : - : for simplicity.

4.2 Relations between the two solutions

Solutions given by Dirichlet forms

Now choose H = L*(R?) and F = S_,, for some n large enough, which can be chosen from
Theorem 4.5 below. We define the Dirichlet form as in [AR91]. Define

FCr° ={u:u(z) = f(glh, 2) B, 52, 2) By ooy Blim, 2)E), 2 € E 11,19, ...l € E*,;m € N, f € C;°(R™)},
where E* denotes the dual space of E. Define for v € FC;° and | € H,

ou d
E(z) = £u(2 + sl)|s=0, 2 € E,

that is, by the chain rule,

ou

W(z) = Z 0;f(e<l1, 2) By BXl2, 2) By ooy Xl 2) )1, D A

Let Du denote the H-derivative of u € FCy°, i.e. the map from F to H such that
ou
(Du(z),l) = a(z) forallle H,z € E.
By [AR91] we easily deduce that the form
1
E(u,v) = 5/(Du, Do) gdvy; u,v € FCY°
E
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is closable and its closure (£, D(€)) is a quasi-regular Dirichlet form on L?*(F;vg) in the sense
of [MR92]. By [AR91, Theorem 3.6] we know that there exists a (Markov) diffusion process
M = (Q,F,(X(t))i>0, (P?).cr) on E properly associated with (€, D(E)).

By [AR91, Theorem 7.11] we have the following:

Theorem 4.5 For each [ smooth and compactly supported, the partial log derivative of 1
is given by

ﬁl(z) = —2<: 23 5 l> + 25n<Al —1, Z>S_n-
If n is large enough there exists a B(S_,)/B(S-,)-measurable map § : S_,, — S_,, such that
s_. (B, )s, = B vo-a.e. for each | with compact support and [ [|5]|3_ dvy < oo.

Moreover, by [AR91, Theorem 6.1] we obtain the following results:

Theorem 4.6 There exist a map W : Q — C([0,00); F) and a properly £-exceptional set
S C E,ie v(S)=0and P*[X(t) € E\S,Vt > 0] =1for z € E\S, such that Vz € E\S under
P* W is an M- cylindrical Wiener process and the sample paths of the associated process
M = (Q,F,(X(t))i>0, (P?).er) on E satisty the following: for | € S,, with compact support

sl X (1) — X(0)) = / (L AW () + / (=5 X()* 2. ),
+s, (Al —1,X(r))s_,)dr Yt>0 P?—as.

(4.1)

Moreover, vy is an invariant measure for X in the sense that [ piudv = [udv for u € L*(E;v)N
B,(E), where p; is the transition semigroup for M.

Relations between the two solutions

In the following we discuss the relations between M constructed above and the shifted
equation. For W constructed in Theorem 4.6, define Z(t) := fot el=AdW (s) + e X (0). First
we prove the following property for vy by using Theorem 4.6. .

Theorem 4.7 For every a < 0,0 > 2,p > 1 we have
V0<B[O)[,go> =1
Proof By using [G1J86, Corollary 12.2.4], we have that for oy < —1/2,p > 1

v (Bylg ) = 1.

2p,2p

Indeed, by (2.3), [G1J86, Corollary 12.2.4] and similar calculation as the proof of Lemma 4.1

we have
160 ) < €l S S 3 )

PeEW, zEA,

Recall that the L*3-norm of 4" is of order 272 and that W is a finite set. Thus we obtain
that the sums over n and x converge for oy < —%.

Then by Theorem 4.6 we have that for z € Bglog N(E\ S) with p > 1 under P?
¢
X(t) = —/ AL X (7)3 L dr 4 Z(t).
0
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By a similar calculation as in the proof of Lemma 3.3 and using (2.3), it follows that for every
a<0,p>11t>0,

t
/ =AW (s) € B)S, P*—as
0

Moreover, by Lemma 2.5 for ¢t > 0

7((17(1 )
e zllgae St 2 ll2llgone,

which implies that for every t > 0, < 0,
Z(t) € ngo P —a.s

Since vy is an invariant measure for M, by Lemma 4.1 we conclude that for every oy < —%, T>
0,p>1,

T
E”O/O | : X(7)*: Hgao,ng = T/ [ H%;%,UVO(CZ@ <00

Then by Lemma 2.5 we have that for p > 3

(a o)

t t .
E" sup e=NA L X (1) dr oo < EY sup t—7)" 2 || X(1)?: || geoodr
BY Vo ByY;

t€[0,T) 0 tel0,T

T P
S(E”O/ | X ()% ||1”a0 ng) < 00
0

Here in the last inequality we used Holder’s inequality. Thus, by Lemma 2.6 for every ¢ > 0
X(t) € By, P™-a.s., which implies the result since P* o X(t)~' = . O

Now we prove that X — Z satisfies the shifted equation.

Theorem 4.8 Let a € ( ,0) and pg > 3. There exists a properly E-exceptional set Sy D S

in the sense of Theorem 4.6 such that for z € B3p0 wN(E\Sy), Y =X —Z7¢eC(0,00); Bg;)
P?-a.s. for every 5 € (0, 5),p > 1, is a solution to the following equation:

Y(t)=— /t elt=9)4 ZC’éY{s)l - 737 H(s) « ds. (4.2)
0 1=0

Moreover,
P*[X ()683p wN(E\S),Vt>0]=1 forz€B3p o N(E\ Sy). (4.3)
Proof By Theorem 4.6 we have that for z € £\ S

¢
X(t) = _/ elt=m4 X(r)?:dr+Z(t) P?—a.s.
0

Since 1y is an invariant measure for X, by Lemma 4.1 we conclude that for every oy < —%,

p>1,
/ E* / o drrn(d2) / 6" [Bagerds) <
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which implies that there exists a properly £-exceptional set S; D S such that for z € E'\ S;
T
EZ/ | X ()% ||paong < 00.
0
By Lemma 2.5 we know that for 0 < 8 < ag + 2 and for z € E\S;, p > 1,
/ et AL X (1) dr € C([0, 00); Bg;) P? —a.s..
0

Then we conclude that for every z € E'\ S1, p > 1
X —ZeC(0,00);Bl9) P*—a.s.

By Theorem 4.7 and the fact that [, e¢=4dW (s) € C([0, 00); nggoo) PY-as. for o € (—3,0),
we obtain that B
Z e C([0,00): BX7 ) P"™ —a.s

3po,00

Thus, Lemma 4.4 and similar arguments as in the proof of Theorem 3.9 imply that

PVO[X c C’([O’ QQ) Baa ) X — Z - C([O 00)7357};7)7

3po [e's]

/Ot:X(s)S:dSZ/ S CUX(s) = Z(s))' Z(s): ds ¥t > 0] = 1,

0 j—o

which combined with similar arguments as in the proof of Theorem 3.9 implies that there exists
a properly E-exceptional set Sy D S such that for z € B3p0 N (E\ S2)

X € C([0,00), B ), X — Z € C([0,00), BEY),

3po,00

/ X(s :dsz/ ZC’l — Z(s))': Z(s)* " 1 ds,Vt > 0] = 1.

0 =0

Now we can conclude the first result. (4.3) follows from the above equality and S, is a properly
E-exceptional set. O

Now we deduce the uniqueness of the solution to (4.2) and that 14 is an invariant measure
of the solution X = Yy + Z, where Y} is the unique solution to (4.2).

Theorem 4.9 For 0 < g < 3 , o > 2, p sufficiently large, there exists a unique solution to
(4.2) in C([0,T7; B/B")

Moreover, 1 is an invariant measure of the solution X = Y + Z, where Y} is the unique
solution to (4.2).

Proof The first result follows from [MW15, Theorem 9.5] and the second follows from Theorem
4.7 and similar arguments as in the proof of Theorem 3.10. U

Similarly as in Section 3.3 we start from the transition semigroup of X and can prove that
the Dirichlet form associated with this transition semigroup is (£, D(£)) defined in Section 4.2.
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4.3 Markov uniqueness in the restricted sense

All the definitions introduced in Section 3.4 can be transferred here. Combining Theorem 4.8
and Theorem 4.9, we obtain uniqueness of martingale problem for (L(€), D) in the infinite
volume case and the uniqueness of probabilistically weak solutions to (1.1) if solution has vy as
an invariant measure:

Theorem 4.10 (i) There exists (up to vy-equivalence) exactly one vy-special standard process
M with state space E which satisfies (4.1) P*-a.s. and P*(X € C([0,00); E)) = 1 for vp-
a.e. z € E and has 1 as an invariant measure, i.e. for the transition semigroup (p:)¢>o,
[ pefdvy = [ fduvg for f € L*(E;vy).

(ii) There exists (up to vy-equivalence) exactly one yy-special standard process M with state
space E solving the martingale problem for (L(€), D) and satisfying P*(X € C([0,00); E)) =1
for vg-a.e. and having 1 as an invariant measure.

(iii) g€9" = 1. Moreover, there exists (up to vy-equivalence) exactly one v-special standard
process M with state space E associated with a Dirichlet form (€, D(E)) solving the martingale
problem for (L(E), D).

Proof 1t follows essentially from the same argument as the proof of Theorem 3.12 and (4.3).
O
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