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Abstract

Based on an integration by parts formula for closed and convex
subsets I' of a separable real Hilbert space H with respect to a Gaus-
sian measure, we first construct and identify the infinite dimensional
analogue of the obliquely reflected Ornstein-Uhlenbeck process (per-
turbed by a bounded drift B) by means of a Skorokhod type decom-
position. The variable oblique reflection at a reflection point of the
boundary 0T is uniquely described through a reflection angle and a di-
rection in the tangent space (more precisely through an element of the
orthogonal complement of the normal vector) at the reflection point.
In case of normal reflection at the boundary of a regular convex set
and under some monotonicity condition on B, we prove the existence
and uniqueness of a strong solution to the corresponding SDE. Sub-
sequently, we consider an increasing sequence (I'y, )rez of closed and
convex subsets of H and the skew reflection problem at the bound-
aries of this sequence. We present concrete examples and obtain as a
special case the infinite dimensional analogue of the p-skew reflected
Ornstein-Uhlenbeck process.
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1 Introduction

The construction and the analysis of stochastic differential equations with
reflection on a closed subset I' of a finite dimensional state space is mean-
while a well-established topic and one can say that there are at least two
approaches to it. The first approach is probabilistic, which can be realized
by local time calculus (see e.g. [26, chapter VI], [23], [12]), by solving the
Skorokhod problem ([13], [7], [6], [8]), or by penalization methods ([14], [22]).
In particular, the approach is realized through “direct” stochastic calculus.
The second approach is an indirect analytic one and uses as a main ingredi-
ent an integration by parts (hereafter IBP) formula on T', such as the weak
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Gauss Theorem for regular domains I'. The connection to the correspond-
ing diffusion can be made by associating the infinitesimal generator of the
diffusion with adequate boundary conditions through the IBP formula to a
bilinear form, a so-called (generalized) Dirichlet form. Then, one uses the
corresponding machinery (see [15], [5], [11], [17], [29], [20], [31] and refer-
ences therein). The approach is indirect because one has to establish the
connection between an analytic boundary term, a surface measure on the
boundary OI' that appears in the IBP formula, and a local time, i.e. the
reflection term that appears in the stochastic differential equation (hereafter
SDE) of the diffusion. This connection is established through Revuz’s corre-
spondence and originates from [25] (cf. [11, Theorem 5.1.4] and [26, Chapter
X]).

While direct stochastic calculus is often dimension dependent and is the
most powerful in dimension one, the indirect approach is dimension inde-
pendent and only relies on an integration by parts formula. In particular,
the Revuz correspondence has been shown to be also valid on infinite di-
mensional state spaces (see [17, VI. Theorem 2.4], and [30, Theorem 3.1]).
In this paper, we will use the theory of Dirichlet forms and the observation
that a concrete IBP formula on an infinite dimensional space (namely (2.4)
below) together with the Revuz correspondence will lead to the explicit iden-
tification of weak solutions to infinite dimensional analogues of well-known
reflected SDEs, like oblique and skew reflection (see [12], [7]).

An IBP formula on a closed subset of an infinite dimensional linear space
first appears in [34] (see also [35]). There it was shown that the solution of
some SPDE on L2((0,1), d¢) with reflection, which is forced to stay positive
by penalization (see [19]), admits a corresponding IBP formula with respect
to the 3d-Bessel bridge v, and v has closed and convex support on the non-
negative functions in L2?((0,1),d¢). In [28] the notion of BV functions in
a Gelfand triple is defined, which is an extension of the definition of BV
functions in a Hilbert space in [1] (see also [9], [10] in case of the abstract
Wiener space). In [28] they consider the Dirichlet form determined by

£ (u,v) = 5 /H (Du, Do)p(2)uldz), u,v € Ch(supplpds)) (L)

where H is a Hilbert space, D the Fréchet derivative, p a strictly positive and
integrable BV function, ¢ a Gaussian measure in H, and obtain a Skorokhod
representation for the associated process (a reflected Ornstein-Uhlenbeck
(OU) process), if p = Ir and T" is a closed and convex set. For a nice
convex set with non-empty interior, as in (04) of Subsection 3.1 below, the
corresponding generator of the Dirichlet form is identified and hence an IBP
formula is derived in [3], [4]. In this case Ir € BV(H, H) (cf. Lemma 3.7(ii)
and for the definition of BV (H, H) see Section 2). In [28] the generalized



weak Gauss Theorem reads as

/ DG u(dz) = — / 1, (G(2), 1) a2 | 9T (d2)
T or

where (Hy, H, H}) is a Gelfand triple of Hilbert spaces, nr : H — H7 the
“exterior normal” to OI', ||OT'|| a finite positive measure, i.e. the “surface
measure” on OI' (for the precise definitions see explanations around (2.4)).
A concrete situation, where the generalized weak Gauss Theorem holds and
where Ir € BV (H,H;) \ BV (H,H) (for the definition of BV (H, Hy) see
Section 2), is analyzed in [28, Section 6] (see Example 4.5(ii) below).

The organization, contents and the main results of this paper are as follows.
In Section 2 we introduce the general setting and the framework of BV-
functions in a Gelfand triple from [28]. Then, we choose £° as a reference
Dirichlet form, where we suppose that p satisfies either (Hla) or (H1b) and
that there exists a local (possibly non-symmetric) Dirichlet form £ which
is equivalent to £° in the sense of (H2). In case of (Hla), £ will turn out
to be the Dirichlet form of the (countably) skew reflected OU-process and
in case of (H1b), £ will turn out to be the Dirichlet form of the obliquely
reflected OU-process. Assumption (H2) guarantees that the £-smooth mea-
sures and £-smooth measures are the same (see Remark 2.2(i)) and that £
and & share important common properties (see Theorem 2.1). Proposition
2.3 constitutes a necessary tool to identify M and N in the Fukushima
decomposition (2.3) related to &, i.e. Proposition 2.3 will serve later for
the identification of Skorokhod type decompositions in case of an explicitly
specified £. A further necessary tool is the fundamental formula (2.6) of
Subsection 2.1. It follows in a straightforward manner from the IBP for-
mula (2.4) and is the main analytic tool in [28] to obtain weak existence of
the normally reflected OU-process. The fundamental formula (2.6) is used
as a basis to derive the IBP formulas in case of oblique and skew reflection.
These are given in Propositions 3.4 and 4.2 and are fundamental for our
main results.

In Section 3, we introduce the basic setting for oblique reflection on a convex
and closed subset I' of H, such that Ir € BV (H, H). We fix a fully antisym-
metric dispersion matrix A = (@ij)ij>1 satisfying (01)-(03) (see beginning
of Section 3). Here, we need the boundedness of I" in order to guarantee the
boundedness of the antisymmetric part of the logarithmic derivative 5“7’4 of
1 with respect to A (cf. Remark 3.1). Subsequently, the Dirichlet form 4,
where A := A 4 1d is introduced. E54 := £ is sectorial and coincides with
ET .= &' on the diagonal, thus satisfies (H2) (see Lemma 3.2), and serves in
a first step to obtain via the IBP formulas Lemma 3.3 and Proposition 3.4,
the obliquely reflected OU-process with drift 44 in Proposition 3.5. We
then use a Girsanov transformation in infinite dimensions to remove S#4 in
Proposition 3.5 and by this, we obtain the obliquely reflected OU-process
with bounded drift B in Theorem 3.7, which is the first main result of this



paper. In Subsection 3.1, we consider a (bounded) regular convex set given
by (04). Then it is known that Ir € BV (H, H) and so Theorem 3.7 can
be concretely reformulated as Theorem 3.9 under this setting. In Remark
3.10 the solution of Theorem 3.7 is characterized as an obliquely reflected
process. In Subsection 3.2, we consider the normally reflected case, i.e.
A= 0, so we may drop the assumption on boundedness of I' (see Remark
3.1). Noting that we construct the weak solution in Theorem 3.9 without
the restrictive assumption of positive p-divergence on B as in [28, (5.15)],
we obtain Theorem 3.14 just assuming B to be uniformly bounded and to
satisfy the monotonicity condition of Theorem 3.13. This generalizes [28,
Theorem 5.19).

In Section 4 under the conditions (S1)-(S3) and the corresponding definition
of p as a step function of countably many sets which are differences of closed
and convex sets, we obtain the IBP formula of Proposition 4.2. Then with
the help of Lemma 4.1, we are able to identify the countably skew reflected
OU-process in Theorem 4.4 which is the second main result of this paper,
where the occurring local times are normalized according to the interpre-
tation of Remark 4.3. We present concrete examples where Theorem 4.4
can be applied in Examples 4.5. Finally, in Remark 4.6, we mention the
related paper [2], which is to our knowledge the sole other work about skew
reflection in infinite dimensions.

2 Framework and preliminaries

Let H be separable real Hilbert space with inner product (-, -), norm |- | and
Borel o-algebra B(H).

Let A: D(A) C H — H be a linear self-adjoint operator on H such that
A>61d, ie. (Az,x) > §|z|? for any # € D(A) and some § > 0. We further
suppose that A™! is of trace class. In particular there exists an orthonormal
basis {e;,j € N} of H consisting of eigenfunctions for A with corresponding
real eigenvalues o, € N, i.e.

Aej = ey, Vi eN.

Consequently, o; > ¢ for any j € N.
We denote by u the Gaussian measure on H with mean zero and covariance
operator

Ll
Qi= At

Since A is strictly positive, p is nondegenerate and has full support on
(H,B(H)). The corresponding LP-spaces, p € [1, 00|, with the usual norms
| - |l, are denoted by LP(H;u). We denote by Dy : H — H*(= H) the
Fréchet derivative of ¢ : H — R and let C}(H) be the set of all bounded



(Fréchet) differentiable functions that have bounded (Fréchet) derivatives.
For K C H define

Cy(K):={f:K—R| 3ge C}(H) with f=gon K} .
Moreover, if ¢ is Fréchet differentiable, we write
8j90::<D907€j>a ]21

Next, we want to introduce the bounded variation functions in a Gelfand
triple from [28]. For this, we let as in [10]

Al (z) = /Ox (log(1 + s))% ds, >0

1
2
and

L(logL)%(H,,u) = { f:H — R |f is B(H)-measurable and A%(m) € Ll(H,,u)} .

It is well-known that L(log L)%(H , i) is a Banach space with norm

- f
10 0 1% mf{o‘ >0] /A% <a| dusl
H
1

Let (¢;)jen be a sequence in [1,00) and let

Hy :={zxeH ‘ Z:c?@c,eﬁ2 < 00
Jj=1

with inner product
<$) y>H1 = Z C?<LU, 6j><y, ej> :
j>1

Then (H,(-,-)p,) is a Hilbert space such that H; C H continuously and
densely. Identifying H with its dual H*, we obtain continuous and dense
embeddings

HyCH(=H")C Hy .

In particular g, ( -, - )y coincides with (-, -) when restricted to Hy x H and
(Hy, H, HY) is a Gelfand triple. Define a family of H- valued functions on
H by

(Cl})D(A)mHl = { G

G(:) =Y gi(a)ll, 2 € H,
j=1

g; € Ci(H), IV € D(A)N Hl}



and let D* be the adjoint of D : C}(H) C L*(H;u) — L*(H, H;p) with
domain

Dom(D*) := {G € L*(H,H;p) | CH(H) > u — /(G,Du) dp

is continuous with respect to || - ||2} .
We have (Cz})D(A)ﬁHl C Dom(D*) and for any G € (C,})D(A)QHN feCHH)

/ D*G(2) f(=)u(dz) = / (G(2), D (2))u(dz) (2.1)

H

For p € L(log L)%(H, 1) set

Vip) = / D*G(2)p(2) p(dz) .
Ge(Cy )D(A)mH1:|G‘H1 <1

Then
pe BV(H, H) = {p € L(log L) (H, p) and V(p) < oo}

is called a BV function in the Gelfand triple (H1, H, H). Since D(A)NH; C
D(A) and || < ||, it follows that BV (H, H) C BV (H, H;). From now on
we will assume that p : H — R is a B(H )-measurable function that satisfies
either

— < p<c¢y p—a.e. for some constant cg > 1 (Hla)
co

or
p=1Ir whereI' C H is closed and convex. (H1b)

Here 14, A C H, denotes the indicator function of A. The first case will
later correspond to (countably) skew reflection and the second to oblique
reflection.
Throughout, we set

F = supp(p du) .
Then from [28, Remark 4.1], we know that

1
EP(u,v) == 3 /(Du, Dvypdu, w,veCHF),
H
is closable in L?(F;p du) and we denote the closure by (€7, D(EP)).
Next, we suppose from now on that there exists a local (possibly non-
symmetric) Dirichlet form (£, D(£)) in the sense of [17], such that for some
constant ¢y > 1

Cig(u,u) < EP(u,u) < co€(u,u), Yu€ CH(F), (H2)
0



and that (£, D(€)) is given as the closure of (£,C}(F)) on L?(F; pdu). Then
the following holds:

Theorem 2.1. (i) (£,D(E)) and (£P, D(EP)) are quasi-regular local Dirich-
let forms in the sense of [17, IV. Definition 3.1] and the &-nests and
EP-nests coincide.

(ii) (€, D(E)) is recurrent, hence conservative.

(111) There exists a diffusion M = (Q, M, (My)t>0, (Xt)t>0, (P:)zer) asso-
ciated to (€,D(E)) and M has infinite life time.

Proof. (i) This follows from [27] and [17, III. Definition 2.1] since the
Dirichlet norms of (£, D(€)) and (€7, D(EP)) are equivalent and so the
E-nests and EP-nests as well as the £-exceptional and E£P-exceptional
sets coincide.

(ii) This follows immediately from the fact that £(1,1) = 0.

(iii) This follows from [17, IV. Theorem 1.5] and the conservativeness of
(€, D(£)).
]

For the following notions and facts up to (2.3) below, we refer to [17,
Section VI.2].
Let A, denote the set of all positive continuous additive functionals (PCAF’s
for short) of M as in Theorem 2.1 (iii) and set A := A4 — AL, i.e. the set of
all the CAF’s of finite variation. Denote by E, the expectation with respect
to P,.
By virtue of the Revuz correspondence each £-smooth measure v (v €
S for short) on (F, B(F)) is associated to a unique (Cy);>0 € A4 such that

}% E[/f dC} pu(dz) /fdy (2.2)

for any positive B(F )-measurable function f : F' — R and conversely any
(Ct)t=0 € Ay defines a unique v € S such that (2.2) holds. In this case, we
write v = vo and C = C”.

Likewise every (Ct)¢>0 € A corresponds to a unique v € S — S which is
given by v = vg1 — vee in case Cp = Cf — C?, t >0, and each v € S — S
corresponds to a unique (C)i>o € A which is given by C; = C} —C?, t > 0,
in case v = vg1 — Vge.

Remark 2.2. (i) Note that by Theorem 2.1 (i) the class of EP-smooth
measures coincides with the class of £-smooth measures S. Thus for
any EP-smooth measure v there exists a unique (Ct)i>0 € Ay with
v=vg, i.e. (2.2) holds.



(i) From (2.2) and the uniqueness of the Revuz correspondence we directly
see that if v € S is associated to (Cy)i>0 € Ay and if g is v-integrable,
then

t
</ g(Xs)dCs> is associated to gdv .
0 £>0

For each | € H the function I(z) := (l,z) belongs to D(E) = D(EP)
since I(-) € L?(T',pdp). Therefore the AF (I, X; — Xo) admits a unique
decomposition into a martingale AF (Mt[l])tzo of finite energy (in short

MU e M) and a CAF (Nt[l])tzo of zero energy (in short N € AL) such
that for £-q.e. z € F

,X —Xo) =M"+ NI, t>0, P.—as. (2.3)

The following identication of N can be derived as in the finite dimensional
case (cf. the more general Theorem 2.2 in [28] and [31, Theorem 4.5] where
Proposition 2.3(1) is even shown in the non-sectorial case).

Proposition 2.3. (1) Suppose that v = v1 — 1o, v; € S and finite, i =
1,2, and

—awym:/ﬁ@ym@ Vo € CL(F) .
r
Then

(i) [ EN"p(x) p(de) < oo, Vt>0
F

(i) N = cp —
(2) The quadratic variation of MY satisfies

(MUY, =2, t>0.

2.1 The integration by parts formula for p = I

In this subsection, we fix according to (H1b)
p=1Ir,
where I' C H is closed and convex and suppose that
p € BV(H,Hy).

For short we denote the quasi-regular Dirichlet form (£, D(£™)) of Theo-
rem 2.1 (i) by (Y, D(EY)). Then the following is known from [28, Theorem
3.1 and 4.2, Remark 4.1]:

There exists a (unique) positive finite measure ||OT|| on (T", B(I")) where
B(I') is the trace o-algebra of B(H) on I' and a B(H)-measurable map



nr : H — Hi (unique [|0T|-a.e. on OI') such that |nr(z)[n; =1 [|O0[-a.e.
z € 9T, ||oT||(T") = V(Ir) and for any G € (Cbl)D(A)mHl

/D*G(Z) p(dz) = —/ m( G(2), nr(z) )my (|00 (d2). (2.4)
T

or

Furthermore, ||OT|| is £"-smooth and supported by OI'.

The process associated with (£, D(E')) which is the normally reflected
infinite dimensional Ornstein-Uhlenbeck (OU for short) process has been
studied in [28]. Here on the basis of (2.4), we intend to construct an obliquely
reflected and (countably) skew reflected OU-process. In order to do so, we
will extensively use the integration by parts formula (2.6) below that involves
a generalized Gauss formula:

Indeed for g € C}(H) and | € D(A) N Hy, we get from (2.1) and the well-
known formula for the logarithmic derivative of u that

D*(g-1)(z) = —(I,Dg(2)) +29(2)(Al,z) , z€ H (2.5)

and inserting (2.5) into (2.4) gives

~€7(U(),9) =~ [ Dg(2) (a2 (26)
r
=~ [ gz wa) - [ o) it ) g 1)
r or

3 The obliquely reflected OU-process
In this section, we fix p = I as in Subsection 2.1 and assume additionally
I' is bounded and Ir € BV (H, H).

Let Loo(H) := L(H, H) denote the space of bounded linear operators on H

and let | - || denote the operator norm. Let A : ' — Lo (H) be a map such
that
sup [[A()[|pro < 00, (01)
zel
where

1A fo == D laij(2)]*, z€T,

4,521
and a;; : I' =+ R ,4,j > 1, are the uniquely determined functions such that

A(‘)ej = Z&zj(')ei forany j > 1.

i>1



Note that ||A()|| < |[|A(-)||Fro everywhere on H, thus

IAC) |z gy < Sup 1A() o

We suppose that A = (@ij)ij>1 is fully antisymmetric, that is

CVLZ']' = _aji for any i,j >1. (02)
We further assume
(i) a;; € CHT) foranyi,j > 1. (03)
(i) gt = 3 B4 with
jz1
TEONETRE > 1
€; - ] J I
i>1
and
Bé{i :_2<A€i7 >7 ’L>17
satisfies
2
O
p- esssupz Z al] g (x) + Gt (2) < o0,
zel ‘ 2
7>1 i>1
i.e.

g e L9(0, Hip)

Remark 3.1. Since the components B, i > 1, are linear in x € T', it may
be impossible to obtain [ € L®(T, H; ) if T is unbounded. That is the
sole reason why we assume I' to be bounded at the beginning of Section 3.

Define

1

/ (A(Du), Do) dp,  u,v e CHT),

A o
E M u,v) = 5
r

and for
A:=A+1d,

Id being the identity operator on H, let

_ 1 _
EVA(u,v) = 2/ (A(Du), Dv) dp, u,v € Cy(T).
r

10



Then it is easy to see that for any u,v € C}(I)

ENA(u,u) =0, hence EF’A(U, u) = EY (u,u)

and

_ . _ 1 _ 1
€04 w,0)| < (JAO gy + 1) (€74 () * (70, ))?
These observations lead to the following:

Lemma 3.2. (04, CL(F)) is closable in L*>(F; i) and the closure (ETA D(ETAY)
is a quasi-reqular local conservative (non-symmetric) Dirichlet form on L?(F; i)
whose norm is equal to the norm of (¥, D(EY)), i.e.

lullpery = lull per.ay » ¥ € DEET) = D(ETA)

where for any Dirichlet form (£, D(E)) on some L*-space with inner product
(-y*) 2, we set

Ea(u,v) = E(u,v) + a(u,v)r2, u,ve DE),a>0,
and )
lull pey = Ex(u,u)? .

Proof. The sole property of (€74, D(ET-4)) that is not evident from the
definitions is the submarkov property. But this follows directly from the
fact that

EM una,u—uAa)>0 Vu € C}H(F),a > 0,
by [17, L. Theorem 4.4] and denseness of C}{(F). O
In view of Lemma 3.2, (04, D(ET+4)) satisfies the assumptions of (€, D(E))
with respect to (€7, D(EY)) := (£P, D(EP)) in Section 2. We may therefore

set
(£, D(&)) = (M4, D(EDAY)

Lemma 3.3. Let | € D(A) and g € C}(H). Then
_ DAY o) = oy 19T 1A
U0),9) = [ Amr)g ——+ [ (LA )gdu, (3.1)
or r

where /Ulnr = > aij (ejﬂ?F> €i-
5,j>1

11



Proof. We have

and
A=Y i (2)(Lej)es
i,j>1
Thus by Lebesgue
o 1 5
(), g) = Q/Qij(z)<lvej> 9ig(z)pu(dz) .
ij>1" 1

Noting that
aij(l, ej)0ig = 0i(aij(l, e5)g) — (I, €;)90;d;
and that G;;(l,e;)g € C}(F) we get from (2.6)

M), 9) = > (;/&-(éij(laeﬁg) du—i/(hﬁﬁg&-éu du)

ig>1 \ "¢ P

= Z (/ aijg(l, ej) (Aei, 2) p(dz) — ;/<l’€j>g@&z’j d#)

r r
or
+ Z /azjg l ej <ei ) nF(Z) >”2H(dz)
v or
-/ <z,AnF>g”2”<dz>
or
. (Aei,z) -2 Oai4
+/<Z(Z(au 5 - 2] wej | 51) g p(dz).
po\i>1 \ix1
|
Combining Lemma 3.3 and (2.6), we get:
Proposition 3.4. Let | € D(A) and g € C}(H). Then
~E"A1(),9) = [ 915 ) du— [ g()AL utaz)
r r
_ or
+/g <laA*VF> ||2H )
or
where A* == A* + Id, vp := = —1r is the inward normal and A*, A* denotes

the transposed matriz of A, A.

12



Proposition 3.4 now leads to the following intermediate result:

Proposition 3.5. There exists an E' -exceptional set N C F such that for
all z € F\ N, under P, there exists an My-cylindrical Wiener process W#,
such that the sample paths of M from Theorem 2.1(iii) on F satisfy the
following:

forl e D(A)

t t o
0. Xo) = [ Qawd)+ [ io)ds (3:2)
0 0
t 1 t B
- / (AL X,)ds + 2/ (1, A vr(Xa)) LT, £ > 0 P, — as.
0 0

Here (L9");>0 € Ay is uniquely associated to |OT|| via the Revuz correspon-
dence and for all z € F\ N

t
/ Tor (X,)dL" =LY, t>0 P, —as. (3.3)
0

and A*vp(z) := A*(x)(vr(z)), © €T.

Proof. By [28, Theorem 4.3], we know that ||0T|| is £'-smooth, hence T+4-
smooth according to Remark 2.2 (i) and so by the Revuz correspondence
there exists a unique (LI");>0 € A, associated with ||OT'||. Surely LT has
property (3.3) by Remark 2.2 (ii) and since supp (||0T"||) C OI'.

Let (e;)j>1, be the orthonormal basis introduced at the beginning of Section
2. Define for k > 1

WE() = (e, Xy — 2) — /0 er, BMA(X))ds (3.4)

t 1 t _
+ / (Aek, Xs>d8 — 5 / <ek, A*Z/F(Xs)> dL?F
0 0

By Propositions 3.4 and 2.3 and Remark 2.2, we obtain

t . t
Nt[ek] :/0 <€kaﬁ#’A(Xs)>dS /0 (Aey, Xs)ds (3.5)

Lt
+2/ (en, A*vp (X)) dLI"
0

Consequently, using (3.4), (3.5) and the uniqueness of decomposition (2.3),
we see that
WE(t) = Mt[e’“} , t>0 P, —as. for E'-qe. z € F,

where the E-exceptional set, say N, can be chosen not to depend on k > 1
by standard arguments. By direct calculations, we obtain

v = 0;5llpdp = vt -

(Mleid prlesly

13



Then using the uniqueness of the Revuz correspondence, we see that
(Ml prlely, = Sij -t .

Thus for z € F'\ N, W} is an M;-Wiener process under P, and so (3.2)
holds with W?* being an M;-cylindrical Wiener process given by

W (t) = (Wi (e -

U
Next, we want to replace [3“*‘4 in (3.2) by an arbitrary
Be L>*(I,H;pu) . (3.6)
For this fix T' > 0. Then by general Dirichlet form theory
’ 2 2
| 1B ST IBO ey <00 Pomas @7)

for EM-q.e. z € F and we may assume that (3.7) holds for all z € F'\ N, N
as in Proposition 3.5.

Consider the M;-cylindrical Wiener process WZ, z € F\ N, from Proposition
3.5 and define for z € F'\ N

zi = | (B - (X)) (3.8)

0
=3 [ (B = XDAWEE), e 0.T)
E>170

Then Z* is well-defined, more precisely the righthand side of (3.8) converges
P,-a.s. uniformly on [0,7] for all z € F'\ N. Indeed by Doob’s inequality

2

E, | sup
te[0,7

> [ (B - e )awi ()

k=m

2
<4E;

n T .
> [ e (B = X))
k=m

T A z T 1w, A z
—10 3 B [ e (B - ENE) - [ e (B - X )

k,l=m



which converges to 0 for any z € F'\ N as m,n — oo by (3.7). Similarly, we
can show that for any (M;)-stopping time 7 < T, we have

Blzp) = | [

B - A (x,)|

ds] , z€&€F\N.

Thus ;
o 2
@)= [ |- h| s e, (39)
0
P.-a.s. for any z € \IN. Now define
AP, = %321 qp,, 2 e F\ N (3.10)

on (2, M). Then the following holds:

Proposition 3.6. Let z € FF\ N. Then P, isa probability measure. Con-
sequently,

WE(t) := WE(t) — /0t<ek, (B — 6”’A)(XS)>ds tel0,T], k>1,

are independent real-valued Brownian motions on (2, M, (M )0, P;) start-
ing from 0 , i.e.

Wtz = (W]f(t)ek)k21 , tel0,71],
is an My-cylindrical Wiener process.

Proof. The proof is completely standard (cf. [16, Proposition 1.0.5]) and
follows from the classical Girsanov theorem and Lévy’s characterization the-
orem (see e.g. [26, IV. (3.6) Theorem, VIIIL (1.7) Theorem]) once we know

that P, is a probability measure. But this is immediate from Novikov’s
criterion (cf. [26, VIIIL. (1.6) Corollary]), since by (3.7)

E. [e%<ZZ>T} <ezl (B=B O oo e < 00 .

O

Collecting the results achieved so far in this section, we obtain the fol-
lowing;:

Theorem 3.7. Let T > 0, B as in (3.6), W= as in Proposition 3.6,
(L9")¢>0, N and all other notions as in Proposition 3.5 and z € F\ N.
Then the following holds for the sample paths of M from Theorem 2.1 (iii)

15



on F:
forle D(A)

(0 X, — Xo) :/O <l,dW§>+/0 (1, B(X4))ds (3.11)
—/ (Al,Xs>ds+1/ (I, Avp(X,)) ALY, te[0,T), P, — as.
0 2 Jo

and

t
/ Tor (Xs)dL" = LY | ¢t >0, P, — as. (3.12)
0

Proof. The assertions follow directly from Propositions 3.5 and 3.6 and the
equivalence of P, and P, ,z € F'\ N. O

3.1 Oblique reflection on a regular convex set
In this subsection, we assume according to [3, Hypothesis 1.1 (ii)] that

(04) There exists a convex C*°-function g : H — R with g(0) = Dg(0) =0
such that (D%g(z)h,h) > v|h|*> Vh € H for some v > 0, i.e. D?%g is
strictly positive definite and that

I'={zeHlg(x) <1}, O ={zecH[g(z)=1},

D?g is bounded on I' and |Q%Dg|_1 e N LP(H;p).
p>1

Then the following holds:

Lemma 3.8. (i) T is conver and closed and there exists § > 0 with
|Dg(z)| <6, Vaxel.

(i) Ir € BV(H, H).
i) nr = 2% is the exterior normal to I, i.e. forxz e dl’
"It = TDy|
<7’]]_“("L'),y—fL'> §07 vyera

and |nr(z)| = 1. Moreover

Dg(x)
or|(dz) = —2— pgr(de) |
|oT|(dx) |Q§Dg(x)’uar( )

where pgr is the surface measure induced by p (cf. [3, 4, 18]).
(iv) T has nonempty interior.

Proof. (i) Follows from [3, Lemma 1.2].

16



(ii) See [28, Theorem 5.3].
(iii) See [28, Theorems 5.3 and 5.4 and Remark 5.5].

(iv) This follows, since D?g is strictly positive definite by assumption.
O

By Lemma 3.2, It satisfies the conditions that were postulated at the
beginning of Section 3. It follows thus from Theorem 3.7:

Theorem 3.9. Assume (01) — (04), I bounded, and (3.6). Let T" > 0.
Then there exist an E' -exceptional set N C F such that Vz € F\ N, under
P, there exists an M -cylindrical Wiener process W? such that the sample
paths of M from Theorem 2.1(iii) satisfy the following:

forl e D(A)

(l,Xt—X0>:/0t<l,dV~VsZ>+/Ot<l,B(X5)>ds (3.13)
—/t<Az,Xs>ds+1/t(z,A*yp(Xs)>dL§F, t €10,7)], P.-a.s.
0 2 0

and .
/ Tor (Xo)dLT = LY, >0, P.-as. (3.14)
0

Remark 3.10. Since vp(x) € H, for any x € OU the reflection term in
(3.13) may be interpreted as variable oblique reflection. First note that the
angle between A*vp(z) and vp(z) is necessarily acute, since

(A*vp(x),vr(x)) = (vp(x),vp(x)) =1 > 0.

Thus the reflection angle 8(x) at x € OT' may be defined as the difference of

Z and the angle between A*vp(z) and vp(z), i.e.

f(z) := arcsin (<A*VF($)’VF('I)>> = arcsin <1> S <07 E] ;

| Avp(2))| | Avp(2))]

and a direction F(x) of A*vr(z) may be defined as follows:
for any x € OI there exist (zi(x))r>1 C H such that

{vr(z), z1(x), z2(x),...}

forms an orthonormal basis of H. Then

F(x):=> (A*vp(z), zx(z))zk(x), x€al.

k>1

17



Lemma 3.11. The variable oblique reflection in (3.13) is uniquely deter-
mined through
(0(x), F(z)), =xe€dl,

where the reflection angle 0(x) and the direction F(x) at x € O are given
as in Remark 3.10.

Proof. Let x € OI'. We have to show that a vector v(z) € H is uniquely
determined through

(i) (v(z),vr(z)) >0,
(ii) the values (v(x), zx(x)) , k € Z, and

(iii) the value arcsin (‘v(lx”) =0(x).
We have

v(@) = (), ve(@))vr(e) + Y (0(@), 2 (2)) 24 () -

k>1

Thus by (ii), it is enough to determine (v(z), vr(x)).
By Parseval’s identity

[o(@)]? = (o), vr (@) P + ) (), 2 (@)

k>1

and by (iii), we have

Thus by (i)

2
@) = (samy;) - S Mo a)k

which concludes the proof. [l

3.2 Uniqueness in the case of normal reflection

In this subsection, we assume that A = 0 and that (04) is satisfied. Accord-
ing to Remark 3.1, we may hence drop the assumption that I' is bounded.
We consider the following stochastic inclusion in H,

(3.15)

dX; = (AX, + B(X,) + Np(Xp) dt > dW,
Xo =x,

18



where B : I' — H is an everywhere uniformly bounded vector field, i.e.

sup |B(z)| < o0, (3.16)
zel

W; is a cylindrical Wiener process in H on a filtered probability space
(Q, F,(Ft)t>0, P) and Nr(x) is the normal cone to I" at z € T, i.e.

Nr(z):={z€ H|(z,y —x) <0Vy eT}.
Definition 3.12. A pair of HxR-valued and (F;)-adapted processes (Xy, Ly),
t € [0,T7, is called a solution of (3.15) if the following conditions hold:
(i) X¢ €T, forallt €[0,T] P-a.s.,
(ii) L is an increasing process with
Tor(X,)dLs = dLy  P-a.s.,

and for any l € D(A), we have
¢ ¢ t
(I, X —x) :/ <l,dWs>/ (Al,Xs>ds/ (I, B(Xs))ds
0 0 0

1 t
— 2/ (l,nr(Xs))dLs, Vte[0,T], P-a.s.,
0

where nr is the exterior normal to I' (see Lemma 3.8(iii)).

Theorem 3.13. Suppose that (04) is satisfied and that B satisfies addition-
ally to the uniform boundedness in (3.16), the monotonicity condition

(B(u) — B(v),u —v) > —aju —v|?

for allu,v € T, for some a € [0,00) independent of u,v. Then the stochastic
inclusion (3.15) admits at most one solution in the sense of Definition 3.12.

Proof. The proof is exactly the same as in [28, Theorem 5.18]. O

Noting that we could construct a weak solution to (3.13) without the
restrictive assumption of positive p-divergence on B as in [28, (5.15)], we
obtain the following generalization of [28, Theorem 5.19].

Theorem 3.14. Let T > 0. There exist a Borel set M C H with u(I'nM) =
w(T) such that for every x € M, (3.15) has a pathwise unique continuous
strong solution in the sense that for every probability space (2, F,(Ft), P)
with an JFi-Wiener process W, there exists a unique pair of Fi-adapted
process (X, L) satisfying Definition 3.12 and P(Xo = z) = 1. Moreover
X, € M for allt € [0,T] P-a.s.

Proof. The assertion follows exactly as in the proof of [28, Theorem 5.19].
O
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4 The (countably) skew reflected OU-process

In this section, we will fix p according to (Hla).
We consider an increasing sequence of closed and convex subsets (I, )rez

(ie. Ty, CTy,,, Vke€Z)of Hsuch that
Ir, € BV(H,H1) VkeZ (S1)
lim M(Fak) =0and lim pu(Ta,) = pu(H) (52)
k——o0 k—o0

and a sequence (V;)kez C (0,00) such that

1
— <% <c¢y VkeZ forsome constant ¢y > 1, (S3)
€o
J4:= lim v, and
k—o00
S ket — ] 0T, | (9T,) < 0. (4.1)
kEZ
Then set
pi= Z’YkH]IF%H\F% :
kEeZ
By (S2) and (S3) we have
1
— <p<c¢ p-ae onH, (4.2)
€0

hence (H1a) is satisfied. Moreover (H2) holds by setting

(€, D(€)) == (€7, D(E)) -
Let M = (Q, M, (M¢)t>0, (Xt)t>0, (P:)zem) be the conservative diffusion of
Theorem 2.1(iii) that is associated with (€, D(E).

Now, we can show the following:

Lemma 4.1. (i) Foreachk € Z, |01, || is E-smooth. There exists hence
Lo ‘ :
a unique (L;9 ")i>0 € A4 associated to ||0Ty, || via the Revuz corre-

spondence.

(it) > B 9Ty, || is the difference of finite €-smooth measures and
keZ

uniquely associated via the Revuz correspondence to <
kEZ

which converges locally uniformly in t > 0.

20
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Proof. (i) Let k € Z. By [28, Theorem 3.1(ii) and Remark 4.1] ||, || is

(i)

smooth with respect to the closure on L?(H, (Ir,, +Lm)dp) of

1
5 [(Du D, +Lndn . wve i)
H

But then [|0T, || is also smooth with respect to £ (see Theorem 2.1(i)
and its proof).

By (4.1) and (i), kZZ BTk ||OT || is the difference of finite £-smooth
€
measures and hence associated via the Revuz correspondence to a

unique (Cy)i>0 = (C} — CF)i>0, with (C})i>0, (C2)i>0 € Ay. Con-
sidering C' and C? separately, we may assume that (Ci)i>0 € A
Separating the supports of (|0, ||)kez we may even suppose that
Ye+1 — Yk > 0 VEk € Z. Then since

n
_ Ve+1 — Vk
V& e, = 20— g 19wl
k=—n k=—n
Ve+1 — Yk
< 0T, | = ve
kEZ

it follows from general Dirichlet form theory, that for any n > 0 and
t>0

n
P, ( Z w L?Fa’“ < C’t> =1 for &-qe z€H.

k=—n

. — Ol
Hence by the Weierstrass M-test (Z w L, ’“) converges
keZ t>0

P.-a.s. locally uniformly in ¢ > 0 for £-q.e. z € H.
Thus | ) % Lfrak> is a PCAF of M and it is easy to see
keZ >0

that its Revuz measure coincides with Y-, ., 2455 ||0T,, |-
U

For the identification of the SDE corresponding to M, we now need to
specify an integration by parts formula for £ = £°.

Proposition 4.2. Let | € D(A)N Hy and g € CL(H). Then

10T o |

~£00).9) = [ gl 2ou@)+ 3 [ g m Lo, i =) e

H kEZBF
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Proof. We may rewritte —p as

n
lim <7n+1]1ran + > (e —wlr,, — %+1HF%H)

n—00
k=—n+1

and then noting that

n—oo

1 .
lim 5 [, Dg)y-ntilr,_,dp=0= lim / 9(AL 2)y—n+1lr, _, 1(dz)

and

du=j [ Doy = [ gl z)in(dz)
H H

by (S2) and (S3), using (4.1) we get by (2.6)

. 1
lim 3 (I, Dg)Yn411r,

n—00 n+l

n—0o0

~£1().9) = Jim ( > 5/ <l,D9>(%+1—%)Hrakdu) -5 [ Dg
H

k=—n+1

- [OT o |l

. (67

= T}Lngo < E / g H, <l,77Fak>Hf (’YkJrl - ’Yk) 2 .
k:_n+1(9f‘ak

+ / (AL 2)y—nIr, ., p(d2)

+ > /9(Al,2>(7k+1 = Ye)Ir,, u(dz) —/9<Al,2>%+1ﬂran+lﬂ(dz)>

k=—n+1
= Z 9 (Lo, )y (Ve ’Yk)72 9{Al, z)pp(dz) .
kEZ 3Fak H

O

Remark 4.3. An increasing process satisfying (3.3) can only be unique up
to a constant. This constant has usually to be fixed in dimension one in
order to describe local times uniquely. In Dirichlet form theory of energy
forms the drift is given as the logarithmic derivative

Dp
2p
and in dimension one in order to fix symmetric local times (cf. [26]) one has

to choose the symmetric version of p at the boundary in the denominator
(see for instance [21, (19)] and the following explanations). Therefore,

Ve+1 — Yk Ve+1 — Yk
[0T oy || = —————[|or

, keZ, 4.3
2 2(Vet1 + ) Ve+1 + Ve o (4.3)
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which represents the “symmetric version” of the non-absolutely continuous
part of the logarithmic derivative in the sense that %(’mﬂ + i) represents
the “symmetric value” of p at the boundary OI'y, , should represent the sym-
metric local time. We therefore set

LI (X) = 'Y’“%WLT% . t>0,keZ, (4.4)

Ol'y . . . .
where (L, “*)i>0 € Ay is uniquely associated via the Revuz correspondence
to ||0Tq, ||. It then follows that the measures in (4.3) are uniquely associated

to
<’Yk:+1 - %Ltal“ak (X)) ez
Ve+1 + Vk >0

Finally, setting

pi= L pe7 (4.5)
Ve+1 + Vk

we get
1:M7 ke 7.
V1 + Vi

Note that in finite dimensions (see for instance [33, 24]) pr and 1 — pg
represent the probabilities of permeability through OI'y, depending on from
which side of Oy, the process approaches Oy, . Here, we do not intend
to develop rigourously such an interpretation. However, since (€, D(E)) is
recurrent and irreducible, we know indeed that the recurrent conservative
diffusion M passes infinitely often through each membrane 0Ty, as long as
the interior of Iy, is non-empty. This can be shown similarly to the finite
dimensional case (cf. [32, Section 6]).

pr— (1 —pr) = 2pp —

Now, using the standard identification method that we used in Proposi-
tion 3.5, we obtain from Lemma 4.1, Proposition 4.2 and Remark 4.3.

Theorem 4.4. There exists an E-exceptional set N C F, such that for all
z € H\ N, under P, there exists an My-cylindrical Wiener process W?,
such that the sample paths of M from Theorem 2.1(iii) on H satisfy:

for alll € D(A) N Hy

t t
0.%0=X0) = [ aws) — [anxgas (4.6)
0 0
t O
+ Z(ka — 1)/ H, <l,77rak (Xs)>Hdes k(X), t Z 0, Pz—a.s.
keZ 0

where (pr)kez C (0,1), (L7er (X))
over, it holds for any k € Z

ez, e specified in Remark 4.3. More-

Gl

¢ O,
Ior,, (Xs)dLS (X)) = L
0

(X), t>0Psas.
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In particular, if I, € BV(H,H), k € Z, then above we can replace Hy by
H and H1<'7 >H{‘ by <'7 >

Examples 4.5. (i) Let I' C H be closed and convexr such that I €
BV (H, Hy) (for concrete examples of such T see (ii) or (04)). For

k eZ set
Iy, :=<T if k=0,
H if k>1,
and

[y

[

N D
Tk if k> 1

where p € (0,1) is fized.
Then p = =1 +1nr, (S1)-(S3) are satisfied, and (px)rez as in (4.5)

P
satisfies
5 if k< -1,
pe=14p if k=0,
T oifk>1

Therefore in this case (4.6) takes the form
t t

(I, Xt — Xo) :/ (I,dW¢g) —/ (Al, X5)ds (4.7)
0 0

t
(2 1) / e (X)) s LX), £> 0, Poas.
0

(4.7) can be seen as the infinite dimensional analogue of the p-skew
reflected OU-process, i.e. the process which is associated to the closure

of

1 ’ ’ 1 —p 7,8332 00

5/ (z)g' () Tﬂ(foo,b) +1pooy | €77 dx, f,g9€ C(R),
R

on L*(R, e*mzdm), where p, 3,b € R,p € (0,1),8 > 0, are arbitrary,
but fized parameters (see for instance [32]).

(ii) Let H = L*(0,1), T'y := {f € H|f > —a},a € R,a > 0. Then obvi-
ously Ty is closed and convexr. Let further A = —%f—; with Dirichlet

boundary conditions. In this case e; = V2sin(jrr),j € N, is the cor-
responding eigenbasis. Defining

cj = (j-ﬂ')%JrE, JjEN,

24



where £ € (0,3], we obtain that (Hy,H, H}) as defined in Section 2
is a Gelfand triple (cf. [28, Section 6]). Moreover, by [28, Theorem
6.2, Remark 6.3] Ir, € BV(H,H,)\ BV (H,H) for any a > 0. Now
choose sequences (ax)kez, (Vk)kez C (0,00) such that the conditions
(S1)-(S3) are satisfied and apply Theorem 4.4 to obtain a concrete
example of a countably skewed OU-process.

Remark 4.6. By [28, Theorems 6.4 and 6.5] it is also possible to treat the
case o = 0 in Example 4.5(ii). For instance, letting (ak)kez, (Vk)kez C
(0,00) and p be as in Example 4.5(i) and choosing I’ =T, =T := {f €
H|f > 0}. This may be treated in forthcoming work. An attempt to describe
the stochastic dynamics of a p-skew OU-process under different aspects, for
instance using finite-dimensional approzimations and Mosco convergence, is
undertaken in [2].
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