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Abstract We construct a piecewise linear approximation for the dynamical ®3 model on T?
by the theory of regularity structures in [Hail4], i.e. we prove a version of the Wong-Zakai
theorem for additive noise in this case. For the dynamical ®3 model it is proved in [Hail4]
that a renormalisation has to be performed in order to define the nonlinear term. Compared
to the results in [Hail4] we consider piecewise linear approximations to space-time white noise
and prove that the solutions to the approximating equations converge to the solution to the
dynamical ®3 model. The renormalisation in this case corresponds to adding the solution
multiplied by a function depending on ¢ in the approximating equation.
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1 Introduction

In this paper we construct a piecewise linear approximation of the dynamical ®; model driven
by space-time white noise on T?:

dd = A®dt — &*dt + dW (t). (1.1)

This can be considered as a Wong-Zakai approximation (c.f. [WZ65a,WZ65b]) for additive
noise in this case. Here W is a two-sided cylindrical Wiener process on L?(T?). Formally, if we
define & by [ ¢(t, 2)&(dt, dz) = [(p,dW (s)) for ¢ € L*(R x T?), then ¢ is periodic space-time
white noise. This model is also known as the stochastic quantisation of Euclidean quantum
field theory ( see [GJ87] and the reference therein). It is also considered as a universal model for
phase coexistence near the critical point (see [GLP99]). In two spatial dimensions, this problem
was previously treated in [AR91] and [DDO03]. In three spatial dimensions this equation (1.1)
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is ill-posed and the main difficulty in this case is that W and hence ® are so singular that the
non-linear term is not well-defined in the classical sense. It was a long-standing open problem
to give a meaning to this equation in the three dimensional case.

A breakthrough result was achieved recently by Martin Hairer in [Hail4], where he intro-
duced a theory of regularity structures and gave a meaning to this equation (1.1) successfully.
Also by using the paracontrolled distribution method proposed by Gubinelli, Imkeller and
Perkowski in [GIP13] existence and uniqueness of local solutions to (1.1) has been obtained
in [CC13]. Recently, these two approaches have been successful in giving a meaning to a lot
of ill-posed stochastic PDEs like the Kardar-Parisi-Zhang (KPZ) equation ([KPZ86], [BG97],
[Hail3]), the dynamical ®; model ([Hail4], [CC13]), the Navier-Stokes equation driven by
space-time white noise ([Z2Z14], [ZZ15]), the dynamical sine-Gordon equation ([HS14]) and so
on (see [HP14] for more interesting examples). From a philosophical perspective, the theory
of regularity structures and the paracontrolled distribution are inspired by the theory of con-
trolled rough paths (see [Lyo98|, [Gub04]). The main difference is that the regularity structure
theory considers the problem locally, while the paracontrolled distribution method is a global
approach using Fourier analysis.

An interesting question for SDE, especially the dynamical ®3; model is as follows: Given a
sequence W, of regularization of the noise W (for example convolutions with a mollifier), can
we obtain a non-trivial solution associated with W by taking the limit of . as ¢ goes to 0,
where @, is the solution associated to W,.. In the finite dimensional case a series of classical
results has been obtained by Wong and Zakai [WZ65a,WZ65b]. However, the answer to this
question for the dynamical ®3 model is no (see [HRW12]). Indeed, we have to consider the
following modified equation

0P, = AD,. + C.d. — D2 + £.. (1.2)

In [Hail4] Martin Hairer considered an e-approximation & to space-time white noise. Here &
is given by convolution with a mollifier, i.e. & := p. x £, where the convolution means that we
view £ as a distribution on R* and do convolution on R%. p.(¢,7) is a compactly supported
smooth mollifier that is scaled by ¢ in the spatial directions and by &2 in the time direction, i.e.
pe(t,x) = e Pp(e™2t, e 'z) for some smooth, compactly supported function p. Let ®. denote
the solution to (1.2). It is proved in [Hail4] that there exist choices of constants C. diverging
as ¢ — 0, as well as a process ® such that . — & in probability. Furthermore, while the
constants C. do depend crucially on the choice of the mollifiers p., the limit & does not depend
on them. Also in [CC13] purely spatial regularization has been considered and a similar result
has been obtained.

In this paper we consider another approximation given by piecewise linear approximations
combined with convolution with a mollifier. First, we convolute with a mollifier: W.(t) =
f(f &(s)ds,t € R, with & given as above and then consider piecewise linear approximations: for

telkd,(k+1)09),keZ,9>0

t— kv
v

Weo(t) = We (ki) + (We((k + 1)0) = We(k0)),

and & 5(t) = OWog = £ [WF7 ¢ (w)du for t € [k, (k +1)9), k € Z, which is our regularised
noise.



This approximation is the celebrated Wong-Zakai approximation of the solution and is re-
lated to a classical problem: approximating solutions in terms of a simpler model, where the
stochastic integral is changed into a deterministic one and replacing the noise by its piece-
wise linear interpolation on a time grid. For finite-dimensional diffusion processes, this kind of
approximation is well-known (see, e.g. [T96, LQZ02] and the references therein). There is a sub-
stantial number of publications devoted to Wong-Zakai approximations of infinite dimensional
stochastic equations (see [N04, CM11] and the references therein).

In this paper we use the theory of regularity structures to study this approximation for
the dynamical ®3 model. The key idea of the theory of regularity structures is as follows:
we perform an abstract Talyor expansion on both sides of the equation. Originally, Talyor
expansions are only for functions. Here the right objects, e.g. a regularity structure whose
elements could possibly take the place of Taylor polynomials, can be constructed. Given a
noise ¢, the regularity structure can be endowed with a model (£, which is a concrete way of
associating every element in the abstract regularity structure to the actual Taylor polynomial
at every point. Multiplication, differentiation, the state space of solutions, and the convolution
with singular kernels can be defined on this regularity structure, which is the major difficulty
when trying to give a meaning to such singular stochastic partial differential equations as above.
On the regularity structure, a fixed point argument can be applied to obtain local existence and
uniqueness of the solutions ® to the equation lifted onto the regularity structure. Furthermore,
we can go back to "the real world” with the help of another central tool of the theory, namely
the reconstruction operator R. If € is a smooth process, ® = R® coincides with the classic
solution to the equation. Now we have the following maps

£ 18 &= RO

The last two maps are continuous with respect to suitable topologies, while the above sequence
&, of canonical models fails to converge with a smooth approximation & to the noise €. It may,
however, still be possible to renormalise the model (£, to some converging model &, which in
turn can be related to a specific renormalised equation (1.2).

In this paper for the approximating sequence . y we build the associated model ¢&. », which
also need to be renormalised into some converging model i€, y. This in turn can be related to
the following renormalised equation (1.3):

0P 5(t) = AD. (1) + CED (), y(t) — B2 (1) + Eo(t). (1.3)

Here C®?) are functions depending only on time ¢.
With these notations at hand, the main result of this article is as follows:

Theorem 1.1 Let £ » be defined as above. Denote by @, 4 the solution to (1.3). Suppose
that p(t, ) = p1(t)p2(x) for smooth functions py, p;. Then there exist choices of functions C'&+?)
diverging as €, — 0 such that ®. y — & in probability locally in time. Here ® is the solution
to the dynamical ®3 model obtained in [Hail4].

Remark 1.2 (i) We can also first do purely spatial regularization corresponding to p(t,z) =
d(t)pa(x) for the Dirac distribution ¢ and then do piecewise linear approximation. In this case
the results in Theorem 1.1 still holds (see Remark 3.8). In fact, the only difference is the proof
of Theorem 3.7.



(ii) The function C**) in (1.3) is given as follows:
N =301 — 905,
where C? and C§*”) are defined in (A.4) and (A.8). Moreover,

Cfs’ﬁ) “

m | =

, 025’19) « —loge.

Here we emphasize that each function C’i(s’ﬁ) (t),7 = 1,2, cannot be separated as a diverging
constant and a converging function. In fact, for the case that p(t,z) = §(t)pa(z), by a straight-

forward calculation we know that |C’£€’ﬂ) (t1) — Cfa’ﬂ)(t2)| ~ L fort; # ty.

€

As mentioned in Remark 1.2 (ii), in our case it is required in (1.3) to minus ®. y multiplied
by a function C&?) depending on ¢ such that the associated solutions . 9 converge to the
solution to the dynamical ®3 model as ¢,9 — 0, which is the main difference from the result
in [Hail4]. We introduce a new symbol C in the regularity structure to represent C'=?)(¢) and
define a bigger regularity structure T! including C as well as the original regularity structure
Tr associated with the ®3 model, which helps us to construct a suitable renormalised model
corresponding to (1.3) for Tp (see Remark 3.4).

We would also like to emphasize that the proof in this paper is not restricted to the specific
equation (1.1). Similar arguments would yield similar results for the models that can be treated
with the methods developed in [Hail4].

In Section 2 we present a summary of some notions of the theory of regularity structures.
In Section 3 we construct the renormalised model and prove the main results. The convergence
of the renormalised model is proved in Section 4. The Appendix contains the proof of Theorem
3.7.

2 Regularity structures

In this section we recall some preliminaries for the theory of regularity structures from [Hail4].

Definition 2.1 A regularity structure ¥ = (A, T, G) consists of the following elements:

(i) An index set A C R such that 0 € A, A is bounded from below and locally finite.

(ii) A model space T, which is a graded vector space T' = ®oecaT,, with each T, a Banach
space. Furthermore, Tj is one-dimensional and has a basis vector 1. Given 7 € T we write
||| for the norm of its component in Ti,.

(iii) A structure group G of (continuous) linear operators acting on 7" such that for every
I' € G, every a € A and every 7, € T, one has

I7o = Ta € Tea == P Tp.
[B<a

Furthermore, I'l = 1 for every I' € G.

The canonical example is the space T = D,.cn T,, of abstract polynomials in finitely many
indeterminates, with A = N and T,, denoting the space of monomials that are homogeneous of
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degree n. In this case, a natural group of transformations G acting on T is given by the group
of translations.

Given a scaling § = (s, 61, ..., 54) of R¥. We call |s| = sy + 51 + ... + 54 scaling dimension.
We define the associate metric on R4 by

d
Iz = 2l 2= da(z 2) 2= 3 fos = 2
=0
For k = (Ko, ..., ka) we set |kl = S0 siks.

2.1 Specific regularity structures

We start with the regularity structure 7' given by all polynomials in d + 1 indeterminates,
let us call them Xy, ..., X4, which denote the time and space directions respectively. Recall
Xk =Xl ~X§d with k& a multi-index. For the case of the dynamical ®; model, d = 3 and the
scaling is s = (2,1, 1,1). In the regularity structure we use the symbol = to replace the driving
noise £. We introduce the integration maps Z and Zj for a multi-index k associated with the
operation of convolution with a truncation of the heat kernel G and its derivative respectively.

We recall the following notations from [Hail4]: define a set F by postulating that {1, =, X;} C
F and whenever 7,7 € F, we have 77 € F and Zy(7) € F; define F, as the set of all ele-
ments 7 € F such that either 7 = 1 or |7|s > 0 and such that, whenever 7 can be written as
T = 7T we have either 7; = 1 or |r;|s > 0; H,H. denote the sets of finite linear combinations
of all elements in F, F, respectively. Here for each 7 € F a weight |7|s is obtained by setting
’Hs =0,

17T = |7|s + |T]s,

for any two formal expressions 7 and 7 in F such that
Els=a, |Xils=si |Ze(7)]s = |7]s +2 — [K]s,

with — 2 < a < =3
As in [Haild] we construct the regularity structure, which contains those that are actually
useful for the abstract reformulation of the equation (1.1). Define

My = {E.U" :n < 3},
and the sets Wy = Uy = 0 and W,,,U,, for n > 0 recursively by

Wn = Wn—l U U Q(Z/[n—la E)a

QeMp

U, = {X"YU{Z(1): 7 eW,},

and

Fro= W, uih,).

n>0

Then Fr contains the elements required to describe both the solutions and the terms in the
equation. We denote by H g the set of all finite linear combinations of elements in Fr.



Now we follow [Haild] to construct the structure group Gp. Define a linear projection
operator Py : H — H by imposing that

Pr=1, 7€F,, P7=0 17€F\F,,
and two linear maps A : H - H@H, and AT H, - H, @ H, by
Al=1®1, ATl=1®1,
AX, =X;01+10X;, ATX,=X,01+1®X;,
=S-—Zl,

and recursively by
A(TT) = (AT)(AT)
Xt xm
A@Wﬁ:(EQQUAT+§:TT®——{RJHHmﬂ,
I,m ’

m)!

AT (r7) = (AT7)(AT7)

AN Lr) = (T Tr) + Y (P ® (_l)!()l)AT-

By using the theory of regularity structures (see [Hail4, Section 8]) a structure group G of
linear operators acting on H g satisfying Definition 2.1 can be defined as follows: For g € H’_, the
dual of H., satistying g(77) = ¢(7)g(7) for 7,7 € H,, define I'y : H — H,Ty7 = (I ® g)Ar.
Following [Hail4, Theorem 8.24] the regularity structure associated with the dynamical &3
model can be constructed:

Let T =Hp with T, = ({r € Fp:|t|ls =7}), A={|7]s : 7 € Frp}. Then Tp = (A, Hp,Gp)
defines a regularity structure associated with the dynamical ®3 model.

2.2 Models

Now that we have fixed our algebraic regularity structure p = (A, Hp, GFr), we introduce a
family of objects which is a concrete way of associating every 7 € Hp and z, € R with
the actual "Taylor polynomial based at xy” represented by 7 in order to allow us to describe
solutions to (1.1) locally.

First we introduce some notations: Given a smooth compactly supported test function ¢
and a space-time coordinate 2z = (¢, 1, ..., z4) € R¥! we write ¢? as a shorthand for

A s STt 1T Ya— Ta
902<87y17"')yd>_)\ QO( \50 ) \s1 PERRS) \ed )

Let B, denote the set of all smooth test functions ¢ : R4*! s R that are supported in the
centred ball of radius 1 and such that their derivatives of order up to 1 + || are uniformly
bounded by 1. We also denote by &' the space of all distributions on R and denote by
L(E, F) the set of all continuous linear maps between the topological vector spaces E and F.
With these notations at hand we give the definition of a model:



Definition 2.2  Given a regularity structure ¥ = (A, T, G), a model for T consists of maps
R 5 2= 11, € L(T,S), R xR™ 3 (2,2) =T, €G,
satisfying the algebraic compatibility conditions
I =1y, Topolur =T,
as well as the analytical bounds
L7 (o) S A 7llas (Teamlls S 12 = 2187717 [la

Here, the bounds are imposed uniformly over all 7 € T,,, all 8 < o € A with a <, v > 0, and
all test functions ¢ € B, with r = inf A. They are imposed locally uniformly in z and z’.

Then for every compact set R C R and any two models Z = (II,T') and Z = (II,T') we
define

11Z; 21|l = sup| sup AT[(IL. T—IL7T)(@)l+ sup  sup [z — &[S — Tawrrlg],

R o\ a,T |z—2'||s<1 o, 8,7

where the suprema are taken over the same sets as in Definition 2.2, but with ||7|, = 1. This
gives a natural topology for the space of all models for a given regularity structure.

To describe the models for the regularity T we are interested in, we fix a kernel K : R* — R
with the following properties:

(i) K =3, 5o K, where each K, : R* — R is smooth and compactly supported in a ball
of radius 27" around the origin. Furthermore, we assume that for every multi-index &, one has
a constant C' such that

sup | DF I, ()] < O+,

holds uniformly in n. Finally, we suppose that [ K, (z)P(z)dz = 0 for every polynomial P of
degree at most r for some sufficiently large value of r.

(ii) K(t,z) =0fort <0 and K(t,—z) = K(t,x).

=2

(iii) For (¢,z) with |z]* 4+t < 1/2 and t > 0, K(t,z) = We’%, and K is smooth on
faf? +1 > 1/4}.

The kernel K satisfying these properties can be obtained from the heat kernel G as in
[Hail4, Lemma 5.5].

Definition 2.3 A model (I, T") for T is admissible if it satisfies (HxX’“)(y) = (y — z)* as

well as
(T, Z7)( /K — 2)(TT7)( (P Zy7), (2.1)
for 7 € Hp with Z(7) € Hp. Here f,(Z;7) are defined by
fo(Tir) = /Dl x — z)(Il,7)(2)dz. (2.2)



Furthermore, we impose f,(X;) = —x;, f.(77) = fo(7)fz(7) and extend this to all of H, by
linearity. I is given by
Loy =(Ty,) " oy, (2.3)

where 'y, 7 := (I ® f,)AT for 7 € Hp.
Let & be a periodic space-time white noise and p : R — R, p(t,z) = pi(t)p2(z) be a

xz

smooth compactly supported function integrating to 1, set p.(t,z) = e °p(%,%). Given the
following approximation & » to &, there is a canonical way of lifting it to an admissible model
(I1E) TED)Y as follows. We set for k € Z,

(k+1)0

Ee=pex& Eolt,x) = %/k E(u,x)du, te (k9,(k+1)v],

9

(IEIE)(2) = Ee(2), EVXF)(2) = (2 — 2)*

and recursively define

(E077)(2) = (TE D7) () ([ED7) (2),
and

(I1¢ /K 2 — 2)(TTEN ) (21)d2y + Z f(“? (P IyT). (2.4)
Here f& (Iﬂ') are defined by
fEN(Tr) = /Dl z — 2)(HEN7)(21)dz. (2.5)

Furthermore we impose fi"(X;) = —z;, f&(77) = 7)) (7) and extend this to all
of H, by linearity. Then define

reEd - e o (T flgam)*l, 20

Ty

where Ff(s,ﬁ)'r =I® f;e’ﬁ))AT for 7 € Hp.

Then by [Hail4, Proposition 8.27] it is easy to check that (II&?) T=?)) is an admissible
model for the regularity structure Tz constructed in Section 2.1.

Now we give the following definition for the spaces of distributions C', v < 0, which is an
extension of the definition of Holder spaces to include o < 0.

Definition 2.4 Let n € &’ and a < 0. We say that n € C¢ if the bound

n(e2)] < A,
holds uniformly over all A € (0, 1], all ¢ € B, and locally uniformly over z € R+,

For every compact set & C R*™!, we will denote by ||7]|s the seminorm given by

Hn”oc;m := Sup sup sup /\_a|77<902>|-
ZER peBL AL1
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We also write | - || for the same expression with /& = R¥*!. In the following we also use C® to
denote C& on R? for the scaling & := (s, ..., 54).

We also have the following definition of spaces of modelled distributions, which are the
Holder spaces on the regularity structure. Set 8 = {(t,z) : t = 0}. Given a subset R C R}
we denote by Ry the set

Ry = {(2.2) € (R\P)? 2 # 2 and ||z — 2]ls < [t Al A1},

where z = (t, ),z = (¢, 7).

Definition 2.5 Let (I, T") be a model for the regularity structure T and B as above. Then
for any v > 0 and € R, the space D" consists of all functions f : R\ B — @ ___ T, such
that for every compact set %% C R one has

a<ly

—T..f(z
1l i= sup sup WEM gy, gy WO LT G
e i<y (1% "0 aeny i< [z — 27N AT

Here we wrote ||7||; for the norm of the component of 7 in 7; and also used ¢ and ¢ as shorthands
for the time components of the space-time points z and Z.

For f € D" and f € D" (denoting by D" the space built over another model (II,T)),
we also set

|||f, f|||%77;9’t = sup sup Hf(Z) - f(Z)Hl + sup sup Hf(z) - f(z> — Fz2f<2) +£Z~,2 (2)”17

e L A P K (PN

which gives a natural distance between elements f € D" and f € D",

Given a regularity structure, we say that a subspace V' C T is a sector of regularity « if it
is invariant under the action of the structure group G' and it can be written as V' = ©gcaVp
with V3 C T, and V3 = {0} for § < a. We will use D"(V') to denote all functions in D"
taking values in V.

Under suitable regularity assumptions, we can reconstruct from a given modelled distri-
bution f, a distribution Rf in the real world which ”looks like II, f(z) near z”. This result,
which defines the so-called reconstruction operator, is one of the most fundamental results in
the theory of regularity structures.

Theorem 2.6 (cf. [Hail4, Proposition 6.9]) Given a regularity structure and a model (II,T").
Let f € DY"(V) for some sector V of regularity a < 0, some v > 0, and some 1 < . Then
provided that o A > —sg, there exists a unique distribution Rf € C"* such that

(Rf = TLf(2))(¢2)] S\,

holds uniformly over A € (0,1] and ¢ € B, with ¢? compactly supported away from 3 and
locally uniformly over z € R4+,

Moreover, (II,T', f) — R f is jointly (locally) Lipschitz continuous with respect to the metric
for (II,T") and f defined in Definitions 2.2 and 2.5.



2.3 Abstract fixed point problem

We reformulate (1.1) as a fixed point problem in D" for suitable v and 1. By Duhamel’s
formula, (1.1) is equivalent for smooth £ to the integral equation

u=G*((€ —u*)ls0) + Guyp.

Here, G denotes the heat kernel, x denotes space-time convolution, and Guy denotes the solution
to the heat equation with initial condition ug. In order to interpret this equation as an identity
in D", we need the following result from [Hail4, Proposition 6.16].

Theorem 2.7 Let T = (A, Hr,Gr) be the regularity structure constructed above and
(IL,T") be an admissible model for Tp. Let v > 0, n < v and Z act on some sector V' of
regularity @ < 0. Then provided that a An > —2, v+ 2,7 + 2 not in N, there exists a
continuous linear operator K, : D¥"(V) — D" with 4/ = v+ 2 and 7/ = (n A @) + 2, such
that

REK,f=Kx*Rf,

holds for f € DY (V).

In the following we will only consider (1.1) with periodic boundary conditions. By the
theory of regularity structures proposed in [Hail4| we can define translation maps and use it
to define the periodic modelled distribution. Here the fundamental domain of the translation
maps is compact. We use the notations Or = (—oo, 7] x R? and use ||| - |||,.,7 as a short hand
for ||| - |||yn0r- Moreover, we have that for v,7n,7',n" in Theorem 2.7 and some 6 > 0

115 Lisof e S TP e

Now we reformulate the fixed point map as

v :<,ny + R’yR)(lt>OE)a

2.7
u=— (K5 + R,R)(Li=ou?) + v + Guo. (2.7)

Here 1450(t,z) = 1 for t > 0 and 1;5¢(t,z) = 0 otherwise, and for the smooth function
R=G-K,

k
RiC oD (RN = . 5 [ DRG - 21z,

|K|s <~

Guy= 3 7 DHGuo)(2).

|kls <~y

where «y,5 will be chosen below and we define R(1;5¢Z) as the distribution £1;~0.
We consider the second equation in (2.7): Define

V=Z(Fr)®T.

Now for uy € C"(R?), n not in N, periodic, [Hail4, Lemma 7.5] implies that Guy € D" for
v > (nVvO0).
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We define for any § < 0 and any compact set R the norm

|£‘5;‘ﬁ = Sup Hgltzsuﬁ;%
sER

and we denote by C? the intersections of the completions of smooth functions under | - | for
all compact sets 8. By [Hail4, Proposition 9.5] we know that for every a € (-3, —g), the
space-time white noise £ belongs to C& almost surely and K ¢ € C(R,C*"%(R?)) almost surely.
With these notations at hand, we recall the following results from [Hail4].

Proposition 2.8 ( [Hail4, Proposition 9.8]) Let T be the regularity structure associated to
(@) with v € (=22, =3). Let p € (=2, 0+2), v > [20+4|, 7 = y+2a+4 and let Z = (I, T) be
an admissible model for Ty with the additional properties that £ := R= belongs to C and that
K x & € C(R,C"). Then there exists a maximal solution §*(ug, Z) € D¥(V) to the equation
(2.7).

Furthermore, let T (ug, Z) € RTU{+00} be the first time such that ||(RS*(ug, Z))(¢, )|, >
L and set O = [—1,2]xR<. Then, for every ¢ > 0 and C' > 0 there exists § > 0 such that, setting
T =1 AT (ug, Z) NT* (g, Z), one has the bound |||SE(ug, Z) — SE (i, 2)|||ymr < €, for all
wo, i, 2, Z satistying |[|Z] 10 < C. 1]l < C.lluoll, < L/2, laolly < L/2,lluo — o, < 5,
and ||| Z; Z|||.0 < 6, and satisfying the bounds [¢]a.0 + [§]a:o < Csupyeioqp (K * §)(E, )|l +

supeio ) || (K * §) (L, )], < C, as well as

€ = Elaso <9, S I(K = €)(t, ) — (K % &)(t,)|ly <9,

Here we have set £ = RE, where R is the reconstruction operator associated to Z.

3 Renormalisation procedure and main result

In Section 2 we have constructed a model associated with & y and in this section we will prove
the convergence result required in Proposition 2.8, which at last implies Theorem 1.1. As we
mentioned in the introduction, the sequence of models does not converge to a limit. We have
to renormalise the model into some converging renormalised model.

3.1 Renormalised model

In this subsection we renormalise the model and prove that it is also an admissible model for
the regularity structure T associated with the dynamical ®3 model. In our case we should
subtract some functions (denoted by C’fg’ﬁ), C’és’ﬁ)) depending on ¢ in the renormalisations (see
the proof of Theorem 3.7), which cannot be written as the sum of diverging constants and
converging functions as explained in Remark 1.2. This is the main difference from the case in
[Hail4], where all the terms being subtracted in the renormalisations are constants. To prove
that the renormalised model is admissible in our case, we define a bigger regularity structure
%! including the original regularity structure €5 and two symbols C;, Cy, where C; and C,
represent Cfe’ﬁ), Cée’ﬁ) in the regularity structure, respectively. We build a model for ! and
use it to prove the desired result.
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First, we construct the regularity structure €'. Define a set F*' by postulating that {1, =, X,
Ci,Cy} C F! and whenever 7,7 € F', we have 77 € F! and Zy(7) € F'; define F; as the set
of all elements 7 € F! such that either 7 = 1 or |7]|s > 0 and such that, whenever 7 can be
written as 7 = 77, we have either 7, = 1 or |1;|s > 0; Hl,H}r denote the sets of finite linear
combinations of all elements in F', F}, respectively. Here for each 7 € F' a weight |7], is
defined as in Section 2 and by setting |Cy|s = |Ca|s = —dp with 4a+ 10 < —dy < 0. The reason
for 4o + 10 < =&y < 0 is to make sure that the homogeneity of C, is bigger than Z(¥?)¥?.

Recall that My = {Z, U™ : n < 3}. We define the sets W, U for n > 0 recursively by

Wi =1 =0,

Wiy=w,u J o1, 5),

QeMp
U= {XF C,CyU{Z(7): T € W,}

and
Fro=Jwiuu).

n>0

We denote by HL the set of all finite linear combinations of elements in F3 and denote
by F }’4' the set of those basis vectors 7 € ]-1 that can be written as 7 = X ZOHiIZiTi for some
multiindices /; and some elements 7; € F1. Denote H};’Jr the set of all finite linear combinations
of elements in F }’J“.

Now we construct the structure group Gg. We define the operators from H' to H' @ 1’ and
from H! to H: @ HL as A, A" in Section 2. We still use A, At to denote them for notational
simplicity. A on 1, X;, Z and A" on 1, X; can be defined as in Section 2. Define

AC, =C;®1, ACy;=Co®1.

For all other terms A, A" can also be defined recursively as in Section 2.

By using the theory of regularity structures (see [Hail4, Section 8]) we can define a structure
group GL of linear operators acting on H}. satisfying Definition 2.1 as follows: For g € ”Hi’*, the
dual of H, satisfying ¢(77) = g(7)g(7) for 7,7 € HL, define Ty : H' — H' Ty = (I ® g)AT.
By [Hail4, Theorem 8.24] we construct the following regularity structure.

Theorem 3.1 Let T = Hj with T, = ({1 € Fp : |7|s = v}), A' = {|7|s : 7 € F}}. Then
T = (A, HL, GL) defines a regularity structure T'.

We emphasize that we do not change the regularity structure associated with ®* in our
case. The introduction of T! is to prove that the renormalised model is an admissible model
for Tp. In the following we extend the model (II&?), '¢?)) constructed in Section 2 to a model
for T, which is used to construct the renormalised model. We still denote it by (II¢?), I'&¥))
for simplicity.

Given continuous functions C=” (¢), C{#? (1), for z = (t,y) we extend the models as follows:

([IEC) (=) = OF7(),  (IEVCa)(2) = G5 (1),

12



and recurswely as in Section 2.2. Moreover, we extend f; =9 to all of Hllp’Jr by linearity. More-

over, Féy is still given by (2.6).

Proposition 3.2 (II"), ') is a model for the regularity structure T' constructed in
Theorem 3.1.

Proof Since Cfg’ﬁ), C’és’ﬂ) are continuous functions, a similar argument as in the proof of [Hail4,
Proposition 8.27] implies the result. O

Now we introduce the following sets as in [Hail4, Section 9]. Define

Fo:={1,5,0, ¥ ¥ V2X; T(VW, Z(¥3)V?
T(U*)W? Z(V?), (), Z(V)V? X},

‘F* = {\Ij7 quv \113}7

where ¥ = Z(Z) and the index i corresponds to any of the three spatial directions.

Then Fy C Fr contains every 7 € Fp with |7|, < 0 and for every 7 € Fy, AT € Ho @ H .
Here H, denotes the linear span of Fy and HJ denotes the linear span of the elements in F
of the form X* [, Z;,7; for some multiindices k and [; such that |Z;,7;|s > 0 and 7; € F..

With these notations at hand, we construct a linear map M from Hy to HL by

MU? =92 — Cy,
M(‘Iszl) :\Iszl - ClXi,
MU =03 — 3C, U,

MI(V?) =Z(¥%) - Z(C)), .

M(Z(U*)¥?) =(Z(¥*) - Z(C1))(¥* = C1) — C,
M(Z(*)¥) =(Z(¥%) - 3Z(C1 V)Y,
M(Z(0*)¥?) =(Z(¥ )—3Z(Cl\P))(‘1’2—Cl)—3Cz\P,

M(Z(9)¥*) =Z(¥)(¥* - Cy),

as well as M7 = 7 for the remaining basis elements 7 € Fy. In our case, C;,7 = 1,2, are
not in 7' and hence, Z(C;) # 0. Now similarly as in [Hail4, Section 8] we introduce the
following linear maps which are used to construct the renormalised model. Define a linear map
AM  Hy — HE x Hpt by

AMr = (M7)®1,

for those elements 7 € Fy not containing a factor Z(¥?) or Z(¥?). For the remaining elements,

we define
AMI(W?) = (M(Z(¥?))) ® 1+ X; @ T;(Cy),

AMTZ(UH? = (M(Z(TH)P?) @ 1 + (¥? — C)X; ® T;(Cy),
AMT(U)U = (M(Z(¥*)V)) @ 1 + 3V X; @ Z;(C,¥),
AMZ(U) 02 = (M(Z(V?*)0?) @ 1+ 3(V? — C)X; ® Z,(C,¥).

. . ~ 1 . . .. . .
Moreover, we introduce a linear map M : Hi — H F’+, which is a multiplicative morphism and
leaves X* invariant, and

MZI(U"™) = Z(MI™), MZ;(¥) = Z;(D).

13



Then we can easily check that )
MT, = M(Z;, @ ) AM, (3.2)
(I @ M)(A®I)AM = (M @ M)A. (3.3)
Here M : Hpt x Hp™ — Hyp" denotes the multiplication map.
Furthermore, define a linear multiplicative morphism: AM : Hi — H};Jr X ’H};’Jr by

AMXF = Xk @1,
and .
AMTZ(U™) =Z(MT™) @ 1 + 30,3(X; ® T,(C1¥) — X, Z;,(C,¥) ® 1)
+ 0,2(X; ® T;(Cy) — X,Z;(Cy) @ 1).

Then we can easily check that
(AMA® M)A = (I @ M)(A* @ I)AM,

Here A is as given in [Hail4, Section 8| for the regularity structure T*.
Now we give the renormalised model by using the above maps: Define for 7 € Ho, 71 € H,

H;]E\4,5,197_ _ (Hg(ce,ﬁ) ® fz(a,ﬂ))AMT’ fM,e,ﬁTl _ fw(a,v&)]\ZT17

xT

and define I} = (F}M)~' o FM with FY := (I ® fM)A. Then by a similar argument as in the
proof of [Ha114 Theorem 8. 44] we have the following result.

Proposition 3.3 (ITY,T'™) is an admissible model for T on Hy. Furthermore, it extends
uniquely to an admissible model for all of .

Proof By the definition of IT™ and the expression for AM we know that (ITY7)()) can be
written as a finite linear combination of terms of the type (II,7)(¢)) with |7|, > |7, and
7 € HL.. Then Proposition 3.2 implies the required scaling as a function of .

Define v,y 1= (fo A ® f,)AT and we have Ty, = (I ® 74,)A. Since (LI TED) is a model

for ', this implies that for 7 € Hp*
eyl S llz =yl

Since T} = (I@~M)A with v} = (Yay @ f,)AM and AM7 = 7014+ 3 7' @72 with |7!|; > |7]s,
it follows from the expression of AM that for 7 € H

2] <l — g7

Thus (IT™,TM) is a model on Hy. By (3.2), (3.3) and similar arguments as in [Hail4, Section §]
we know that (ITM T'M) is also an admissible model on Hy. Finally applying [Hail4, Theorem
5.14, Proposition 3.31] (ITM  T'™) can be extended uniquely to all of Tp. O

Remark 3.4 (i) It is a little different from the case in [Hail4] to construct the renormalised
model. In [Hail4] the renormalised map M is a linear map from Hy to Hg, which is enough
for the construction of the renormalised model. In our case we have to subtract some functions
C1, Cs5 to make the diverging terms converge in some sense. As we explained at the beginning
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of the section, we construct a new regularity structure T' including C;, C, which represent
the functions C; and Cs, respectively. The renormalised map M is a linear map from Hg to
H1, which does not belong to the renormalisation group defined in [Hail4, Definition 8.41].
However, we could still use it to define M JAM AM and construct the renormalised model on
Hr. We emphasize that the renormalised model (IT*,I'™) is associated with the regularity
structure Tp. Below we still consider the regularity structure Tp. T! is a tool to prove that
the renormalised model is an admissible model for €.

(i) In fact, we can also define the renormalised model for the bigger regularity structure
%! and apply directly the results in [Hail4, Section 8] to conclude that the renormalised model
is an admissible model for T', which is also the required renormalised model when restricted
on Tp. For this argument we need to define the corresponding F, for T*, which is a little bit
complicated. Therefore, we rather use the above proof, because it appears to be simpler.

3.2 Renormalised solutions

Let uz 9 = S L(uo, &..9) denote the classical solution map to the equation
atua,ﬁ = Auaﬁ - ug,ﬁ + 55,197 ua,ﬁ(o) = Ug.

Here ug € C"(T?). The renormalised map S¥(ug, & 9) is given by the classical solution map to
the equation

Optle yp = Aug y + (305”9) — 9055’19))%719 — ug’ﬂg + &, up(0) =up.

By the same argument as in the proof of [Hail4, Proposition 9.10] we obtain the following
result:

Proposition 3.5 Let Z.y = (II¢?, TY) denote the model given in Section 2, and ZM, =
(HM,E,ﬁ FM,s,ﬂ s

the identities

) the renormalised model in Propostion 3.3. Then for every uy € C"(T?) one has

RSL(UO; Za,ﬁ) = SL(UOa 56,19)7 7?"S‘L(u(h Zgj\é) = SJI\IJ(U(M 55,19)-

Here S*(ug, Z.») and S"(ug, Z2}) are the solutions obtained in Proposition 2.8.

3.3 Proof of the main result

In this subsection we prove Theorem 1.1. We first prove the required convergence in Proposition
2.8 for &y and K x & 9. Our argument essentially follows [Hail4, Proposition 9.5].

Proposition 3.6 Let £ be white noise on R x T?, which we extend periodically to R*, and
define £, » as in Subsection 2.2. Then for every compact set R C R* and every 0 < k < —a — 2

2
we have
E’£€,19 - 5’01;9% Se+92. (3.4)

Finally for every 0 < k < —%, the bound

E sup K #&olt,) = K % &(t,)llave S €™ + 0",

te(0,1]
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holds uniformly over ¢, 9 € (0, 1].
Proof For any scaling s of R* and any n € Z, define

3
Ap={> 2ke; 1 k; € Z},
j=0

where e; denotes the jth element of the canonical basis of R*. We choose a wavelet basis
{re = 273mp27" (- —y),n >0,z € A"NR,y € A°NR, ¥ € U} as in [Haild, Section 3.2] on
R*. Writing ¥, = ¥ U {¢}, we note that for every p > 1, we have the bound

E|| (60 — )licpo.q |12

ST D 3 B e — ) liton, U2

< Z 2B — )L V1) P

Here we wrote % for the 1-fattening of 9. Since it has been obtained in [Hail4, Proposition
9.5] that

E[((& — &) Leep., ¥ )P SLA(27s) A (277€7),

for & = & x p., it suffices to estimate E|((&.9 — &) liepo,s, ¥2°)[2. By the definition of & 4 we
know that

11%6[0,5] [ew(t) — &(1)]

vl 1 kDY 1 (EHD
=) 1te[kz9,(k:+1)19)_/ (€e(u) — & (1)) du + 1te[[s]19,s]_/ Ee(u)du — ligys19,58:(2)-
9 Jiw TR S
k=0 [5]
Izjl + [2 — [3.
In the following we estimate E|(I;, 1)™*)|?
straightforward calculation yields that

for i = 1,2, 3 separately. Since ||pe * flz2 < ||fllz2, &

(k+1)0  p(k+1)9
Bl (1), v2)* =) / Z S [ ) v e yduatay

2

(k+1)9
1te[w (k+1)9) / [V (u,y) —wﬁ’s(t,y)]dU) dtdy
k9

Nﬁg/ Z //LCH (/k+1 /l€+1 | Dap* (u y)|dudu) dtdy
[ / Day (i, ) Pdidy
)

S1A(2%5) A (279).
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Similarly,
BI{la, )+ Bl{, 02 55 [ / 0% (u, ) du) 2dy+/ s paay
S1A(27s) A (2709).
Combining the above estimates we obtain
E[((&9 = OLicps, ¥o)F STA(227s) A (27°€%) + 1A (225) A (2770).

Thus, it follows that for 0 < k < —g — a,

o

3k 5 12y ER_5
El[(&0 — OlicpllZm SO 7 +e7 27057 2,

Then the required bound (3.4) follows from Kolomogorov’s continuity criterion by choosing p
large enough.

Now we prove the second result: it has been obtained in [Hail4, Proposition 9.5 that for
every 0 < k < —2¢5 the bound Esupcpo ) [|K *&(t,-) = K #&(t,-)[lase S € holds uniformly
over g, € (0,1]. It suffices to consider Esup;cp ) [[K * & o(t, ) — K * E(t, ) [lara. We choose

the scaling § = (1,1, 1) and choose a wavelet basis on R?: {¢™* = 229)(27(- — 2)), (- —y),n >
0,7 € A,y € A2,¢) € ¥} as in [Hail4, Section 3.2] on R? with AZ = {Z?zl 27 "k;e;  k;j € Z}.
Set W, = WU{p}. We would like to estimate B[ (K &, y— K #£)(t, ) — (K #& 9 — K x£) (s, ) ||,
for t > s > 0 and use Kolmogorov’s continuity test. Here we only consider the case that s =0
for simplicity. For general s, we can obtain the desired estimates similarly. We note that ||-|| a2
on T? is equivalent to the Besov norm ||| pat2 (p3), which by [Tri83, Theorem 9.2.1] is equivalent
to the weighted Besov norm (cf. [RZZ15, (2.1)]). Moreover, by [Tri06, Theorem 6.15] we have
on T3, for every p > 1

I S D D0 D 22Ot (f yn) Pu(a),

e, n>0 zeAy

for w(z) = (1 + |z|?)~2, which combined with Gaussian hypercontractivity implies the bound

BI(K G — K+ €)(0) — (K %€ — K+ £)(0.)][2,
SN et (B (K x £y — K+ E)(8,)

YeT, n>0 zEA?

— (K x &9 — K *£)(0,-), 0% w(x)?.

We have the following identity

(k+1)9 1 [k+D)0
K+ & (t,y) / /K (t —u,y — yl)ﬁ/ & (u1, y1)durdyrdu

LU
/ /K (t—u,y— ?/1)19/ & (ur, y1)durdy, du,
(L] (519
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which implies that

E|[(K*&y—K*&)(t,-) — (Kx&g—K=x&)(0,),00°()
TP+ 4T

where
[51-1 (k+1)9  p(k+1)0
3T T I B B S G R
o
& (Ulayl Yduydyy, ¥* ()],
(511w -
-E|&// Kit == ydu [ 6 yn)dusdyn, 02O
(510
7=l / Kt — ur, - — ) un, y0)dundyy, 675 )) P
(510
and

(b+1)9 1 (k419
—Ey/ / / K(t =ty — 1) — Kt — s, —41) — K(—u,- — g1)
k9

K (—uy, - — y1)]duée(uy, yr)duydyy, 0% ()],

Now we bound each term separately: For J! we have

v k1 k1D | )
7 SJ/ Z / </ 5|K(t_u" —y1) = K(t = u, - = y1)ldu, [¢3°()]) *dudys,
k=0 kv

We introduce the notation: for (¢,7) € R*, o € Rt

1

CY
o

Lt +ypz<cy- (3.5)

Here C'is a Constant Now we use [Hail4, Theorem 10.18] to control |K (t —u,y —y1) — K(t —
u,y — 1) by 93 (GE (¢ = uy — y1) + GE(t = wr,y — y1)), which implies that

(k+1)0  p(k+1)9  p(k+1)0 (345 (345)
J1</Z192/ / / +)(t—uy 3/1)"‘G+ (t — w1,y —y1))
ko ko ko

(Gt — i, 5 — 1) + G — g, 5 — y0)) W () () [ dudiiduy dY .

Here and in the following we introduce the notation dY to denote dydydy, if there’s no confusion.
Differently from [Hail4], we calculate the integrals with respect to time and space separately.
Observing that each term on the right hand side of the above mequahty only contains at most
two of u, @, uy and using [|t — u|372 + |y — y PO < |t — w720 |y |20 P for 0 < B < 1,
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we have that J!' can be bounded by

[$1-1 (k+1)0  p(k+1)9
1 _1-8 o_s 1B _ o s
Y I B e P e e
=V ko ko
[t —ul Py — | PG — | TP [l (y) vt (9) [ dud il gy <oy dY

47 (3.6)
5195 // |t — u|_1+5|y - y1|_2—5—,8|g _ y1|—2—5—,6’|¢;z,5(y>¢;z,5(g>|1{‘yllgc}dudY
0

SMW//\wﬁ’g(y)wﬁ’g(y)lly—y!‘l‘%‘”dydy,

for 5,6 > 0,28 4+ 46 < —(2ac + 5). Here in the first inequality we used Young’s inequality and
in the last inequality we used [Hail4, Lemma 10.14]. For J?, J® by similar calculations and the
fact that |K(2)| < ||2]/;2 we have

t t
~ = ~1 n,5 n,5 (=
P4+ S / /[ ] /[ } Gy (t =,y — y0) G (¢ — 0,5 — yn)dudis [0 ()07 (3)|dY
$10 J 510

t
w168y )G w5 e ) )
]9
5
Similar calculations as in (3.6) yield that J* + J3 can also be bounded by

[t]° / / = ()= () ||y — g~ 2P dydy.

Now we consider J*:

A 1 kD9 p(kt1)0
J 5/ Z @/ / Kt —uw,y—y1)— K(t—u,y—y1)
k=—[C] ko ko

(k+1)9

—K(—u,y—yl)+K(—u1,y—y1)|du/ |K(t —a,7 —y1) — K(t — v, ¥ — 1)
k9

— K(=0,§ —y1) + K(—u1,§ — y)|da|o)* (y)Yr* (7)) |dudY.

Here we used that K has compact support. Now we can use [Hail4, Theorem 10.18] to control
)

K (t —uy =) = K(t —ur,y — )| by 93G5 (¢ —u,y —y1) + G5 (t —wr,y — y)) and

to control |K(t — u,y — 1) = K(—u,y —y1)| by 5 (G5 (¢ = w.y — 1) + G (—uy — 1))

for 6,8 > 0, which combined with interpolation and similar calculations as in (3.6) imply that

el [ [ e @lly - gy,
Combining the above estimates we obtain that
EI((K % 6ep— K +£)(6) — (K 4 &g — K 4 £)(0,), 0
SO [ [t @ll - ol Py

5195 |t|52—3n+n(1+46+2,8)’
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where 3,0 > 0,20 + 49 < —(2ac + 5). Thus, the above estimates yield that

E|(K*&p— Kx&)(t, ) — (K x &y — K *&)(0, )||ip+2
< Z Z22(a+%)np+|§|np+|5\n19p6|t|ﬁp2—3np+np(46+2ﬁ>7

PYev, n=>0

and the results follow from Kolmogorov’s continuity test (in time) if we choose p sufficiently
large. ([l

In [Hail4, Theorem 10.22] a random model Z has been obtained by taking the limit of the
models associated with the convolution approximation &. Define ® = RS%(ug, Z). Then ®
is the local solution to the dynamical ®; model. In our case we also have the following main
convergence result at the level of models:

Theorem 3.7 Let T be the regularity structure associated to the dynamical ®3 model, and
p(t,x) = pi(t)pa(x), let & 9 be as in Subsection 2.2 and let Z. y be the associated model. Then
there exist choices of C\="(t), C{=")(t) such that Z. 5 = ZM, — Z in probability.

More precisely, for any x < —g — «, any compact set R, and any 7 < r one has that the

bound R
E[|Z2; 2|y S e + 97,

holds uniformly over ¢, 9 € (0, 1].

The proof of Theorem 3.7 is the content of Section 4 and the Appendix below.

Remark 3.8 If p(t,z) = §(t)p2(x) for the Dirac distribution §, the convergence results in
Proposition 3.6 and Theorem 3.7 still hold. In fact, if |[K(2)| < ||z]|§ for —4 < ¢ < 0 it is
sufficient to control |K * py . — K| by (t=25=C|z|SH0) A \t|§ for ( 4+ 6 > —3. By this and similar
calculations as in Section 4 we could also deduce the results. Here py(y) = ¢ 3pa(¥).

We now have all the tools in place to prove the main convergence result of this article.

Proof of Theorem 1.1 The proof of the theorem is essentially a collection of the results of this
paper. As obtained in Proposition 3.5, RS"(uo, Z)) = ®.y. Define ¢ = RS (ug, Z). By
the continuity of the map R and Proposition 2.8, Theorem 3.7, we obtain that there exists a
sequence of random times 7, converging to the explosion time 7 of ® such that

sup || ®.9 — @[, =70, as e, 9 — 0.
tE[O,TL]

4 Convergence of the renormalised model

In the previous section we have defined the renormalised models Zgﬂg = (ﬂ(evﬁ),f(a’ﬁ)). The
goal of this section is to obtain the convergence of the renormalised models. The proof follows
by a similar argument as in the proof of [Hail4, Theorem 10.22], if we can prove the following
lemmas. For the completeness of the paper we put the proof of Theorem 3.7 in the Appendix.
In the following we prove these lemmas. First, we introduce the following notations:
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Define for (t,y), (t2,y2) € R*

(k+1)9 1 DY
K. o(t,y,ta, y2) = / /K (t—u,y— yl)ﬁ/ p=(u1 — ta, 11 — yo)durdyrdu

1 (§1+1)9
/ /K t— U, Y — yl)ﬂ/ Pe (U1 —to, Y1 — yQ)duldyldu
[£10 (519

:Ké,lzg <t7 Y, t27 y2) + K(qu (ta Y, t27 y?)a
(4.1)

(519
K (t —to,y — 1) =K xp. = / K(t —u,y —y1)p(u — t2,y1 — y2)dudy,

t
4.2
+// K(t_uay_yl)ps(u_t%yl —y2)dUdy1 (42)
[£]9

::Ks(l) (tv Y, t27 y2) + Ka-SQ) (ta Y, t27 y2)

Then for 7 = Z(Z) = ¥ we have

(D) (2) =K * & 9(= /Ksﬂ z, 21)&(21)dz1.

For ¢ smooth and z € R* we have that

BI(K % &9, ))? = / / FE0 (2, 2)M () (2) dedz.

Here for z = (t,y),z = ({,7)

f(‘“9 (2,2) ZJ”zz

1,j=1
with
J(z, %) :/ngg(z, 2)KY) (2, 21)dn i, 5 = 1,2,
In the following we prove estimates for f(&%) and K. y— K.. Recall that p(t, z) = py(t)pa(z).
We first give an estimate for the convolution K * ps . with respect to space, which is required for

the estimate of f&"). Here py.(y) = e ?pa(¥). By a similar argument as the proof in [Hail4,
Lemma 10.17] we obtain:

Lemma 4.1 If |K(2)| < ||2]|$ for ¢ € (—4,0), then
K % pac(2)] < O3 (|| 2|50 A e540),

for0<o0<1,0>(+9>-3.

Proof We can write
Kt poclti) = [ K(t.o = y)pa.(o)dy.
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We use the notation z = (¢,z). |K(t,z — y)| can be bounded by C’|t|%, and
K 5 pa(t )] < Clf?

follows from the fact that ps . integrates to 1. Without loss of generality we assume that p; is
supported in the set {x : |x| < 1}. For |z| > 2¢, we have |z — y| > ‘21', which implies that for
0<0<1,0>(+0>-3,

K 5 pyc(t,2)| < Ct 3 |z|SH < O3l

For |z| < 2e we use the fact that |ps .| is bounded by a constant multiple of £~*

K % poc(t,2)| S e / t73 |y oy S Ct 550 < O3 |2,
ly|<3e

Combining all the estimates the result follows. O

In the following we prove some useful estimates for f&% and K 5(11)9 — Ke(i), which are used
in the proof of Theorem 3.7.

Lemma 4.2

(i) For every 6 > 0

FED (2 Sl =20
(i)
|f(€,19)(z7§) _ f(Z _ 2)| 5 (19& + €2K>||Z o EHE—I—Q;@—J

holds uniformly over ¢,9 € (0,1], provided that < 1 and that § > 0, where f(z — 2) =
KxK(z—2).

(iii) For i = 1,2

holds uniformly over ¢, € (0, 1], provided that x < 1 and that § > 0.

Proof 1In the following we use the notations z = (¢,y), z = (¢,7). Consider (i) first: We consider
the integral w.r.t. space and time separately: Since p; has compact support, there exists some

constant Cy such that for p; () := e ?p1 (%), ];l;;+1)19 k(1k$+1)19 Pre * pre(ur — ug)durdug # 0 if

and only if |k — k| < COsz + 1, and in this case

(k+1)9  p(ki+1)0 ¥
| / Ple * p1,e(U1 - U2)duldu2| 5 19(1 A —2)7 (4-3>
ko k10 €
which implies that
[51-1 [51-1 G ;
JH < /5/ \t—u\*i[Ggg’*&)(t—u,y—yl)/\5’3+5]du
k9

C 2
k==[5] ky=—[C],|k1—k| <D0 41

(4.4)

(k1+1)0 B s (38) = . i - 9
[ A HE O - a - ) A= (1A ),
k19

22



for 6 > 0, where we used Lemma 4.1 and G((]3_6) is defined as in (3.5). Now we consider this
term in the following three cases:
Case I: t —t > 2Ce? + 49. Since |u — 1| < Cye® + 209, we deduce that

t—u>t—u. (4.5)
Furthermore, we have that
t—td=t—t+t—ut+u—u>Ce?+20>0—u+u—t=1a—t,

which implies that

t—t
> 0 (1.6
By (4.4), (4.5), (4.6) and using
3=6 —51— —a -
It =ul= +ly =1 St —w)ly — ™ (4.7)
for a,b > 0 satisfying 2a + b = 3 — 9, we obtain that
[51-1 (k+1)9 S
rsy | L (w0t - )
b=—1[S
(4.8)

/\ (<t —u) Ty =y [Ty yll?’”) dulyy,<cdyr
SE—#2 3 Ay — g7,

is valid for every 6 > 0, where we first used (4.4), (4.7) and then (4.5), (4.6) in the first
inequality and used [Hail4, Lemma 10.14] in the last inequality.

Case II: t — t > 2Cpe? + 49. Similarly as Case 1.

Case IIL: |t —t| < 2Cye? + 49. We have that for every 6§ > 0

(k1+1)9
l/ (f—a) 2 2da S V33,
v k1Y

which combined with (4.7) implies that

[N

[5]-1 (k+1)9
s Y / / (t = ) 5y — gy |29 g — gl i "
kY .

holds for every 6 > 0, where we used [Hail4, Lemma 10.14] in the last inequality. (4.4) and
(4.7) also imply that

[51-1

11 v ] (k+1)9 (k1 +1)5 _149 2-9
TG A Y [3 L  mw—t

k:_[%} k?1:—[ |k‘1 k"<C() 3 +1

(T — @) 25|y — |72 2]dudiil gy <cydyn S Jy — 517,
(4.10)
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where we used [Hail4, Lemma 10.14] and (t — u)"2+1(f — @)~ 271 < (t —w) 42 4+ (T — @)~ 1+3
in the last inequality. Moreover, by interpolation we have that

[
2

£l RGN~ = y) AeTP ) S (- )y e
which combined with (4.4) ylelds that

g1 5 -

1Y (kt1)8 - p(kr+1)d _1.5 5,0 15
TG A Y Ny /[ / (=) iy — 2

k=—[% Tk =—1§ ]|k1 k|<Co S +1
(F— @) 23]y — g2 738 dudiil g <cpdyn S
where we used [Hail4, Lemma 10.14] and (£ — u) 28 (f — @) 278 < (t —u) 1 + ({ — )
in the last inequality. Combining (4.9)-(4.11) we obtain that
TS AT A =g S =T Ay — g1 S 2
is valid for every o > 0.

We now turn to J?2. J*2 #£ 0 if and only if |t — ] < 2Cpe® + 49. Lemma 4.1, (4.3) and
similar arguments as in (4.9-4.11) imply that for every ¢ > 0

_d _M
J22 <(// 1+6/4|y yl‘ 1 19 ’y yl‘ 2+5du1{|y1§c}dy1>

1,9 s ,— 1,9 o)
- t—w) 2t iy — |72 (F—q) 2|y — |22
NUET /[f;w[( R e e R R,
A T T B S B

SIE— A5 ALy — g7,
J'2 J* can be estimated similarly. Thus (i) follows.
( i) We have
fE(z,2) = f(z - 2)|
SIFE(2,2) =[O = 2)| + |fO —2) - f(z = 2)]
where f)(z—2) = K. K.(2— %), K. = K xp.. Here |f&")(2,2) — f©) (2 —2)| can be separated
as Jy 1,5 = 1,2, with

)

where Ks% and K are defined as in (4.1) and (4.2). Each term can be estimated as in the
proof of (i). We take J!! as an example:

k+1)19 k1+1 k+1 k1+1

Jt = 192

k9 k19

_K(t_uluy_yl))K(t_aag_yQ)+K(t_ulvy_yl)(K(E_ﬂvg_yQ)

k19

— K(t —us, 9y — yg))}dudﬂp€ x p-(u1 — Uz, Y1 — yo)duydusdy, dys|.
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By [Hail4, Lemma 10.18] we can control |K (t —u,y —y1) — K(t —u1,y —y1)| by 9°(G 3+2H)(

u, Yy —y1) + G(()3+2H) (t — w1,y — 1)) provided that x > 0. Observing that each term on the right
hand side of the above inequality only contains at most two of w, @, u;, us and using (4.3) as
well as Lemma 4.1 we obtain that J{' can be bounded by a term similar as in (4.4). Then
by similar arguments as the estimates for (4.4), we deduce that Ji' < 9%||z — z||;172*7°. The
other terms can be estimated similarly, which implies that

£ (z,2) = FO(z = 2) S 0|2 — 2]l

holds uniformly over ¢,4¢ € (0, 1], provided that £ < 1 and that § > 0. Since K and K. are of
order —3, by [Hail4, Lemma 10.17] we obtain that

[fOz—2) = flz = 2)| S ¥z — 2l

Combining the above estimates we deduce (ii) easily.
(iii) We have for z = (t,y),z = (t,7)

(KD — KDY (z,0), (KLY — KD)(z,-))]

[ -1 (5] (h4+1)9  p(k141)9  p+1)9  p(ki41)0
Z /// / / / Kt —uy—y)— Kl —u,y—un))
~ k10 ko ko

(K(t—1,7—yo) — K(t —uz, 7 — yz))d’“d’uw Pe * pe(ur — Uz, Y1 — Ya)durdusdy,dys|.

By [Hail4, Lemma 10.18] we can control |K(t —u,y —y1) — K(t —u1,y —y1)| by 9°(G 3+2H)(
u, Yy —1y1)+ G[()BJF%) (t —uy,y —y1)). Then by similar arguments as in the proof of (ii) we obtain
that

(58 = KDY (z,0), (K = KOz, )] S 0%l = 2717

13 13

For i = 2 we can argue similarly as for estimating J?? in (i) and the result follows. U

Lemma 4.3 The following holds:
(i) For every 6 > 0

[fE0(z,2) = fE0 (2, 2)| S 17 = 2l = 2l + 2 = 2[72).
(ii) For i = 1,2,

((KY) — KDY (2,), (K = KDY (21, ) — (K — K9 (2, )

g
<OR||1Z1 — Z|I0(|21 — 2|77 4 |2, — 2|72

holds uniformly over ¢, € (0, 1], provided that x < 1 and that § > 0.

Proof Without loss of generality for z; = (¢1,%1),22 = (f2,72) we suppose that t; < .
|fEN (2, 2) — fE(2,2,)| can be separated into two kinds of terms: one is similar to J¥ in
the proof of Lemma 4.2 with one of K(t,y) in J¥ replaced by K (t;,y) — K (t2,7); the other is
the corresponding terms from #; to . For the first case, we apply [Hail4, Lemma 10.18] to
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deduce that |K(f,5) — K (f2, §)| < |[f — 6|2 (G0 (5, ) + G812 (E,, 7)), which combined with
similar arguments as in the proof of Lemma 4.2 implies the desired estimates. Now we give
the calculations for the most complicated term in the second case and the other terms can be
handled similarly. Define

(31— (k+1)¥ (kit)9
AZ S JIL e [ K
kv k

— o
k= 700k [tl] 1

(k+1)9  p(ki+1)9
/ Pe * Ps — U2,Y1 — y2)duldu2dy1dy2 .
k19

By (4.3) and Lemma 4.1, similarly as in (4.4) we have that for § > 0

(51— [%]-1 (k+1)9
ISy > [ = PGy = ) n e
k

F=—[G] ky=[2)4 1, [k —k| <Co S +1 v (4.13)

(k1+1)9 (3-8) 9
[ = A — . — ) A ldig (5 A1),
k19

Then by (4.7) and |to — 1| > |2 — 1| we obtain

[§)-1 [F-1

ED D N U A N s e
k19

k=—1G] ki=[LL]+1,|k1—k|<Co =
[ty — t1| (to — @) 2 3tg |52 — y1| 2 duﬁl{|y1|<c}( v A 1)dy;.
Moreover, by Young’s inequality we have
Fo = Bul (2 — @) 735t — |33 <y — B3 — | (R — @) T
which combined with [Hail4, Lemma 10.14] implies that
J Slte = b2y — gl
Furthermore, we estimate J in the following three cases:

Case I: t—ty > 2Cpe?+49). Similar arguments as in the proof of (4.6) imply that ¢t —u > th,
which combined with (4.7) and (4.13) implies that for § > 0

%? (k1+1)9
J 5 // (t—1t2)” 6’?/ o e (PR I [ y1|7176dﬁ1|y1|gcdy1
o k1
§|t b7 — &2
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Case II: ty — t > 2Cpe? + 49, Similarly as in Case I, we have t, — 4 > t_T which combined
with [ta — 1| > |t2 — @] implies that

[§]-1 (k+1)9 s s .
J< / / (b= )iy — g3 — B — )3 s — | 2P duly, <cdyy

<’t—t2| 2 ‘t2-t1’2

Case III: |ty — t| < 2Cpe? + 49. In this case

1 (k+1)v L L
3 / (t —u)"2du <9270,
ko

which combined with [Hail4, Lemma 10.14] implies that

&

<
124N

(k1+1)0 1 _
// _§_5|y . y1|_2+25(t2 . 11)_”5/2@2 . y1|‘1‘5dﬂ1|y1|§0d?/1
= k19

c:o\H

<y57d |t2 s

~Y

On the other hand, a similar argument as in (4.11) and |ts — t;]| > |t2 — @] imply that

51 [31-1 (k+1)9  p(k1+1)0 o .
J S E // / t—u| 25|y — |2 ae TP du
c k9 k19
k=—[5] k1= [ 41, )k1 — k:|<C’019+1

143 v
[t — 1|72 (Fp — )2 |Gy — 3| 72 4duq91{\y1|<0}( A 1)dy
58_1_26|1?2 — Elli-
Combining the above estimates we obtain that
J Sla = 2z — 2077
Thus (i) follows. Combining the arguments in (i) and the proof for Lemma 4.2 (iii), we can
deduce (ii) easily. m
Appendix. Proof of Theorem 3.7

By [Hail4, Theorem 10.7] we only need to show that the renormalised model converges for
those elements 7 € Fp with non-positive homogeneity. In the case of the dynamical ®3 model,
these elements are given by

F_o={2,0, 02 ¥ 02X, T(VHW, T(V*)W? 7(T*)V?}.

By [Hail4, Theorem 10.7] it is sufficient to prove that for 7 € F_ with |7|; < 0, any test
function ¢ € B, and every x € R*, and for some 0 < k < —g —a,

E[(IE)m) ()P S ATt B([r — IE7) ()P S (6% + 9T, (A.1)

~
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where II,7 is obtained as in the proof of [Hail4, Theorem 10.22]. Since the map ¢ ~>
(I 7) () is linear, we can find some functions W'+ with WM 1)(y) € L2(R x T3)®*,
for y € R* and satisfying

A (o) = 3 zk( [ enovesnyg >dy)

k<|I7]|

where [|7|| denotes the number of occurrences of = in the expression 7 and I is defined as in
[Hail4, Section 10.1]. We also use the following notation as in [Hail4, Section 10]:

(L)) = 3 Ik( / m)(w;m)(y)dy),

k<|I7]|

where W+ € L2(RxT3)®*. By [Hail4, Proposition 10.11] we know that to obtain (A.1) it suf-
fices to estimate the terms |(VE"F) 1) (2), WM 7)(2))] and | (VTP 1) (2), (SWEM 1) (2))],

~

where SWETH) - — WWEdk) L ypk)
For 7 = Z(Z) = ¥ we have

(D) (2) =K # .= / Kooz, 2)€(21)don,

which implies that X
(W(E’ﬁ;l)\P)(z, z1) = K. 9(z, 21).

xT

For ¢ smooth and z € R* we have that
E|(K * &9, 00)]° = //f(s’ﬁ)(z,Z)<pi(z)goi(2)dzd§.

In the following we use “e—*  to represent a factor K (z—z1) and “'e->*  to represent
K. y(z,21). We also use the convention that if a vertex is drawn in grey, then the corresponding
variable is integrated out. Now we have

fED(2,2) = b
By Lemma 4.2 (i) we obtain that

(OVEDW) (), WESD D) ()| = |+ | < [l — 2[4

holds uniformly over &,9 € (0,1). Now for II,¥ = K % ¢ as in the proof of [Hail4, Theorem
10.22] we also have

(OWEIDT) (2, 21) =K. 9(2,21) — K(z — 2)
=(K8)(z,21) = KD (2, 21)) + (K2 (2,21) — KO (2, 1))
+ (K. (z2—2)— K(2 — 21))
=(OWEI) (2, 20) + (W) (2, 21) + (EWEHDT) (2, 2).
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By Lemma 4.2 (iii) and [Hail4, Lemmas 10.14, 10.17] we have that for i = 1,2
(W) (2), (SWETIW) (2))] S 0712 — 2117072, (4.2)

and

(WD) (2), (SWEPIDW) (2))] S 1z — 2], (A.3)
holds uniformly over ¢, 49 € (0, 1] provided that 0 < k < 1 and that 0 < ¢ < 1, from which we

deduce (A.1) for 7 = W easily. In the following we use | *-#-7" | to represent

D HEWERIW)(2), (SWETIW) ().

i=1
By (A.2) and (A.3) we have

~~
'

[~ | S W05 )2 — 2|

For 7 = ¥? we could choose for z = (,y)
Clt) = [ Kealzy e (A4)

Here, since p = p1p2, we can easily deduce that Cfs’ﬁ) only depends on ¢. We obtain that

VEPIW(z) = ¥
By Lemma 4.2 we have that for every ¢ > 0
(VS D2) (2), WEPD02)(2))] = fO0(2,2) S ||z — 21777,

holds uniformly over &,9 € (0,1]. As in the proof of [Hail4, Theorem 10.22] W02 (2; 21, 25) =
K(z,2z1)K(z,22). By (A.2), (A.3) and Lemma 4.2 we have that

|<(5W£5’0’2)\I/2)(Z), (5Wa(:e,19,2)\112)(2)>| 5 (195 + €2H)||z o 2”5—2—25—67

holds uniformly over €, € (0, 1], provided that 0 < x < 1 and that 1 > § > 0, which implies
that (A.1) holds for 7 = W2

Similar arguments also imply that (A.1) holds for 7 = W3,

Regarding 7 = ¥2X; the corresponding bound follows from those for 7 = W2,

Now for 7 = Z(¥3)¥ we have

([IE7)(2) = (IEO0) (2)[K * (IEVW?)(2) — K+ (TE0?) ().

For the term in the fourth Wiener chaos we have
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We have the following estimates:
(VD7) (=), (D7) (2)
S [ U= 2K G = ) = Ko = )l - 2] (45)
]K(Z — 21) — K(.’E — Zl)ldzldzl,
where we used Lemma 4.2 to obtain the estimate. We now use [Hail4, Lemma 10.18] to control

1
|K(z — 21) = K(z — z1)| by ||z — z||2 5(“2 — 2|73+ ||l — 21H_3'5+5> with 0 < § < % and

S

obtain that

(VEPIT)(2), (WEPIT)(2))]

1—6 1_5 1_5 (A6>
Sz =zl 7z —zlls Tz —zld (G(z—2)+G(zZ—2) + Gz — 2) + G(0)),
holds uniformly over ¢,9 € (0, 1], where the function G is a bounded function given by
Gz —z)= Ui (A7)

Here as in [Hail4, Theorem 10.22] we also use the notation “—™—*  to represent ||z —

Z||¢ 12—z, <c for a constant C'. Choose W T as WY s with each instance of K. y replaced
by K, which is the same as in the proof of [Hail4, Theorem 10.22]. By (A.2), (A.3), Lemma
4.2 (i) and [Hail4, Lemma 10.18] we deduce that

A N _ K K —1— k-6, _ P
(WD) (2), (GWEIT)(2))| SW0° + ) [z = 2170l — 227 llz — 22
N —1—2k— Log,_ 15
+le = 2770 e — alld Nz a2,

holds uniformly over ¢,4 € (0, 1], provided that 0 < k < 1 and that 1 > ¢ > 0. For the term in
the second Wiener chaos, we also have the following identity:

WEID)(2) =3( ¥ — bdo )= 3(WEP7)(2) — W1 (2)).
For WY1 we have that for every & > 0

[(VEP207)(2), (WET207)(2))

S e S ER

where we used Lemma 4.2 (i) in the first inequality and [Hail4, Lemma 10.14] in the last

inequality. Choose VAVQ(UQI)T as Wf’ﬁ’Ql)T with each instance of K, y replaced by K, which is the
same as in the proof of [Hail4, Theorem 10.22]. By Lemmas 4.2 and (A.2), (A.3) we have that

(W07 (=), W2 7) (2))| S (9 + ) = 2,2,

)
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holds uniformly over €, 49 € (0, 1], provided that 0 < k < 1 and that 0 < § < 1. For W) 1

by Lemma 4.2 we have that
[(OVE"27) (2), WEP*7)(2)]
'
PE Al a R
Sllz =2l (G (2 = 2) + GH (2 = 2) + G (2 = 2) + GY(0)),

holds uniformly over ¢,9 € (0, 1], provided that 0 < x < 1 and that 0 < § < 1, where we used
[Hail4, (10.37)] in the last inequality and that the function G' is a bounded function given by

G1<Z—Z) _ e e i e i

Define W7 as W21 with each instance of K.y replaced by K. For the difference by
Lemma 4.2 and (A.2), (A.3) we have that

{EREPr)(2), WEPT) (@) S (07 + )= — a7,

holds uniformly over ¢,9 € (0, 1], provided that 0 < x < 1 and that 0 < § < 1. Combining all
the estimates above we obtain that (A.1) holds for 7 = Z(¥?)¥.
Now we come to the case 7 = Z(V?)¥2. We have for z = (,y)

(I 7)(2) = [AEDV?) (2)[K * (TED D) (2) — K * (TEDT?) (2)] — CF 7 (t).

For the term in the fourth Wiener chaos, we have

o o o
KV v

WEPIr)(z) = ¥ — LY
By similar calculations as in (A.5), (A.6) we have that

(OAEDD7) (=), Ve 97) (2))
Sz = 2172700z = @ll; ™12 = 2.7 (G%(2 — @) + G*(2 — @) + G*(z — 2) + G*(0))
holds uniformly over ¢,9 € (0, 1], where we apply [Hail4, Lemma 10.18] to control |K(z—z) —

S

K(x — z1)| by ||z — :cHi_‘S(Hz — 21|74+ — 21H_4+6) for 0 < 6 < 1 and the function G? is

a bounded function given by

Go(e - 5) = "

Choose W§4)7’ as Wf’ﬂ’@T with each instance of K,y replaced by K, which is the same as in
the proof of [Hail4, Theorem 10.22]. Similarly, by Lemma 4.2 and (A.2), (A.3) we have that

(OWEIT)(2), (O I7)(2))]

S+ ™)z = 2170 llz — alls™ Nz — 2l 0+ e = 21770l — 2l E - 2l
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holds uniformly over ¢,9 € (0, 1], provided that 0 < k < 1 and that 1 > ¢ > 0. For the term in
the second Wiener chaos, we have the following identity

Vo) =4V — LV,
Then by Lemma 4.2 we obtain that
{OME27) (2), (A9 27) (2)
// e = 2170 = 2l K G - 2) — K@ = 2)lla - 2l
|K(z—2z1) — K(x—z)|||z — le 0z dz
Slle = 215l — 2l — 2l (G 2) + GYea) + B, 2) + CPlas ),
holds uniformly over €,9 € (0, 1]. Here the function G* is a bounded function given by

—3.5 + 2] b

. i /7\
Gah) = 0 T

b

and we used Young’s inequality to obtain that G is bounded. Choose W7 as WD 1 with
each instance of K.y replaced by K, which is the same as in the proof of [Hail4, Theorem
10.22]. Similarly, by Lemma 4.2 and (A.2), (A.3) we have that

(OWEPD7)(2), OV D7) (2))]

7—25 K

SO + &™)z — 2] 0|2 — )2 320

ERk

holds uniformly over €, € (0, 1], provided that 0 < x < 1 and that 1 > ¢ > 0. We now turn
to the component in the Oth Wiener chaos. For z = (t,y), choose

195

1_
+ |z = 27202 — )2 272

1z = lls

B

C57) =2 [ 14N K - ) =2 (A8)
Here C’és’ﬁ) only depends on ¢. We have
(WEPO ) ( /fgﬁ) 2,21)° K (x — 2)dz,
which combined with Lemma 4.2 impies that
(OAVEP07)(2)] </||Z — 21|77 K (@ — 21)|day S ||z — 2|

for every > 0. Choose W7 as above with each instance of K .9 replaced by K, which is the
same as in the proof of [Hail4, Theorem 10.22]. Then Lemma 4.2 yields that

(VEPD7)(2) — (WOr)(2)
<(e* + 07 / Iz = 27252 K (z — 21)|dzy

S+ )|z — |77
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holds uniformly over ¢,9 € (0, 1], provided that 0 < x < 1 and that 1 > ¢ > 0.
For 7 = Z(¥3)¥?2, we have the following identity for z = (¢, )

(EN7)(2) = (EDW2) (2)[K + (TEDW?) (2) — K + (1EDE3) (2)] — 365 (1) (ITED W) (2).
For the term in the fifth Wiener chaos, we have

o " . ‘ R

@ o

eIy = N - LY
By similar calculations as in (A.5) and (A.6) we obtain that
(OWEPI7)(2), WE9)7)(2))]
Sl = 27270 — 227 — 227Gz - 2) + G(E - 2) + G(0) + Gz — ),

where the function G is given by (A.7). Choose WPr as WP+ with each instance of K.y
replaced by K, which is the same as in the proof of [Hail4, Theorem 10.22]. For the difference
by Lemma 4.2 and (A.2), (A.3) we have similar estimates:

[((OWE297)(2), (WO )(’)>|

1 . 5 s—Kk—0
SO+ )z — 217z — 2llE ) - allE

which is valid uniformly over ¢,9 € (0, 1], provided that 0 < x < 1 and that 1 > ¢ > 0.
The component in the third Wiener chaos is very similar to what was obtained previously.
Indeed, we have

9D 15 _ 15
+llz = 27270z — 22 0)|Z — 22

]

WD) (2) = 6( ¥ — LV )= 6(WEP37)(2) — WEP32)7)(2)).
Then we obtain that for every 6 > 0
(OVEP37)(2), WEP37) ()|

x

S e e = I P ER- e

where we used Lemma 4.2 in the first inequality and [Hail4, Lemma 10.14] in the last inequality.

Choose W§31)T as W£5,0,31)T with each instance of K. y replaced by K, which is the same as in
the proof of [Hail4, Theorem 10.22]. Similarly, by Lemma 4.2 and (A.2), (A.3) we have that

’<(5W£€’ﬁ’31)7)(2>, ((Swg(cs,ﬁ,?;l)T)(z)H ,S (1911 -0—62”)HZ ZHs 1—2k— 467

holds uniformly over e,9 € (0, 1], provided that 0 < k < 1 and that 1 > § > 0. Similarly, we
obtain

(VEPD7)(2), W27 (2))

et

R A = R

D TV e

1>/ .
= RS EE e Iz — 2710

Sz = 21770l = 217 + [l = 21157,
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where we used Young’s inequality in the second and last inequalities as well as [Hail4, Lemma
10.14] in the last inequality. By Lemma 4.2, (A.2), (A.3) and similar arguments as above we
have

[((OWVEPD7)(2), (GWEPD7)(2))]
S@" + )z = 270 le = @ll77% 4 llz = 20727%) + Iz = 217770 (le = 27 + 12 = 2[17)],

which is valid uniformly over ¢,9 € (0, 1], provided that 0 < k < 1 and that 1 > ¢ > 0.
We turn to the first Wiener chaos:

] o
WD) (= ) —[6 ¥ —3cEVmi -6t ]
[(W g, ‘9’11)7)(7:) _ (Wég’ﬁ’u)ﬂ(z)].
By Lemmas 4.2 and 4.3 we have that for every § > 0

<<W(€1911) )(2), (W(sﬁn)T)(Zm
/ / 02K (2 = 2) [0 (,21) = J0 (2,21) = SO0 (1,2) + 1672, 2)]
(2,2)°K (2 — 21)|dz1dz
S / / 2 = 2500z = 25 — 2 4 e — 0 e — 2 s — 2

Larezer Himlozoydzidz
Sllz =277,
(A.9)
where we used interpolation in the second inequality and [Hail4, Lemma 10.14] in the last
inequality. Choose Wéll)T(z, z1) = [(L(z — 22)(K (29 — 21) — K(z — 21))dz as in the proof of
[Hail4, Theorem 10.22], where L = (K * K)*K.
Moreover, by Lemma 4.3, interpolation and [Hail4, Lemmas 10.14, 10.17] we have

=

~ KDz, ), (KD = KO)(z.) = (KL = KD)(21,))]

C‘a

2
> THKS, = K9)(z, ) — (KL
=1

_;|<(Kz-: — Ko)(z,) = (Ko = Ko)(21,0), (Ko = K)(Z, ) = (Ke = K)(Z1,4))]
SE*+ 99|z = zlollz — 2

(120 = 27707 4 12 = 27707 2 — a7 707+ 12 = a7,

which combined with similar arguments as those for (A.9) implies the desired estimates for
SWE 2 Also by Lemma 4.2 we obtain that

(VD7) (2), WE27)(2)]

e ag

<| = |
<l —alle ¥z - x||?726(G4(z —2)+ Gz —2) + Gz - 2) + GY0)),
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holds uniformly over €, € (0, 1], provided that 0 < k < 1 and that 1 > ¢ > 0. Here we used
[Hail4, (10.37)] in the last inequality and that the function G* is a bounded function given by

Gz —7) = co—t5 45 fe] 10 o] t5ri]—e*

Similarly, by Lemma 4.2 and (A.2), (A.3), we have that

1—-46

~ ~ 7174571€ B = S —k
(EWESDT)(2), OWVETDT)(2))] S (6 + 97l —alls = )1z = als

9

holds uniformly over ¢, € (0,1], provided that 0 < x < 1 and that 1 > 6 > 0. Hence we
conclude that (A.1) holds for all 7 € F~, which implies the results.
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