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Abstract
In this paper, we prove that the solution constructed in [2] satisfies the s-
tochastic vorticity equations with the stochastic integration being understood
in the sense of the integration of controlled rough path introduced in [8]. As
a result, we obtain the existence and uniqueness of the global solutions to the
stochastic vorticity equations in 3D case for the small initial data independent of
time, which can be viewed as a stochastic version of the Kato-Fujita result (see

[10]).
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1 Introduction

Consider the stochastic 3D Navier-Stokes equation on (0, 00) x R3:

N
dX — AXdt + (X - V)Xdt = (Bi(X) + \iX)dB'(t) + Vrdt,
1.1 =1
b V- X =0,
X(0) ==z,
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where {°}Y, is a system of independent Brownian motions on a probability space
(Q, F, P) with normal filtration (F;);>0, and \; € R,z : Q — L?(R3 R3) is a random
variable. Here 7 denotes the pressure, A is the Laplacian on L?*(R3 R?®) and B; are
convolution operators given by

B(X)(©) = [ hul€ - OX©d = (hx X)), €€ R,
R3
where h; € L'(R3),i=1,..., N.
Consider the vorticity field
U=V x X =curlX

and apply the curl operator to equation (1.1). We obtain the transport vorticity equa-
tion on (0, 00) x R3:

dU — AUdt + (X - V)U — (U -V)X)dt = Y (hi * U + NU)dB (1),

=1

(1.2)
Uo(€) = (curlz)(§), € €R’.

The vorticity U is related to the velocity X by the Biot-Savart integral operator (see

[4])

(1.3) Xi(§) = K(U)(€) = _ﬁ R3 |§—_§|3

Then one can rewrite the vorticity equation (1.2) as

x Uy(€)dE, t€(0,00),& € R

dU — AUt + (K(U) - V)U = (U - V)K(U))dt = 3 (h; % U + NU)dg,

=1

(1.4)
Up(€) = (curlz)(€), € € R®.

In [2] using the transformation

U =Ty
with
Iy =TI, exp (8{B; — %Bf), Bi = B; + M,
the authors transformed (1.4) into the following equation
(1.5) % — T AT ye)dt + T (K (o) - V) (Teye) — (Coye - V) E (Tygr)) = 0,
Yo = Uo.



In [2] the authors proved that if the initial value is small enough (compared to a function
depending on the paths of Brownian motions f3;), then there exists a unique solution
y: (in the mild sense) to (1.5). However, since the initial value satisfying the following
condition (1.7) is not Fp-measurable, the process y; is not (F;):>o-adapted. Therefore,
the solution to (1.5) cannot be transformed back into (1.4).

The main aim of this paper is to obtain the stochastic version of the result of Kato-
Fujita to (1.4). Let y be the solution to (1.5) obtained in [2] and define U; =: I';y;. Since
Yz is not (F;)¢>o-adapted, the corresponding Uy is also not (F)i>o-adapted. Therefore,
the stochastic integral should be understood in the sense of a rough path integral or the
Skorohod integral. To use the Skorohod integral and find a solution to (1.4) we have
to use the shift operator (see [3], [12]), which breaks the result that there exists some
C(w) independent of time such that if |Up|s/» < C(w), there exists a global solution to
(1.5). Thus in this paper we understand the stochastic integral of (1.4) in the sense of
a rough path integral.

Framework and main result

First we recall the main result in [2]. In the following we denote by P/ 1 < p < co
the space LP(R?;R?) with norm | - |, and by Cy([0, 00); L?) the space of all bounded

and continuous functions u : [0,00) — L with the sup-norm. We also set D; = 8%,2’ =
1,2,3. We set for p € (£,3),q € (1,00)
-1
= Clleon Vel ey e IV oo ey, €20,
where || - ||(z»,z#) is the norm of the space L(LP, L?) of linear continuous operators on

LP.
For p € [1,00) we denote by Z, the space of all functions y : [0,00) x R* — R3 such
that ,
£y, € Gy([0,00); 17),

209 Dy, € Cy([0,00); LP), i =1,2,3.

The space Z, is endowed with the norm
lyll = sup{t' =% |ye, + 20| il t € (0,00),7 = 1,2,3}.
In the following we take A; € R such that
A > (V124 3) ||y, i=1,2,...,N.

Consider the equation (1.5) in the following mild sense:
t
(1.6) y, = 2 +/ eIAT M (Dy,)ds, t e (0,00),
0

3



where
M(u) = =(K(u) - V)(u) + (u- V)K(u).
The following is the main result in [2].

Theorem 1.1. Let p,q € (1,00) such that

’ <p<?2 1 2
B p ' = p 3
Let Qo = {sup;>qn: < oo} and consider (1.6) for fivzed w € Q. Then P(Qp) = 1
and there exists a positive constant C* independent of w € Qy such that, if Uy € L3/?
satisfying

1

(1.7) sup 7| U3/ < C7,
10

then there exists a unique solution y € Z, to (1.6). Moreover, for each ¢ € L3N Lq%l,
the function t — [os y:(€)@(€)dE is continuous on [0, 00).

To formulate our first main result we introduce the following notations and defini-
tions from rough paths theory: Fix % <a< %,O < s <t for X € C([s,t],RY) we
define 5x

X =Xy — Xu, || X|lafsg == sup M

u,vE[s,t],utv ’u - Ula .

Moreover, for a tensor process X € C([s, t]?, RV*V) we define

X
X = sup .
|| ||2a,[s,t] woels it ]u — 0]20‘

In fact, (X,X) is an a-Holder rough path in the sense of [7], Def.2.1 if || X ||y <
00, || X]|2a,[s,y < 00 and the following holds for every triple of times (u,v, w)

Xuv - qu - va = 5qu & 5va~

For an N-dimensional Brownian motion  on the probability space (2, F, P) and B,,, :=
f: 6 Bur @ dfB, € RVN*N it is well known that there exists a set Q; with P(2;) = 1 such
that for w € Q; (f(w),B(w)) is an a-Holder rough path (see [7], Prop. 3.4), where the
stochastic integration is understood in the sense of 1t6. In the following we consider
the problem on €2y w-wise. We also introduce the following smaller space for later use:
for € > 0 we set

25—i—1—2i |5yuv|p 254,-%_% Z?:l ‘5(Djy)uv|p

Ze={ye Z,| sup u P———u < oo, V0<s<t}.
P ty p| s§u<11);§t lu — vl|® lu —vl|® }

Now we recall the notion of a controlled path Y relative to some reference path X due
to Gubinelli [8].



Definition 1.1. Given a path X € C°%([s,t],RY), we say that Y € C*([s,t],RY) is
controlled by X if there exists Y’ € C%([s, t], R¥*") so that the remainder term R, for
s <u <wv <t given by the formula

uv?

N
OVl =) YeXY, + R

satisfies || R||2q,(s,) < 00. Here the superscript ;¢ and v relates to the coordinate.

By [8], if we are given a path Y controlled by X, then we can define the integration
of Y against (X, X), which is an extension of Young’s integral (see Theorem 1 and
Corollary 2 in [8]): for 0 < s <t < T

t n—1
(1.8) / YPAXY = lim Y (VOX[,  + ZW“ X,
S 0

|P|—0 <
=

where P = {to,11,...,t,} is a partition of the interval [s,t] such that ¢y = s,t, =
ttipr > b, [P| = sup; [tip1 — Bl

Now we give the definition of solutions to equation (1.4). In the following we define
the analytic weak solution to equation (1.4) and we use (-,-) to denote the L? inner
product.

Definition 1.2. We say that U is a solution to equation (1.4) if I~'U € Z¢ for some
e > 0 and for any ¢ € C°(R3;R?), the function t — (I'; U}, ) is continuous on [0, 00)
and for 0 < s < t,

19 W Uap) — [ 000~ 1.l = [ (B pa

U’t:O = U07

where the integral f;(BiUT, ©)dB: is understood in the sense of (1.8) with respect to

the rough paths (3,B). Here for 0 < s < t (B;U, ) € C*([s,]) is controlled by 3 in
the sense of Definition 1.1 and

N
(1.10) 5((B => (B kR
k=1

with R being the remainder term satisfying

(1.11) ||<BkBZU, @)Ha,[s,t] < 00, ||Ri||2a,[s,t] < Q.



Remark 1.2. (i) Here due to the singularity of solution U at t = 0, the stochastic
integral defined in (1.8) has some problem at t = 0. So, in (1.9) we only assume
0<s<t. Sincel'"'U € 2, f;(M(UT),@dr is well-defined due to (2.35) in [2].

(ii) In general rough paths theory, often approxzimations are used to give a meaning
to the solution of stochastic equations (see [7], Chapter 12). However, in this case if
we need the approximation equations to be well-posed for small initial data, then the
conditions on the initial value might be artificial. Therefore, since our aim is to prove
a stochastic version of the Kato-Fujita result (see [10]), the above definition is more
sustable. We also want to mention that such kind of definition has also been used for
the linear equation in [5].

The main result of this paper is the following theorem:

Theorem 1.3. Under the condition of Theorem 1.1 and for y as obtained in Theorem
1.1, for w € Qo N Qy, Uy(w) :=T'(w)y(w) is the unique solution to (1.4) in the sense
of Definition 1.2.

2 Proof of Theorem 1.3

First, we prove the following lemma.
Lemma 2.1. ( mild solution < weak solution) If y € 2, is the unique solution to

(1.6), then for any ¢ € C°(R3 R3?)

t
(2.1) (41, 0) =(Uo, ©) +/ [(ys, Ap) + (T M (Tys), )] ds, ¢ € [0,00).

0
Conversely, if there exists y € Z, satisfying equation (2.1) for any ¢ € C(R* R?),
then y is a solution to (1.6).

Proof. mild solution = weak solution: By (1.6) we know that for ¢ € C°(R3;R?), T >
0

T T
/ (yr, Ap)dt :/ (etAUo, Ap)dt
0 0

Tt
+ / (/ AT M (D) ds, A)dt.
o Jo

Following similar arguments as in the proof of [6], Proposition 6.4, we have

T T

d

| €U0 80yt = [ (U, e phit = (4000) = (Vo).
0 0

T T
/ </ e(t_S)AF;IM(FSyS)ds, Ap)dt = / (F;lM(Fsys), (e(T_S)A —I)y)ds.
o Jo 0
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Combining the above arguments we have
t t
/ (ys, Ap)ds =("2Us, ¢) — (Uo, @) + / ("IAT M (DY, ), p)ds
0 0

t
- / (DM (Do), o) ds,
0

which implies (2.1).
weak solution = mild solution: By (2.1) and similar arguments as in the proof of
6], Proposition 6.3, we have for ¢ € C*([0,T]; C>°(R*R3)), T >0and 0 < ¢t < T

(22)  (yi, ¢) =(Uo, o) + /Ot[<ys,A<s+<;>+<F;1M<Fsys>,<s>}ds, t € [0,00).

Choosing (, := e(=92¢, p € C®(R3;R?), we have

t
(Yo, ) =(Uo, e"2p) + / (e"IAT LM (Tyys), ) ds.
0

Thus (1.6) follows. O

Now we prove the following estimate for the solutions:

Lemma 2.2. For T > 0,9 € LYY N L3 and Qqy being in Theorem 1.1, on Qo
supyeio ) [{(Tewe, )| < 00 and y € Z5 for 0 <e < 35— &, with p,q as in Theorem 1.1.

4_p’
Proof. We have
t
y, = AU, +/ e(t_s)AFS_lM(Fsys)ds.
0

Then on

t
[(Teye, )| SCITell vz por2) e Unlsyz + CHFtHL(Lq,Lq)/ 0 M (Tays)|ds
0
t
<C|Till p(zsr2,12)[Uolz/2 + CHFtHL(Lq,LQ)/ T3 2z Loy | M (T ys) gds
0

t
<Ol ooz, 132y Uolssz + ClITel| piza Loyl Sl[lp]ﬁs/ sTO/2IP s
s€|0,t 0

<00,

where in the second inequality we used (2.15) in [2] and in the third inequality we used
(2.35) in [2| and in the last inequality we used that ||y|| < C|Up|s/2 by the proof of
Theorem 1.1 in [2]. Now we prove y € Z°. We have

[6yunlp <I(e" — €“)Upl, + (V% = 1) /0 U IAT M Doy, )dsly
+ | / eWTHAT M (D ys ) ds)y.
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For the first term we have

(e — ) U, = (™% = 1)e" AUy, < C|(e" % — 1)e"*Up| ;.

<C(v —u)*[e"*Up|pge, < Cv —u)u™*|e">Upl, < Clv — w)eu”E 3 | Ugly o,
where B?

. 18 the usual Besov space and we used Propositions 3.11 and 3.12 in [11].
For the second term similarly we have

|(eWA — 1) / emIAT M (T ) ds),
0
<C(v - u) / O IST (T ) e ds
; :
<C(v— u)a/ (u— s)_Qa|e(“_s)A/2F8_1M(FsyS)|pds
0

<C(v—u)°sup ns||y|!2/ (u— ) 2 2G5 g
s>0 0

<C(v —u)7u "% % sup |y,

where in the third inequality we used a similar calculation as (2.17) in [2]. For the
third term we have

|/ e(v_s)AFs_lM(FsyS)dﬂp

<Csupn |yl / (0 — 5) 3D HH3 g
s>0 m

W

1
ZCSHPmHyIF(U—U)g_;"/ (1= 072 D u+ (v — w)] 20 dl
s>0 0
2 1—2e+ 22 ! 103_1),_34.3 19
<CampnylP - w5 [yt
s>0 0

where we used interpolation and —1 —25+2% <0, —%+2ip+25 < 0 in the last inequality.
Combining the argument above we obtain that

e 143
|6yuolp <C(v = u)7u™ "2 ([Uplays + Sl>110>778|!y||2)'

Similarly we have

16(Dy)unly <[ = €*2) DU, + |(" =% — 1)/ AT M Ty, )ds|y
0
+| / eVTIAD T M (Tyy,)ds),
SC(U _ u)aqu\sf%JrQ%(

Uols2 + sup nsl|y|l*),
s>0
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where we used a similar calculation as (2.18) in [2]. Thus the second result follows. O

Proof of Theorem 1.3[Existence] Now we check that U = I'y satisfies equation (1.9).
We first calculate ((6T'y)u., ¢): for 0 < u < v

(OTY)us 9) =L woYus ) + (TudYuws ) + (0T 0Yuws )
=0 + 1o+ Is.
Since I',¢ = 11V, exp (8. B; — £B2) ¢ for ¢ € C=(R3; R?), by Taylor expansion we have
N (v N
0Tuw =T > (381, Biop — 6+> =B

i=1 k=1

l\'>|'—‘

Here and in the following o(|u —v|) means a higher order term of |u —v|. Now we recall
the following result from Section 3.3 in [7]:

(23) BZ]Z + Eélk(v ) Bls];r uv?
1 ik 1
(24) Q(Bstr uv + Bstr uv) - 556 /Buvv

where 6% = 1 if i = k, zero else, and Botruw = f: 0fur @ CZBT € R¥*N with the integral
in the Stratonovich sense. Then by symmetry of B;Bje with respect to 4, k we have

0Lt =T, wazw B¢ — (

Y21 ZB BygBl, ) + oo —ul),

which by (2.3) implies that

N N
I = Z(Fuéz‘yw VOB, + Z (T By Biyu, ©)BF + o(|u — v|).

i=1 ik=1
Also since y satisfies equation (2.1) and y € Z7, we have

=(yu, ALp) (v — ) + (T "M (Do), Top) (v — ) + of v — ul)
:<Fuyua A90>( - ) + <M<Fuyu)7 90><U - u) + 0(|U - UD,

where I'? means the dual operator of I',,. Here in the first equality we used the following
for u < s

|F;1M<Fsy8) - FQIM(FquNq

(2.5) <P = T leqzo, o M (Tsys)lg + (T3 peza, oy M (Tsys) — M(Tuya)ly
SCU|S - u|67



where in the last inequality we used a similar calculation as Lemma 2.2 in [2]. By the
above calculations we know that

Iy = (0Yun, 01, 0) = ol[v — ul),

where 0I';,, means the dual operator of 0I'y,. The above calculations and Lemma 2.2
and (2.35) in [2] imply that (B;U, ¢) is controlled by 3 in the sense of Definition 1.1 and
satisfies (1.10) and (1.11). By the above calculations we also obtain that for 0 < s <t

(Ut ) — (Us, )
= > {(6TY)uws )

[u,v]eP
N ~ N o
=S [Z(FuBz-yu,cpﬁﬁiﬁ S 0By By, )BE
[u;u]E'P =1 ’i7k'=1

+ (Tutp, Ap) (v — ) + (M (Tuyu), ) (v — u) + o(ju —v]) |,

where P is a partition of the interval [s,¢] similar as above. Taking the limit |P| — 0,
by (1.8) we obtain that U = I'y satisfies the equation (1.9).

[Uniqueness| Now we prove the uniqueness of the solution. In fact by Theorem 1.1
we already know that the solution to (1.6) is unique, so we only need to prove that
y = 71U satisfies (2.1), which is equivalent to (1.6) by Lemma 2.1. We have for
O<u<w

(S(D7 ), @) =(6T . U, 0) + (T 0U, @) + (0T 10U s, )
2=J1 -+ J2 + Jg.
Since I'"'U € Z¢, we obtain the Holder continuity of U, when u > 0. Since M(U,) =

M(T'yy,), then (2.5) implies the Holder continuity of M(U,) when v > 0. Then by
Corollary 3 in [8] we have

J =<5qu, T e = (Yu, Aw)(v —u) + (U, "M (Tuya), ) (v — u)
+ Z Biyu, 0)58%5, + Z (BiBiyu, #) By, + o([u — v]),
i,k=1

where (I';;')* means the dual operator of T',!. Moreover, since

Il =TI, exp(— Biéﬂrgl‘:ﬁ’?)%

by Taylor expansion we have

m)l»—l

N
STty — TS (~38 B TG o> BB + o —ul)
=1
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Thus, we have

N N
.~ 1~ ~ .
=1 k=1
and N
J3 = (0Uu, (6T30)"0) = — > (BiBiyu, ©)685,0 85, + o(ju — v]),
k=1

where (6T';!)* means the dual operator of 4T';!. Using (2.3) and (2.4) we obtain that

N

Z BiByyu, 9)B*

=
ES
—

N 1 N
Z B Bkyuv Bgzruy - 5 Z BQyua SO v —= u)

i,k=1
N ik ik ki N
Blstr uv + Bstr uv Bstr uv Bstr uv 1 H2
— _Z B _
%, k:l =1
N 1 N ~
% k:l =1
Thus, we have that for 0 < s <t
(e, ) = (ys: )
= 3 (T s )
[u,v]eP
= % | A0~ )+ M, 90— )+ ol o],
[u,v]eP

where P is a partition of the interval [s,¢]. Taking the limit |[P| — 0 we obtain that
for0 <s <t

(Yo, 0) =(Ys, ) + / [{yr, Ap) + (0" M (Try,), @) dr.

Now letting s — 0, by the continuity of (ys,¢) and y € Z, we obtain that y = T~'U
satisfies (2.1). Thus uniqueness follows. O
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