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COLLECTIVE STOCHASTIC DYNAMICS OF THE CUCKER-SMALE
ENSEMBLE UNDER UNCERTAIN COMMUNICATIONS

SEUNG-YEAL HA, JINWOOK JUNG, AND MICHAEL ROCKNER

ABSTRACT. We present collective dynamics of the Cucker-Smale (C-S) ensemble under
random communications. As an effective modeling of the C-S ensemble, we introduce
a stochastic kinetic C-S equation with a multiplicative white noise. For the proposed
stochastic kinetic model with a multiplicative noise, we present a global well-posedness of
strong solutions and their asymptotic flocking dynamics, when initial datum is sufficiently
regular, and random communication weight function has a positive lower bound.

1. INTRODUCTION

Collective movements of self-propelled particles are ubiquitous in many biological systems
in our nature, to name a few, flocking of birds, herding of sheep and swarming of fish,
etc. Throughout the paper, we will use a terminology “flocking” to denote aforementioned
coherent collective motions. More precisely, flocking phenomenon denotes a situation in
which self-propelled particles adjust their motions into a self-organized ordered motion
using only the environmental information based on simple rules [12) 13, 27, 28|, 35 [37].
After Reynolds and Vicsek et al’s pioneering works in [32], [38], several mechanical models
were introduced in literature [5l [7, [O 10 251 27, 29 B0, B4 B7] to model such coherent
collective motions. Among others, our main interest lies on the mean-field kinetic model,
namely “kinetic C-S model [20} 22, 23]”. Let f := f(¢,z,v) be the one-particle distribution
function for C-S ensemble at position x with microscopic velocity v at time ¢. Then, the
dynamics of f is governed by the kinetic C-S equation:

Of +v-Vaof + V- (E[f]f) =0, (t,z,v) € Ry x R*,

(1.1) i
E,[f](t,z,v) = - O(rs — ) (v — V) f(t, Ts, Vs ) dUsdx .

Here F, [f] is a non-local operator measuring the attractive interactions between particles,
and ¢ is a communication weight function which is nonnegative and radially symmetric:

¢(z) = @(|z]) >0, VzeR?,

where ¢ : R, — R, is Lipschitz continuous, bounded and monotonically decreasing.
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In the last decade, the mean-field equation (1)) and its variants have been extensively
studied from the various perspectives, e.g., well-posedness and emergent dynamics [4, 23],
Fokker-Planck perturbation [I9], local sensitivity analysis [I8], etc. For more detailed dis-
cussion, we refer to a recent survey article [7]. In this paper, we are interested in the
quantitative effects on the flocking dynamics of (II]) due to the uncertain communication
weights. Recently, the local sensitivity analysis for (II]) has been discussed in an abstract
and general framework in [I8] and some quantitative pathwise estimates for the variations
in f and its derivatives in random space were studied. However, authors in [I8] could
not provide interesting probabilistic estimates in relation with the emergent dynamics (see
[2L (6], [11], 17, 26] for a related local sensitivity analysis in uncertainty quantification (UQ)).
Thus, our goal of this paper is to address some probability estimate for (LI)) with uncer-
tain communications. To fix the idea, we employ the following ansatz for F,[f] which is
responsible for the flocking mechanism due to mutual communications:

F,[fl(t,z,v) := /de [gb(:n* — 2)(vs — v) + 0(vy — V) 0 Wi | f(t, &y, v,)dvydiz,,

where W, is a one-dimensional white noise on a probability space (2, F,P), o denotes the
strength of noise and the stochastic integration is taken in Stratonovich sense. Formally,
under the unit mass assumption fde f(t,x,v)dzdv = 1, the non-local operator F,[f] can

split into the deterministic part F,[f] and stochastic part involving with Wy

(1.2) F,[f] = H(2s — ) (Vs — V) f(t, Ty, 03)dvydy 40 (Ve — V) 0 Wi
R2d
=:Falf]
Now, we combine (I)) and (I2)) to derive the stochastic kinetic C-S equation:
(1'3) atft +v- Vﬂcft +Vy - (Fa[ft]ft) =0Vy- ((U - Uc)ft) ° Wt'

Here we use the standard notation for random probability density function fi(z,v) :=

flt,z,v).

At the particle level, the effects of white noise perturbations were discussed in [1} [14], 2T].
However, as far as the authors know, the kinetic C-S equation (I.2]) perturbed by a multi-
plicative white noise has not been addressed in literature yet. For other types of stochastic
kinetic equations, we refer to [16} [31]. In this paper, we address the following two questions:

e (Well-posedness): Is the stochastic kinetic C-S equation (L3]) well-posed
in a suitable function space?

e (Emergence of flocking): If so, does the solution to (L3]) exhibit asymp-
totic flocking dynamics?

Our main results in this paper are affirmative answers for the above two questions. First,
we introduce a concept of a strong solution to (L3]) and then provide a global well-posedness
for strong solutions by employing a suitable regularization method and stopping time ar-
gument. Second, we provide a stochastic flocking estimate by showing that the expectation
of the second velocity moment decays to zero exponentially fast, when the communication
weight function ¢ has a positive infimum ¢,, = inf g ¢(z) and noise strength o is suf-
ficiently small compared to ¢,,. The main difficulty in our analysis arises, when we prove
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the existence of a solution to the regularized equation. Here, we obtain W""*°-estimates for
the sequence of functions that approximates the regularized equation. Our W™ >-estimates
contain terms with infinite expectation. Hence, even though we can find a limit function of
the sequence from the pathwise estimates, it is not certain that the limit function becomes a
solution to the regularized equation (see Remark 3.2 for detailed discussion). To cope with
this problem, we used stopping time argument to get a solution to the regularized equation.

The rest of this paper is organized as follows. In Section 2, we briefly study several a
priori estimates for (IL3]) and then briefly discuss main results on the global well-posedness
of strong solutions and asymptotic flocking estimate of classical solutions. In Section 3, we
provide a global well-posedness of strong solutions to (L3]) with regularized initial datum.
In Section 4, we derive a global well-posedness and emergent dynamics of strong solutions
to (L3)). Finally, Section 5 is devoted to a brief summary of main results and discussion on
future works.

2. PRESENTATION OF MAIN RESULTS
In this section, we provide our main results on the global well-posedness of (3] and

emergent flocking dynamics.

First, we consider the Cauchy problem for (I.3)):

Oufe +v-Vaft + Vo - (Fulfilft) = oV - (v —ve) fi) o W, (t,z,v) € Ry x R,

2.1 )
( ) fo(l’,?)) :fm(a:,v),

where we assume that initial datum f* is deterministic. Next, we provide a definition for
a strong solution to the Cauchy problem (Z1]) as follows.

Definition 2.1. For a given T € (0,00], fi = fi(x,v) is a strong solution to [Z1I) on [0,T]
if it satisfies the following relations:

(1) (Regularity): For k > 1, f; € C([0,T]); WFP(R2?)) for any p € [1,00).

(2) (Integral relation): f; satisfies the equation (3] in distribution sense: for ¢ €
([0, 7] x R*),

/de fr dvdx = /de fi) dvdx + /Ot - fs (- Vb + Fylfs] - Vo) dvdads
(2.2)

— a/t (/R [(v—ve)fs] - Vutp dvda:) odWs, a.s.w €.
0 2d

Note that relation (Z2) can be reformulated in the It6 form under suitable conditions.

Lemma 2.1. Suppose that for every 1 € C°(R??) and a random process f; € L>(2x[0,T]x
R24), Jgza fevdvda has a continuous Fy-adapted modification, where {F} is a family of o-
field generated by the Wiener process. Then, f; is a Fi-semimartingale satisfying relation
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@2) if and only if for every ¥ € C(R??),

/RM frh dvdx = /de i dvdx + /Ot /RM Fo(0-Vaoth + Fulfs] - Votb) dvdads
t
23) —e / ( /R W =v)fi] - Vo dvda ) AW,

0
+ %2 /Ot /RM(U — V) fs - [VU((’U — V) - VU¢)}dvd:Eds a.5. w € .

Proof. The proof is almost the same as in Lemma 13 from [I6], but we provide a proof
for readers’ convenience. Note that the following relation between It6 and Stratonovich
integrals holds:

t t
1
/ hs [e) dWS = / hSdWS + _<h7 W>t7
0 0 2

where (-,-) denotes the joint quadratic variation (see [24]). In our case, hg corresponds to
Jgzal(v —ve) fs] - Vybdoda. Then, to deal with (h, W);,, one needs to specify the stochastic
part of hs. Here, if we replace ¥ in B.3)) by (v—v.)- V1, we can find out that the stochastic

part of hg becomes —o fot [ngd((v —ve)fs) - V(v - Vm[))dvdx] dW,. This means

< /R Zd[(” —ve) f.] - Vypdvdr, W>t =0 /0 t /R Zd[(” — ) fs] - Vol[(v — ve) - Vyrp]dodads,

and we may conclude the proof here. O

Once we reformulate relation ([2.2)) to It6 form, we can show that the process f; satisfies
the following pointwise relation if f is sufficiently smooth.

Lemma 2.2. Suppose that f; € L>(Q;C([0,T];C?(R?*%))) has a continuous Fi-adapted mod-
ification and has a compact support in x and v. Then, f satisfies relation (23)) if and only
if fi satisfies the following relation:

fe(z,v)
1 =M@= / (0 b+ o (S )ds 4o /0 [V (0= v )| aw,

o2 [t ’
+ > / Vo - [(U —ve)Vy - ((U — vc)fs)] ds, P®dr® dv-a.s.
0

Proof. First, we assume that f satisfies [23]). Since f; is smooth and compactly supported,
we use Fubini’s theorem to show that (2.3]) is equivalent to

[ dvdr = /R2d fi"p dvdx — /Ot /R2d [v Vafs+ V- (Fa[fs]fs)]ﬂ) dvdxds

R2d

(2.5) bo / t ( IR dvdz ) d1V,

0
+ %2 /Ot /RM V, - [(v —0)Vy - ((v — vc)fs)]dvdxds a.s. w e .

Note that for each 1) € D(R?), it satisfies the relation (23] outside P-zero set that depends
on the choice of 1. We recall from standard functional analysis that D(R??) is separable,
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i.e. there exists {1;}22, C D(R??) which is dense in D(R??). Here, we choose Q; C Q such
that P(2;) = 1 and ([Z2)) holds for f; and v; over Q;. Let Q := N2,Q;. Then P(Q2) =1 and
[22) holds for any 1; and f; over .

Now, we show f; satisfies the relation (2.4]). Define functionals % [f] and .Z[f;] as follows:

L) = f— 7+ fQ;mﬁ+m«mmm»@

__/ (@ = vV - (0 = o)1) | ds
AMfi] = Vo - [(v = ve) fi]-

For given (z*,v*) € R??, we can choose a sequence {p;} C D(R??), using standard mollifier
technique or other tools, such that for any i € N,

1
dSéW)

(o= 215000 = 2151 )|+ [ [t 500 - 00

where the regularity and compact support of f can be used to guarantee the above inequality.
We also use the denseness of {¢;} to obtain {¢;} C {v;} which satisfies, for any i € N,

(i — i) = il /( — i) (0| s <

=~ %7
Thus we have

(2.6) (4 411]) @, v) — Zlf)a,v"),

Moreover, we use It0 isometry to get

en  e|( [t —atpaw)’| <& [ Goratis - ainipa] —o

Hence, we can obtain the convergence of ([Z5) with ¢ = ¢;(x* — z,v* —v) towards (Z4)) at
(z*,v*) as i — 0o, by combining ([2.6]) and (2.7]). We perform this procedure to obtain that
for every (z*,v*) € R*, f satisfies relation (Z4) P-a.s. and this gives

e |etsl - [ tzian| @] <o

for every (z,v) € R??. Thus, we use Fubini theorem to get

el [ |ew - [ atziaw.

This implies our first assertion.

dvd:n] =0

Next, we assume that f satisfies (24) P ® dz ® dv-a.s. Then by (deterministic) Fubini’s
theorem, the following relation is easily obtained: for every 1 € C°(R??),

¢
f1 dvdx = /R2d ) dvda +/0 fs(v- Vg + Folfs] - Votb) dvdzds

R2d R2d
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+ a/de (/tv (CEEATAL dWs)dvdaz

+—/ / (v—we)fs- VU((’U—UC)-VUQb)}dUd.Z’dS a.s. w e .
RZd

Since f; is in L>(;C([0, T]; C2(R??))) and compactly supported, we have

t 5 N\ 1/2
/RM </0 ‘Vv (e Uc)fs]w‘ ds) dvdr < 00, a.s. w e Q.

Then, we can use the stochastic Fubini theorem (see [36] and references therein) and deter-
ministic Fubini’s theorem to get

/Rm ( /Ot o+ (0= ve) fiJ AW, )dvda = /0 t ( [ Vo[ — vl dudz ) AW,

= [ [0 =08 Vo duds)aw,

O

which implies our desired result.

Remark 2.1. 1. If a strong solution f; to (IL3)) satisfies conditions in LemmalZ2.2, then f;
satisfies the relation (2.4)).

2. If f; is a Fi-semimartingale with the regularity f € L>(;C([0,T];C>°(R??))) for some
5 € (0,1), we may use Lemma 22 in [8] to obtain that relation [24) is equivalent to (2.]).
3. We say fi is a classical solution to 211 if it is a Fy-semimartingale satisfying relation
@) pointwisely and the regularity condition f; € L>°(Q;C([0,T);C3(R?%))) for some § €
(0,1).

Next, we study the propagation of velocity moments along the stochastic flow (21);. For
a random density function f;, we set

(2.8) My(t / frdvdx, Mi(t) := / v frdvdx, Ms(t) ::/ lv|? fydvdz, t > 0.
R2d R2d

Lemma 2.3. Let f; be a classical solution to [21I) which is compactly supported in x and
v and satisfies

My(0) =1, M;(0)=0.
Then, we have
Mo(t) =1, My(t) =0, My(t) < My(0)exp(—2pmt —20W,), t>0.
Proof. e (Conservation of mass): It follows from Remark 2.1 that

(2.9)

e = 70 = [ (o Vator Vo AR )ds +o [ (o (= v fo)aw
+—/ . U—UCVU'((v—vc)fs)}ds
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We integrate (1) over (z,v) € R?? to get

fi(x,v)dvdx
R2d

= F(x,v)dvdz — /R2d /Ot <v “Vafs +Vy- (Fa[fs]fs))dsdvdx

R2d
+ U/RM Uot (vv (v - vc)ft))dws} dvdz
+ %2 /R2d /Ot V- [(v —0e)Vy - ((v — vc)fs)}dsdvda:

=: /2d fm(x, v)dvdx + T11 + Zya + Ii3.
R

Next, we show that the terms Zy; are zero using deterministic and stochastic Fubini’s the-
orems.

o (Estimate of 717 and Zy3): Since f; has a compact support in (z,v), we can use determin-
istic Fubini’s theorem to see

Ill +Il3 = - /Ot /de (Vﬂc : (Ufs) + Vv : (Fa[fs]fs))dvd$d8

+ %2 /Ot /RZd Vo [(v —0e)Vy - ((v — vc)fs)}dvdzndx
=0

o (Estimate of Z12): As in the proof of Lemma[Z2], we can use the stochastic Fubini theorem
to get

Tip = /Ot (/de Vo - (v — uc)ft)dvdx) dW, = 0.

e (Conservation of momentum): In this case, we multiply v to ([Z9) and use the same
argument for conservation of mass to derive

Mi(t) = My(0) =0, t>0.
o (Dissipation estimate): We multiply (23) by |v|? and use stochastic Fubini’s theorem to

have

(2.10) dM;(t) = (202M2(t) + /

2 - Fy[f] fsdvdx) dt — 20 My (t)dW,,
R2d

where we used the relation M (t) = 0.
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We use (2.10) to get

M (t) = Ma(0) + /0 t [( /R _20- Flf) fodvdz) + 202M2(s)] ds — 20 /0 M)W,

= My —1—2/ Oz — ) (Vs — V) - Vfs (s, 04) fs (2, v)dvsdz o dvdads
R4d

+20‘/M2 ds—20/ My (s

= M>(0 / H(zy — )| — V|2 fo (s, v4) fo (@, V) dvydz dvdads
R4d

—|-2O'/M2 3—20/ My (s

< My(0) — gbm/ / [0 — vy |2 fo(@, v3) fo (2, v) dvydadvdzds
0 R4d

t t
+202/ Mg(s)ds—Za/ My (s)dW,

SMQ()—2¢m— /M2 dS—20’/M2
Then we use Lemma [A. ] and Lemma [A.2] to get
Mg(t) § MQ(O) exp(—2q§mt - 20’Wt).

Remark 2.2. It is well-known that

Wi
lim sup —————
t—>oop V2t loglogt

Thus, if ¢ > 0, there exists t* = t*(w) such that for a.s. w,
2t — 20W) < —dpt, t >t (w).
Hence, we have an exponential decay of Ma(t) for each sample path:
M (t) < M3(0) exp(—pumt), fort > t*(w).
Moreover, if ¢ > 02, we also obtain the emergence of asymptotic flocking discussed in [18]:

E[M;(t)] < My(0) exp(—2(¢y, — o)t), t>0.

=1, foras wel

Finally, we are ready to provide a framework (F) and main results below:
e (F1): The initial datum f is nonnegative, compactly supported in = and v and
independent of w.

e (F2): For k > 1, f" and ¢ are assumed to be in C¥(R??) and C>(R??), respectively.

e (F3): The zeroth and first moment of £ are normalized:

(2.11) frdvde = 1, / vf"dvdr = 0.
R2d R2d
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Note that due to Lemma 2] the conditions ([21I1]) would imply

frdvdx =1, / vfidvdr =0, t>0.
R2d R2d

Under the framework (F), our main results are summarized as follows.

Theorem 2.1. Let T € (0,00) and assume that f™ and ¢ satisfies the framework (F).
Then, there exists a strong solution f; to (21]) on [0,T] such that

(0d)?
2

Enftumgufmumexp{@qsm )t} EMy(t) < Mo(0) exp(20%), t € [0,7).

Moreover, if a strong solution f; exists on (0,00) and ¢, := inf cpny ¢p(x) > 02, then one
obtains an asymptotic flocking estimate:

EMo(t) < My(0) exp(—2(¢pm — 02)t), > 0.

Proof. For the proof, we will first regularize the initial datum using standard mollification
and then solve the linearized system for (2.I]) to get a sequence of approximate solutions.
Then, we use the stopping time argument to get a strong solution for (2.1 with the given
initial datum. The detailed proof will be presented in Section (4l O

Remark 2.3. Note that for k > 3, a strong solution f; to 21 can be shown to satisfy
the equation 21 pointwisely under our framework. Moreover, we can use the stability
estimates for the classical solutions to get the uniqueness of solutions.

3. CONSTRUCTION OF APPROXIMATE SOLUTIONS

In this section, we provide a global well-posedness of (2.1]) with regularized one for the
given initial datum satisfying (F). In particular, the first velocity moment is assumed to
be zero, i.e., v.(t) = 0.

Let f™¢ be a smooth mollification of the given initial datum f* satisfying the framework
(F). Then, with this regularized initial datum, consider the Cauchy problem (2I1]) with
regularized initial datum:

OSi + v Vi + Vo (FlffIff) = oVy - (vff) oWy, (t.2,v) € Ry x R¥,

fo (@, 0) = [ (2, 0).

Note that due to the framework (F), the initial datum f and its partial derivatives up to
order k are uniformly continuous on R?? and there exists a constant Ry > 0, such that

suppf™ C Bg,(0),

where Bpg,(0) is a ball of radius Ry centered at 0 € szl. As mentioned above, we use a
mollifier to obtain a family of regularized initial data f¢ € C*°(R??), ¢ € (0,1), so that
the regularized datum satisfies the following conditions:

(3.1)

e (F©1): {f™*} are nonnegative, compactly supported, converge to f in CF(R??)
and

LF™ lwmce < ™ lbooe
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o (F¢2): {M5}(0) is uniformly bounded with respect to € and converges to Mz(0) as
e — 0.

e (F¢3): The zeroth and first moment of f¥»¢ are initially constrained:

/ fivededy = 1, / vf™Edvdz = 0.
R2d R2d

o (F¢4): f™¢ has a compact support in z and v, and satisfy

suppf™™€ C Br,+1(0).

In the following three subsections, we will provide a global well-posedness for system (B.1).

3.1. Construction of approximate solutions. In this subsection, we provide a sequence
of approximate solutions to (B.I]) using the successive approximations.

First, the zeroth iterate ft0 “ is simply defined as the mollified initial datum:
to’a(a:,fu) = finf(x,0),  (z,v) € R%,
For n > 1, suppose that the (n — 1)-th iterate f;" e g given. Then, n-th iterate is defined
as the solution to the linear equation with fixed initial datum:
o) {a;fguv-v@ PV (BT = 0V ) 0 Wm0,
o (z,v) = [z, 0).
The linear system (B.2]) can be solved by the method of stochastic characteristics. Let

0 (x,v) = (X" (x,v), V" (z,v)) be the forward stochastic characteristics, which is a
solution to the following SDE:

dX{° = Veat,
(3.3) AV = By (XE VI )dt — oV o dW,
(X7°°(0), V;"5(0)) = (,v) € suppfime.

Note that the SDE ([33) is equivalent to the following It6 SDE [15] :

dX["° =V, dt,
n,e n—1, N,E Y, N,E o? n,e n,e
(34) ave = (Eulff 1K) + SV ) d = oV e aws,
(X17°(0), V;"5(0)) = (z,v) € suppf™*.

Here, we can deduce from our framework, Lemma 3.1 and Theorem 3.2 in [§] that for any
m > 3, (B3) has a unique solution f;"° which is a C"™-semimartingale for every n > 0 and
the characteristics (3.3)) becomes a C™-diffeomorphism. Then, f,"° can also be represented
by the following integral formula:

¢
(3.5) (o (w,0)) = [ (2, v) exp {— /0 Vo - Eu[f"5(s, o™ (z,v))ds + daWt].

Note that if fi° is nonnegative, then surely f/"° is also nonnegative as well. Before we
finish this subsection, we also remark that the linear, first-order Stratonovich equation (3.2])
is equivalent to the following parabolic It6 equation (see Corollary 3.3. in [g]):
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atfltmE +v-Vy tn’6 + V- (Fa[ tn_lﬁ]ftn’a)
2
. o
(3.6) = oV (W IWe+ TV [0, ()], m =1,
(;L’E($7 U) = fin,a(x’ U)‘
3.2. Estimates on approximate solutions. In this subsection, we provide several esti-
mates for the approximate solutions for (8.:2]). To be more precise, we would try to obtain

n and e-independent estimates for the later sections. Before we move on, we define p-th
velocity moments My"*(t), p=0,1,2:

My=(t) = / fdvd,  M{E(t) = / vfdvd,
R2d R2d

MPE(t) = / o2 A S dvdz,  MIE(0) = M.
R2d
Before we provide the uniform estimates for the p-th (p = 0,1,2) moments, we set

BT M= sup M5(0),  guri= sup 0(x) <o = max{ME. dur).
€€(0,1) zeRN

We also present a technical lemma from [3] for later discussion.

Lemma 3.1. [3] Let T € (0,00] and (an)nen be a sequence of monnegative continuous
functions on [0,T] satisfying

t t
an(t) < A+ B/ an—1(s)ds + C’/ an(s)ds, tel[0,T], n>1,
0 0

where A, B and C are nonnegative constants.

(1) If A =0, there exists a constant A > 0 depending on B, C" and sup¢(o 1) ao(t) such
that
(AD)"
n!
(2) If A > 0 and C = 0, there exists a constant A > 0 depending on A, B and
SUpPyejo,r] @o(t) such that

an(t) <

, te[0,T], neN.

an(t) < Aexp(At), te€]0,7], neN.
Remark 3.1. 1. In (2) of Lemmal[31, A can be explicitly written as
A := max {A, B, sup ao(t)} .
t€[0,T
2. We can also use the similar argument to obtain the following estimate for (2):
an(t) < (A + k) exp(At), te€[0,T], neN,

where A := max{A, B} and k; := supp<s<; ao(s).
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Proposition 3.1. For everyn € N and T € (0,00), let f;"° be a solution to [B.2). Then,
for any t € (0,T) we have

My=(t) =1, M(t) =0, My=(t) < (v + Kp) exp{(y + ¢m)t — 20W1},
where v is a constant in [B.1) and Ky is defined as

Ky := M35 sup exp(—onrs + 20Ws).
0<s<t

Proof. We will use the same arguments as in Lemma First note that f/"° satisfies re-
lation ([B.6) and f;"° is compactly supported in z and v, since fi™¢ is compactly supported
in the phase space and ¢, is a C"-diffeomorphisim. Thus, we may follow the arguments
in Lemma to derive the conservation estimates.

For the dissipation estimate of M,"°, we use a similar argument to Lemma 23] to have

My (t) = M5(0 +2/ R4d¢ . — ) (v, —v) - vfTTVE (2 0) f (2, 0) vy de e dudads

+ 202 /M"E ds—20/ My (s

< M5(0 +2/ Ay — )0y - vfEE (2, v0) fF (@, v) dvs dadude
R4d

+ 202 /M"E 8—20'/ My (s
< M50) + o [ M) + (o + 207) /0 e (oyis - 20 [ 2w,
where we used Young’s inequality on the second inequality. In differential form, we have
(3.8) dM@@a)g{¢MAQ“L%0+W¢M~%&¥ﬁw§%w}dt—2aM?£@mm@
Then, it follows from (B8] and comparison theorem (in Lemma [A2]) that
M3 *(t) < X,
where the process X; satisfies
dX, = {QSMM;_l’E(t) + (s + 202)Xt} dt — 20X, dW,, >0,

{szﬂﬁm)

It follows from Lemma [A.1] that X; can be represented as

t
X = Xoexp(ppt —20Wy) + (bM/O exp{opm(t —s) —20(W; — WS)}Mg_l’a(s)ds.

This implies

t
M3S(t) < M5(0) exp(opart — 20Wy) + ng/O exp{opap(t —s) — 20(W; — Ws)}Mzn_l’e(s)ds.

Now, we set
an(t) := My"*(t) exp{—dnrt + 20W;}.
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Then, it satisfies .
ani1(t) < M5y + <25M/ an(s)ds.
We use Lemma B.1]in the way from Remark 3.1 to (;;et
an(t) < (v + Ky)e', t€(0,T).
This yields the desired result. O
We also provide uniform estimates for the stochastic characteristic flows.

Proposition 3.2. For eachn € N and T € (0,00), let (X", V") be the stochastic char-
acteristic flow for [B.2l) with this initial data:

(X075, Vo) = (z,v) € suppf™*.
Then for t € (0,T), we have

¢
() [V < {”0’2 + (bM/O (v+ Ks) exp(’ys)ds} exp(pyt — 20W5).

t s
(i) | X7 <2 <]az\2 + t/ {\v\z + qﬁM/ (v+ K;) exp(’yT)dT} exp(dnrs — 20W5)ds> )
0 0

Proof. (i) It follows from It6’s lemma and (B.4]) that
dVe P = 2V dv 4 AV - dv)e
= 2 (BB PV Vi 4+ V) de = 20V R

< <2 D(zy — X)) (v - V) 171 (2, 00 ) dvgday + 02|Vt"’5|2> dt — 20d|V;"*|2dW;
R2d

< (M3 (1) + (6 + 200V dt = 20|V, PaWs,

where dV,¢ - dV/" denotes a handy notation for a quadratic variation of V.
We use Lemma [AT] to get

t
V"2 < Jul? exp(pnrt — 20W7) + dr / exp{ar(t — 5) — 20(W, — W)} My ™" (s)ds
0

t
< {|v|2 + ¢M/O (v+ Ks) exp(ys)ds} exp(ppt — 20W5).

(ii) For the estimate of spatial process, we use Cauchy-Schwarz inequality to get

t 2
XPeP < <|:c|2 -/ |v:vf|2ds>
0
t
<2 <|x|2 —I—t/ |VS"’E|2ds>
0

t s
<2 <|x|2 _|_t/ {|v|2 + b / (v + K,) exp(yT)dT} exp(onps — 20’W3)ds> .
0 0

This yields the desired result.
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0

As a corollary of Proposition B2 we have estimates for the sizes of velocity and spatial
supports: We set

A™E(t) := sup{|z| : f{"(x,v) #0 for some v € R},
VE(t) :=sup{|v| : fi""(z,v) #0 for some z € R%}.

Corollary 3.1. For eachn € N and T € (0,00], let (X;"°,V,"°) be the stochastic charac-
teristic flow for B.2)) with the initial data:

(X375, Vg¥%) = (x,v) € suppf™*.
Then for t € (0,T), we have
VOl < VEO)] and X0 < A=),
where X*°(t) and V>°(t) are given by the following relations:
ROl

=9 ((Ro 1) 4t /Ot {(Ro +1)% + s /08(7 b K exp(w)df} exp(urs — 20Ws)ds> ,

t
V(1) = {(Ro +1)% + ¢M/ (v+ Ks) exp(vs)ds} exp(pprt — 20W4).
0
Proof. Tt follows from Proposition that

t
Ve (t)]? < {|Vn,€(0)|2 + ¢M/0 (v+ Ks) exp(ys)ds} exp(opt — 20Wy)

< {(Ro +1)2 + qu/ (v + Ks) exp(vs)ds} exp(part — 20W;) = [V2(1)]2.
0

This yields the first estimate for velocity support. On the other hand, we also use Proposi-
tion 3.2 to get

20 (1)
<2(leep o t {2 P + o [0+ Koy explomiar | explonss - 2aw)as)

<2 <(R0 +1)% + t/ot {(Ro +1)% + s /Os(fy + K) exp(’yT)dT} exp(pars — 20W8)ds>
= |x=(1).
O

Remark 3.2. Note that f;"° has compact supports in x and v for every sample path which
are bounded uniformly in n and €.

Now, we are ready to state the results on the uniform bound for the sequence {f;"“}.

Proposition 3.3. For every n, m € N and t € (0,T), there exists a nonnegative process
A" which has continuous sample paths and is independent of n and € such that

12 wmee < AT [1F7 lwrmoe.
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Proof. Since the proof is rather lengthy, we postpone it to Appendix B. O

Remark 3.3. It is easy to see that for fized t and w, A[" is monotonically increasing with
respect to m.

Next, we prove that the sample paths of approximate solutions become a Cauchy sequence
in a suitable functional space. For this, we set

ol = sup [ (@, 0)].
(w,v)Esupp fin:e

Proposition 3.4. For every n and t € (0,T), there exists a nonnegative process By which
has continuous sample paths and is independent of n and € such that

- ) _17
[F/ A Fa RS (A A
t
<5, [ IR e A s f:—z’euiw)ds} n>2.
0

Proof. For the estimate ([3.9), we claim:
(3.10)

ON PR AN
< BH[ller — o e + /0 "0 (e = e e + 27 — 72 )]
(i) [lor® = op 17
t
< B ( | eters el 1 - f:—zfuioo)ds) ,

where B! and C} (i = 1,2) are nonnegative processes which has continuous sample paths
and is independent of n and &, respectively.

(3.9)

o (Estimate for (i)): By direct estimates, we have

) ) _17 )
£ oe) = fTT )

-1 _17 _17 ) _17 _17
= {f (@) = fT e O AT ) = e )}
=: Iy + Loo.

Below, we estimate the terms Zo; separately.

o (Estimate on Zs1): We use mean-value theorem, unit mass, (F°1) and Corollary B] to
obtain

‘121‘ = | £ exp(doWy)|

¢ ¢
X | exp (-/0 Vi - Fa[fg_l’a](gog"a)ds> —exp <—/0 v, - Fa[f;z—u]((p?—m)ds) ‘
< | f7 | o exp(dart + doWy)

t
« /0 (Vo Fulf2m11(02) = Vo - Fal 2729 (0271) ) ds

< d|| f ™|~ exp(deart + doWr)
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[ [ 1ot - x29r  ota-

< d|| ™| L~ exp(dpprt + doWy)

[/ / ‘(;5 Xna o ¢(l‘* o ng—l,a)‘ f;t—l,f;‘
R2d
+ (s — XPTHE) T - f§‘2’eldv*dw*d8]

16
XI709) f172) dv,d,ds

< d|gller | f ™| oo exp(dart + doWr)
t t

/ | X — X1 ds + / (4% (s)V>(s))4| fr e — fg—%”mds],
0

o (Estimate on Zg): By the mean-value theorem, we have
n—1,e

-1, 1, in,
| Zaa| < 17 Fllwroeller® = o ™ Fllzee < ™ lwree Az 017 — ¢4
. 7 1
< ™ lwree A 107 = 0f ™ o
Now, we collect the estimates for Zo; and Zso, use Young’s inequality, Cauchy-Schwarz

)
inequality and take a supremum over all characteristic flows to get

[l Lo

, 1,
[FZASE A F

< 28UP(|I21| + [Z2a?)
Spt

. 2
< 2(dlglles 117 1o exp(dnrt + doW) )

t t
[ [ e =z telas s [ axe @) e - £ s

i 2
+2(11f " e A — o)
; 2
< 4(dlller | £ 1w exp(denrt + doWy) )
t 9 L
: W pe i) ([t f:—zﬁnmdﬂ
0 0

2
+2(I1f " e ALl = o)

. 2
< AT (gl |57 o expldonrt + doWh) )

t t
x [ e = xiepas | (4X°°(S)V°°(S))2dHf§“1’E—f?‘Q’aH%oodS}
0

| o0
+2(11f " oAbl = o)

1, — — _
] P T / O (o= = @r =l + 1270 = Fr724| 3 ) ds),
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where B} and C} are given by

Bl = 4T {d)|¢ll1 | /™ |1 exp(dnst +adWi)} + 2 (|| f7 | A
Cli= 14 (4X>°(t)V>=(t))*.

o (Estimate for (ii)): We use (B3] and It6’s lemma to see
AV - v
— 2(‘/;/77,,8 _ ‘/;77/—175)(1(‘/;71,8 _ V;n—l,a) + d(‘/tn,a _ ‘/tn—l,a) . d(‘/tn,a _ ‘/tn—l,a)

=20 (Fulf0)el) = Falfy 250 00) - (V7 = V9 +a? |V = Vo2 4 at

=Tz

— 20|V — Ve 2aw,.
Next, we estimate the term Z3; as follows.
Ty = (Flfi Nl ) = Bl 200 7)) - (0 =17
S I S ) [ o Vs
R ACTED A (A Vi VA
R o e (U | KA rap T
< (I1Bller + @V=()™ (22 (8)* + 2v=(1))
XV = VIR )X = X TR T = )
This implies
AV = VR < B (I VTR X = XD R | = ) at
— 20|V = V' T Paws,
where the process By is defined as follows.
B =2 ([l9ller + V()™ A=) + V(1) + 7).
We apply Lemma [AT] and Lemma to get
Ve — b2 < /Ot exp {/t Brdr — 202(t — 5) — 20(W; — Ws)}

x B (X008 — X || fhe - frm2e 3 ) ds.

(3.11)

On the other hand, it is easy to see that

t t
3.12 Xn,a _ Xn—l,a 2 < X" Xn—l,s 2d8 + Ve _ Vn—l,s 2d8.
t t 0 s s 0 s s
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We combine all estimates ([B.11]) and ([B.12) to derive (ii), which is satisfied by the following
processes:

t
BZ:=1+exp </ B.dr — 20t — 20Wt> ,
0
CE=1+(B—1)"L.
Finally, for (i) and (ii) in (@I0), the combination (i) + (B} + 1) - (i) gives

-1 -1
[ e [ A [/

t
< B! ( /0 CHIe — G e + [l — fé“z’EH%oo)ds>
t
(BB ( [ ciens o e - f:—lau%m)ds)

t
<6 ([ (ot = 2 e + 1A = 132 )i )
where the process B; is defined as follows.
By = (Bf + (B} +1)BF) (sup Ci + sup C2).

0<s<t 0<s<t
This implies our desired result. O
For each t and w € €2, we define
A (tw) = 1 = f7 7 e + llop = o) Il e
Corollary 3.2. The functional AS(t) satisfies
K(w)t)™
AS (t,w) < M, for each t €1[0,T] and a.s. we Q,

n!
where K = K(w) is a nonnegative random variable.

Proof. Tt follows from Proposition [3.4] that

s (t) < By < /O t(A;(s) + A;H(s))ds) .

Since B; is a nonnegative process with continuous sample paths, there exists a nonnegative
random variable B = B(w) such that

sup Bi(w) < B(w) < oo, foreach w e .
0<t<T
Thus, we can use the Gronwall-type lemma in Lemma [3.1] to deduce
(K(w)t)"
n!

where K = K(w) depends on B(w). O

Remark 3.4. Corollary[34 implies that for everyw, f"%(w) — ff(w) in C([0, T]; L°°(R?4)).
Since f["° is F-adapted (where F; is a filtration generated by the Wiener process) and ff
s a pointwise limit of f™¢ over Q, we have f is Fy-adapted. Moreover, we have a uniform
boundedness of £ in L>([0,T]; W™P(R2?)) for any p € [1,00).

A, (t,w) < , foreach te€0,T], weQ,
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By the property of reflexive Banach space, there exists a subsequence { f™=(w)} C {f™*(w)}
which is weakly convergent to fi(w) in L([0,T]; W™P(R>*?)) for each w € Q and every
p € [1,00). Since we have already a strong convergence in the lower order, we can conclude

that f7(w) = fi(w).

However, we can not proceed further, since it is not clear whether fi satisfies the equation
(L3) at this moment. This is due to the noise term in the right-hand side of [B2)). It is
not certain whether the Stratonovich integral of ff can be defined or not. In addition, even
if the noise term can be well-defined, it is also not clear whether the Stratonovich integral

of f™¢ converges to that of f; or not.

3.3. Convergence estimate. In this subsection, we provide a global existence of solution
to system (B:2)) by showing that the limit of the sequence {f/"“} exists as n — oo for each
g, and this limit is indeed a strong solution to (2.8]) corresponding to the regularized initial
datum fi™e.

Theorem 3.1. Suppose that f™ and ¢ satisfy the framework (F) in Section[d Then, for
given T € (0,00), there exists a strong solution f{ to (3.2).

Proof. In order to cope with problems discussed in Remark B4l we employ the stopping
time argument. First, for each m > max{4,k}, we define a sequence of stopping times

{Trv,m} men as follows:
Tapm(w) == nf{t >0 | A" (w) > M} AT,
T3 m(w) == inf{t >0 | By(w) > M} AT,

TM,m ‘= T}Lm A T]%Lm.
Next, we verify the existence of solutions step by step.

e (Step A: Extracting a limit function): We can find out that for each n € N,

(@) | mwmllwmw < M| f7E o

1 1 2
( ) || t/\T]w m ty;\ijjEm ||L + ||(70t/\7']\4 m @?/\T]yja,,n HL

1 -1, 2 2
< M [ (168 — P Ve + M2, — 20 e )]

Thus, we can use the same argument as in Corolllary to yield that as n — oo, there
exists a limit function fg,,  such that

fam = finmagn 10 L>®(Q;¢([0, T); L% (R%*))),
Foe = finmgy, i L [0, T W™P(R?)), ¥ p € [1,00).

EATAM m

e (Step B: Verification of relation (Iﬂl)) Now, we need to show that ff,, satisfies (3.2])
in the sense of Definition 21l Since f.7, .., Satisfies ([B.6)) and conditions of Lemma 2.2} it
satisfies the following relation:
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(3.13) / fimeydz + / [N <v-vxw+( e 14 507 v)- w) dzds
+ a / / Ui - (Ditb)vdzds — o / / Fofngm - VotpdzdWs,

where ¥ := R?? and dz = dvdx. Next, our job is to pass n — oo in the integral
relation [B.I3)) to derive an integral relation ([2.2]) for f7,, . For this, note that the z-

n,e € 3 00 00
and v-supports of fio and fi\,,  are uniformly bounded by |X | and [VX, | (see

Corollary B.1)). Moreover, we can find out that |X, | and [ViX, | are bounded by A7, ,
and hence by M. We combine the strong convergence on the lower order with these facts
to yield

( ) /(ft/\TMm fte/\Tjwym)de — 0.

n 1
@) [ [ s~ Form) (0ot (Bl + 30%0) - V) dads — 0.
(i74) / / sATMm S"AT}M&M] F,| 38/\7'1v1,m]> Votpdzds — 0.

ZU _U / / /\T]\/[m - 5/\7’]\4,,”) ' (Dg’l/])?]dZdS — 07

uniformly in w, as n goes to infinity.

Now it remains to check with the stochastic integral term in (BI3]). For this term, one

[</ / Faertm — fEMM,m)v-vvzpddesﬂ
/ (/z(f snove ~ Tonmum)? vm&) 2 ds]

2
<E[/ Il foy s/\TMm_ sATMmHLoods} </ v - VM/J‘CZZ) — 0, as n — oo.

This L2-convergence over €2 implies that there exists a subsequence {f/"° AT, n} such that

( / / fus v vv¢dzdw> ( / / S v'VWddes) ),

for a.s. w, as [ goes to infinity. Thus, we can conclude that for a.s. w € , fg SATM.m satisfies

[ Formtz = / fimepds — / [ Fore (v vxw( [SATMW]%(;zU) .vm) deds

_—a / /v SATM D21/1)vdzds+/ /fseATM v - VypdzdWs,

has

=E
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for every 1 € D(R?*?). One also has Jinry,, 15 a Fi-semimartingale. Here, we use Lemma
2T to obtain that ff,,  satisfies (L3) in the sense of distribution.

e (Step C): Due to the continuity in time of the involved processes A}" and B, it is obvious
that

Tmm(w) =T as M — oo for a.s. w.

Thus, if we choose M sufficiently large for each w € Q, ff, .  satisfies relation ([22) on
[0, T]. Here, note that the strong convergence and (B2) give

1 inrar o lzoe < NF™ 5l exp(dpyrt A Tarm + doWing,y ,,)-

Since m > 4, one uses Sobolev embedding theorem to get fix,,, € L(€;C([0,T7; C30(R?4))).
Thus, it follows from Remark 2.1 that ft&ATM,m becomes a classical solution to (Bl corre-
sponding to the regularized initial datum f***. Hence, we can also obtain

M5 (t A Tarm) < Ma(0) exp(—2¢mt A Tarm — 20Wt,\TM7m).

4. GLOBAL EXISTENCE OF STRONG SOLUTIONS

In this section, we study properties of classical solutions to (L3]) which could be obtained
in Section 3. Moreover, as a corollary, we provide the uniqueness of regularized solutions
and the existence of a solution to (L3]) corresponding to the original initial datum.

4.1. Quantitative estimates for classical solutions. We provide several properties of
classical solutions f to (L3]). Here we recall that a stopped, regularized solution ffATMym
becomes a classical solution to (I3]). From now on, without further mentioning, we will
denote f{ by a classical solution to (I3)), corresponding to the initial datum fi*.

First, we discuss the size of spatial and velocity supports of f;. We define
Xe(t) :=sup{|z| : ff(x,v) #0 for some v € R},
VE(t) := sup{|v| : ff(z,v) #0 for some x € R%}.

Lemma 4.1. The support functionals X< and V¢ satisfy the following estimates:
(1) If ¢ =0, then,

XE(t) < X5 + (V5 + 4/ M5(0)) /t exp <¢7Ms - O’WS> ds, t>0,
0
VE(t) < <V8 + \/M5(0)> exp <¢7Mt — O'Wt> .

(2) If ¢ >0, then
Xe(t) < X5+ {VS + \/M <ﬁ—Z> } /Ot exp <—¢7’”s - JWS> ds,
VE(t) < {vg +/2530) (%) } exp <—¢7mt - aWt> .
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Proof. (i) Consider the case ¢,, = 0.

o (Estimate of V°): Note that the stochastic characteristics (Xj, V;7) starting from (z,v) €
suppf™© satisfies

dX; = Vide,
(41) e _ £ £ £ 1 2 £ €

aVi = (FFIGVE) + 507V ) di — oVEaw,.

Now, we use Itd’s lemma and (1)) to get
d|VE|? = 2V - dViE +dVyE - dVyf

<2 ( - O(s — Xo) (e — VE) - VE folwe, v,)dvedizs + 02|‘/t€|2> i@t

(4.2) — 20| VE[2dW;
= ( R2d H@e = Xp)vu - VEfi (@, va)dvada + 02|V25|2> dt — 20|V [2dW;
= <¢MM§(t) + (oum + 202)|Vf|2)dt — 2e|VE AW,

It follows from the same argument in Proposition B.1] to get the desired estimate for V;:

t
\Vﬂz < ]v[z exp(ppt — 20W) + <;5M/0 exp{dn(t — s) — 20(W; — W)} M5 (s)ds

(43) < {Io+ 02005(0) [ exp-onrs)ds pexplonrt — 201

= ([v]* + M5(0)(1 — exp(—gart))) exp(dart — 20Wy)
< ((V5)? + M5(0)) exp(¢art — 20Wr),

i.e., we have

V() < /(082 + M) exp(PA — o) < (V5 + 4/ M15(0)) exp(24" — o0

This yields the desired estimate.

o (Estimate of X¢): We use It6’s formula and Cauchy-Schwarz inequality to get
dIXF|? =2X5 - dXP +dXF - dXE = 2X7 - VEdt < 2|X5| - |V |dt.
This and ([£3]) yield
d| X5 | Pumt
S < Ve < (Vi M5(0)) exp(B3E — o).

We integrate the above differential inequality to get

t
x50 < 1651+ (V5 + \/350)) [exw (Fts - o) s

(ii) Now we consider the case ¢, > 0.
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In this case, we use the first line relation in ([£2]) and Young’s inequality to get

aVER <2 ( [ 0o = X0 = V0 - Vefiloson)dunde, + V) b — 201V Paity
RZd
<2 ( H(xs — Xp)Vs - VE i@, v )dvsds + (— P + 02)|Vf|2> dt — 20|VE[2dW,
R2d

2
< [ + 202V + g5 (1)t - 201V Pt
Again, we use Lemma [A.]] and Lemma to obtain

2 t
VE2 < [of2 exp(—dmt — 20TW)) + z—M /O exp{—bm(t — 5) — 20(W; — W) MS(s)ds

2 ot
< {]v[2 + M§(O)¢—JZ /0 exp(—(bms)ds} exp(—dmt — 20W4)

2
< {|v|2 + M5 (0) <¢—M> }exp(—qut —20W)).

m

This gives the desired estimate for V¢. For X¢, we use the same argument as above to
conclude the proof. O

Remark 4.1. If we apply Proposition[32 to the reqularized solution we obtained in Section
3, it is not difficult to find out that

() S A=), V(1) SV,
where X°° and V>° are defined in Corollary [31.
Lemma 4.2. Let f; be a classical solution to [L3l). Then, one has
I felwrce < ™ lwoe Ay,
where A} is a nonnegative process defined in Theorem B.11
Proof. The proof is similar to that of Theorem B.Il So we omit its details. O

Now, we are ready to state the stability results for (I3]), where the pathwise uniqueness
result can be obtained.

Theorem 4.1. (L*-stability) Let f; and ft be two classical solutions to (I3)) corresponding
to reqular initial data ™ and ™, respectively, which are compactly supported in x and v.
Then, we have

Ifi = filloe < Dell £ = F™(|Lee,
where Dy is a non-negatvie process with continuous sample paths:

D, = exp [dqut + doW,
. ~. t
+ 26 g maxc{ || £ lwsce, L™ e /0 ((2R(5))"(2P(s))**! + d(4R(s)P(s))") ds|
and R(t) and P(t) denotes, respectively,
R(t) := Sup{|:17|  filz,v) 0 or fi(z,v) 0 for some v e Rd},

P(t) := sup{]v[ © filz,v) #£0 or fi(zw) #0  for some x € ]Rd}.
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Proof. Tt follows from (I.3]) that
(fi = fo)—(f" = ™)
t . -
+/0 [U‘vm(fs_fs)+Fa[fs]'Vv(fs_fs)]ds

t t
= 0/0 V- (v(fs — fs)) o dWs — /0 [Vv [ fsl((fs = fs) + Vo - (Fulfs] — Fa[fS])fs)] ds.
We integrate the above relation along the characteristic flow ¢, of f to yield

(i~ F)(er)
~ = fen{- [ 'V, Ealf(pa)ds + g

- [ Vo (Rals] = RlFD ) e {— [ Vo Bl + o - Ws>} ds
0 s
On the other hand, note that
\Fulfe] = Falfill < 20mlfe — fell e (2R(1)) (2P (1)),
Vo - (Fulfe] = Falfe])] < 2déar||fe — fill oo (AR(E)P (1))

We combine the above estimates with Lemma [ I]and take supremum over the characteristic
flow as in Appendix B to get

Ife = fill e < ™ = F™)| Lo exp(ddart + odWy)
t ~
+ / Dsllfs — fsllnee exp(doas(t — s) + od(Wy — Wy))ds,
0
where D, is a nonnegative process with continuous sample paths:

Dy = 26n max{ || follwroe, | follwree} (@RM)H@P)! + dARMP(1))

We set }
a(t) := exp(—doyt — odWi)|| fe — felloe-
Then, we have

t
a(t) < ap +/ Dsa(s)ds.
0
Finally, we use Gronwall’s lemma to complete the proof. ]

Remark 4.2. We comment on several remarks.
(1) Theorem [{-1] gives a uniqueness result for classical solutions to (L3]).
(2) Using the relation

sup || f™ lyree < [1f7 s,
€€(0,1)

the following modified process Dy can be used in the statement of Theorem [{.1] when
we estimate HffMMm — ff/\q_bl,mHLoo.'

Dy :=exp |dopt + doWy
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+ 260 /0 L™ e ((2() @2V ()" + (42> (5)V>(5))") ds] .

4.2. Proof of Theorem 2.1. In this subsection, we proceed to the proof of the existence
of a strong solution to (3]) corresponding to the original initial data f** and its emergent
dynamics.

e (Existence part): For this, we define a sequence of stopping times {73/} rren as follows:
(W) =inf{t >0 | A™ (W) > M}AT, 713(w):=inf{t >0 | Bi(w) > M} AT,
ma(w) == inf{t >0 | De(w) > M} AT, Tar:=7h ATo ATiy,

where m, := max{k,4}. Then, we provide a global existence of a strong solution in three
steps:

o (Step A: Passing n — 00). Let f&’iM (w) := f™(t A Tar,w). In this case, we proceed as
Section 3.2 to derive a limit function:

e = finy 0 LO(C([0,T] x L2 (R*))),
foes = fon, in L(Qx [0, T WmP(R*)),  Vp e [1,00),

tATM

and ff,, ~is a strong solution to (L3 on the interval [0, 7y/]. Moreover, it can be shown
that ff, ., is a classical solution to (L3)) on [0, 7] which is compactly supported in z and v.

o (Step B: Passing ¢ — 0): We use the stability estimate in Theorem [£.1] to get

(4.4) [ finmas = Fenmaglzoe < Dinry 1F75 = f™5 oo < MY[F75 = 77 | Loe.

Since fi™¢ converges uniformly to £, it follows from the stability estimate ([&4]) that there
exists fiar,, such that

fte/\TM — ft/\TM in LOO(Q7C([O,T], LOO(R2d)))
Moreover, it follows from Theorem 1] and (A1) that
1 inmas llice < AFIF™E e < MIF™lprn e
This implies
oo = finmas 0 LO(Qx [0, T, WHP(R?)), ¥ p € [1,00).

Hence, we can follow the arguments in Section 3 to yield that fiar,, satisfies ([Z:3]) with the
desired regularity for the strong solution, corresponding to initial data ", and hence ([2.2]).
Moreover, fiar,, is compactly supported in z and v.

o (Step C): It is obvious that

Tm(w) =T as M — oo for a.s. w.

Thus, choosing a sufficiently large M for each w € 2 gives finr,, (w) satisfies the relation
[22]) on [0,T] and the strong convergence implies

||ft/\TM ||L°° < ||fm||L°° eXp(d¢Mt ATy + do’Wt/W’M))
May(t A 1ar) < M(0) exp(—2¢mt A Tar — 20Winry, )-
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For the L*>-estimate of solution, we use Fatou’s lemma to get, for any p € (1, 00),
El fell oo

< liminf E| finry, |
M—o0

< liminf || {7~ E exp(doart A Tar + daWt,\TM)]
— 00 L

S N mn [ (d0)2
—l]l\l}l_igf”f HLooE_exp<(d¢M+ 5 )t/\TM }

o ein i p(do)? p(do)?
= lﬁn_:&f Ilf ||LooE_eXp (daWMTM -= t ATy | exp (dqu + 5 >t A TMm ]

. in r P p(do)? (r—1)/p
< . 4
< liminf || £ E_exp<p_1(d¢>M+ > )t AT ) |

2
- p(do
= || f*"|| Lo exp <<d¢M + %)t) ,
where we used the fact X; = exp(aW; — a?t/2) is a martingale and Hélder inequality. Then
we take the limit p — 1 on both sides to yield the desired result. For the dissipation of
second velocity moment, we use a similar argument to get the desired estimate.

5. CONCLUSION

In this paper, we presented a global well-posedness of strong solutions and their asymp-
totic emergent dynamics for the stochastic kinetic Cucker-Smale equation perturbed by a
multiplicative white noise. For a global well-posedness, we first derive a sequence of clas-
sical solutions to the stochastic kinetic C-S equation with regularized initial data. Then,
using the properties of classical solutions, we obtained the existence of a strong solution
corresponding to the original initial data and asymptotic emergent stochastic dynamics of
strong solutions. Of course, there are lots of interesting issues to be addressed in a future
work, e.g., a global existence of weak solutions, emergent dynamics under other types of
random perturbations and zero noise limit, etc. These topics will be discussed in future
works.
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APPENDIX A. ELEMENTARY LEMMAS

In this appendix, we provide two useful lemmas used in previous sections. First, we begin
with estimate on a variant of geometric brownian motion.

Lemma A.1. Let {X;}i>0 be a solution satisfying the following Cauchy problem:

dX; = (at + tht)dt + cXedWy, t>0,
X() =x > O,

where {a}i>0 and {bt}+>0 are stochastic processes with continuous sample paths, and c is
a constant. Then one has
2 2

Xt:xexp[/ot <bs—%)d8—|—th} +/Otasexp [/t (bT—%)dT+c(Wt—Ws)]ds.

Proof. The proof is exactly given in Example 19.7 from [33]. So, we refer to [33] for its
proof.
U

Lemma A.2. (Comparision principle) Suppose that two stochastic proceeses {X;}1>0 and
{Yi}i>0 satisfy

dXt < (at + bXt)dt + CXtth, XO = > 0,
dYy = (ay + bYy)dt + Yy dWy, Yy = x,

where {at}+>0 is a stochastic process with continuous sample paths. Then, we have
Xy <Y, Viz=0.

Proof. Let {Y?}i>0, (6 > 0) be a stochastic process satisfying

dY? = (ag + bYP)dt + cYL2dWy, t > 0,

YO‘S =x 49,
and we set

z0 =Y - X,

Then, we have

dzP > bZ0dt + cZ2dW;, t>0 and Zy=96, t=0.

We use It6’s lemma to get

dzg 1 1 s 5 2

Again, we integrate the above relation to get

t 2
Z8 > (5exp{/ <b5— %) ds+th} > 0.
0

X; <Y? forallt>0.

d(In Z?)

This yields
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It follows from the representation formula in Lemma [A.T] that

2

t C2 t t c
Yf:(x—l-é)exp{/ (bs——> ds—i—th}—i—/ asexp[/ (bT——)dT—i—c(Wt—WS)]ds,
0 2 0 s 2

2

t 2 t t c
Y;:xexp{/ (bs——> ds—i—th}—i-/ asexp[/ <b7———>dT+C(Wt_Ws)]dS-
0 2 0 s 2

This yields the desired result:

Y, = liminf Y > X,.
6—0

APPENDIX B. A PROOF OF PROPOSITION

Recall that f;"° satisfies a differential form:
atfltmE =—v-Vg 1?7E — V- (Fa[ tn_l’a] tnﬁ) +0oVy- (Uftyw) o th

i.e., it satisfies

t t
P e [oveeas— [ v, s
(B.1) t
+0/ Vo (vf{"%) o dWs.
0

Next, we claim: there exists a nonnegative process A}" with continuous sample paths and
independent of n and € such that

£ lwrmace < || £ || rmace AT

In the sequel, we provide L*°-estimate of f; and its derivatives to provide a proof of Propo-

sition [3.9]

o (Zeroth-order estimate): It follows the formula (335 that

t
(0" (w,0) = [ (@, v) exp {— /O Vo - El [ 1) (0 (2, 0))ds + dth}
< || £ oo exp(dpprt + doWr).
This implies zeroth-order estiamte:

(B2) 1 Npoe < A1F™E L exp(deart + doWy).

e (Higher-order estimates): Let a and /8 be multi-indices satisfying

L< ol + (8l <m.
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Then, we apply 029 to the relation (B using Theorem 3.1.2 in [24]:

t
8?85]‘?’8 = 8;“85#"’5 _ Z <fl> /0 ot (v) - Vm(agag—m'fsn,e)ds

| ]<1
@ B t K2 3 n—1,e19a—p2 9f—pu3 £n,e
(B3) B Z w2 m3 0 VU ‘ (6m a” Ffl[fs ’ ]832 av fs’ )ds
o
/8 t
v 3 (1) [ v @uwezo ey a.
lnal<1 Ha/ Jo

where we used the relation:
I, [ =0, for |us| > 2.
Note that the differentiation equality (B.3]) is only true outside a P-zero set in 2 which
depends on (z,v), according to Theorem 3.1.2 in [24]. However, we can use the argument

in Lemma [2.2] to obtain that the equality also holds P ® dr ® dv-a.s. Now, we rearrange the
previous relation to obtain

070 17
t
—ozopre— [ [onValo0l ) + Rulf - V(05001 ds
0

d+
d

+ t
+U/ v Vo (950] f1°) 0 W, — !ﬂ\/ Vo - Fo[f071€1050] fi<ds
0 0

t t
+o(d+ ]ﬁ\)/ YAl f1e o AW, — / Lo p(s)ds, P®dr® dv-as.,
0 0

where the process L, g is given by the following relation:

D O LA R AT S

lpa]=1 i
£ 3 ()9 @Rl

0Fu2<a 2
©3 (0)(D)oreo rin v
0Fu2<a 2 =

lnusl=1

©3 (@ )ornln e v el
2

Next, we define A and X as follows:

d+ 15|
d

t
M@, v) = O30 f ™ (w,v) — /0 As(2,0)(Vy - Fol f87H9]) (0% ds

t t
L o(d+ 18] / Ao(2,0) 0 dW, / Lo (™) ds,
0 0

M(a,v) = Ae((0)) 7).
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By using generalized It6’s formula from Theorem 3.3.2 in [24], ); satisfies the relation (B4).
Thus, by the uniqueness,

Ao = 0200 17,
and we use [t0’s formula on A; to get

0307 f7° (1)

let in,e d+ ! n—1,e n,e
— ool woyexn [ - 5 [V, R s + ot -+ )W)

t d t
~[ew |- bl [ Vo Rl e + ot + B0V - W)
0 s
X Eaﬁ(s, ©r)ds.

For detailed explanation for the above realtion, we refer to the proof of Theorem 3.2 in [§].

Note that the following estimates hold:
e If |3] =1, one has
0207 Fal £ 7151 < | gllem-
e If || > 1, one gets

08 Falf ) (01))]

<llen [ Tow V177 G )dvndas < ollem (V12 + 3057(0)

¢
<|l¢llcm <(R0 +1)% + ¢M/O (v + Ks) exp(ys)ds + (v + Ks) eXp(vt)) exp(pyt — 20W5).

We set C,, 5(t) to be

= 2.0) 2,60 2, ()

1 l=1 H1 0Zm<a H2 0<pa<a \H2/ \HM3
|pual=1

X |:1 + 2H(Z§”Cm + |’¢HC77L(RO + 1)2 exp(ngt — 20'Wt)

+ <¢M/ (v + Ks) exp(ys)ds + (v + Ky) exp(’yt)) exp(pprt — 20Wy) |.
0

This yields
|La(t, 077 7) < Cag () lwmee.
Thus, we have
030, £ ()
B5) < 020757 1= exp((d + 18D (art + W)

t
+ /0 exp((d + |B){par(t = s) + o (Wi = We)}Ca g (8) 1 £ lwm.oe ds.
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Now, we take the supremum over all characteristic flow, sum (B.A]) over all 1 < |a|+|8] < m
and combine this with (B.2)) to obtain

t
167 wmoe < 1 moe M7+ M [ [exp(=(d+ monss)

X Z exp(—O'(d—l- ‘B’)Ws)ca,ﬁ(s)Hf?e”wm’oo ds,

loe|+|B|<m
where the process MJ" is given by the following relation:
M = exp((d+m)gut) > exp(o(d+|8))Wr).
|8]<m
Note that M} is independent of n and €. We set
b (t) = [fe" " [lwmee (M) 71
Then, one gets

t
b (t) < bo + / N (s)ds,
0

where the process N is

N =0 ) exp(a(N +[B)WL) ¢ 8 exp(—a(N + |B)) W) > Capls)

|8|<m |8|<m o] +[B]<m
Thus, we can use Gronwall’s lemma to obtain
LA wrmse <(LFF [[wrm.oo A,
where the process AJ" is given by the following relation:

AP = exp((d+m)put) > exp(o(d+|8))Wr)

|8]<m

xexp [ Y exp(a(d+[B)Ws) p 4 > exp(—a(d + |B)W;) Y. Capls)

|B|<m 1Bl<m loe|+|8|<m
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