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ABSTRACT. We prove the superposition principle for probability measure-valued
solutions to non-local Fokker-Planck-Kolmogorov equations, which in turn

yields the equivalence between martingale problems for SDEs with jumps and

such non-local PDEs with rough coefficients. As an application, we obtain

a probabilistic representation for weak solutions of fractional porous media

equations.
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1.1. Background. Let P(RY) be the space of all probability measures on R? en-
dowed with the weak convergence topology. Let b: R, x R¢ — R be a measurable
vector field. In [2], Ambrosio studied the connection between the continuity equa-
tion

(1.1)
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and the ordinary differential equation (ODE for short)

The following superposition principle was proved therein: Suppose that t — p; €
P(RY) is a solution of (1.1) and satisfies

by (
// |1t+ ((dz)dt < oo, VT >0,
]Rd

then there exists a probability measure 77 on the space C of continuous functions
from R, to R?, which is concentrated on the set of all w such that w is an absolutely
continuous solution of (1.2), and for every function f € Cy(R?) and all ¢ > 0,

[ swmian = [ smae)

In other words, the measure pu; coincides with the image of n under the evaluation
map w +— w;. Consequently, the well-posedness of ODE (1.2) is equivalent to
the existence and uniqueness of solutions for the continuity equation (1.1). In
particular, the well-posedness of ODE (1.2) with BV drift whose distributional
divergence belongs to L>° was obtained in a generalized sense. See also [3, 4, 5, 29]
and the references therein for further developments.

The stochastic counterpart of the above superposition principle was established
by Figalli [15]. In this situation, the continuity equation becomes the Fokker-
Planck-Kolmogorov equation, while the ODE becomes a stochastic differential equa-
tion (SDE for short). More precisely, let X; solve the following SDE in R

dXt = bt(Xt)dt+Ut(Xt)th, (13)

where b: Ry x R — R% and 0 : Ry x RY — R? ® R? are measurable functions, W,
is a standard Brownian motion defined on some probability space (2, F,P). Let
we € P(RY) be the marginal law of X;. By Ito’s formula, p; solves the following
Fokker-Planck-Kolmogorov equation in the distributional sense

O = (e + By) s (1.4)
where for f € CZ(R?),
A f(x) = tr(a(w) - V2 f(2)), Bif(w) = bi(z) - Vf(2) (1.5)

with a;(z) = 3(oy0])(z), and &* and %; stand for the adjoint operators of <
and %, respectively. When the coeflicients a and b are bounded measurable, the
superposition principle for equation (1.4) was proved by Figalli [15, Theorem 2.6],
which says that every probability measure-valued solution to the Fokker-Planck-
Kolmogorov equation (1.4) yields a martingale solution for the operator <7 + %; on
the path space C (or equivalently, a weak solution for SDE (1.3)). We would like
to mention that Kurtz in [20, Theorem 2.7] has already proven such a principle if
a and b are time-independent and bounded measurable (see [20, Remark 2.8(a)]).
In [32], Trevisan extended it to the following natural integrability assumption:

T
/0 /Rd <|bt(17)| + \at(x)\)ut(dx)dt < o0, VT >0. (1.6)
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More precisely, for any probability measure-valued solution p of (1.4), under (1.6),
there is a weak solution X to SDE (1.3) so that for each ¢t > 0,

ot = Law of Xt~ (17)

It should be noticed that if pu; does not have finite first moment, then (1.6) may
not be satisfied for b and o with at most linear growth. Recently, in [12], Bogachev,
Rockner and Shaposhnikov obtained the superposition principle under the following
more natural assumption:

T

The proofs in [12] depend on quite involved uniqueness results for Fokker-Planck-
Kolmogorov equations obtained in [11]. The superposition principle obtained in [15,
32] has been used in the study of the uniqueness of FPKEs with rough coefficients
(see e.g. [25, 306]), probabilistic representations for solutions to non-linear partial
differential equations (PDEs for short) [6] as well as distribution dependent SDEs
(see [7, 26]).

On the other hand, let (X;);>0 be a Feller process in R¢ with infinitesimal
generator (., Dom(.Z)) (see [24, page 88]). One says that £ satisfies a positive
maximum principle if for all 0 < f € Dom(.¥) reaching a positive maximum at
point zo € R%, then £ f(z0) < 0. Suppose that C°(R?) C Dom(.#). The well-
known Courrége theorem states that £ satisfies the positive maximum principle if
and only if .Z takes the following form

d d
Lf(x) = Z agj ()07 f () + Z bi(2)0i f () + c(x) f ()
i=1 =1 (1.9)

+ / (F@+2) — f(@) — Lperz - V@) va(da),
Rd

where a = (a;;)1<ij<d 18 a d x d-symmetric positive definite matrix-valued mea-
surable function on R?, b : R? — R?, ¢ : R? — (—o00,0] are measurable functions
and v, (dz) is a family of Lévy measures (see [28]). In particular, if we let p; be the
marginal law of X;, then by Dynkin’s formula,

Oppiy = L7 iy

We naturally ask that for any probability measure-valued solution p; to the above
Fokker-Planck-Kolmogorov equation, is it possible to find some process X so that
1t is just the law of X, for each ¢ > 07 In the next subsection, under some growth
assumptions on the coefficients, we shall give an affirmative answer.

1.2. Superposition principle for non-local operators. Our aim in this paper
is to develop a non-local version of the superposition principle. Let {v4 ;}i>0 zerd
be a family of Lévy measures over R, that is, for each t > 0 and z € R?,

g7 (x) ::/ 12|?vt.2(d2) < 00, 14..(Bf) < o0, (1.10)
B,

where ¢ > 0 is a fixed number, and By := {z € R? : |2| < ¢}. Without loss of
generality we may assume

(< 1/V2.
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We introduce the following Lévy type operator: for any f € CZ(R%),

Nef(x) = AN f(x) := A0 f(x) = Of(x; 2)v 1 (d2), (1.11)

Rd

where
O(z;2) == f(z +2) — f(z) — 15<0 - Vf(2). (1.12)

Let us consider the following non-local Fokker-Planck-Kolmogorov equation ( FPKE
for short):

Orpre = L7 i, (1.13)
where %, is a general diffusion operator with jumps, i.e.,
% =+ B+ N

with o7 and %; being defined by (1.5) and .#; being defined by (1.11). We introduce
the following definition of weak solution to equation (1.13).

Definition 1.1 (Weak solution). Let p: Ry — P(R?) be a continuous curve. We
call = (p)e>0 @ weak solution of the non-local FPKE (1.13) if for any R > 0 and
t>0,

/Ot/]Rd 1BR(x)(|as(x)| + [bs ()] +95($))us(da:)ds < o0,

; (1.14)
[ (e By ) + L (@)vn (B) () < o,
0 JRd
and for all f € C2(RY) and t > 0,
mlh) = )+ [ (s (1.15)

where 1y (f) = fou £(@)pp(da).

We point out that unlike the local case considered in [2, 12, 15, 32], where
the local integrability of the coefficients with respect to u.(dz)dt implies the well-
definedness of the integrals in (1.15), it is even not clear whether the above integral
in (1.15) makes sense in the non-local case since in general .4;”f does not have
compact support for f € C?(RY). This is the reason why we need the second
assumption in (1.14).

Remark 1.2. Under (1.14), one has fot ps(|Zsf)ds < oo for any f € C2(R?). Let
us only show

t
[ s < .
0
Note that for z,z € R%, by Taylor’s expansion, there is a 6 € [0, 1] such that
fle+2)— f(x) —z-Vf(x)= Z 2i2;0;0; f (x + 02) /2. (1.16)

i=1, d

Suppose that the support of f is contained in a ball Br. By definition we have

107 (23 2)] < I flloolizj>e(Ljatzi<r + Ljzj<r) + V2 fllooLiz1<el21* Lz < Rte-
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Hence,

/Ot ps (|45 f)ds S /Ot/Rd [Vs,m(va(\z|—R)) + 1B, (f)Vs,x(Bf)]Ms(dff)dS

# [ A @ @fans < .

Let D be the space of all R%valued cadlag functions on R, which is endowed
with the Skorokhod topology so that D becomes a Polish space. Let X;(w) = w; be
the canonical process. For ¢t > 0, let BY(D) denote the natural filtration generated
by (Xs)sefo,4, and let

B; := Bi(D) := Ny BY(D), B:= B(D) := Boo (D).

Now we recall the notion of martingale solutions associated with .%; in the sense of
Stroock-Varadhan [31].

Definition 1.3 (Martingale Problem). Let g € P(R?), s > 0 and 7 > s be a
By-stopping time. We call a probability measure P € P(D) a martingale solution
(resp. a “stopped” martingale solution) of £, with initial distribution po at time s
if

(i) P(X; = Xs,t €[0,8]) =1 and Po X1 = pg.

(ii) For any f € C2(R%), M] (resp. M}, ) is a B;-martingale under P, where

M= f(X,) - f(X,) - /t L f(X,)dr, t > s (1.17)

All the martingale solutions (resp. “stopped” martingale solutions) associated with
&, with initial law po at time s will be denoted by ML (L) (resp. MHE(ZL)).
In particular, if po = 0, (the Dirac measure concentrated on x), we shall write

ME(L) = M% (L) for simplify.

Remark 1.4. Under (1.18) below, (ii) in Definition 1.3 is equivalent to that for
any f € C2(R%) with |f(z)| < Clog(2 + ||), M is a local Bi-martingale under
P. Indeed, let x € C*°(R?) be a smooth function with x(z) = 1 for |z| < 1
and x(x) = 0 for |z| > 2. For each n,m € N, define f,(z) := f(z)x(z/n) and
Tm = Inf{t > s: | X¢| V|X: — X;—| > m}. By (ii) of Definition 1.3, one knows that
MifA"Tm is a Bi-martingale. Since |f(z)| < C'log(2 + |z]), by definition (1.11) and
(1.18) below, it is easy to see that for each fixed m € N,

sup sup sup |2 fn(z)| < oo.
n re0,t] |z|<m

Thus, for each ¢t > s, by the dominated convergence theorem, we have

n—oo

lim E </me L f (X)) — frf(Xr)|dr> — 0.

Therefore, for each t > s,
lim E|M/, — M/, |=0,

n— oo

which implies that MthTm is a B;-martingale for each m € N, and also M/ is a local
Bi-martingale since 7, — 0o as m — oo.
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Throughout this paper, we make the following assumption:

v (@) + ¥ (=) | [be(@)] |,
Iy, = 1.1
a,b S:?lf |: 14+ |£U|2 + 14+ |£L’| + ht (l‘) < 00, ( 8)

where gf (z) is defined by (1.10) and
v . &1
R (x) := /B log (1 + T\xl) v 1 (dz), (1.19)
and if v , is symmetric, then we define
1Y (x) - / log (1 + ﬁ'\) V.o (d2). (1.20)
2> 1+ ||

The main result of this paper is as follows.

c
14

Theorem 1.5 (Superposition principle). Under (1.18), for any weak solution
(e)e>0 of FPKE (1.13) in the sense of Definition 1.1, there is a martingale solution
P e M{° (%) such that

w=Po X, 1 Vt>0.

Remark 1.6. Under (1.18), condition (1.14) holds. In fact, it suffices to check
that

sup (ym(Bgv(lx‘_R)) n 1BR(J;)VW(B;)) < 00, VR > 0. (1.21)

t,x

By definition we have

Via (B (- 1y) < /B log (1+ 1) /10g (14 245 ) vy 4 (d2)
I3

= hf(2)/og (1+ Y)Y < by (@) Tog (1+ 15 )

and

1, (2)11.0 (B) < 13, (2) /B

log (1 + 1-‘;—7‘@) /log (1 + fm) Ut (dz)

1
= L (@)hi (2)/10g (1+ 57 ) < i ()/1og (14 15 ) -
Hence, (1.21) follows by (1.18).

Remark 1.7. Note that our result does not cover the one in [12] (see the above
(1.8)). The results in [12] allow to treat SDEs with singular and linear growth
coefficients, while our assumption (1.18) only allows the coefficients being of linear
growth. Here the main issue is that the elegant push-forward method used in [32]
seems not valid in the non-local case. Moreover, in our proof, we borrow some
technique from [12] to construct the approximation sequence (see Proposition 3.2
below).

Example 1.8. Let v, (dz) = ry(z, 2)dz/|z|4T with « € (0,2), that is, .4 is an
a-stable like operator.

(i) If |ke (2, 2)| < e(1+|2])*M /(141 4=1 log(14|z|)), then sup, , if (x) < oo. Indeed,
by definition we have

ari o\ d
) 3 o (14 1) 45
¢ (I) Y1414 10g<1 + |.’IJ|) B 08 + 1+|z] |z|d+(x
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We calculate the right hand integral which is denoted by .# as follows: using polar
coordinates and integration by parts,

I = c/ log (1 + 1+r‘w|) roizedr
¢

< log (1+ f]rl) +/ P (1 + |z + ) dr
¢

o0

L+1al
5(1+|x|)_1+(1+|m|)_1/ r‘“dr—i—/ 1oy
V4 1+|z|

(L4l ™ + (1 2" (1 + Lamr log(1+ [2]) + (1 + |2f)
(14 Ja)) =M (1 + Lazs log(1 + |a])).
Thus, we have iY(z) < C.

(ii) If k¢ (z, 2) is symmetric, that is, ki (x, 2) = Ke(x, —2), and |k, 2)| < c(1+]x])%,
a € (0,2). Then sup, , b (x) < co. In fact, by (1.20) we have for any 8 € (0,aA1),

<1+ 1|Z\ )’3 dz
2> 1+ |z| Hal ) [z|d+e

d
< (1 et / :

l2|>14a [2]4T0F”

S
S

B (2) < (1+ [2])° /

which in turn yields sup, , iy () < oc.

As far as we know, there are very few results concerning the superposition prin-
ciple for non-local operators. In the constant non-local case, the third author of
the present paper [36] used the superposition principle to show the uniqueness of
non-local FPKEs. Recently, Fournier and Xu [16] proved a non-local version to the
superposition principle in a special case, that is,

A f@) = [ 1) = F@ ),

and (p)¢>0 have finite first order moments, i.e.,

/ |z|pe(dz) < 0o, VE 2= 0.
Rd

These two assumptions rule out the interesting a-stable processes (see Example 1.8
above). To drop these two limitations, we employ some techniques from [12]. It
should be emphasized that the elegant push-forward method used in [32] does not
seem to work in the non-local case. Here the main obstacles are to show the tight-
ness and taking limits. One important motivation for studying the superposition
principle for nonlocal operators is to solve the Boltzman equation as explained in
Subsection 1.2 of [16] (see also [17]).

1.3. Equivalence between FPKEs and martingale problems. The following
corollary is a direct consequence of Theorem 1.5 and [14, Theorem 4.4.2] (see also
[21, Corollary 1.3] and [32, Lemma 2.12]). For the readers’ convenience, we provide
a detailed proof here.



8 MICHAEL ROCKNER7 LONGJIE XIE AND XICHENG ZHANG

Corollary 1.9. Under (1.18), the well-posedness of the Fokker-Planck-Kolmogorov
equation (1.13) is equivalent to the well-posedness of the martingale problem asso-
ciated with £. More precisely, we have the following equivalences:

o (Existence) For any v € P(R?), the non-local FPKE (1.13) admits a solution
()0 with initial value po = v if and only if My (L) has at least one element.

e (Uniqueness) The following two statements are equivalent.
(i) For each (s,v) € Ry x P(RY), the non-local FPKE (1.13) has at most one
solution (pt)r>s with ps = v.
(ii) For each (s,v) € Ry x P(R?), M%(Z) has at most one element.

Proof. We only prove the uniqueness part. (ii)=(i) is easy by Theorem 1.5. We
show (i)=>(ii). For given (s,v) € Ry x P(R%) and let Py, Py € MY(Z). To show
Py = P, it suffices to prove the following claim by induction:

(C,) for given n € N, and for any s < t1 < ta < t,, and strictly positive and
bounded measurable functions fi,--- , f, on R%,

E™ (fu(Xe) o fal(Xe,)) = EP (fu(Xe)) - falXe,))- (1.22)

First of all, by Theorem 1.5 and the assumption, one sees that (C;) holds. Next
we assume (C,,) holds for some n > 2. For simplicity we write

n:= fl(th)"'fn(th)>

and for i = 1,2, we define new probability measures
Q

Now we show y i

P; e MY (&), i=1,2.
Let Mtf be defined by (1.17). We only need to prove that for any ¢ >t > t,, and
bounded B;-measurable &,

EP (M) = BF (Mf€) & BR (Mfen) = B (M{e),

which follows since P; € M¥(.Z). Thus, by induction hypothesis and Theorem 1.5,

1

o Vi1 > tn.

b= =PoX; ! =PyoX,
which in turn implies that (C,41) holds. The proof is complete. O

1.4. Fractional porous media equation. Probabilistic representation of solu-
tion to PDEs is a powerful tool to study their analytic properties (well-posedness,
regularity, etc) since it allows us to use many probabilistic tools (see [7], [8], [9]). As
an application of the superposition principle obtained in Theorem 1.5, we intend to
derive a probabilistic representation for the weak solution of the following fractional
porous media equation (FPME for short):

Opu = Aa/2(|u|m71u)’ u(O,x) = (,0(.73), (123)
where the porous media exponent m > 1, a € (0,2) and A®/? := —(—=A)*/? is the
usual fractional Laplacian with, up to a constant, alternative expression

AY2f(z) = P.V./ (f(z 4 2) — f(x))dz/|2|4T, (1.24)
]Rri
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where P.V. stands for the Cauchy principal value. This equation is a typical non-
linear, degenerate and non-local parabolic equation, which appears naturally in
statistical mechanics and population dynamics in order to describe the hydrody-
namic limit of interacting particle systems with jumps or long-range interactions. In
the last decade, there are many works devoted to the study of equation (1.23) from
the PDE point of view, see [23] and the recent survey paper [33], the monograph
[34] and the references therein.

Let H*/?(R?%) be the homogeneous fractional Sobolev space defined as the com-
pletion of C5°(RY) with respect to

R 1/2
e o= ([ leP17@RaE) = 1-8)%4 51,

where f is the Fourier transform of f. The following notion about the weak solution
of FPME is introduced in [22, Definition 3.1].

Definition 1.10. A function u is called a weak or L'-energy solution of FPME
(1.23) if

o u€ C([0,00); L'(R) and |u|""u € L}, ((0,00); H*/*(R?));

o for every f € C}(Ry x RY),

//u-@tfdxdtz/ / (Ju|™  u) - A2 fdadt;
0o Jrd 0o Jra

o u(0,z) = ¢(x) almost everywhere.
The following result was proved in [22, Theorem 2.1, Theorem 2.2].

Theorem 1.11. Let a € (0,2) and m > 1. For every ¢ € LY(RY), there exists
a unique weak solution u for equation (1.23). Moreover, u enjoys the following
properties:

(i) if ¢ > 0, then u(t,x) >0 for allt > 0 and x € RY;
(ii) Opu € L>=((s,00); L*(R%)) for every s > 0;
(ii1) for allt >0, [pqu(t,z)de = [p, o(z)dz;
(iv) if o € L>=(RY), then for everyt >0,

llu(t, oo < [l
(v) for some B € (0,1), u € CP((0,00) x RY).

Our aim in this subsection is to represent the above solution u as the distribu-
tional density of the solution to a nonlinear stochastic differential equation driven
by the a-stable process L; with Lévy measure dz/|z|9t. More precisely, consider
the following distribution dependent stochastic differential equation (DDSDE for
short) driven by the d-dimensional isotropic a-stable process Ly:

m

m—1

dY; = py, (Vi) © dLi, py (@) = (@), (1.25)
where py, (x) := (dLy,/dx)(z) denotes the distributional density of ¥; with respect
to Lebesgue measure. We introduce the following notion about the above DDSDE
(1.25).
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Definition 1.12. Let (Q, F,P;(Fi)i>0) be a stochastic basis and (Y,L) two Fi-
adapted cadlag processes. For u € P(R?), we call (Q, F,P; (F;)i>0; Y, L) a solution
of (1.25) with initial law p if

(i) L is an a-stable process with Lévy measure dz/|z|4+e;

(ii) for eacht >0, P oY, }(dz) = py, (x)dz;
(iii) Y solves the following SDE:

m—1

t
n:Y0+/ pv,(Yao) ™ dL,.
0

The following is the second main result of this paper.

Theorem 1.13. Let ¢ > 0 be bounded and satisfy [, ¢(x)de = 1. Let u be the
unique weak solution to FPME (1.23) given by Theorem 1.11 with initial value ¢.
Then there exists a weak solution Y to DDSDE (1.25) such that

oy, () = u(t,x), Vt=0.

Remark 1.14. Here an open question is to show the uniqueness of weak solutions
to the nonlinear SDE (1.25), which can not be derived from the uniqueness of
FPME (1.23). We will study this in a future work.

‘We mention that in the 1-dimensional case, such kind of probabilistic representa-
tion for the classical porous media equation (i.e., « = 2) was obtained in [8], see also
[10] and [6, 7] and for the generalization to the multi-dimensional case and more
general non-linear equations. We also mention that there has been an increasing
interest in DDSDEs driven by Brownian motion in the last decade, see [7, 26] and
in particular, [13] as well as the references therein. As far as we know, even the
weak existence result for DDSDE (1.25) driven by Lévy noise in Theorem 1.13 is
also new.

This paper is organized as follows: In Section 2, we study the equation (1.13)
with smooth and non-degenerate coefficients. Then we prove Theorem 1.5 and
Theorem 1.13 in Sections 3 and 4, respectively. Throughout this paper we shall use
the following conventions:

e The letter C denotes a constant, whose value may change in different places.

e We use A < B to denote A < CB for some unimportant constant C' > 0.

e Ny := NU {0}, Ry := [0,00), a Vb := max(a,b), a A b := min(a,b),
at:=aVO.

o V, =0z :=(0py, " ,02,), 0 i= Oy, := 0/0x;.

. Si is the set of all d x d-symmetric and non-negative definite matrices.

2. PROOF OF THEOREM 1.5: SMOOTH AND NONDEGENERATE COEFFICIENTS

First of all, we show the following well-posedness result about the martingale
problem associated with .%;, which extends Stroock’s result [30] to unbounded
coeflicients case, and is probably well-known at least to experts. However, since we
can not find it in the literature, we provide a detailed proof here.

Theorem 2.1. Suppose that the following conditions are satisfied:
(A) ar(z) : Ry x RY — S s continuous and ai(z) is invertible;
(B) bi(x) : Ry x RY — R? is locally bounded and measurable;
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(C) for any A € BR?), (t,x) — [,(1A|z[*)vy2(dz) is continuous;
(D) the following global growth condition holds:
b T+ gy
o)+ b))+ ) | o
t,x 1+ |ZU|2
where gf (z) and kY (x) are defined by (1.10) and (1.19), respectively.

Then for each (s,z) € Ry x RY, there is a unique martingale solution Py, €
MZE(L). Moreover, the following assertions hold:

(i) For each A € B(D), (s,z) — P, 5 (A) is Borel measurable.
(i) The following strong Markov property holds: for every bounded measurable f
and any finite stopping time T,

EFo.- (f(T +t, Xr+t)|BT) - (EPS’?/ (f(S +t, Xs-‘rt))) ’(s,y):(T,XT)'

Remark 2.2. Condition (D) ensures the non-explosion of the solution.

. .—
Iy =sup

To prove this theorem we first show the following Lyapunov type estimate.
Lemma 2.3. Let ¢ € C?(R;R ) with lim, ., ¥ (r) = co and
0<y' <1, ¢¥"<0. (2.1)

Fiz y € R? and define a Lyapunov function V,(x) := ¥(log(1+ |z —y|?)). Then for
allt >0 and x € R, we have

lac(@)| + (@ — g, be(2)) " + g} (x) v
< .
2o <2 ( o PoHEy)), (2
where gy (x) is defined by (1.10), and
HY (2, y) == / tog (1+ 12y ) ma(de). (2.3)
B§
Proof. By definition, it is easy to see that
_ 2(;U - y) ’ 2
and
Az —y) @ (x—y)
2 —_ " _ ") (1 1 2
V¥ ta) = LI st + o - o)
21 / 2
— ' (log(1 — .
+1+|x_y|2w(0g( +lz —y[)
Thus by (2.1), one gets that
a 2|ay(z)| b 2(z —y, be(z)) "
< —F { — -
A, Vv(x) ST11 |:cfy|2’ ‘%)tvy@) ST |z — y[?

On the other hand, recalling (1.12), we have for |z| < ¢ < 1/V/2,
Ov, (r;2) = Vy(z + 2) = Vy(2) — 2- VV,(z) = 2,2;0;0;V, (x + 02) /2
2(z,x 7y+02>2 7 / 2
= — log(1 - 0
T — 0 lop(1+ o~y + 051
|2

1+ |z —y+0z?

¢ (log(1+ |z —y + 62]%))
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en P B 2]
T eyt 0 STt le—gP2—F S T+ le— g

where 6 € [0,1]. Similarly, by the mean value formula, we have

V(o +2) = V() = '(6.) [ log (1 + |z — y + 2I2) —log (1 + o — y?)]

2
2 _ 2
<1og<1+ o = 3, 2)] + |+ )élog R
L+ ]z -yl V1t |z —y|?

2|2| ? |2| !
< log 1+m < log 1+m ,

where 6, € R. Hence,

v g¢ () v
N Vy(2) < y Ov, (@ 2)rt,.(dz) < 21—|—|tx7—y|2 +4H{ (z,y).

Combining the above calculations, we obtain (2.2). O
The following stochastic Gronwall inequality for continuous martingales was

proved by Scheutzow [27], and for general discontinuous martingales in [35, Lemma
3.7].

Lemma 2.4 (Stochastic Gronwall inequality). Let £(t) and n(t) be two non-negative
cadlag adapted processes, A; a continuous non-decreasing adapted process with Ay =
0, M; a local martingale with My = 0. Suppose that

t
() < n(t) +/O £(s)dA, + M,, ¥t > 0.

Then for any 0 < g < p < 1 and stopping time T > 0, we have

1/q (1-p)/p
BT < (52)  (Bet/0) R,
where £()* := SUDP [0, &(s).

The following localization lemma is well known (see e.g. [31, Theorem 1.3.5]).
Although it is only proved for the probability measures on the space of continuous
functions, by checking the proof therein, one sees that it also works for D.

Lemma 2.5. Let (P,)nen € P(D) be a family of probability measures and (7, )nen
a non-decreasing sequence of stopping times with 19 = 0. Suppose that for each
n € N, P, equals P,,_1 on B,,_, (D), and for any T > 0,

lim P, (m, <T)=0.

n— oo

Then there is a unique probability measure P € P(D) such that P equals P, on
B, (D) and P,, weakly converges to P as n — oo.

We now use the above localization lemma to give
Proof of Theorem 2.1. Let x € C=°(R%) be a smooth function with
x(@) =1, lz| <1, x(x)=0, [z|>2.

For any n € N, define
Xn (@) = x(z/n)
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and
ay' () = ar(xxn (@), O (%) := Xn(2)bi(2), Vi, (d2) = Xn(2)V12(d2).

By the assumptions (A)-(C), one can check that (a™, b™, v™) satisfies for any T > 0,
(A') a(x):[0,T) x R — S% is bounded continuous and af'(z) is invertible.
(B') b7(z) : [0,T] x R?Y — R? is bounded measurable.
(C') For any A € B(RY), (t,2) — [,(1 A |z|?)vf',(dz) is bounded continuous.
Let £/ be defined in terms of (a”,b",v™). For each n € N and (s,x) € Ry x R?, by
[19, Theorem 2.34, p.159], there is a unique martingale solution P}, € M$(Z/"),
and the following properties hold:

(i) For each A € B(D), (s,x) — Py ,(A) is Borel measurable.

(ii) The following strong Markov property holds: for any bounded measurable f
and finite stopping time T,

EFs (f(r 4+t Xra)|Br) = (B (f(5+ 6 Xoe) | (o= (rox
Moreover, if we define
Tp = Inf{t > s : | X¢| > n},

then by [19, Theorem 2.41, p.161], for any m > n, the “stopped” martingale prob-
lem Mg, (£/") admits a unique solution, that is,

Pels., @ = Piuls., m)-
To show the well-posedness, by Lemma 2.5, it suffices to show that for any T > 0,
lim P? (1, <T)=0.
n— 00 ’

Let V() := log(1 + |2|?). By the definition of martingale solution (see Remark
1.4), there is a cadlag local Py -martingale M; such that
tATH
V(Xinr,) =V(z) + LV (X, )dr + M,

s
tATh

=V(x)+ LV (X )dr + M,
(2.2) _
< V(m) + QFZ,b . (t — S) + M,

where T, is defined in (D). By Lemma 2.4 and condition (D), we obtain
sup EF+.e sup V%(Xt) < 400,
n tels, TATy]

which in turn implies that

1 o n—o0
Pl(rm <T)=P, | sup |Xi|>n|<——F% [ sup VE(X))"Z0.
, "\ tels, TAT] Va2 (n) tels, TA™]

The proof is complete. O
Now we can give the proof of Theorem 1.5 under the assumptions (A)-(D).

Theorem 2.6. Assume that (A)-(D) hold. Then for any uy € P(RY), there
are a unique solution (fi)i>0 to FPKE (1.13) and a unique martingale solution
Py g € ME (L) so that py = Py, 0 X7t
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Proof. Let pg € P(R?) and Py, € ME(Z). Clearly,
P07N0 = /d Po,xﬂo(d.ﬁ) S Mgo ($)7
R

and fi; := Py, 0 X; ' solves FPKE (1.13). It remains to show the uniqueness for
(1.13). Following the same argument as in [16], due to Horowitz and Karandikar
[17, Theorem B1], we only need to verify the following five points:

(a) C2(R?) is dense in Cp(R?) with respect to the uniform convergence.

(b) (t,7) — Z f(z) is measurable for all f € C2(RY).

(c) For each ¢ > 0, the operator %, satisfies the maximum principle.

(d) There exists a countable family (fx)ren C C?(R?) such that for all ¢ > 0,

{Lf, f € C2RY} C {Lifr k €N},

where the closure is taken in the uniform norm.
(e) For each x € R? ME(Z) has exactly one element.

Note that (a)-(c) are obvious and (e) is proven in Theorem 2.1. Thus we only
need to check (d). Let (fx)ren be a countable dense subset of C2(R?), that is, for
any f € C?(R?) with support in Bg, where R > 2, there is a subsequence f; with
support in Bsg such that

Tim (Ife, = flloo + 1V Fs, = Voo + 192, = V2 flloc) = 0.
We want to show
T | Z(fe, — )l = 0.
Without loss of generality, we may assume f = 0 and proceed to prove the following
limits:
lim |l fr,[loo =0, lim [|Bfi,[loc =0, lim [[A" fi,[lec = 0.
n—oo n—oo n—oo
The first two limits are obvious. Let us focus on the last one. By definition we have
O+, (@ 2)| = [fr, (@ + 2) = fu, (@) = Lz1<02 - Vi, (@)
< 1zpselfin (@ 4+ 2)| 4 L2501 o5 (@) | frn oo
+ 1\z\<2132R+2/, (x)Hvakn HOO|Z‘2

Note that

1
log(1 + 1J|f||z|),

1oL (@) < [log(1 + 57|
and if |z| > 5R, then for |z + 2| < 2R,

&1 || —|z42| |z|—2R
2] 2 ite] 2 1+]a]

1
2

>

and thus,
-1
1 5elpe, (2)1pg, (¢ + 2) < {log(%)} log(1 + 1|+Z|Ia;\)~
Therefore,
| A fr (@)] < / 195, (#32)[12,2(d2) < [ V2 fr, llo sup / 2212 (d2)
R4 r€Bar+t2 J By

+ Ol [ 0wt + 1k (d)
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= V2 fillo sup g/ (@) + Cllfu, llo sup by (x),

TEBaR 2 z€ERC

which in turn implies by (1.18) that

lim [[A;” fk,
n— o0

s = 0.

The proof is compete. O

3. PROOF OF THEOREM 1.5: GENERAL CASE

Let p; be a solution of (1.13) in the sense of Definition 1.1. In order to show the
existence of a martingale solution P € M}° (%) so that

Ht:PoXt_17

we shall follow the same lines of argument as in [15], [32] and [12]. Here and below
we use the following convention: for ¢ < 0,

pe(de) == po(dx), ar(z) =0, b(xz) =0, v ,(dz) =0.

3.1. Regularization. Let p* € C°([0,1];Ry) with fol pt(s)ds = 1 and p* €
C2°(B1;Ry) with [, p*(x)dz = 1. For € > 0, define

pLE) 1= e P (tfe), pi(a) = e p (/o). palt,) = pL(t)pX ().

Given a locally finite signed measure (;(dx)dt on R+ we define

poxClta) = [ pult= sz = p)n)ds.
Throughout this section we shall fix
te(0,1/V2).
We first show the following regularization estimate.

Lemma 3.1. Let a,b and v be as in the introduction. For e € (0,£), we have

oo (an)l(t2) __ 2as(y)]

< * t,x),
< (b (¢, 2/b,
lpe * (bl 2) 2 (y)l(pe*u)(m).

1+ [z] sy L4yl

Moreover, if we let

i o (dz) = /d+ pe(t — s, — y)vs ,(dz) s (dy)ds,
R, 1
then we also have

g7 (x) 29% (y)
2L Csup —— (pe x 1) (¢, x),

HY (z,y) < 2sup HY (y',y)(p= * ) (t, ),
s,y

where gf (z) and HY (x,y) are defined by (1.10) and (2.3), respectively.
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Proof. Note that for |z —y| < £ <1/V2,
1+ y?)/2 <1+ |z <201+ Jy?). (3.1)

Fix € € (0,¢) below. By definition we have

|p= * (ap)|(t, ) / |as(y)|
< Pel(t R us(dy)d
1 | |2 a1 6( 8T y)]. | |2 ( y) S

Ias(y)|
<2 et_ 9 - sd d,
/Rmp( 8, y)1+|y|zu(y)s

and

|pe * (bp)|(¢, @) / |05 ()|
< € t— ) - S d d
T+ 1] Rdﬂp( 8, y)Hmu(y)S
|

bs(y)]
<2 t—s,2— J(dy)ds.
/Rd“pa( 8,1 y)1+|y|“(y> s

Similarly, by Fubini’s theorem and (3.1), we have

el — 5, s d s dy)d
1—|-|JC|2 /R"+1/Bgl+| |2:0 — Y)Vs,y(d2) ps(dy)ds
2%
Ri+1 J B 1—F|y|2p6 - 717—>y)v&y(d2)ﬂg(dy)ds
4
2/Rd+1 1+ |y|2p€( S, T 7y)ﬂs(dy)d87

H” (z,y) = / / log 1 + 1+I‘;ty\) pe(t — 8,2 — Y s, (d2)ps(dy')ds
Rd+1 Br

tog (14 1225, ) et — 5, — ' W (d2) s (dy' s

<2 HY (', y)pe(t — s,z — y')ps(dy')ds.

Rd+1

Combining the above calculations, we obtain the desired estimates. ([l

Let ¢(z) := (2r)~%~1#I"/2 be the normal density. For ¢ € (0,/), as in [12], we
define the approximation sequence u € P(R9) by

15 () = (1= £)(pe % ) (t, 7) + 26(x). (3.2)
We have the following easy consequence.

Proposition 3.2. (i) For eacht >0 and € € (0,£), we have
0< pi(e) € CRRECERY), [ pilado =1
Rd
(ii) For eacht >0, u weakly converges to g, that is, for any f € Cy(R9),

tim [ euieyds = [ fahnda)

e—0
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(iii) u§ solves the following Fokker-Planck-Kolmogorov equation:
Oy = (A + B + N7) g = (L) iz
where ZF, B; and N;° are defined as in the introduction in terms of
(1 —&)lpe * (ap)](t, z) + e(x)I

a;(x) = , 3.3
R 1—¢)lpe * (bp)|(t,x) + ep(x)x
) o LSl (]() + <o) ",
g ()
and
1—e¢
uf’w(dz) =— / pe(t — s, — Y)vs o, (dz) s (dy)ds. (3.5)
1 (z) Jra+a
(iv) The following uniform estimates hold: for any e € (0,4),
a5 ()| + g7 () |bf (@) |a¢(2)] + g7 (x) | [be(2)]
<142 3.6
W TR TRl SRR TR i) ©Y
and
sup Hy (x,y) < sup Hy (v,y), y € R%. (3.7)
t,x t,x

Proof. The first two assertions are obvious by definition. Let us show (iii). By
definition, it suffices to prove that for any f € C>°(R?) and t > 0,
t

() = 15(f) + / JE(Z5 )ds, (3.8)
where
E(f) = / F () (2)de.
Rd
Note that for any f € C°(R?),

A¢+div(z-9)=0= o(z)(Af(x) —x - Vf(x))dx =0.

Rd
By Fubini’s theorem and a change of variables, it is easy to see that (3.8) holds.
Finally, estimate (3.6) follows by Lemma 3.1. O

The following result follows by Theorem 2.6.

Lemma 3.3. For any ¢ € (0,¢) and (s,x) € Ry x R?, there is a unique martingale
solution P5 . € MZ(ZF). In particular, there is also a martingale solution Q° €
M§3 (ZF) :90 that for each t > 0,

s (z)de = QF o X, ! (dx).
Proof. By Theorem 2.6, it suffices to check that (a®, b°, v°) satisfies conditions (A)-

(D). First of all, (A) and (B) are obvious, and (D) follows by (3.6). It remains to
check (C). We only check that for any ¢ € (0,¢), n € Nand x,2’ € B, t,t' € [0,n],

[ QAP = v (@) < ene(lt =]+ o = ). (39)
R
Noting that

inf inf pS(z) > e inf
inf inf u; () e inf o(z),
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we have by definition that for all z, 2’ € B,, and t,t’ € [0,n],

Vs — v l(d2) < /

Rd+1

pe(t —s,x—y) p(t' —s,2" —y)
pi (x) pi (@)

Vs,y(dz)ps(dy)ds

n+1
< ene(t— | + |z — o) / / ey (d2) s (dy)ds.
0 By

Estimate (3.9) then follows since sup; ,e(0.n41)x 5,41 Jra (LA [2[*)Vsy(dz) <00, O

3.2. Tightness. We first prepare the following result (cf. [11, Proposition 7.1.8]).

Lemma 3.4. For 5 € P(R?) being defined by (3.2), there exits a function ¢ €
C?(Ry) with the properties
p=0, P(0)=0, 0<¢'<1, -2<¢”<0, li_>m¢(7°):+007
T—00

and such that

sup / ¥ (log(1 + |z[?)) p§(dz) < oc. (3.10)
e€[0,0) JRA

Proof. Since puf weakly converges to po as € — 0, we have

lim sup wpg(By) =0.

n—oo EE[O,E)
In particular, we can find a subsequence ny such that for zj := log(1 + n3),
241 — 2k 2 2k — 2k-1 2 1,

and

sup [ 14 o) Qo1+ Jo2))(de) = sup i5(B5,) <27
e€0,£) JRY e€[0,0)

Let zg = 0 and define

Go(8) = 1y 20 () {k — 14+ S—Zk} ,
k=0

Zk+1 — Rk
Clearly, we have

o0 oo k
| voltor(1-+ o)) < S [ 1081+ laPla) < Y
k=0

k=0

However, 1y does not belong to the class C%(R,.). Let us take

t
vit) = [ grar
with g € C1(R;),0< g <1, -2< ¢ <0, and
g(z) =h(2) if z€ (zp, 2001 — k).
It is easy to see that such a function g always exists. The proof is complete. O
Lemma 3.5. Let HY (x,y) be defined by (2.3). We have
HY (z,y) <21 + [yDhY (x), Vt>0,2,ycR% (3.11)
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Proof. Recall that
v _ |2
Hy (z,y) = / log (1 + Tes y|) Vio(d2).

12

If || < 2]yl, then

HY (z,y) < / log (1 + |2]) vtz (d2) < / log (1 + %W) vt 2(dz)
Bj Bj

< 1 12\ 2l B 5
< o (14 2k) T (@) = (4 2 )
If |z| > 2|y|, then 2\30 —y| = 2|z| — 2|y| > |x| and
Hi o) < [ 10s (14 20 ) valds) < 20 o).
The proof is complete. O
Now, we prove the following tightness result.
Lemma 3.6. The family of probability measures (Q%)z¢(0,e) is tight in P(D).

Proof. By Aldous’ criterion (see [1] or [19, p.356]), it suffices to check the following
two conditions:

(i) For any T > 0, it holds that
hm supQ° [ sup |X;| >N | =0.
N—oo ¢ te(0,T)
(ii) For any T, dp > 0 and stopping time 7 < T' — dy, it holds that
lim supsup Q° (| X746 — X7| > A) =0, VA>0.
=0 ¢ T

Verification of (i). Let ¢ be as in Lemma 3.4 and V (x) := ¥ (log(1 + |z|?)). By
the definition of martingale solution (see Remark 1.4), (2.2) and (3.6), there is a
cadlag local Q®-martingale My and constant C independent of € such that for all
t>0,

VX)) = V(Xo) /gf dr 4+ ME < V(Xo) + Ct + ME.

By Lemma 2.4 , there is a constant C' > 0 such that for all 7" > 0,

(3.10)

e 1 1 1
sup E© <Sup V2(Xt)> <O sup (E®V(Xp))2 < oo, (3.12)

e€(0,4) t€[0,T) e€(0,0)

which in turn implies that (i) is true.
Verification of (ii). Let 7 < T — d9 be a bounded stopping time. For any
d € (0,0p), by the strong Markov property we have

Q ([Xres = Xo > 0 =B (P, (IXers — 9l > N (0 yipony) - (B13)

Recalling that V,(z) := ¢ (log(1 + |z — y|?), and by (2.2), (3.6), (3.7), (3.11) and

(1.18) we deduce that

i ()] + (& — y, b5 (2))* + g/ (2)
L |z —yl?

LV, () <2 < +2H” (z,y)>
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1+ ol + o — |1+ |xl) 2
<C HY (x, <C(1 ,

where C' > 0 is independent of ¢, z,y and . Furthermore, we have

V,(X;) = / LEV,(X,)dr + M¢

< Vy(Xs) + CA+ [y*)(¢ — ) + M,

where (Mf);>s is a local S -martingale with M7 = 0. By Lemma 2.4 again and
since V,(y) = 0, we obtain

B (Vy(Xo40)/2) < O(1+[y1)s"/2,

Hence,

PSy (1 Xsrs =yl > A) = P5, (Vy(Xors) > 9(log(1+A%)))

< B (Vy(Xors)'2) 612 (log(1 + A2))
C(1+ [y)6"/2 /91 (log(1 + A?)),
and by (3.13) and (3.12),
Q° (| X715 — X > A) SQ°(|1X+| > R) + C(1+ R)§"/2 /9" (log(1 + A?))
< C/Y2(log(1 4+ R?)) + C(1 + R)8Y2 /12 (log(1 + A\?)).

Letting 6 — 0 first and then R — oo, one sees that (ii) is satisfied. O

3.3. Limits. In order to take weak limits, we rewrite

A (@) + Hif (@) = Bla) - V@) + [ O 2w slds) = Bf@) + (o),
where
be(z) := by(x) —l—/ [7(2) — 21}, <e] ve,0(d2), (3.14)
R

and

@}r(x; z):= f(x+2) — flx) —7(z) Vf(z). (3.15)
Here, 7 : R* — R? is a smooth symmetric function satisfying

w(z) =2z, |z|<{, 7(z)=0, |z|>2¢

As in (1.11), we shall also write J:f(x) = J/l/tv”f(x) = ﬁ“f(x) We have the
following result.

Lemma 3.7. For any f € C?(RY) with support in Bg, there is a constant C =
C(f) > 0 such that for all z € R? and z, 2’ € RY with |2'| < |z,

07 (22) — OF (2; ) < C(lz = 2| A ) (XBpy, (@) Lz <el2] + Lizp> v (o) R))-
Proof. Note that
— 107(232) — OF(2:2)] = |f (2 + 2) — f(z + ) - (w(2) - 7(")) - VI(@)].
We make the following decomposition:

2=2. 1<+ 2 - >0z 1<r + 2 - 12 >eljz>r = D1+ 25+ 23.
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For 2, since supp(f) C Bg and |2’| < |z|, we have by (1.16) that
121 <1z = 2PV flloo1Brye (2)1z10 < Cl2 = 2| AD)2|1B,, ()12 <0

For 25, we have

23] < (1@ +2) = (o + )]+ [7(2) = 1) - IVl ) opsLpain
C(lz = 2| A O 501z <R
As for 23, we have
25| = |f(z +2) = fla+2)]- 1 |>€1|x\>R C(lz = 2" AOL s ev(jzl - R)s
where we have used that for |2’| < |2| < |z| —
fla+2)=flz+ z’) =0.

Combining the above calculations, we obtain the desired estimate. ([

The following approximation result will be crucial for taking weak limits.

Lemma 3.8. For any § € (0,1) and R, T > 0, there is a family of Lévy measures
Nt (d2) such that for any f € C%(Bgr),

/ /]Rd sup | A () — AT f ()| ps(dy)ds <, (3.16)

z€B1(y)

and

sup ||,/1777’f||(,O < oo, (8,y,x)— ﬁ’f(x) is continuous.
5,y

Moreover, there are continuous functions @ : [0,T] x R? — R?*@ R and b : [0, T] x
R4 — RY with compact supports such that

|as(z) — as(x)] | |bs(x) — Bs(x)|
//Rd< 1+ |zf? + 1+ 7] )us(dw)d8<6, (3.17)

where b is defined by (3.14).

Proof. (i) By the randomization of kernel functions (see [18, Lemma 14.50, p.469]),
there is a measurable function

hex(0) 1 [0,T] x R x (0, 00) — R? U {o0}
such that -
Vea(4) = / L4(he o (0))d9, YA € B(RY).
0

In particular, we have
(@) = [ 0wy (0)d0 = e (o) (3.18)
and i
@ = [ 1, (ha(0)) e ()26, o (BF) = / T (oo (9))d6.

We introduce X := [0,7] x R? x (0,0) and a locally finite measure v over X by
7(d07 diL’, dt) = Otz (o)de,u't (dSU)dt
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with 0;,2(0) := 1B,(ht,2(0))1Bg s, (x) + 1Be (ht.2(8)) so that

ev(lz|—R-1)

T
/(|ht,x(9)|2/\£2>~Y(d9,dx,dt):/ / ()L (2)pe(d)dt
8 0 Rd

! (3.19)
2 c (1.14)
+€/0 /RdVt’z(BEV(IEI—R—l))/«Lt(dx)dt < co.

Claim: There is a sequence of measurable functions {h}',(0),n € N} so that for
each n € N, (¢,2,0) — BZ:C(Q) is continuous with compact support, and

74 (0)] < |he, (0)], (3.20)

and

lim (|B§f$(9) — hea(0)2 A 62)7(d9, de, dt) = 0. (3.21)
X

n—oo

Proof of Claim: Fix m € N. Since 1o, (0)v(d0,dz,dt) is a finite measure over X,
by Lusin’s theorem, there exists a family of continuous functions {h{ , (), € (0,1)}
with compact support in (¢, z, ) such that

|7l§,x(0)| < |ht7z(9)|7 B;x(e) - ht,$(9)7 €— 077 —a.s.

Thus by the dominated convergence theorem,

e—0

lim (mg,x(e) — hes(O)2 A €2> 10, (0)7(d6, dz, dt) = 0.
X
On the other hand, by (3.19) and the monotone convergence theorem, we have

lim (|ht,m(9)|2 A 42) L o0 (0)7(d6, dz, dt) = 0.
X

m—r0o0

By a diagonalizaion argument, we obtain the desired approximation sequence. The
claim is proven.

(i) Let f € C?(Bgr). By (3.18), (3.20) and Lemma 3.7, we have for all 2 € By (y),

N f(2) — NP )] < / |07 (3 sy (6)) — OF (5 AT, (0))|d0

S /OOO (|hs7y(9)‘1Be(hs,y(a))lBRH (z) + 1Bgv(‘w‘7R)(hs7y(9)))

x (\hsyy(é)) — B2 ,(0) A e) do

Nl

N

T (1hey @)L, (o (0D Lo es () + L, (e (6))) 6
0

([ (1heat) = 2, 007 £ 2) 00106
= (1Basens )9 W) + oy (Bivy-rv) )

([ (st B2, 008 1 62)gs,y<e>de)§ .

[ME
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Hence, by (1.18) and (1.21) we further have

/ /Rd Sup hs’yf(x) - ﬂ?’?’f(x”l‘s(dy)ds

zeBl(y)

< ( /0 /R ) /0 (|hs7y(9)—h;y(ﬁ)2A€2)gs7y(9)d9us(dy)ds>

1
2 (3.21)

_ ( /X (|hs7y<9)_h;y(9)|2Az2)7(de,dy,ds)> =2

(iii) For fixed n € N, since f € C?(Bg), by the above claim that (s,y, ) — B;ﬁy(a)
is continuous and has compact support, and the dominated convergence theorem,
we have that

N|=

(8,9, 7) = N wo f(x / 07 (z; h" (0))do is continuous.

Moreover, we have

A f(2)] g/o 1% (a; A2, (6))]d6 < 0/0 (172, @) A1) o,

Since ﬁ?vy(H) has compact support in (s,y), we have
sup ||ﬁ?vnyoo < 0.
5,y

Finally we only need to take n large enough and define

mAA%AwLMWAmM&

(iv) Now let us show (3.17). By Lusin’s theorem, the set of continuous functions
at(z) by (z)
_ 1+|z? 1+|z]
are bounded by (1.18), the existence of @ and b with property (3.17) follows. O

and

with compact supports is dense in L!([0, T] x R?, y;(dz)dt). Since

Now we are in a position to give:

Proof of Theorem 1.5. Let Q be any accumulation point of (Q).¢(,¢) (see Lemma
3.6). By taking weak limits for

= QE o Xfil)
we obtain
=QoX; .
It remains to show that Q € ME°(%;). We need to show that for any f € C2(R?),

M, = f(X0) - Xo‘/ﬁf

is a B;-martingale under Q. Let J := {t > 0 : Q(AX; # 0) > 0}, which is a
countable subset of R;. Since t — M; is right continuous and bounded, to show
that M; is a B;-martingale under Q, it suffices to prove that for any s < ¢ ¢ J and
any bounded Bs-measurable continuous functional gs on D,

EQ(Mtgs) = EQ(MSQS)'
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Since Q° € ///5”5) (%), by the definition of martingale solution, we have
EY (M;g,) = EY (Mgs),
where
My = f(Xy) — f(Xo) / Zf

Since lim. o B (f(X;)gs) = EQ(f(X,)gs) for t ¢ J (see [19, Proposition 3.4, page
349]), we only need to show the following three limits:

lim B¢ (gs / t »@f’ff(Xr)dr) KO (gs / th(Xr)dr) , (3.22)
lim B¢ (gs / t@%f(xr)dr) =E® (gs / t%ﬂxr)dr) , (3.23)
lim E (gs / N ) =E° (gs / tj? f(XT)dr>. (3.24)

Below we assume that the support of f is contained in the ball Br. Let us first
show (3.24). Fix 6 € (0,1). Let n ,(dz) be as given by Lemma 3.8, and recall that
V¢ is defined by (3.5). We write

’E@E (gs / t J{"af(Xr)dr) ~E° (gs / tJZ”f(XT>dr)‘

< ‘]E@E <gs /: ﬁ[”af(xr)dr> ~EY <gs /: eﬁif(Xr)drN

+ |[E (gs / t JV?’?Ef(Xr)dr) -EY (gs / tﬁf(&)dr)‘
+[5% (o [ tJﬁf(Xr)dr) - (g, | tJV??f(XT)dr)‘

S A oy o

where 7° is defined similarly as in (3.5) with v being replaced by 1. For I (¢), by
definition, we have

t " & —~ &
1) < lgsllocEY ( [ o - A f(Xr>|dr)
= 119slleo (/Z/”E x—c/i?’a x)|ps(z)dzdr
ol [ [ 1A @) = A p@li o)
t —~ —~c
= (1 )llga / / A (@) — A f()|dadr

1—e||gs||oo// \/ O (1; 2)(7, — 75 (d2)

where ©7F(x; 2) is defined by (3.15) and

dxdr,

Falde) = [ e = 5,0 = gy (dy)ds
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By Fubini’s theorem we further have

t
s><||gs||m/// pelr — 5,2 — )
s JR4 Rd+1

x (N (@) = A0 () ) s (dy)ds

dzdr

— (3.16)
IIgslloo// sup | AV (@) — A F(2) | ps(dy)ds < ||gs]od.
Rd

z€B1(y)

For I(e), recalling (3.2), we have
1@ < a5 ( | T () - TS
— llgello / VA @) = A @) @)
~ lgslle / 0= F7 f(@) = i) 7 )

<ol [ [ [ or=sa-v)

|</1/ns vf(z) — N @ f(z)|ps(dy)dsdadr
Jr5||95Hc>o/ /Rd |¢($)</;/?7f(x)\dmdr

Since (s,y,x) — ﬁyf(x) is continuous and H</17/’7f||0<J < 00, by the dominated
convergence theorem, we get

lim IQ (8) =0.

e—=0
Concerning I3(e), it follows by the definition of weak convergence that

&11_% I5(e) = 0.

For I,(g), we have

t — — (3.16)
O <lalloe [ [ |17 5) = T @) S gl

Since § is arbitrary, combining the above calculations, we obtain (3.24). The proofs
for (3.22) and (3.23), by (3.17), are completely the same as above. The proof is
complete. O

4. PROOF OF THEOREM 1.13

Let u be the unique weak solution of FPME (1.23) given by Theorem 1.11 with
initial value ¢ > 0 being bounded and fRd p(z)dz = 1. Let

oi(z) == |u(t, z)| (;17 re(z) == u(t,z)™ 1, v p(dz) == 'th(lﬁ‘iz

By the change of variable we have

v . (A) = / 1A(Ut(z)z)|z|d;m, Ac B[R\ {0}), (4.1)
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and
Hif @)= PV [ (et (e)2) = @) g = )

where the second equality is due to (1.24). By Definition 1.10 it is easy to see that
u(t, x) solves the following non-local FPKE:

875“ = ‘/Vt*ua U(O,ZE) = (p($)7
that is, for every t > 0 and f € C3(R?),

y f(@)u(t,z)dx = /Rd f(x)p(x)dz + /Ot/Rd ks () A2 f(z)u(s, z)dads.
Note that for each ¢ > 0,

m=1 m—1
loe(x)] = |u(t, z)| "= < lollos™

Thus, by Example 1.8 with the above v, , and Theorem 1.5 with p(dz) = ¢(z)dz,
there is a martingale solution P € . (N;) so that

Po X, '(dz) = u(t,z)dz, t>0.

By (4.1) and [19, Theorem 2.26, p.157] (see Remark 4.1 below), there are a sto-
chastic basis (Q, F,P; (F¢)i>0) and a Poisson random measure N on R¢ x [0, 00)
with intensity |z|~9~*dzd¢, as well as an F-adapted cadlag process Y; such that

PoY, '(dz) =Po X;'(dx), t>0,
and
dy, = / 04(Y;_)zN(dz,dt) +/ 0¢(Y;_)zN(dz,dt),
l2]<1 |z]>1
where N(dz,dt) := N(dz,dt) — |z|~¢ “dzdt. Finally we just need to define

¢ ¢
Ly = // zN(dz,ds) +// zN(dz,ds),
0J]z|<1 0Jz[>1

then L is a d-dimensional isotropic a-stable process with Lévy measure dz/|z|?+<,
and

dY; = 0,(Y;_)dL.
The proof is finished.

Remark 4.1. For a more recent general analysis on the equivalence of stochastic
equations and martingale problem, we refer to [21].

Acknowledgement: The authors are very grateful to the referees for their quite
useful suggestions.
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