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limit systems the fast component has been totally averaged
or homogenized out.
© 2023 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the following fully coupled slow-fast stochastic partial differential equation
(SPDE for short) in Hy x Hs:

{dXs = AX7dt + F(X],Y7)dt + dWw, Fo=weth, )

AYf = e 'BYFdt + e 'G(XE, YE)dt + e V2AW?R, Y =y € Ha,

where Hy, Hy are two Hilbert spaces, A : D(A) C Hy — Hy and B : D(B) C Hy — H,
are linear operators, F': Hy X Ho — Hy and G : H; x Hy — H> are reaction coefficients,
W} and W72 are mutually independent H;- and Ha-valued (.%;)-Wiener processes both
defined on some probability space (£2,.%,P) with a normal filtration (%#;);>0, and the
small parameter 0 < ¢ < 1 represents the separation of time scales between the slow
process X{ (which is thought of as the mathematical model for a phenomenon appear-
ing at the natural time scale) and the fast motion Y7 (with time order 1/e, which is
interpreted as the fast environment). Such multi-scale models appear frequently in many
real-world dynamical systems. Typical examples include climate weather interactions
(see e.g. [37,41]), macro-molecules (see e.g. [3,34]), geophysical fluid flows (see e.g. [27]),
stochastic volatility in finance (see e.g. [25]), etc. However, it is often too difficult to
analyze or simulate the underlying system (1.1) directly due to the two widely separated
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time scales and the cross interactions between the slow and fast modes. Thus a simpli-
fied equation which governs the evolution of the system over a long time scale is highly
desirable and is quite important for applications.

It is known that under suitable regularity assumptions on the coefficients, the slow
process X; converges strongly (in the L?(Q)-sense) to the solution of the following re-
duced equation:

dX, = AX,dt + F(X,)dt +dW}, X, ==z € Hy, (1.2)

where the averaged coefficient is given by

Fz) = / F(z,y)i* (dy), (1.3)

Ho

and p”(dy) is the unique invariant measure of the process Y;*, which is the unique
solution (see Lemma 3.4 below) of the following equation with frozen slow component:

dY” = BY dt + G(z,Y,")dt + dW?, Y§ =y € H,. (1.4)

The effective system (1.2) then captures the essential dynamics of the system (1.1),
which does not depend on the fast variable anymore and thus is much simpler than SPDE
(1.1). This theory, known as the averaging principle, was first developed for deterministic
systems by Bogoliubov [11], and extended to stochastic differential equations (SDEs for
short) by Khasminskii [35]. In the past decades, the averaging principle for systems with
a finite number of degrees of freedom has been intensively studied, see e.g. [2,29,30,36,
39,40,50] and the references therein. Passing from the finite dimensional to the infinite
dimensional setting is more difficult, and much progress has been made in the last fifteen
years. In [17], Cerrai and Freidlin proved the averaging principle for slow-fast stochastic
reaction-diffusion system where there is no noise in the slow equation. Later, Cerrai
[14,16] generalized this result to general reaction-diffusion equations with multiplicative
noise and coefficients of polynomial growth, see also [4,8,18,19] and the reference therein
for further developments. We also mention that in these results, no rates of convergence
in terms of ¢ — 0 are provided. But for numerical purposes, it is important to know the
rate of convergence of the slow variable to the effective dynamic. The main motivation
comes from the well-known Heterogeneous Multi-scale Methods used to approximate
the slow component in system (1.1), see e.g. [6,24,38]. In this direction, Bréhier [5] first
studied the rates of strong convergence for the averaging principle of SPDEs with noise
only in the fast motion, and (%—)—order of convergence is obtained. Extensions to general
stochastic reaction-diffusion equations are made in [51], and 3-order of convergence is
obtained. For more recent results, we refer the interested readers to the work of Bréhier
[7] and the references therein.

The strong convergence in the averaging principle is viewed as a functional law of
large numbers. Once we obtain the validity of the averaging principle, it is natural to
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go one step further to consider the functional central limit theorem. Namely, to study
the small fluctuations of the original system (1.1) around its averaged equation (1.2).
To leading order, these fluctuations can be captured by characterizing the asymptotic
behavior of the normalized difference

(1.5)

as € tends to 0. Under extra regularity assumptions on the coefficients, the deviation
process Z§ is known to converge weakly (in the distribution sense) towards a Gaus-
sian process Z;, whose covariance is described explicitly. Such result, also known as the
Gaussian approximation, is closely related to the homogenization for solutions of partial
differential equations with singularly perturbed terms, which has its own interest in the
theory of PDEs, see e.g. [31,32] and [26, Chapter IV]. For the study of normal deviations
of multi-scale SDEs, we refer the readers to the fundamental paper by Khasminskii [35],
see also [43,44,47] for further developments. In the infinite dimensional situation, as far
as we know, there exist only two papers. Cerrai [15] studied the normal deviations for
slow-fast SPDEs in a special case, i.e., a deterministic reaction-diffusion equation with
one dimensional space variable perturbed by a fast motion. Later, this was generalized to
general stochastic reaction-diffusion equations by Wang and Roberts [51]. In both papers
the methods of proof are based on the time discretisation procedure which involve some
complicated tightness arguments. We point out that besides having intrinsic interest, the
functional central limit theorem is also useful in applications. In particular, we get the
formal asymptotic expansion

Xte g Xt + \/tha

where R means approximate equality of probability distributions. Such expansion has
been introduced in the context of stochastic climate models. In physics this is also called
the Van Kampen'’s scheme (see e.g. [1,33]), which provides better approximations for the
original system (1.1).

In the present paper, we shall first establish a stronger convergence result in the
averaging principle for SPDE (1.1). More precisely, we show that for any T'> 0,¢q > 1
and v € [0,1/2), there exists a constant C > 0 such that

sup E[|(—4)7 (X7 - X,)||? < Cret,
te[0,T]

see Theorem 2.2 below. Compared with the existing results in the literature, we assume
that the coefficients are C? with respect to the slow variable and only Holder continuous
with respect to the fast variable, and we obtain not only the strong convergence in
L%(§2)-sense with any ¢ > 1, but also in [ - [|(—4)v norm with any v € [0,1/2), which is
particularly interesting for SPDEs in comparison with the finite dimensional setting since
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A is an unbounded operator and seems to have never been obtained before. Moreover, the
%—order rate of convergence is also obtained, which is known to be optimal (when v = 0).
In particular, we show that the convergence in the averaging principle does not depend
on the regularity of the coefficients with respect to the fast variable, which is due to the
smoothing effect of the regular Wiener noise, see Assumption (A3) and Remark 2.4 for
more discussions. This coincides with the intuition, since in the limit equation the fast
component has been totally averaged out. We point out that the strong convergence of
(—A)YX? to (—A)"X,; will play an important role in our study of the homogenization
for the normalized difference Z¢ in Section 5. Furthermore, the index v < 1/2 should be
the best possible, see Remark 2.3 for more detailed explanations.

The argument we shall use to establish the above strong convergence is different from
those in [5,14,16-18,51], where the classical Khasminskii’s time discretisation procedure
is used. Our method is based on the Poisson equation. More precisely, consider the

following Poisson equation in the Hilbert space H; x Ha:

Loz, y)b(x,y) = —d(z,y), y € Ha, (1.6)

where Lo(x,y) is an ergodic elliptic operator with respect to the y variable (see (2.5)
below), € H; is regarded as a parameter, and ¢ : H; X Hy — R is a measurable
function. Such kind of equation, i.e., with a parameter and in the whole space (without
boundary condition), has been studied only relatively recently and is now realized to
be very important in the theory of limit theorems in probability theory and numerical
approximation for time-averaging estimators and invariant measures, see e.g. [10,42,46].
In the finite dimensional situation, equations of the form (1.6) have been studied in a
series of papers by Pardoux and Veretennikov [43-45], see also [47] and the references
therein for further developments. Undoubtedly, extension to the infinite dimensional
setting is more difficult due to the unboundedness of the involved operators. In the recent
work [7], the author studies the rate of convergence in the averaging principle for slow-
fast SPDEs with regular coefficients by assuming the solvability of the corresponding
Poisson equation as well as regularity properties of the solutions. In addition, the SPDE
considered therein is not fully coupled, i.e., the fast component Y;® does not depend on
the slow process X;, and the two Hilbert spaces H;, H2 and the unbounded operators
A, B are assumed to be the same, which are used in the whole proof in an essential
way. Here, we shall establish the well-posedness of the Poisson equation (1.6) with only
Holder coefficients and in general Hilbert spaces H; x Hs, and study the regularity
properties of the unique solution with respect to both the y-variable and the parameter
x, see Theorem 3.2 below, which should be of independent interest. Then, we use the
Poisson equation to derive a strong fluctuation estimate (see Lemma 4.6) for an integral
functional of the slow-fast SPDE (1.1). The strong convergence in the averaging principle
with optimal rate of convergence then follows directly. In addition, we also provide a
simple way to verify the regularity of the averaged coefficients by using Theorem 3.2
(see Lemma 3.7 below), which is a separate problem that one always encounters in the
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study of averaging principles, central limit theorems, homogenization and other limit
theorems.

Next, we proceed to study the small fluctuations of the slow process X; around its
average Xy, i.e., we are interested in the homogenization behavior for Z; which is defined
by (1.5). In view of (1.1) and (1.2), we have

1 _
a7 = Azidt + [F(Xf, YE) - F(Xt)} at
€ 1 n € (Y 1 € €
= AZjdt+ [F(Xt) - F(Xt)}dt RO Yr (1.7)

where
§F(z,y) := F(z,y) — F(x). (1.8)

We demonstrate that Z; converges weakly to an Ornstein-Uhlenbeck type process Z
which satisfies the following linear SPDE:

dZt = Atht + DxF(Xt)tht + O'(Xt)th,

where W is another cylindrical Wiener process which is independent of W, and the diffu-
sion coefficient o is Hilbert-Schmidt operator valued and given by (2.7), see Theorem 2.5
below. Compared with [15,51], our system (1.1) is more general, and the coefficients are
assumed to be only Holder continuous with respect to the fast variable, and we provide
a more precise formula for the new diffusion coefficient o. Moreover, the arguments we
use to prove the above convergence are different from [15,51], and in addition the rate
of convergence is obtained, which does not depend on the regularity of the coefficients
with respect to the fast variable.

It turns out that our method to prove the above functional central limit theorem is
closely and universally connected with the proof of the strong convergence in the av-
eraging principle. Namely, we shall first use the result on the Poisson equation (1.6)
established in Theorem 3.2 to derive some weak fluctuation estimates (see Lemma 5.4)
for an integral functional involving the processes (X7,Y;®) and Z5. Combining with the
Kolmogorov equation associated with the process (X, Zt), we prove the weak conver-
gence of Zf to Z; directly, and rate of convergence is obtained as easy by-product. In
addition, it is quite easy to capture the structure of the homogenization limit Z, from our
arguments. Here, we note that the whole system of equations satisfied by (X, Zt) is an
SPDE with multiplicative noise. Even though infinite dimensional Kolmogorov equations
with nonlinear diffusion coefficients of Nemytskii type have been studied very recently
in [9], the regularity of the solutions obtained therein is not applicable for our purpose.
Thus, we derive some new regularity for the solution with respect to the z variable (see
Theorem 5.1 below), and develop a trick in the proof of Theorem 2.5 to avoid using the
regularity for the solution with respect to the x variable.
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Our approach can also be adapted to study the averaging principle and normal devia-
tions for other classes of multi-scale SPDEs. In the recent work [48], we use the results on
the Poisson equation established in this paper and similar arguments as above to study
the asymptotic behavior of multi-scale stochastic wave equations, which is of hyperbolic
structure. We shall study more general multi-scale SPDEs with irregular coefficients by
using the techniques in this paper in future work.

The rest of this paper is organized as follows. In Section 2, we introduce some assump-
tions and state our main results. Section 3 is devoted to study the Poisson equation in
Hilbert spaces. Then, we prove the strong convergence result, Theorem 2.2, and the
normal deviation result, Theorem 2.5, in Section 4 and Section 5, respectively. Finally,
in the Appendix we prove some necessary estimates for the solution of the multiscale
system (1.1), which are slight generalizations of the existing results in the literature.

Notations: To end this section, we introduce some notations, which will be used
throughout this paper. Let Hi, Hy and H be three Hilbert spaces endowed with the
scalar products (-, )1, (-,-)2 and (-, )q, respectively. The corresponding norms are de-
noted by || - |l1,] - ||z and || - ||z. We use £ (H1, Hz) to denote the space of all linear
and bounded operators from Hy to Hy. If Hy = Hay, we write £ (Hy) = £ (Hy, Hy) for
simplicity. Recall that an operator @ € Z(H) is called Hilbert-Schmidt if

||Q||?%(H) =Tr(QQ") < +oo.

We shall denote the space of all Hilbert-Schmidt operators on H by .4 (H).

For any x € Hy,y € Ho and ¢ : H; x Hy — H, we say that ¢ is Gateaux differentiable
at z if there exists a D,¢(z,y) € L (Hy, H) such that for all hy € Hy,

tim Y@YW Z0@Y) iy

T7—0 T

If in addition

A1 fl1—0 lh1ll2

:O7

¢ is called Fréchet differentiable at x. Similarly, for any k& > 2 we define the k times
Géateaux and Fréchet derivative of ¢ at z, and we identify the higher order derivative
DE¢(z,y) with a linear operator in .Z*(H,, H) := £(Hy, 2%~V (H,, H)), endowed
with the operator norm

HD];(b(x?y)ka(Hl,H) = sup <D’;¢(1‘,y>.(h1,hg,--- ﬂhk)7h>H'
Thallss ikl llhkll [ RIE <1

In the same way, we define the Gateaux and Fréchet derivatives of ¢ with respect to the y
variable, and we have Dy¢(z,y) € £(Hs, H), and for k > 2, D’;(ﬁ(x,y) € L*(Hy, H) =
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ZL(Hy, £* =V (Hy, H)). By writing Dy, D,é(z,y).(h1, ha), we mean that D, is associated
with Ay and D, is associated with ha.

We denote by Ly°(Hy x Ha, H) the space of all measurable maps ¢ : Hy x Hy — H
with linear growth in x and polynomial growth in g, i.e., there exists a constant p > 1
such that

olipan = sup ol

(@aetxim 1+ |zl +[lyl3

For k € N, the space CS*O(Hl x Hy, H) contains all maps ¢ € Ly°(Hy x Ha, H) which
are k times Gateaux differentiable at any = € H; and

k
> HDiéf’(z,y)Hzf(Hl,H)
Hd)”c}f'O(H) = sup = < o0.

(,y)EH1 x H> 1+ lyl%

Similarly, the space C’g’k(Hl x Ha, H) consists of all maps ¢ € Ly°(Hy x Ha, H) which
are k times Gateaux differentiable at any y € Hy and

ko
ZZI | DEd (@, )| e (a1
H(bHcka(H) = sup —

< 00. (1.9)

@yerixm, L+ [zl + i3
We also introduce the space C*(Hy x Hy, H) consisting of all maps which are k times
Fréchet differentiable at any y € Hy and satisfies (1.9). For k,¢ € N, let C’;,f’e(Hl x Hy, H)
be the space of all maps satisfying

HQS”(;;;%(H) = ||¢HL§°(H) + ||¢||c§>O(H) =+ ||¢||03>K(H) < 00,

and for n € (0,1), we use C}’,f’"(Hl X Ha, H) to denote the subspace of Cg’o(Hl x Ho, H)
consisting of all maps such that

ld(z, y1) — (@, y2) |l er < Collyr — w2ll3 (L + |2/l + llyallf + lyzll)-

When the subscript p is replaced by b in the notations for above spaces, we mean that
the map itself and its derivatives are all bounded. When H = R, we omit the letter H
in the above notations for simplicity.

Throughout this paper, the letter C' with or without subscripts will denote a pos-
itive constant, whose value may change in different places, and whose dependence on
parameters can be traced from the calculations.



M. Réckner et al. / Journal of Functional Analysis 285 (2023) 110103 9

2. Statement of the main results
2.1. Assumptions and preliminaries

For i = 1,2, let {e;n}nen be a complete orthonormal basis of H;. We assume that
the two unbounded linear operators A and B, with domains D(A) and D(B), satisfy the
following condition:

(A1): There exist non-decreasing sequences of real positive numbers {ap},en and
{Bn}nen such that

Aeip = —anern, Bes,=—Ppesn, VYVneN. (2.1)

In this setting, the powers of —A and —B can be easily defined as follows: for any
0 €[0,1],

(~A)z:= 3 oz erahern and (—B)yi= 3 By, e2n)ae0m,

neN neN
with domains
D((—A)Y) = {w € Hy: Hx||?7A)9 = Z a2 (x, e ,)% < oo}
neN
and
D(-B) = {u € o Il = 3 520 (nean < oo
neN

Moreover, the corresponding semigroups {e4};5¢ and {e!Z},>0 can be defined through
the following spectral formulas: for any ¢t > 0, x € H; and y € Ho,

tA . —ant tB, .__ —Bnt
ey = E e (z,e1n)1e1,n, and ey = E e P (Y, e2n)2 €2 n-
neN neN

We have the following regularity properties for these semigroups. We write them for e4,

but they also hold for e*Z. The proofs are omitted since they are more or less standard.

Proposition 2.1. Let v € [0,1] and 6 € [0,]. We have:
(i) For any t > 0 and x € D((—A)?),

le™all(—ayr < Coot™ e |l aes

(ii) For any 0 < s < t and = € Hy,



10 M. Réckner et al. / Journal of Functional Analysis 285 (2023) 110103

le"z — e*Aally < Cy(t = 5)7|e™ 2] ()3
(iii) For any 0 < s < t and = € D((—A)?),

t—8)7 _a
o4 — ol < Cra om0 oy

where o is the smallest eigenvalue of A, and C,C, ¢ > 0 are constants.

For i = 1,2, let Q; be two linear self-adjoint operators on H; with positive eigenvalues
{>\i7n}n€Na i~e~7

Qi€in = Nin€in, Vn € N.

Let Wi,i = 1,2, be H;-valued Q;-Wiener processes both defined on a complete filtered
probability space (Q,.7, %, P). Then it is known that W} can be written as

= Z \Y )\i,nﬁi,n(t)ei,na
neN

where {8;.,}nen are mutual independent real-valued Brownian motions. Note that W}
(i = 1,2) are non-degenerate. Let us list the following further assumptions used in this

paper.
(A2): F € C2"(H, x Ha, Hy) and G € CP"(Hy x Ha, Hy) with some 0 <7 < 1

(A3): The operator ; commutes with A;, and Q2 commutes with B,

Tr((-A)Q1) < 400 and Tr(Q2): Z Ag.n < 00,

neN
and for any 7> 0 and i = 1, 2,
T
149
/TMZ dt < +o0, (2.2)
0
where
ZOén 2Bn
Ti:= —_— d YTo;:= S L —
O VI T ) B D VN ()

am, B are given by (2.1), and ¢ > max (n,1 — n) with n given in (A2).

Under assumptions (A1)-(A3), we shall show that the system (1.1) and its averaged
equation (1.2) are well-posed, see Lemma 4.1 and Lemma 4.5 below, respectively. We
point out that condition (2.2) comes from [22], where the well-posedness of SPDEs with
Holder coefficients are studied. See [22, Section 6] for an example, and Remark 2.4 below
for more discussions.
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2.2. Main results

The first main result of this paper is about the strong convergence in the averaging
principle for SPDE (1.1).

Theorem 2.2 (Strong convergence). Let T > 0, x € D((—A)?) and y € D((—B)?) with
0 > 0. Assume that (A1)-(A3) hold. Then for any ¢ > 1 and v € [0,0 A 1/2), we have

sup E|| X} — X,:HE{A)7 < Cpel, (2.3)
t€[0,T]

where Xy is the unique solution of equation (1.2), and Cy = C(T,z,y) > 0 is a constant
independent of n and €.

To compare our result with previous work in the literature, we make the following
comments:

Remark 2.3. (i) When v = 0in (2.3), the 1/2-order rate of convergence in the L?(Q)-sense
is known to be optimal, which is the same as in the SDE case. However, the convergence
in ||-||(—a)» norm seems to have never been studied before. This is particularly interesting
for SPDEs since A is in general an unbounded operator, and will play an important role
to study the homogenization for Z; in Section 5.

(ii) Note that the coefficients are assumed to be only n-Holder continuous with respect
to the fast variable, and the convergence rate does not dependent on 7. This indicates
that the convergence in the averaging principle does not depend on the regularity of the
coefficients with respect to the fast variable, which coincides with the intuition, since in
the limit equation the fast component has been totally averaged out.

We also give the following comments to explain the assumptions we made.

Remark 2.4. (i) Condition (2.2) with ¢ = 1 is only used to prove the well-posedness
of the system (1.1) under the framework of [22], and it is interesting to note that this
assumption is not needed in the proof of estimate (2.3). Condition (2.2) with ¢ = 2 and
the assumption that Tr(Q2) < oo are mainly needed to use the results in [22] to prove
Theorem 3.2, which reflect the regularization effects of the regular noise.

(ii) The assumption Tr((—A)Q1) < +oo (which in particular implies that Tr(Q1) <
o0, and thus the noise is regular) is used to prove the convergence in || - ||~ 4)» norm in
(2.3) with v > 0. In other words, if we only prove (2.3) with v =0, i.e.,

sup || X7 — X[|Y < Cref,
t€[0,T]

then by checking the procedure of proof, the following weaker assumption will be enough:
there exists a constant ¢ € (0,1) such that



12 M. Réckner et al. / Journal of Functional Analysis 285 (2023) 110103

T

1
/ (= A) Q| aryydt < oo,
0

see [7, (9)] for similar assumption. Since we need (2.3) with 4 > 0 to prove the central
limit theorem, we make the assumption directly for simplicity.

Recall that Z¢ is defined by (1.5). To study the homogenization for Zf, we need to
consider the following Poisson equation:

where 0F is given by (1.8), and La(z,y) is defined by

Lop(,y) = La(x,y)p(x,y) == (By + G(z,y), Dyp(r,9))2

1
+ §T7“ [Dio(x,y)Q2], Ve € Cp?(Hy x Hy). (2.5)

According to Theorem 3.2 and Remark 3.3 below, there exists a unique solution ¥ to
equation (2.4). It turns out that the limit Z; of Z§ satisfies the following linear equation:

dZ, = AZydt + D, F(X,).Zydt + o(X,)dW,, Zy =0, (2.6)

where W; is a cylindrical Wiener process in H; which is independent of Wi, and o :
H, — £ (H,) satisfies

%J(z)a*(x) =0FR¥(x):= / [6F (z,y) @ U(z,y)]p* (dy). (2.7)

Hy

The following is the second main result of this paper.

Theorem 2.5 (Normal deviations). Let T > 0, x € D((—A)?) and y € D((—B)?) with
0 > 0. Assume that (A1)-(A3) hold. Then for any ¢ € (0,1/2) and ¢ € C}(H;), we have

sup [E[p(Z5)] — E[p(Z4)]] < Cae2,
te(0,T)

where Cy = C(T,z,y,¢) > 0 is a constant independent of n and €.

Remark 2.6. Note that we claim that W; in (2.6) is independent of W!. The advantage
of formula (2.7) is that we can study the regularity properties of o directly by using the
result of the Poisson equation established in Theorem 3.2 below. Furthermore, one can
check that o(z) is a Hilbert-Schmidt operator. In fact, by Theorem 3.2 we have
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lo(@)I3, () = D {o(@)o™ (@)erns 1),y

neN
=2 Z / [6F (z,y) ® ¥(z,y)| pn” (dy)er,n, €1,n);
neN g,

=2 [ (6P (w.9). W) ()

Hy

<Co [+ Il (dy) < oc

H>

where the last inequality can be obtained similarly as in [17, Lemma 3.4]. Thus, the
stochastic integral part in (2.6) is well-defined.

3. Poisson equation in Hilbert space

Consider the following Poisson equation in the infinite dimensional Hilbert space Ha:

Lo(z,y)v(z,y) = —o(x,y), (3.1)

where Lo(z,y) is defined by (2.5), z € H; is regarded as a parameter, and ¢ : H; X Hy —
R is a Borel-measurable function. Recall that Y;*(y) satisfies the frozen equation (1.4)
and p”(dy) is the invariant measure of Y*(y) (see Lemma 3.4 below). Since we are
considering (3.1) on the whole space and not on a compact subset, it is necessary to
make the following “centering” assumption on ¢:

/(b(x?y)u’”(dy) =0, Vxe€ H;. (3.2)
Hy

Such kind of assumption is also natural and analogous to the centering condition in the
standard central limit theorem, see e.g. [43,44].
We first introduce the following definition of solutions for equation (3.1).

Definition 3.1. A measurable function ¢ : H; X Ho — R is said to be a classical solution
to equation (3.1) if ¢ € Cp*(Hy x Hy) and for any « € Hy and y € D(B), the function
¥ satisfies equation (3.1).

The main aim of this section is to prove the following result.

Theorem 3.2. Let n > 0 and k = 0,1,2. Assume that (A1) and (A3) hold, and G €
C’f’"(Hl X Hs, Hs). Then for every ¢ € C]’;’"(Hl x Hay) satisfying (3.2), there exists a
unique classical solution ¢ € C}°(Hy x Ha) NCD?(Hy x Hy) to equation (5.1) satisfying
(3.2), which is given by
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(o}

(e,y) = / E[6(z, Y7 (3))]dt, (3.3)

0

where Y*(y) satisfies the frozen equation (1.4).

Remark 3.3. We can also solve the Poisson equation (3.1) for Hilbert space valued func-
tion ¢ € Cg’"(Hl x Hy, H), ie., ¢ : H x Hy — H with H being another Hilbert space.
In fact, let {e,},en be the orthonormal basis of H, and define

¢7L(‘T> y) = <¢(£7 y)7 en>H'

Then for each n € N, we have ¢,, : H; x Hy — R with ¢, € Cg*”(Hl x Hsy). Thus there
exists a solution v, : Hy x Hy — R to the equation (3.1) with ¢ replaced by ¢,,. Define

’(/;($7y) = Z ¢n($,y)en~

neN

Then one can check that
day) = [ B3 Y7 ()]at,
0

and by estimate (3.4) below that

oo

[ (2, y) || < /E[||<13(3:,Yf(y))|\H]dt < 0.

0

Thus, ¢ is H-valued and solves
Loz, y)d(z,y) = —o(z,y).
3.1. Properties of the semigroup with frozen slow component
Given ¢ : Hy x Hy, — R, let

Typ(z,y) == E[o(z, Y (y))].

In view of (3.3), we need to study the behavior of T;¢ as well as its first and second
order derivatives with respect to the y variable both near ¢ = 0 and as ¢ — oo. Let us
first collect the following estimates for Y (y).
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Lemma 3.4. Assume (A1) and (A3) hold, and that G € C,?’”(Hl x Ha, Hy). Then there
exists a unique mild solution Y*(y) to the equation (1./). Moreover, we have:

(i) There exists A > 0, such that for all ¢ > 1, there exists Cq > 0 such that for allt > 0,
E[[Y7 (m)lI5 < Cq (1 +elyll3): (3.4)

(ii) The semigroup of the process Y*(y) is strong Feller and irreducible;
(iii) There exist constants Co, A > 0 such that for anyt > 0 and every ¢ € Ly°(Hy x Ha),

Tip(x,y) — /¢($72)u”(d2) < Collgllzge (1 + llzllx + llyll5)e ™. (3.5)

Ho

Proof. The existence and uniqueness of solutions to SPDE (1.4) with Holder continuous
coefficients follows from [22, Theorem 7]. We only need to verify that the assumptions
4,5, 6 in [22] hold. To this end, let

t

Qs := /eSBQQeSB*ds and A; = Q;l/zetB.
0

Then under the assumption (A3) we have

Tr(Q) = %(1 — g2t Z % < CoTr(Q2) < +o0.
neN 7T EN

Note that

25
2 . n
1Ael a2y = S90S am iy

Thus, we have

/ ||At||§f(’;l ydt < oo, for some ¥ > max (n,1—=nm),

which implies the desired result. Meanwhile, estimate (3.4) can be proved by following
the same argument as in [13, Theorem 7.3], and the conclusions in (ii) follow by [20,
Theorem 4 and Proposition 4]. Furthermore, for any ¢ € [0,7] one can check that there
exists a 6 > 0 such that

E[YS W)l (-pye < Cr(1+lyl5).
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For any r, R > 0, let B, :={y € Hy : |ly[l2 < r} and K = {y € Ha : [lyl(—py» < R}.
Then we have that for R large enough,

inf P(YF(y) € K) = inf PVF-np < B

yEB,

= 1= sup P(|YF(Y)ll(-p) > R)
yE T
ENYF oy | Cr(l+)

>1- —
yeBT R R

> 0.

Thus, estimate (3.5) follows by [28, Theorem 2.5]. O
Let P; be the Ornstein-Uhlenbeck semigroup defined by
Pip(,y) = E[d(z, Re(y))],
where
dR, = BR,dt + dW?, Ry =1y € H,.
The following result can be proved as in [12, Theorem 4.2]. We omit the details here.

Lemma 3.5. Assume (A1) and (A3) hold. Then for every ¢ € Ly°(Hyx Ha) andt € (0,77,
we have Pyp(x,y) € C)?(Hy x Hy). Moreover,

Dy Peop(x,y)ll2 < \/—||¢||L°°(1 + 2l + lyl5), (3.6)
and for any n € [0,1],
105 Peo(, y)l| o () < CTtl —7llellcon (1 + llzll + llyll), (3.7)

where Cp > 0 is a constant.
Based on Lemma 3.5, we have the following result.

Lemma 3.6. Assume (A1) and (A3) hold, and that G € C;""(H, x Ha, Hy). Then for
every ¢ € Ly°(Hy x Hy) satisfying (3.2), we have Ty¢(x,y) € Cy'(Hy x Ha) with

Tip(x, y)| < Collpllze (1+ |zl + [lyll5)e™ (3.8)
and

1Dy Ted (2, y)ll2 < Co—m— 19l (L + llzlls + llyllz)e A (3.9)

\[
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where Cy, X > 0 are constants independent of t. If we further assume that ¢ € CS’" (H; x
Hy) with n € (0,1), then Ty¢(x,y) € CY*(Hy x Hy) and

1

2
D, Tid(z,y) .2 (11, < Com

1l o (1 + llzlly + lyl5)e.  (3.10)
Proof. Estimate (3.8) follows by (3.5) directly. The assertions that Ty¢(x,y) € C*(Hy x
H,) and Tyé(x,y) € C)?(Hy x Hy) can be obtained as in [22, Theorem 5]. Let us focus
on the a-priori estimates (3.9) and (3.10). By Duhamel’s formula (see e.g. [22, (16)]), for
any t > 0 we have

t
Tt¢<x7 y) = Pt¢(x7y) + /Ptfs<Ga DyTs¢>2($ay)d8~
0

In view of (3.6) and by the assumption that G is bounded, we have for every t € (0,T],

1

\/E”QS”LSO

1Dy T 9)le < Col1 + el + |y||§>(

t

1

+ D, T,p(x, ds |.

[ =D Tt s
0

By Gronwall’s inequality we obtain

1
Vi

which means that (3.9) is true for ¢t < 2. For ¢t > 2, by the Markov property we have

1Dy Tié(, y)ll2 < Co—7 14l Lge (1 + [lzllx + [lyll2), (3.11)

Typ(z,y) = E[T—1¢(z, Y1 ())].

Using (3.8) and (3.11) with ¢t = 1 and ¢ replaced by T;_1¢, we deduce that

IDyTid(2,y)ll2 < Crll -1l e (1 + [l2llx + [lylI2)

<C
< CLe MV @llge (1 + [l + [lyllE)-

To prove (3.10), we first note that by (3.6), (3.7) and interpolation, we have that for any
n e (0,1),

1

1Dy Pidllcen < Cospryzs 9l 2se-

Thus, we derive that
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1 1
1Dy Tid|| con < CS<W|¢||L;° +/m”DyTs¢|L;@d5>
0

1
<Cgt(

sz nq1ollog-

Combining this with (3.7) and the assumption that G € Cy""(H; x Ha) with 1 > 0,
we have

1
1Dy Tep(@, y)ll. a1y < Ca(L + [l + IIyllé’)(ﬂ—n/glqﬁllcgm
t

1
™ / (t—s)i-n/2 1Dy Tsp(x,y) | con ds>
0
1

< [
SO

1@l con (14 llzlle + llyll2),

which means that (3.10) holds for ¢ < 2. Following the same ideas as above, we obtain
that (3.10) holds for t > 2. O

3.2. Proof of Theorem 3.2

Proof of Theorem 3.2. We divide the proof into three steps.

Step 1. Let ¢(x,y) be defined by (3.3). We first prove that ¢ € Cp*(H; x Hy). In fact,
for every ¢ € L3°(Hy x Hy) satisfying (3.2), by (3.8) we deduce that

6l < [ Tt vl < Collollay [0+ el + lyear
0 0

and by (3.9) we have for every ky € Ha,

(Dyh(a,y), k)| < / (D, Tl ), 1), ldt
0

1
VAL

< Culllzg (T + [y + lylI5) (K2 12 (3.13)

< Gilollg / (1 + Nzl + llylI5)[1kL[l2 e~ dt
0

Furthermore, by the dominated convergence theorem we deduce that
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i 12@ Y k) — (2, y) — (Dy(a,y). ki)l
er |l2—0 (1% |2

/|Tt¢’$ Yy + ki) = Tip(x,y) — (DyTid(z,y), k1),
151 ]l2

dt = 0.

Hk1|\2—>0

Similarly, by using (3.10) we prove that ¢ € (CS’Q(Hl x Hj) and for every ki, ke € Ho,

1Dy (,y)- (k1 k2)| < Calldll o (1 + Nl + lyl5) s |2l k2 l2- (3.14)

Here, we remark that the control of ¢ and Dyt depends only on the || - || Lse-norm of the
function ¢. In addition, by Fubini’s theorem and the property of the invariant measure,

/wxy (dy) = //Ttwy (dy)at

0 H,

=/ ¢z, y)p* (dy)dt = 0.

Thus, the assertion that v is the unique solution for equation (3.1) follows by Ito’s

we have

formula, see e.g. [5, Lemma 4.3].

Step 2. When k = 1 in the assumptions, we prove that ¢ (z,y) € C';*O(Hl x Hj). In fact,
for every hy € Hy and 7 > 0, we have

Pt hiy) —dlxy) _ ¢lx+7hiy) — é(z,y)

T T

_ <G(£L‘+Th1,y) - G(xay)vDydj(w +Th17y)>2 = _¢ h (‘r y)

T

‘62(3:7 y)

By the assumptions on ¢ and G, and using estimates (3.13) and (3.14), one can check
that ¢, p, (z,y) € Cp"(Hy x Hy). We claim that

/gbﬂhl (x,y)p"(dy) =0, VY7 >0,z,h1 € Hy. (3.15)
H>

Then, according to Step 1, we obtain that for every 7 > 0,

o0

/ Eyp, (2, Y (). (3.16)

0

'(/J(m"i'Thl’ ) ¢(ﬂ7 y)

T

Note that
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71_1_r)% ¢T,h1 (.’E,y) = <DI¢(£L’,y)7 h1>1 + <DIG(J;7 y)~h17 Dyw(%y)>2 = (bhl (1’, y)
Using the assumption that G € C’;’O(Hl x Hs) and (3.13), we find that

|Pny (2, y)| < [D2g(@, ) lillhalls + ([ De Gz, Y) | 2 (a, 1) 1R 11| Dy b (2, y) |2
< Cs(1 4+ [lzll1 + (lyl5)] - (3.17)

Thus, by the dominated convergence theorem, we obtain
/Qshl(xvy)ﬂ’w(dy) :Oa V.’E,hl S H1~
H>

Combining this with (3.8), we have

| Teprny (2,9)] < Calldry g (1 + Izl + [lyll5)e™*

<
< Ca(L+ lln Nl ) L+ llzlly + lylE)e™"

As a result, taking the limit 7 — 0 on both sides of (3.16) we get

oo

(D), ha), = / Edn, (2, Y2 ())ds. (3.18)

0

It remains to prove (3.15). To this end, for every n € N, let Hy := span{ez ;1 < k < n}
and denote the orthogonal projection of Hs onto H3 by Pj'. We introduce the following
approximation of system (1.4):

dY;”" = B, Y;""dt + Gy (@, Y,"")dt + PydWi, Y™ = Pyy e HY,  (3.19)
where for (z,y) € H; X Ha,
B,y := BPyy and G,(z,y):= P}G(z, Pyy).

Since system (3.19) is finite dimensional, there exists a unique strong solution, see e.g.
[49]. It is easy to check that G, is uniformly bounded with respect to n. Thus the
solution to equation (3.19) has the same long-time behavior as the one to equation (1.4).
Let u%(dy) be the invariant measure for Y;*", and define L5 (x,y) by

L5 (x, y)p(x,y) := (Bny + Gn(,y), Dyp(r,y)),

1
+ §T7“ [Dzso(x,y)Qz,n], Vo € CS7Q(H1 x Hy'),

where Q3,,, := Q2P3". Consider the Poisson equation corresponding to (3.19):
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Ly (x,y)" (x,y) = —¢(x, Pyy) =: —¢" (x,y). (3.20)

As in Step 1, the unique solution is given by

oo

0(wy) = [E[on v )]ar

0

Since Y;""(y") converges strongly to Y*(y), combining this with the arguments in [5,
Subsection 4.1] (see also [17, Section 6] and [23, Theorem 7, Step 3]), we have for every
T € Hy andyeHg,

lim 1?”(3379) = ¢(x7y)’ lim <Dy¢n(337y)ak2>2 = <Dy¢($7y)a k2>2' (321)

n—oo n—oo

For every 7 > 0 and h; € Hq, define

Oy (,y) = 0" (x + Thi,y) — ¢" (2,y)]
+ <Gn(m + Thlyi‘/) - Gn<.’17, Zl/>7 -Dy’@[]ncl7 + Th17y)>2‘

Since (3.20) is an equation in finite dimensions, according to [47, Lemma 3.2] we have

/ O . (&, g (dy) = 0.
Hy

Using estimates (3.17), (3.21), the formula above [5, (4.4)] and taking the limit n — oo
on both sides of the above equality, we obtain (3.15).

Step 3. When k = 2 in the assumptions, we prove that ¢ (z,y) € CE’O(Hl x Hj). In view
of (3.18) and according to the results in Step 1, we can conclude that (D, (x,y), h1), €
62’2(1{1 X HQ) with

[(Datp(,y), ha)y| < Cslln, |z (1 + [zl + [lylI)
< Cs(L+ [zl + y ) a1,

and

Dy Datp(2,y)-(ha, k)| < Csllém, [loge (1+ Nzl + llyl2) 112

Cs(L+[lzlly + lylI2) [P [l [1%]l2- (3.22)

NN

Moreover, we have

Loz, y)(Datp(2,y), )y = —bn, (2,y). (3.23)
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Below, we mainly focus on the a-priori estimate, the specific procedure can be done as
in Step 2. Since (D (z,y), h1), is a classical solution, by taking derivative with respect
to the x variable on both sides of the equation, we have that for any hq, ho € Hy,

EZ(‘ray)(Did}(:ﬂvzn(hl, h?)) = —Di¢($,y).(h1, h2)
— 2Dy Dyp(z,y).(he, Dy G(2,y).h1)

- <D3G($ay)(h17h2)aDy¢($J/)>2 = _¢hl,h2(‘r7y)‘

By the assumption that G € C’bQ’O(Hl x Hs) and (3.22), we get

|6y o (@, 9)| < [ D2G(, y)[|. 221, ) 1B 1]z 1
+2|Dy Doip(2,y).(he, DoG(2,y).h1)|
+ [(D3G(x,y).(h1, ha), Dyp(x,y))2|

< Co(1+ [zl + Iyl 17l |zl

Furthermore, by using [47, Lemma 3.2] again and the same approximation argument as
in Step 2, we have that ¢p, 1, (z,y) satisfies the centering condition

/ Oha ()1 (dy) = 0. (3.24)
Hoy

Thus, in view of (3.12) and (3.13) we get that (D24 (x,y).(h1, he)) € C9?(H) x Hy) with

| D22, y)-(ha, ha)l < Crlldny s llpge (1 + [l + [lyl13)

<
< Cr(1+ [l + lylID Rl 1l

The proof is finished. O

Given a function F(xz,%), recall that F is defined by (1.3). It is not so easy to study
the regularity of the averaged function, which contains a separate problem connected
with the smoothness of the invariant measure p*(dy). Here, we provide formulas for the
derivatives of F by using Theorem 3.2.

Lemma 3.7. Assume that F € C)""(Hy x Hy) withn > 0, and let ¥(x,y) solve the Poisson
equation (2.4). Then for any hy € Hq, we have

Do F(z).h :/{DIF(JU,y).hl—i—(DmG(x,y).hl,Dy\I!(x,y)>2},u“(dy). (3.25)
Hy

Furthermore, assume that F € C'g’"(Hl x Ha), then we have for any hy,he € Hy,
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DQQZF(x)<h17h2) :/|:D92:F(x7y)'(h1ah2)+2Dwa\I/<x’y)'(h2aDwG(x’y)'hl)

Ho>

+ (D2G(@,y)-(h, ha), Dy Wz, )| 1 (dy). (3.26)
In particular, we have
1Dz F(w).hally < Collhally, |1 DZF(2).(h1, ha)lly < Collhallullhall,  (3.27)
where Cy > 0 is a constant.

Remark 3.8. The interesting point in formula (3.25) (and also in (3.26)) lies in the fact
that the regularity of the averaged function F with respect to the z-variable can be
transferred from the regularity of the solution ¥ with respect to the y-variable. Since ¥
is the solution to the corresponding Poisson equation, we get the required regularity by
the uniform ellipticity property of the generator Lo(x,y) as been proven in Theorem 3.2.

Proof. Recall that
Lo(w,y)¥(z,y) = —0F (2,y) = —(F(z,y) = F(x)).
Note that 0 F satisfies the centering condition (3.2). As in the proof of (3.23), we have
Lo(x,y)Da¥(x,y).hi = —DgdF(x,y).h — (D;G(x,y).hi, Dy¥(z,y)),.

Moreover, we have
/ [DxéF(x,y).hl +(D,G(z,y).h1, qu/(x,y»z} 1% (dy) = 0.
Ho>

Note that

/ Dy F(x).hyp* (dy) = Dy F(z) by,

hence we get (3.25). Similarly, as in (3.24) we have

/[DicSF(x,y).(hl,hz) + 2D, D, (z,y).(ha, DaGlz, y).h1)

Ho>

+ (D2G(,)-(h1, h), Dy ¥z, )| 1 (dy) = 0,

which in turn yields (3.26). Finally, due to the fact that for any p > 1,
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[ 0 ) @) < .

H>

we get estimate (3.27). O
4. Strong convergence in the averaging principle

Due to the presence of unbounded operators in the equation, we should introduce
the Galerkin approximation scheme to reduce the infinite dimensional problem to a
finite dimensional one and to justify all the computations in the sequel. Since this is a
standard tool and to simplify the notations, we omit it in this section and Section 5.
We refer the interested readers to [5, Section 4] for more details. In the following, all
the upper bounds should be understood to hold uniformly with respect to the auxiliary

approximation parameter.
4.1. Moment estimates

Throughout this section, we assume that (A1) and (A3) hold, F' € C}"(H, x Ha, Hy)
and G € C;”’(Hl x Hy, Hy) with nn > 0. We have the following result.

Lemma 4.1. For any (x,y) € Hy x Ha, there exists a unique mild solution for the equation
(1.1), i.e., for every t > 0,

t t

X;=er+ / eITIAR(XE, YE)ds + / = Aaw},
0 0
, . (4.1)
Vi =e Byt /e%BG(X;Yf)dS + 5_1/2/6:53de.
0 0
Moreover, for any T >0, ¢ > 1 and x € D((—A)?) with 6 € [0,1), we have
sup sup_ E|[(—A)' X9 < Cogur (14 2]y + lyl2) (42
€€(0,1) t€[0,T
and
sup sup E[[Y73 < Cor (14 [ly]12), (4.3)

e€(0,1) t€[0,T)

where Co g1, Cqr > 0 are constants.
Proof. To show the well-posedness of SPDE (1.1), we rewrite (1.1) as follows:

AVE = AVEAL + G (VE)dt + dWE,  VE = (z,y) € Hy x Ha, (4.4)
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where V¢ = (X§,YF), A == (A,e7'B),G. := (F,e"'G), and Wy is a Q°-Wiener pro-
cess with Q° := (Q1,e71/2Q2). Tt is clear that the family of vectors A := {(e1 ,,0) U
(0,e2,n) }nen is an orthonormal basis for the Hilbert space % := H; X Hy. One can
check that A is a set of eigenvectors which diagonalizes the operators A. and Q¢ and
{an, Bn}nen are eigenvalues of A, while {\; ,}i=12,en are eigenvalues of Q°. As in
the proof of Lemma 3.4, the well-posedness of SPDE (4.4) with Holder continuous coefli-
cients follows from [22, Theorem 7]. Furthermore, estimate (4.2) can be proved similarly
as in [7, Proposition 2.10] or [14, Proposition 4.3], and estimate (4.3) can be proved as
in [14, Proposition 4.2]. We omit the details here. O

Note that estimate (4.2) holds only for < 1. In order to get the estimate for § = 1, we
need some extra regularity results for X; and Y;® with respect to the time variable. The
following two results extend [14, Proposition 4.4] and [5, Proposition A.4], respectively.

Lemma 4.2. Let T > 0, v € [0,1], z € D((—A)?) with § € [0,~] and y € Hy. Then for
everyq>=>1 and 0 < s <t < T, we have

(t—s)"

o1
e ol ay

1
(BIX: — X31)" < o (

1
=9+ Lell + 101B) ).
where Cy g7 > 0 is a constant.
Proof. The proof is postponed to the Appendix. O

Lemma 4.3. Let T > 0, v € [0,1/2], x € Hy and y € D((—B)?) with 6 € [0,~]. Then for
everyq>=>1 and 0 < s <t < T, we have

(=5 s (t—s)"
< o (Smtre E il + S50,

Q=

(E[YE = Y{II3)

where Cy g7 > 0 is a constant.
Proof. The proof is postponed to the Appendix. O
Now we have the following moment estimate.

Lemma 4.4. Let T > 0, x € D((—A)?) with 6 € [0,1] and y € Hy. Then for any q > 1,
>0 and0<t<T, we have

1/ _ _ 2
(EIAXEND)"" < Conyr (17D +77) (14 0o + 191137),

where Cy g7 > 0 is a constant.
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Proof. The proof is postponed to the Appendix. O

The following results for the averaged equation can be proved as in Lemmas 4.1, 4.2
and 4.4.

Lemma 4.5. For x € Hy, the averaged equation (1.2) has a unique mild solution, i.e., for
allt >0,

In addition, we have:

(i) For any ¢ > 1 and x € D(—A)? with 6 € [0, 1),

sup E[|(=A)’ X! < Coqr(1+ [12]|{__4)0);
t€[0,T]

(ii) For any ¢ > 1, 60 € [0,1] and 0 <t < T,
(EIIAX DY < Co (L + "zl - aye);

(iii) For any ¢ =1, v € [0,1], x € D((—A)?) with § € [0,~] and 0 < s <t < T,

sv—°

(1%~ 1) < Cnar (e el + = 930+ el )

where Cg g.1,Co.~.q 1 > 0 are constants.
4.2. Proof of Theorem 2.2

Define

Lip(x,y) = L1(z,y)p(x,y) == (Az + F(z,y), Dap(x,y))1
+ %Tr [Dinp(x,y)@l], Yo € Cg’o(Hl x Ha). (4.6)

We first establish the following strong fluctuation estimate for an appropriate integral
functional of (XZ,Y,?) over the time interval [s,¢], which will play an important role in
proving Theorem 2.2.
Lemma 4.6 (Strong fluctuation estimate). Let T,0 > 0, x € D((—=A)?) and y €

D((—B)?). Assume that (A1)-(A3) hold. Then for any v € [0,0 A 1/2), ¢ > 1,
0<s<t<Tand¢e C2"(Hy x Hy, Hy) satisfying (3.2), we have
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t q

E / (=AY eEIAGXE VEYr|| < Cypqr(t —s) 0 qe?/?
s 1

where Cq 7 > 0 is a constant.

Proof. Let 1) solve the Poisson equation

‘62(337 y)1/~1(:£, y) = _¢(177 y)a

and define

Ve (ry2,y) = (—A) e (2, y). (4.7)

Since L, is an operator with respect to the y-variable, one can check that

‘62 (:L‘, Z/)QZJM(T, T, y) = _(_A)'ye(t—r)Aq;(x’ y) (4'8)

According to Theorem 3.2, we know that ¢ € C2Y(Hy x Hy, H) NC)?(Hy x Hy, Hy).
Applying Itd’s formula to iy , (¢, X7, YY) we get

t
zzjt»’Y<t>th’Yt€) = "/;t,’Y(SvXS’ Yss) + /(6T + ‘Cl>d~)t,’7(r7 X57Y;5>dr

LM2

\/E t,s (49)

¢
1 -
42 [ Lt n X2 V)4 ML 4
S
where M} and M7 are defined by
t ¢
Mtl,s = /Dr&t,’y(rv X'fvyvrs)dwrl and Mfz,e = /Dyd}tﬂ(’ra XﬁaYrg)dW'g

Multiplying both sides of (4.9) by € and using (4.8), we obtain

t

/ (A UDAG(XE YE)dr

S

t

= _/[:27]}@7(7’7 X§7Yr€)dr =€ [12)157’7(57)(57}/56) - J}tn’(thtEv Ytg)]

S

t
+e /(& + ﬁl)iﬂtﬁ(r, X5, Y5)dr + 5Mt1,s + \/EMES

S



28 M. Réckner et al. / Journal of Functional Analysis 285 (2023) 110103

Note that

/ Orthy (ry, XE, YE)dr = / e~ (1, X5, Y )dr

+/ar ["Bt,'y T, XT,YT) ";t,“y(rv vay;fa)} dr
= /l/’;tv'y(t7 X5, Y5) - 7v[;t,'y(sa X5, YF)

t
+ /ar {1/;7577 T, er Yr ) J’t,'v (T’ thv Ytg)} d’l“,

and that

Br’d;t,’y (’I’, €, y) = (_A)l-‘r’ye(t—'r)qu;(x’ y)
As a result, we further get

t
J AP A Yy = £ (AP G YE) - DX )]

t
e / (—A)HTelt=PA (XS, Y2) — B(XE, YE)) dr

t

s/,clq;tﬁ(r, X2 Y )dr + e M} + /e M7,

S

Thus for any 0 < s <t < T and ¢ > 1, we deduce that

t q

E /( AYTeIAG(XE YE)dr

s 1
< Co (EQEIMAMS)A [9(X5,Y5) = 9(X5, Y9)] |l

t q

LR /( ATl (J(XE,YE) — G(XE, YE)) dr
1

q
5

belE / Lot s XE V)| -+ LML + P BIMEIE) = 3 filt,5,0)

i=1

1
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For the first term, by the estimates obtained in Lemmas 4.1, 4.2, 4.3 and the fact that
6 < 1/2, we have

B 90\ 1/2
it 5,6)<Cre? (=) (E(L+ X5 |+ X2 + IVE N5 + 1¥2115)™)

€ €12g € €129 1/2
- (BIXF - XS + BNV - VeI

<O (t— 8)(9fv)q€(179)q <Oy (t— 3)(9*’Y)q€Q/2.

Similarly, by Minkowski’s inequality we also have

t

Sltnes Gt (/ R [CIE )

S
q
1/2
+ (B[ - v2130) } dr)
t q

PR
< Oyt /(t—r)*lfv#dr

£
< Oy (t— )0 M0=00 < 0 (t — 5)(0=ag9/2,

To control the third term, by definitions (4.6), (4.7) and Theorem 3.2, one can check
that

1£10eq (ry 2, y)lle < Cs (t =) (L4 Azl + Iy 15 A + 2]l + llyl5),

which in turn yields by Minkowski’s inequality and Lemma 4.4 that for v/ € (0,1/2),

t q

H(t,s,8) < Gt /(t — )0 e dr

t q
< Cs e(1=7"q /(t - r)f'yr(efl)dr

< Cs(t— S)(a—'y)qg(l—v’)q < Cs(t— S)(e—fy)q&_q/z_

As for F4(t, s,€), by Burkholder-Davis-Gundy’s inequality and the assumption (A3), we
have

t q/2

Falt,5,6) < Cyet / E[[(—A) e 4D (X5, Y@y 21 a1y A

S
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<Oy (t— )29 < Oy (t— )77,
and similarly one can check that
Fs(t,s,6) < Cs (t — 8)(1/2—w)q€q/2 < Cs(t— S)(9—w)q€q/2.
Combining the above computations, we get the desired estimate. O
Now, we are in the position to give:
Proof of Theorem 2.2. Let T > 0. In view of (4.1) and (4.5), we have for every t € [0,T]
and v € (0,0 A 1/2),
¢
(AY(X; = %) = [ (~A et IA[P(XS) ~ F(X.)]ds
0

t
+ [y e ar g, vods
0

where 0F is defined by (1.8). Thus for any ¢ > 1, we have

t q
E[[(~4)"(XF — X0 < €y B | [(-AP eI [F(X3) - F(X)]ds
0 1
t q
+ | [ (capetHsr (g, v)ds
0 1

=: S(t,e) + S(t,e).

By Lemma 3.7 and Minkowski’s inequality, we deduce that

t q
Fi(te) < CLE / (t— ) V[ F(XE) - F(X)[1ds
0
t 1/ q
<a [ -9 (Bl - x1)
0

For the second term, note that § F'(z, y) satisfies the centering condition (3.2). As a result,
it follows by Lemma 4.6 directly that

jg(t,E) < 02 Eq/2.
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Thus we arrive at

q

t
_ _ 1/
E(~A)"(X; - )l < Cae?®+.Ca | [0 (BIXE - Xalf) a5 | L @0
0

Letting v = 0, by Gronwall’s inequality we obtain

sup E[|XF — X,[|f < Cye??.
t€[0,T

Taking this back into (4.10), we get the desired result. O

Remark 4.7. Let us explain why v < 1/2 in (2.3) should be the best possible. In fact,
from the proof of Lemma 4.6, the main reason is that the processes X; and Y are only
~-Hoélder continuous with respect to the time variable with v < 1/2. From another point
of view, for Z¢ given by (1.5), estimate (2.3) means that for every t > 0, we have

sup E[[(—=A)7ZF||} < oo
e€(0,1)

But by Theorem 2.5, we have that Z§ converges to Z; with Z; satisfying (2.6). Through
straightforward computations we find that E||(—A)YZ;|? < oo only if v < 1/2.

5. Normal deviations
5.1. Kolmogorov equation

Recall that X, and Z; satisfy the equations (1.2) and (2.6), respectively. We write a
system of equations for the process (X;, Z;) as follows:

dX; = AX,dt + F(X;)dt + dW}, X =z,
dZt = Atht + Dxﬁ(Xt>tht + O'(Xt)th, Z() =0.
Note that the processes X; and Z; depend on the initial value z. Below, we shall write
X;(z) when we want to stress its dependence on the initial value, and use Z;(z,z2) to

denote the process Z; with initial point Zy = z € H;.
Let £ be the formal infinitesimal generator of the Markov process (X¢, Z;), i.e.,

L:=Ly+ Ls,

where for every ¢ € C2(Hy), L, and L3 are defined by
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Liple) = Li(w)ple) = (Az + F(@), Daple))s + 5TrID2p(0)Q1], (5.1)
Lyp(2) i= Lyl 2)p(2) i= (A2 + Do F(2)2, Dog(2)y

1 *
+ 3 Tr[DZp(z)o(z)o* (z)]. (5.2)
Fix T > 0, consider the following Cauchy problem on [0,7] x Hy x Hy:

{&u(tw,z) = Lu(t,z,z), te(0,T], (5.3)

I_L(O, €, Z) = <p(z)a

where ¢ : H; — R. We have the following result, which will be used below to prove the
weak convergence of Z7 to Z; in Subsection 5.3.

Theorem 5.1. For every ¢ € C}(H1), there exists a solution u € 05’2’4([0,T] x Hy x Hy)
to the equation (5.3) which is given by

u(t,z,z) = E[p(Z(z, 2))]. (5.4)

Moreover, we have:
(i) For anyt € (0,T), 2,2 € Hy and h € D((—A)P) with B € [0,1],

|D.a(t, z, 2).(—A)Ph| < CLt7P||h]|1; (5.5)
(ii) For anyt € (0,T), z,z € Hy, h € D((—A)%") and k € D((—A)P2) with By, B2 € [0,1],
|DZu(t, @, 2).((=A) b, (A)2E)| < Cot =751 |[E])1, (5.6)

and for any x, 2,k € Hy and h € D((—A)?) with 8 € [0,1],
|Da D2t @, 2)-((=A) h, k)| < Cot ™7 |||l [k (5.7)

(iii) For any t € (0,T), x,z € Hy, h € D((—A)P), k € D((—A)%2) and | € D((—A)™)
with 617623ﬁ3 S [07 1]7

|D2a(t,z, 2).((—=A)" b, (= A)%2k, (—A)™1)|
< Cst™ 272 11kl ], (5:8)

and for any x, 2,1 € Hy, h € D((—A)P*) and k € D((—A)P2) with B, B2 € [0,1],

|D,D?u(t, z,2).((—A)Prh, (—A)P2k, 1)
< Cst™ P22 b1 || E (11 ]12]; (5.9)
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(iv) For any t € (0,T], x € D(—A) and z,h € Hy,
0Dtz 2).h < Ca (51 + ) + Azl + ) Bl (5.10)
(v) For anyt € (0,T], x € D(—A) and z,h,k € Hy,
0,D2(t 2. 2).(h, B <Cs (7 A+ )+ Aal -+ [ Bl k. (5.10)
and for any x € D(—A),z,h € Hy and k € D((—A)),
|0: Dy D-ult, 2, 2).(h, k)| < Cs <t_1(1 +2l0) + ([ Az + Hxlﬁ)HhHlllkHl
+ Cs [[h]|1[| Ak||; (5.12)
where Cy, i =1,--- |5, are positive constants.

Remark 5.2. The estimates in (7)-(%i¢) have been studied in [7, Proposition 7.1] when the
diffusion coefficient is a constant and in [9, Theorem 4.2, Theorem 4.3 and Proposition
4.5] for general nonlinear diffusion coefficients. However, the indexes 8 in (5.5) and (5.7),
B1, B2, B3 in (5.6), (5.8) and (5.9) are restricted to [0,1), which is not sufficient for us to
use below. The key observation here is that the equation (2.6) satisfied by Z; is a linear
one, and we do not involve estimates for D, and D24. Thus some new techniques are
needed in the proof of Theorem 2.5 to avoid using these estimates.

Proof. (i)-(iii). By using the same argument as in [21, Theorem 13], we prove that @
defined by (5.4) is a solution to the equation (5.3). Moreover, @ has bounded Gateaux
derivatives with respect to the xz-variable up to order 2 and with respect to the z-variable
up to order 4, see also [7, Section 7] and [9, Section 4]. Furthermore, in view of (5.4) we
deduce that for any S € [0, 1],

D.i(t,x,2).(—A)Ph =E [<D¢(Zt(x, 2)), D.Zi(x, 2).(—A)°h), |
Since Z; satisfies (2.6), we thus have
d(D.Zy(z,2).(—A)’h) = (A+ D, F(Xy)).(D. Zi(z, z).(—A)Ph)dt,

and the initial value is given by D, Zy(x, 2).(—A)?h = (—A)Ph. This is a linear equation.
As a result, for 5 < 1 we have that

1D Zy(x,2).(~A)Phl|y = ||elo PoFXdsetd . ( A)8p||; < Cot=P|h])s,

which in turn yields (5.5). Estimates (5.6)-(5.9) can be proved similarly, hence we omit
the details here.
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(iv) To prove estimate (5.10), by (5.3) we note that for any h € Hy,
0:D.u(t,x,z).h = D, owu(t,z,2).h = D, (L1 + L3)u(t,z,z).h.
By definition (5.1) we have
D.Lyu(t,z,2).h = D.D,u(t,z, 2).(Azx + F(x), h)

1 & 9
+ 5 Z )\l,nDzDggU(t; z, Z)~(el,n7 €1,n, h)v

n=1

which implies that
|D.Lyu(t, x, z).h] < Cr(1+ || Az[|1)]|A]]1-
Similarly, by definition (5.2) we have

D.Lsu(t,z,z).h = (Ah + D, F(z).h, D, u(t, v, 2)),
+ D%u(t,x,2).(Az + D F(z).2, h)

I o
+ 3 nz::l Dz’u(t,x, z).(o(x)e1 n,o(x)e1 n, h),

which together with (5.5) and (5.6) yields that
|D:Lya(t,z, 2).h] < Cot™H (L4 |[2l[1) Al + (1 + [|2][})]| Al

Combining (5.13), (5.15) and (5.17), we obtain (5.10).
(v) In view of (5.13), (5.14) and (5.16), we note that for any h, k € Hy,

0 D%u(t, x, 2).(h, k) = D?D,u(t, x, 2).(Azx + F(x), h, k)
+ D%u(t,x, 2).(Ah + D, F(x).h, k)
+ D2i(t, x, 2).(Ak + D, F(x).k, h)
+ D3u(t,x, 2).(Az + D, F(z).z, h, k)

)-h,
).k

1 o _
+3 Z M D2D2ii(t,z,2).(e1., €1.n, hy k)

n=1

1o a
+5 Z—:l DYu(t, x, 2).(o(x)e1,n, o(2)exn, hy k).

Using (5.6), (5.8) and Lemma 3.7, one can check that

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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0 D2u(t, @, 2).(h, k)] < Cs (71 + | Azlly + [l + Izl ) 121 1Kl
which means that (5.11) holds. Finally, we have

0Dy D u(t,z, 2).(h, k) = Dy D.Dy(t,z, z).(Ax + F(z), h, k)
+ D.D,u(t,z,2).(Ak + D, F(z).k, h)
+ DD ii(t,x,2).(Ah + D, F(x).h, k)
+ (D2F(z).(h, k), D u(t,x, 2)), + D2u(t, x, z).(DiF (z).(2,k), h)
+ D,D?u(t,z,2).(Az + D, F(x).2, h, k)

1 o)
+ 5 Z: /\LanDzDiﬂ(t, z,2).(e1,n,€1,n, N, k)

n=1

Using (5.7), (5.9) and Lemma 3.7 we obtain
9D, Dt 2, 2)-(h K)| < Ca (71 + Azl + 2ll3 + ¢ 12l ) bl ]
+ Callhll1[[AE],
which yields (5.12). O
5.2. Estimates for Z;

Recall that Z% satisfies (1.7). In particular, we have

t

t
% / e(t*S)A[F(Xj)fF(XS)]der% / eI=ASF(XE,YE)ds.  (5.18)
0

Zy

By Theorem 2.2 we get that for any ¢ > 1, € D((—A)?), y € D((—B)?) with § > 0
and v € [0,60 A 1/2),

E|(-A)"Z{ |4 < oo. (5.19)

We shall need the following regularity property of Z; with respect to the time variable.
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Lemma 5.3. Let T > 0, v € D((—A)?) and y € D(( B)?) with 6 € (0,1]. Assume that
(A1)-(A3) hold. Then for any ¢ > 1,0 < s <t < T and 9 € (0,0), there exists a
constant Cy 1 > 0 such that

E||Zf — Z{|{ < Car(t—9)".

Proof. By (5.18), we have
YA ARES \/_/ E=NAF(XE) — F(X,.))dr

(t—s) s—r) (Y r
(e f/ Xg) - F(X,))d

T T

+_/ (t— T‘)A(SF XE Ya)d

4
+ (et \f/ STOASE(XE, Y )dr =: ) Z(t, 5).

i=1
Using Minkowski’s inequality and Theorem 2.2 with v = 0, we get that

q

¢
1 _
Blziws)lf <0 | = [ (©1xF - Mar | <cie-sp
Ve
Furthermore, by Proposition 2.1 (ii) we have that for any 9 € (0, 1),
El| 2, s)|{

<ont- o7 [ [ (Bl 2P - PE)

Sl
o—_,

q

<Co(t—s)7 (s — )P (B XE = X, )|9) dr | < Cy(t—s)7.

=
o,

Note that dF(x,y) satisfies the centering condition (3.2). As a direct consequence of
Lemma 4.6, we obtain that

E[|25(t, 5)|1f < C5 (t — 5)7.

Finally, by making use of Proposition 2.1 (ii) and Lemma 4.6 again, we have for any
9 € (0,0),
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q

1
E||Zi(t, s)| < Ca(t —5)"E

T T

S

S
/ (—A)? A E(XE, Vo) dr
€
0
< Cy(t—s)17.
Combining the above computations, we get the desired result. O
5.8. Proof of Theorem 2.5

Fix T > 0, and for every ¢ € Cj(Hy), let

3¢(2) == L3(2,y,7, 2)p(2) = (Az, D29(2))

+ L (F(e) - F(2). Dup(2)), + %<5F<x,y>, D.g(2)).  (5.20)

NG

This operator is related to the equation (1.7). We call a function ¢(t,x,y, Z, z) defined
on [0,T] x Hy x Hy x Hy x Hy admissible, if it is centered, i.e.,

/¢(t,x, Y, z, z)u”(dy) =0, Vi>0,z,%,2z € Hy, (5.21)

Hy

and the following conditions hold:
(H): for any t € [0,T), ¢,z € Hy, y € Ha, & € D(—A) and hy, he € Hy,

‘3:5@5(@557%@7 Z)| + ‘Dmatgs(t?xvyvia Z)h1| + |Dzat¢(t7x7y7j7 Z)h2|
< Co (T =)~ A+ |4zl + 2] + [|2]11)
< (L [zl + Iyl (1l + [lhzll), (5.22)

and for any hz € D((—A)),
D501 (t, 2,4, 7, 2)-hal < Co((T = )7 (1 + AT + 2] + 1201l
+ [ Agll1) x (1 + llzlly + 1gl1p), (5.23)
and for any h € D((—A)?) with 9 € [0, 1],
1D.o(t,x,y,7,2).(—A)’h| < Co (T =)' (1+ ||zlls + lylB)Al. (5.24)

Given an admissible function ¢(t,x,y,,2) € C;’Q’”’Q’Q([O, T| x Hy x Hy x Hy x Hy)
with n > 0, let (¢, z,y, &, z) solve the following Poisson equation:

52(907@1/1(@957%572) = —¢(t7$7y725a2>7 (525)



38 M. Réckner et al. / Journal of Functional Analysis 285 (2023) 110103
and define

OF -V (t,x,,2) := /Vzw(t,x,y,:ﬁ,z).(SF(x,y)u‘”(dy).
Hy>

The following weak fluctuation estimates for an integral functional of process (X¢, Yy,
X, Zf£) will play an important role in proving Theorem 2.5. Compared with Lemma 4.6,
extra efforts are needed to control the time singularity in the integral.

Lemma 5.4 (Weak fluctuation estimates). Let T,0 > 0, z € D((—A)?) andy € D((—B)?).
Assume that (A1)-(A3) hold. Then for every admissible function ¢ € Cp>"22([0,T] x
Hy x Hy x Hy x Hy) withn >0, t € [0,T] and ¢ € (0,1/2), we have

t
‘E(/qﬁ(t,XiY?,Xs,Zi)ds)‘ < Cred, (5.26)
0

and

S

t

1 _

’IEJ( = /¢(57X§, Ys, X, Z5)ds
0

t

—/5F-V21/)(s,X§,X'S,Z§)ds>
0

< Crex¢, (5.27)

where Cr > 0 is a constant.

Proof. We divide the proof into two steps.

Step 1. We first prove estimate (5.26). By Theorem 3.2, we have that ¢ € C2*22([0, T x
H, x Hy x Hy x Hy). Thus we apply Itd’s formula to ¥ (t, X2, Y, X;, Zf) to derive that

E[w(t, XtEa Yt€7 Xt’ Zts)]

t
= w(07x7y7x30) +E /(as + El + »C_l + £§ + DmDi)’l/J(S,XSE,Y;E,XS, Z;s)ds
0

t
1 _
+-E /qup(s,Xj,}{f,Xs,Zg)ds , (5.28)
0

where L1, Lo, £; and L5 are defined by (4.6), (2.5), (5.1) and (5.20), respectively. Mul-
tiplying both sides of the above equality by € and taking into account (5.25), we obtain
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t
\E( / ¢<s,X§,Y:,XS,Z§>ds)\
0

E]E[’Q[J(O,l',y, xvo) - ¢(t7 Xfa Y;:vata Zta)]

t
+e E(/(as + L1+ L1+ LHV(s, X, Y, X, Zj)ds) ‘
0
< E]E‘ [7/1(0,%9,3570) - ’(/}(O7XL‘67Y;E7XDZ§)H
t

4+ eE / [0uth(s, X2, Y5, Ko, Z2) — 0utb(s, X5, Y, X, Z0)]ds

0
t
+¢eE /(£1 + L1+ D,Dz)Y(s, X5, YE, X, Z)ds
0
t 4
+le/ SU(s, X2, Y5, Xy, Z5)ds| = ) Oi(t, e). (5.29)
0 =1

By making use of Theorem 3.2 and Lemma 4.1, we have
Or(t.e) < CreE(L+ X7 + 1YF]5) < Cre

For the second term, since ¢ satisfies (5.22) and (5.23), and ¢, z, Z, z all are parameters
in equation (5.25), by Theorem 3.2 we get that ¢ satisfies (5.22) and (5.23) too, which
together with Lemmas 4.2, 4.3, 4.5, 5.3 and Holder’s inequality implies that for any
Ce(0,1/2),

t
Oa(t,) < Cae (¢ =) (BAIX. - Xl + 1X5 - X!
0
3 3\ /3
Y = YEIR 125 - Z09) s
t

. = 19 1/2
+Cae [ (BQATIP +14%01D) ds
0

< 02 61_< < CQ 61/2.

To treat the third term, since for each t € [0,T], ¥(¢,-,-,-, ") € Cg,z,z,z(Hl x Hyx Hyx Hy),
we have
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(L1 4+ L1+ Dy Da)Y(t, 2,9, 7, 2)||1 < [(Az + F(x,y), Dyt (t, ,y, 7, 2))1]

+ %TT(Ql)HDiw(tm Y, T, 2)|| 2 (b, x Hy R)

+ [(AZ + F(Z), Dayp(t, 2,y, T, 2))1 |

5 Tr@IDR, 2,,2, ) 2,1, )
<C3(1+[|AZ || + | Azl +[lyl15) A+ |zl +lyll5)-

Thus by Lemmas 4.1, 4.4 and 4.5, we have
ﬁ;g(t,{-:) < Cs gl=¢ <Cs gl/?

For the last term, we write

t

Ou(t,e) = |cE /(AZs D.p(s, X5, Y5, X,, Z9)),ds
t

+e!2E / F(X,), Daap(s, X5, Y, X, Z5)) ds
0
t

2R /5FX5 YE), Doab(s, X5, YE, X, Z5)) ’_ ‘Z@“m‘
0

In view of (5.24), Theorem 3.2 and (5.19), we have for ¢ € (0,1/2 A 0),

t
Oualte) < Cue [t 9) ORI ZR) s < Cue,
0

Furthermore, it is easy to see that

t
Oualte) + aa(t.e) < Cus” [ (14 E)XR
0

+ B[} + B3 )ds < Cy e

Combining the above computations, we get the desired result.

Step 2. We proceed to prove estimate (5.27). Multiplying from both sides of (5.28) by

£'/2 and following exactly the same arguments as in (5.29), we deduce that for any

¢ €(0,1/2),
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t t
‘E(% [ots.xeve X zas - [ 75F.vzw<s,xz,5<s,zg>ds)]
13
0 0

< [E[0(0,2,y,2,0) — (0, X7, Y, K¢, Z))|

t

w2 [ (Dbt X572 K0 20) - 000l X5 Ko Z)) s ]
0
t

+e2|E /(El+£1 + DDz ) (s, XE,YE, X, Z5)ds ‘

t

t
+ ’JE (51/2 / L5v(s, X5, V5, X, Z5)ds — / 6F-_vzw(s,X§,Xs,Z§>ds)‘
0 0

t
<Oy ety ]E (22 [ g50te,x2. 7% K 2510

t
— /6F V.(s, X2, X, Z;)ds> .
0
Now, for the last term we write

t t
‘E(em / L59(s, X5, YE, X, Z5)ds — / SF-V.0(s, X5, X, Z:)ds)‘

t
<5~1/2 E / AZ , D,y S XSE,}/SEastZ;»ldS ‘
0
+ E (/ )(8 ) Zw(S7X§7Yf7XS7Z:)>1dS ‘
0
+ ‘E( 5F X:,Y5), z¢(57X§7Ys€’XS’Z§)>1
0

3
—6F -V.0(s, X5, X, ZE) )‘ 25’ t,e).

We argue as for 04 1(t,¢) to get that

ﬁl(t,8> g 02 61/2
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Using Theorem 2.2, we further have

1/2

t
5)<Cs/ (1+EIXZ)2 + E[YS|2) 2 (B] X5 — X,)2)2ds <Cye'/2.
0

Consequently, we obtain that for any ¢ € (0,1/2),

t
’ 7/ S, )(‘s Ys X ZE ds_/(SF vz’(/) S X;vaaZ:)dS ‘
0

t
<cuet ([ (R0 va). Do, X35 X 20,
0

_5F V(s X5, X, Z;))ds> ’

Note that by the definition of §F - V.1, the function

Ot 2y, %, 2) = (OF (2,y), Dot(t,2,y, 2, 2)), = 6F - Vo (t, 2,7, 2)

satisfies the centering condition (5.21) and assumption (H). Thus, using (5.26) directly,
we obtain

t
’ </ 6F X§71/;€ ) zw(SaX:7}/s€7X5’Z§)>l
0

—3F - V,u(s, X5, X, Z)) )‘ Cyel/

Combining the above computations, we get the desired result. O
Now, we are in the position to give:

Proof of Theorem 2.5. Fix T > 0 below. Let @(t,z, z) be the solution of the Cauchy
problem (5.3). For ¢ € [0, T, define

a(t,z,z) == u(T —t,x, 2).
Then it is easy to check that
@(0,2,0) = u(T,z,0) = E[p(Z7)] and @(T,z,z) = u(0,z,2) = ¢(2).

As a result, by Itd’s formula and (5.3) we deduce that
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E[0(27)] — Elp(Zr)] = E[a(T, X1, Z7) — 4(0,2,0)]

T
:IE/ a(t, X0, 20) + L (X0t X Z5) + L5(XF YE, Ko, Z0)alt, X, 25) |t
0

T
_E /(cg(xg,y;&,xt,zts) _23(&,25))@(1&,)@,25)(11&
0

T _
F(XE) F(
—E
/(

! DxF(X’t).Zf,Dza(t,X’t,Zf))> dt
€

1

T
/Tr i(t, Xy, Z8) [o(XE)o™ (XF) — a()‘(t)a*(x't)})dt
0
1 T
E <$0/ (OF(XE,Y¥), Doilt, Xy, Z5)))rdt
T

- %E /Tr a(t, Xy, Z8)o (X))o (XE))dt ] = Zm(T,s),
0

where £, £5 and L3 are defined by (5.1), (5.20) and (5.2), respectively. By the mean
5.1

value theorem, Holder’s inequality, (5.5), (5.19) and Theorem 2.2, we deduce that for

some ¢ € (0,1),

T
(T, e)] (/‘ (D, F(XE +0(XF — Xy))
0
— D, F(Xy)].25, D.ilt, Xy, Z5)), ’dt)
T
<o [ (BIX: - KR E1Z1) Pt < ¢
0

Furthermore, let % z .(z) := Tr(D%u(t,z,2z)o(x)o*(z)). Then we have that for every
h € Hy,

|Do%5,(x)-h| < Co(1+ ||zl

which together with Theorem 2.2, Lemmas 4.1 and 4.5 yields that
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1/2

T
T < Co [ (14 EIXEN + BIXl) 2 BIXE - Xel)? < Cocll2
0

It remains to control the last term A45(T,¢). For this purpose, recall that ¥ solves the
Poisson equation (2.4), and define
q)(ta z, ya IE, Z) = <\IJ(£E, y)v Dzﬂ’(tv :Ea Z)>1

Since Ly is an operator with respect to the y variable, one can check that ® solves the
following Poisson equation:

52(33,3/)‘1’@7%9,5372) = —<5F($,y),Dza(t,ﬂ_?,Z)>1 = —qﬁ(t,m,y,a_:,z).

It is obvious that ¢ satisfies the centering condition (5.21). Furthermore, in view of (5.6),
(5.10), (5.11) and (5.12), we have that for any ¢t € [0,T), x,z € Hy, y € Ho, T € D(—A)
and h,k € Hy,

|0:(t, .y, @, 2)| + [DaOrg(t, 2, y, &, 2).h| + | D20 d(t, x, y, 2, 2) K|

< |6F (z,y), 0D u(T — t,z,2)),| + [(De0F (2, y).h, 0 Du(T — t,Z, 2)), |
+ 10, D*u(T — t,z,2).(0F (2, ), k)|

<C3 (T =) (Al + 1K) (@ + Azl + (2T + 2l @+l +lyl15),

and for any [ € D(—A),
|Dz0:¢(t, x,y, T, 2).l| = 0Dz D, u(T — t,Z, 2).(0F (x,y),1)
<0 (T = 072+ Azl + 1213 + 200 + 141 )
< (Ll + llylg),
and for any h € D((—A)?) with ¥ € [0, 1],

|DZ¢(t,.’E, yviv Z)(_A)ﬂh| = DEQ(T - t»‘i'v Z)((SF(iE,y)7 (_A)ﬁh)
<G (T =)7L+ zlls + Iyl Al

Furthermore, by the definition of o in (2.7), we have

OF -V, ®(t,x,Z,2) = /DZ<I>(t7m,y,§c7z).éF(:r,y),ux(dy)

- / D2a(t, 7, 2).(¥(x, ), F ()" (dy)

= —TT(D2 (t,Z,z)o(x)o" (x)).
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Thus, it follows by (5.27) directly that for any ¢ € (0,1/2),

|A5(T,€)| < C3 '/*7¢,
Combining the above computations, we get the desired result. O
6. Appendix

Proof of Lemma 4.2. In view of (4.1), we have

t

Xf— Xt = (e — e +/ E=nAp(XE, YF)dr

S
S

s t
+ /(e(tfr)A — TN P(XE, YE))dr + /e(tf’“)Ade

S

+/(e<t—’“>A e aw ! = Z% t,s) (6.1)
0

Below, we estimate each term on the right hand side of (6.1) separately. For the first
term, by Proposition 2.1 (iii) we easily get

t—35) o
1230t )l < 0 E= S e e ) e,

510
For the second term, by Minkowski’s inequality and Lemma 4.1, we deduce that

t q
1/q
Bl 2t o)l < | [ (Bl PO M

< Ca(t—s)"(1+ Izl + [ly[157)-

Similarly, using Proposition 2.1 (ii), Lemma 4.1 and Minkowski’s inequality again, we

have
s q
q (t—s)A) (s—m)A e yeyyya) e
E| 23t ) < | [ (BN = nel=4P(xz,v7)1) ar
0
s q
1/
<Catt-9? | [ (172 POV
0

< Cs(t— )2 (14 [|lz) + [[y]5)-
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Using Burkholder-Davis-Gundy’s inequality and the assumption (A3), we further get

q/2
E[| 2 (t, 5)||¢ / Jet=DAQYZE, dr | < Cu(t— 5)02,
and
S Q/2
E|| 25(t,s)||? < Cs (t — 5)4/2 / 1(—A)/2eC=AQI 22, 4y dr

0

< Cs (t—s)72.
Combining the above computations, we get the desired result. O

Proof of Lemma 4.3. In view of (4.1), we have

Vi oY= (efF —efByy 4 L /*)BGXiY:)d

S

1 t—r s—r t—r
+—/(67< 2B _ TR BY)G(XE, YE)) dr+—/ LBy
g

0
1 / (t=r1) (s=7) 5

—l——/(eTB—e = Byaw? ::Z%(t,s).
\/EO i=1

In exactly the same way as in the proof of Lemma 4.2, we deduce that

(t—s)" &
1242, 5)ll2 < Cr "5 e = *yll-mye,

and for any v € [0,1/2],

t q

1 [ - 1/
B2t )3 < Co [ 2 [ (Bloxzvalg) ar | <t

S

and

s q

1 (t— s) (s— 7‘) 1/q
Blaatt o)l < | £ [ (BN - DT Pex volr) ar
0
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47
q
(t_s)’yq N vy, rB

<03€T [(=B)"e"” || 2 (a,)dr

0

q

By S R
x V3 e r € T x V3 14 .

0

To control the last two terms, by Burkholder-Davis-Gundy’s inequality and the assump-
tion (A3), we deduce that for any v € [0, 1],

[SIES)

(t=7) T‘) 1/2
E||%4(t, )7 < Cs / 1e“F2B Q|12 g dr

49 I

E 2

53 a/2 ol

t—s)? t—s)=2

Cy (Z /\Q,mBZ_l(Eiv)> < 0y Q
n=1

and for v € [0,1/2],

. q/2
(t — 5)'Yq S 5 (s— 7)B 1/2
N [(=B)7e Qs ||$2(H2)dr

0

s (S o\ sy
<Oy (Xt <o

eva

| =

E[|%5(t,s)II1 < Cs

Combining the above computations, we get the desired result. O

Proof of Lemma 4.4. We have

o
o
\
b
m@#
b
8
+
=} \ -
b
¥
|
ket
“ﬁ
=

By Proposition 2.1 (i), we easily see that

121(t, )l < Crt®Dall—apo.
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For the second term, note that

t
/ Aet=IAR(XE YE)ds = / Dt AR (XE Y )ds
0

= —(e" — DF(X}, YY),
hence we deduce that
El| 22(t o)l < C2 (L +EXF [ +ENYFIE) < Co (14 Jlzllf + lyl57)-
Furthermore, by applying Lemmas 4.2 and 4.3 with § = 0, we get that for any v € (0,1/2],

t

E|l2a(t. )¢ <Cs (1+ ! + ||y||”>< =97 | (el - xze) ™

0

+ (B[ - Y5||2’7q])1/2q} ds)q

t

) 1 1 e
<Ca (ol + )  [ie=9m (5 + 55 )as

0
< Ce (14 a2+ yl3).

Finally, by Burkholder-Davis-Gundy’s inequality and assumption (A3), we have

q/2

E|l2i(1,2) / [AeIAQY2 2 s | <O

The conclusion follows by the above estimates. 0O
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