AVERAGING PRINCIPLE AND NORMAL DEVIATIONS FOR
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ABSTRACT. We study the asymptotic behavior of stochastic hyperbolic-parabolic e-
quations with slow and fast time scales. Both the strong and weak convergence in the
averaging principe are established, which can be viewed as a functional law of large
numbers. Then we study the stochastic fluctuations of the original system around its
averaged equation. We show that the normalized difference converges weakly to the
solution of a linear stochastic wave equation, which is a form of functional central limit
theorem. We provide a unified proof for the above convergence by using the Poisson
equation in Hilbert spaces. Moreover, sharp rates of convergence are obtained, which
are shown not to depend on the regularity of the coefficients in the equation for the
fast variable.
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1. INTRODUCTION

Let T> 0 and D C R4 (d > 1) be a bounded open set. Consider the following system
of stochastic hyperbolic-parabolic equations:

PULE _ avp() + 1070 7€) + WO, (1.9 € O.T)x D,

8Yf(§) _ 1 € 1 € € I 2

T < SAVHO + LoUEOEO) + WO, O 0.T)x D,

Ug () =Y () =0, (t,€) € (0,T] x dD,
vi =, 2|~ e, i@ =0, cep,

where A is the Laplacian operator, 0D denotes the boundary of the domain D, f, g :
R? — R are measurable functions, W} and W2 are two mutually independent Q- and
(Q>-Wiener processes both defined on a complete probability space (2, .%#,{ % }i>0,P),
and the small parameter 0 < ¢ < 1 represents the separation of time scales between the
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‘slow’ process U; and the ‘fast’ motion Y (with time order 1/¢). Randomly perturbed
hyperbolic partial differential equations are usually used to model wave propagation
and mechanical vibration in a random medium. If these phenomena are temperature
dependent or heat generating, then the underlying hyperbolic equation will be coupled
with a stochastic parabolic equation, which leads to the mathematical description of
slow-fast systems through (1.1), see e.g. [16, 30, 34, 39] and the references therein. In
this respect, the question arises how a thermal environment at large time scales may
influence the dynamics of the whole system.

In the mathematical literature, powerful averaging and homogenization methods have
been developed to study the asymptotic behavior of multi-scale systems. The averaging
principle can be viewed as a functional law of large numbers, which says that under
certain regularity assumptions on the coefficients, the slow component will converge to
the solution of the so-called averaged equation as ¢ — 0. The averaged equation then
captures the evolution of the original system over a long time scale, which does not
depend on the fast variable any more. This theory was first studied by Bogoliubov
[4] for deterministic ordinary differential equations, and extended to stochastic differ-
ential equations (SDEs for short) by Khasminskii [28], see also [1, 23, 24, 29, 37] and
the references therein. Recently, the averaging principle for two time scale stochastic
partial differential equations (SPDEs for short) has attracted considerable attention. In
[12], Cerrai and Freidlin proved the averaging principle for slow-fast stochastic reaction-
diffusion equations with noise only in the fast motion. Later, Cerrai [9, 11] generalized
this result to more general reaction-diffusion equations, see also [2, 14, 36, 38] and the
references therein for further developments. We also mention that Bréhier [5, 6] stud-
ied the rate of convergence in terms of ¢ — 0 in the averaging principle for parabolic
SPDEs and obtained the 1/2-order rate of strong convergence (in the mean-square sense)
and the l-order rate of weak convergence (in the distribution sense), which are known
to be optimal. These rates of convergence are important for the study of other lim-
it theorems in probability theory and numerical schemes, known as the Heterogeneous
Multi-scale Method for the original multi-scale system, see e.g. [7, 20]. Concerning sto-
chastic hyperbolic-parabolic equations, Fu ect. [22] established the strong convergence
in the averaging principle for system (1.1) when d = 1 by the classical Khasminskii time
discretization method, and obtained the 1/4-order rate of strong convergence. In [21],
by using asymptotic expansion arguments, the authors studied the weak order conver-
gence for system (1.1), but only in a not fully coupled case (g(u,y) = g(y)), i.e., the fast
equation does not depend on the slow process.

In this paper, we shall first prove the strong and weak convergence in the averaging
principle for the fully coupled system (1.1) with singular coefficients, see Theorem 2.1.
Compared with [21, 22], we assume that the coefficients are only n-Holder continuous
with respect to the fast variable with any > 0, and we obtain the optimal 1/2-order
rate of strong convergence as well as the 1-order rate of weak convergence. Moreover, we
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find that both the strong and weak convergence rates do not depend on the regularity of
the coefficients in the equation for the fast variable. This implies that the evolution of
the multi-scale system (1.1) relies mainly on the slow variable, which coincides with the
intuition since in the limit equation the fast component has been totally averaged out.
Furthermore, the arguments we use are different from those in [5, 9, 11, 12, 21, 22]. Our
method to establish the strong and weak convergence is based on the Poisson equation
in Hilbert space, which is more unifying and much simpler.

The averaged equation for (1.1) is only valid in the limit when the time scale separation
between the fast and slow variables is infinitely wide. Of course, the scale separation is
never infinite in reality. For small but positive €, the slow variable U; will experience
fluctuations around its averaged motion U,. These small fluctuations can be captured
by studying the functional central limit theorem. Namely, we are interested in the
asymptotic behavior of the normalized difference

U0,
Ve

as € tends to 0. Such result is known to be closely related to the homogenization behav-
ior of singularly perturbed partial differential equations, which is of its own interest, see
e.g. [25, 26]. For the study of the functional central limit theorem for finite dimensional
multi-scale systems, we refer the reader to the fundamental paper by Khasminskii [28],
see also [1, 15, 27, 32, 33, 35]. The infinite dimensional situation is more open and papers
on this subject are very few. In [10], Cerrai studied the normal deviations for a deter-
ministic reaction-diffusion equation with one dimensional space variable perturbed by a
fast process, and proved the weak convergence to a Gaussian process, whose covariance is
explicitly described. Later, this was generalized to general stochastic reaction-diffusion
equations by Wang and Roberts [38]. In both papers, the methods of proof are based on
Khasminskii’s time discretization argument. Recently, we [36] studied the normal devia-
tions for general slow-fast parabolic SPDEs by using the technique of Poisson equation.

Zy (1.2)

In this paper, we further develop the argument used in [36] to study the functional
central limit theorem for the stochastic hyperbolic-parabolic system (1.1) with Hélder
continuous coefficients. We show that the normalized difference Z¢, defined by (1.2),
converges weakly as ¢ — 0 to the solution of a linear stochastic wave equation, see
Theorem 2.3. Moreover, the optimal 1/2-order rate of convergence is obtained. This
rate also does not depend on the regularity of the coefficients in the equation for the
fast variable, which again is natural since in the limit equation the fast component has
been homogenized out. As far as we know, the result we obtained is completely new.
It turns out that the argument we use to prove the functional central limit theorem is
closely and universally connected with the proof of the strong and weak convergence in
the averaging principle. We note that due to the model considered in this paper, the

framework we deal with is different from [36]. Furthermore, we derive the higher order
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spatial-temporal convergence in the averaging principle and in the functional central
limit theorem. Throughout our proof, several strong and weak fluctuation estimates will
play an important role, see Lemmas 4.1, 4.2 and 5.2 below.

The rest of this paper is organized as follows. In Section 2, we first introduce some
assumptions and state our main results. Section 3 is devoted to establish some prelimi-
nary estimates. Then we prove the strong and weak convergence results, Theorem 2.1,
and the normal deviation result, Theorem 2.3, in Section 4 and Section 5, respectively.

Notations. To end this section, we introduce some usual notations for convenience.
Given Hilbert spaces Hq, Hy and H , we use .Z(H1, Hy) to denote the space of all linear
and bounded operators from H; to Hy. If Hy = H,, we write £ (H,) = £ (H,, H,) for
simplicity. Recall that an operator Qe (If[ ) is called Hilbert-Schmidt if

We shall denote the space of all Hilbert-Schmidt operators on H by .,%(H ). Let Lg°(Hy x
H,, H ) denote the space of all measurable maps ¢ : H; x Hy — H with linear growth,

ie.,
lo(z, )l
||¢|| o (f) T sup < 00.
L e 1+ 2] m, + Nyl

For k € N, the space Cf’o(Hl X Ho, If[) contains all ¢ € L°(H; x HQ,FI) such that ¢
has k times Gateaux derivatives with respect to the z-variable satisfying

Z 1D50 (@ )| 1 a1,

[l ckoy == sup < 0.
Gt (z,y)€H1 x Ha 1 + H‘rHHl + Hy“Hz

Similarly, the space C*(H, x Hy, H) contains all ¢ € L°(H, x Hy, H) such that ¢ has
k times Gateaux derivatives with respect to the y-variable satisfying

Z 10562, )| i1,

[@llcorzy == sup <oo.
Gt (z,y)€H1 X Ha 1 + ||$||H1 + Hy“Hz

For k,m € N, let C’f’m(Hl x Ho, f]) be the space of all maps satisfying
Dl crm gy = N0l ooy + 1@l oy + 1Ml com sy < 00, (1.3)
and for n € (0,1), the space C)""(H, x Hy, H) consists of all ¢ € C/O(Hy, x Hy, H)
satisfying
oz, 91) — é(z, y2)ll g < Collyr — yellfy, (1 + el + llyillm + lly2llm)-

The space Ci"(Hy x Hy, H) consists of all ¢ € C)""(H, x Hy, H) whose k times Gateaux

derivatives with respect to the first variable are bounded, and the space C’E’"(H VX Hy H )
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consists of all maps in C’,f "I(Hy x Hy, H ) which are bounded themselves. We also introduce

the space (Cf’k(H 1 X Hy, H ) consisting of all maps which have k times Fréchet derivatives
with respect to both the first variable and the second variable and satisfy (1.3). The

space Cp* (H, x Hy, H) consists of all ¢ € C}"*(H, x Hy, H) with all derivatives bounded.
When H = R, we will omit the letter H for simplicity.

2. ASSUMPTIONS AND MAIN RESULTS

Let H := L?(D) be the usual space of square integrable functions on a bounded open
domain D in R? with scalar product and norm denoted by (-,-) and || - ||, respectively.
Let A be the realization of the Laplacian with Dirichlet boundary conditions in H. It is
known that there exists a complete orthonormal basis {e, },en of H such that

Aen = _/\nen7

with 0 < A} <A <--- A\, <-+- . For a € R, let H* := D((—A)2) be the Hilbert space
endowed with the scalar product

(@,9)q = ((=A4)%z,

w\sz

Z (T, en)(y,en), Vr,y€ H?,
=1

and norm

2
2] == <Zx\"‘ T, en) ) , Vo e H"

Then A can be regarded as an operator from H® to H* 2. For the drift coefficients f
and g given in system (1.1), we introduce two Nemytskii operators .G : H x H - H
by

Fu,y)(€) = f(u(€),y(€)),  G(u,y)(&) = g(u(§)y(), €D, (2.1)

We remark that these operators are not Fréchet differentiable in H.
To give precise results, it is convenient to write system (1.1) in the following abstract
formulation in H:

’62(]8 £ £ e 1
o = AUE + F(US,YE) + W, t € (0,77,
oYf 1 .

:-AW —G(Us, Y* —W2 te (0. T 2.2
e t+g(t,t)+ﬁt, € (0,17, (2.2)
& aUE £

(U5 =t Ty o =0 ¥ = v

For v+ = 1,2, we assume that (); are nonnegative, symmetric operators with respect to
{en}n€N7 i'e'a

Qien = Binen, Bin >0,n € N.
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In addition, we assume that

Tr(Q) =Y Bin<+oo, i=12. (2.3)
neN
Given u € H, consider the following frozen equation:

Ay = AV dt + G(u, Y,*)dt +dW?, Y@ =y € H. (2.4)

Under our assumptions below, the process Y;* admits a unique invariant measure p*(dy).
Then, the averaged equation for system (2.2) is

aQUt — = — hd 1

L= AU+ F(0) + W), 1€ (0,7),

t _ (2.5)
Uy =u —8Ut] =

0o — (975 t=0 = U,

where
Flu)i= | Fluy(dy). (2.6)
H
Let Uf := OU /Ot and U, = OU,;/0t. The following is the first main result of this
paper.

Theorem 2.1. Let T > 0, u € H' and v,y € H. Assume that f € C;"(R x R,R) and
g € C3"(R x R,R) with n > 0. Then we have:

(i) (strong convergence) for any q > 1,

sup B (107 — Ol + 105 — Gl1?) " < €97 (2.7
te[0,7)
(i) (weak convergence) for any ¢ € C}(H) and ¢ € C}(H™Y),
s (B0 - Bl + [E1607)] - BRI < Cae, (29

where Cy = C(T,u,v,y) and Cy = C(T,u,v,y, o, gf;) are positive constants independent
of € and 7.

Remark 2.2. (i) The 1/2-order rate of strong convergence in (2.7) and the 1-order rate
of weak convergence in (2.8) should be optimal, which coincides with the SDE case as
well as the stochastic reaction-diffusion equation case. Moreover, we obtain that both the
strong and weak convergence rates do not depend on the reqularity of the coefficients in
the equation for the fast variable. This coincides with the intuition, since in the limit
equation the fast component has been averaged out.

(71) Note that the coefficients are assumed to be only n-Hélder continuous with respect

to the fast variable, which is sufficient for us to prove the above convergence in the
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averaging principle. However, the pathwise uniqueness of solutions for system (2.2) is
not clear under such weak assumptions. In particular, if the system is not fully coupled
in the sense that the fast motion does not depend on the slow variable (i.e., g(u,y) =
g(y) in (1.1)), then the well-posedness for the fast equation with only Hélder continuous
coefficients has been proven in [19, Theorem 7] by using the Zvonkin’s transformation.
This in turn implies the strong well-posedness of the whole system (1.1).

Recall that Z% is defined by (1.2). In view of (2.2) and (2.5), we have
0?7
ot?

c 1 5 € I (T7
:Aa+VAHMJQ—FWﬂ
:Aﬁ+i%ﬁ@ﬂ—ﬂ@ﬂ+§§ﬂ%ﬂﬁ,
where

5F(u,y) = Flu,y) — F(u).
To study the homogenization behavior of Z;, we consider the following Poisson equation:
La(u,y) U (u,y) = —5F (u,y), (2.9)
where L, is the generator of the frozen equation (2.4) given by

Laliw, p)oly)i={Ay + Glu,y), Dyp(w)) +5Tr (DRe()Q3 (Q4)") ¥ € C2(1), (210)

and u € H is regarded as a parameter. According to Theorem 3.1 below, there exists a
unique solution ¥ to equation (2.9). Then, the limit process Z; of Z; turns out to satisfy
the following linear stochastic wave equation:

0?7 _ o o
a;:Az+amwgz+dmm@te@ﬂ,

t 53 (2.11)
ZO = 07 8_;‘1‘/:0 = 07

where W, is another cylindrical Wiener process independent of W}', and o is a Hilbert-
Schmidt operator satisfying

%a(u)a*(u) =0F ®@V¥(u) = /H [6F (u,y) @ U(u,y)] p"(dy).

Let Z¢ := 0Z¢ /9t and Z, = 0Z;/0t. We have the following result.

Theorem 2.3 (Normal deviation). Let T > 0, f € Co"(RxR,R) and g € C3"(RxR, R)
with n > 0. Then for anyuw € H', v,y € H, ¢ € C}(H) and ¢ € C}(H™'), we have

swp ([El6(Z7)] - Blo(Z)]] + [BIS(Z0)] - EI(Z))]) < Geb, (212)

t€[0,T]
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where C3 = C(T,u, 1, y, ¢, qg) > 0 is a constant independent of € and 7.

Remark 2.4. The 1/2-order rate of convergence in (2.12) coincides with the SDE case
and should be optimal. Moreover, the convergence rate does not depend on the reqularity
of the coefficients in the equation for the fast variable.

3. PRELIMINARIES

3.1. Poisson equation. We will rewrite the system (2.2) as an abstract evolution equa-
tion. To this end, we first introduce some notations. For a € R, by H* := H* x H*™!
we denote the Hilbert space endowed with the scalar product

<U,U>,Ha = <u17 U1>a + <'U/27'U2>a71, Vu = (u17u2)T7v = (Ulan)T € 7_[047

and norm
ulll? o= NuallZ + lluoll2_y,  Vu = (ur,up)" € H®.

For simplicity, we write H := H x H~!. Let II; be the canonical projection from H to
H, and define

d
Vo= U and X7 = (U, VAT,
Then, the system (2.2) can be rewritten as

dX} = AXF + F(XF,YF) + BAW,,

AV = e VAV + e71G(XE, V) + e 2w, (3.1)

Xo=uY; =y,

where z := (u,v)T, and
_ (0 1 ._ 0 ._ 1._ (0
A= (§ 0) 7@ = (. ) 9 = G, B = ().
and F, G are defined by (2.1). Similarly, concerning the averaged equation (2.5), let
_ d . _ L
V= EUt and X, := (U, V)",

Then we can transfer (2.5) into a stochastic evolution equation:
dX, = AX,dt + F(X,)dt + BAW}, X, =z = (u,v)" € H, (3.2)

Fa) = (F(n(f(x))) ’

and F is defined by (2.6). It is known (see e.g. [3]) that A generates a strongly continuous
group {e*},~¢ which is given by

oA = (_( Ci <_A)%St> , (3.3)

where



where C, := cos((—A)2)t) and S, := sin((—A)2)t). For any = € H, we have [|etz]lo <
[l [|lo - Moreover, under the assumptions on f and g, one can check that F € C>"(H x
H,H) and G € C%"(H x H,H). By definition, we further have F € C2"(H x H,H")
and G € C%"(H x H, H). Furthermore, according to [36, Lemma 3.7], we also have that
F e CiH,HY).

The Poisson equation will be the crucial tool in our paper. Recall that Lo(u,y) is
defined by (2.10). If there is no confusion possible, we shall also write

Lap(y) = La(z,y)p(y) = L2(Ii(2), y)p(y), Vo € C{(H). (3.4)
Consider the following Poisson equation:

where x € H is regarded as a parameter, and ¢ : H x H — H is measurable. To be
well-defined, it is necessary to make the following “centering” assumption on ¢:

| @y 0. vaen. (3.6)
H
The following result has been proven in [36, Theorem 3.2].

Theorem 3.1. Let n > 0 and k = 0,1,2, and assume G € C’g”(?—[ x H,H). Then for
every ¢(-,-) € CV"(H x H, H) satisfying (3.6), there exists a unique solution (-,-) €
e CPOH x H H)NCY*(H x H, H) to equation (3.5) which is given by

vy = [ B[z,
where Y (y) = Y*(y) satisfies the frozen equation (2.4).

3.2. Moment estimates. We prove the following estimates for the solution X; and Y
of system (3.1).

Lemma 3.2. Let T >0, z € H',y € H, and let (X{,Yy) satisfy

A}

t t
X;=ez+ / M (XS YE)ds + / =M Baw,
0 0

t t t— t t— (37)
Yy = esAy—l—S_l/ eesAQ(ijne)ds+€_l/2/ e A2,
0 0
Then for any q > 1, we have
2 2
sup E(sup [IX7 37 ) < Creg (1 + I 17 +l1pl1*)
e€(0,1) te[0,T)
and
T q
sup sup EY7 + sup E ( / ||Y;f||%dt) <On(14 yl™).  (38)
e€(0,1) t€[0,T] e€(0,1) 0
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where Crq > 0 is a constant.

Proof. Applying Ito’s formula (see e.g. [31, Section 4.2]) to ||Y?]|?? and taking expecta-
tion, we have

d

2q
—E||Y7|* =

2
B[V P2(AY7, Y] + ZE (Y716 (X7, Y7), Y7)]
2q(q—1
4 (44 By gy

It follows from Poincaré inequality, Young’s inequality and (2.3) that

2 A
Do)y 4 20

d iye . ¢ 29(¢-1) ‘120
ZE[Y7 < =gyt + (4 4+ =) T QB

q C'0

C
< - EVEP+ —.

Using Gronwall’s mequahty, we obtaln
C C t c
S e RS O A
0

Furthermore, in view of [18, Theorem 5.3.5], the process Xi = (UZ,VF)T enjoys the
following energy equality:

t t t
XN =l 12 +2 / (Ve F(US, Y2))ds + 2 / (U, dW) + / TrO.ds.

Then it is easy to check that

t q t q
i < cof e+ ez +| [z poz vl + | [wsann]). o)

On the one hand, note that

E sup ‘/ (VE, F(US, YE))ds|

ERE]
0<t<T

q T
<o [ varas) o ([ o s )
0 0
T T
<o ([ nxziras) s om ([ pas), (3.11)

On the other hand, in view of Burkholder-Davis-Gundy’s inequality, we have

T g T
! <CyTrQ\E (/ |]U§H2ds> < OLE (/ 12 [||39 ds). (3.12)
0 0

10
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Combining (3.11) and (3.12) with (3.10), we get

T
B s 17 1) < Catt+ Il + Cot ([ 1 I+ 121 )
0<t<T 0

Thus, it follows from Gronwall’s inequality that

T
B(sup X3 < i (14 eI+ [ Epvzlas)
which together with (3.9) yields

B sup [ 3 ) < Co(1+ I 137+,

0<t<T

In order to prove estimate (3.8), we deduce that

T q T . 9 q
B ([ ) <o ([ elia)
T t s
vee( [ e [ e v
0 0

T t s 2
+C,E (/ H5_1/2/ e = Adw?
0 0 1

For the first term, we have
T/e ©© d
/ Z/\ e 2y er) dt

q
—2X,. T
< G (Z(l —e e )(y,ek>2) < CollylI**.

k=1

Note that

. to 1 t—s 1/2 EESTED)
o e vl <t [ (5 oo
0

3

t/e e~ ;S
< C?/ 1—/2(18 < Cy,
0 S

which implies that

%(T, 8) g Cg.
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For the last term, by Minkowski’s inequality, Burkholder-Davis-Gundy’s inequality and
(2.3), we deduce that

29\ /4 q

) “

%(T,s)gog{/ ( H —1/2/ A
SC’Q{/ ( . Z)\ e~ P Qgek,ek>ds> )1/th}q

0 k=1
t/e 1/q q
< 09{/ (]E</ Z)\ em2Ms( Qgek,ek>ds> ) dt} < Cy.
0 0
Combining the above computations, we get the desired result. U

We also need the following estimate for AX;.

Lemma 3.3. Let T > 0, v = (u,v)T € H' and y € H. Then for any ¢ > 1 and
t € [0,T], we have

E [ AXFlllo < Crg(1+ |l IIT +llyl1),
where Crq > 0 is a constant.

Proof. By definition, we have

c (0 I\ (U Vi
axi= (3 0) () = (ate).
Thus, we deduce that

IAXENE < €, (1VE 1+ 1 AUZ|2,)
= C, (IVEI" + = A)FTg ).

It then follows from (3.7) that

t
E|(—A)SU7" <Cy(I(-A)iCual + 1S + CE| [ Siopz, vods|
0

= Z%<t7€)

For the first term, we have
%(te) <Culf i
To control the second term, by Minkowski’s inequality and Lemma 3.2, we get
t
(3 € 1 a
%(t.e) <Ca [ (L+BIUZT+ BV Yds)" < Calt + [l 1T+,
0
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Finally, by Burkholder-Davis-Gundy’s inequality, we obtain
%(t, 6) < Cg.
Combining the above estimates, we have
1 €
E[(=A)2UF[|* < Ca(X + [ll (I +[lyll*)-
Note that

t t
Vi = —(- A S+ Gt [ G Y as+ [ Coaw

0 0
In a similar way, we can prove that

EIVEN? < Cs(1 4 [l 1T +llll%)-
Combining the above, we get the desired result. U

The following estimates for the solution of the averaged equation (3.2) can be proved
in a similar way as Lemmas 3.2 and 3.3, hence we omit the details here.

Lemma 3.4. Let T > 0 and z € H'. The averaged equation (3.2) admits a unique mild
solution X; such that for all t > 0,

t t
X, =z + / eEHAF(X,)ds + / et=ABAWL. (3.13)
0 0

Moreover, for any q > 1 we have

sup E( sup |15 137) < Crg(1+ [l
€€(0,1) te[0,7
and

E | AI§ < Cro(1+ llll).

where Crq > 0 is a constant.

4. STRONG AND WEAK CONVERGENCE IN THE AVERAGING PRINCIPLE

4.1. Galerkin approximation. [t0’s formula will be used frequently below in the proof
of the main result. However, due to the persence of unbounded operators in the equation,
we can not apply Ito’s formula for SPDE (3.1) directly. For this reason, we use the
following Galerkin approximation scheme, which reduces the infinite dimensional setting
to a finite dimensional one. For every n € N, let H" = span{ey,es, -+ ,e,}. Denote the
projection of H onto H" by P,, and set

Faw) = ( pprie) ) Gl = RGT).).
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It is easy to check that F,, and G, satisfy the same conditions as F and G with bounds
which are uniform with respect to n. Consider the following finite dimensional system:

dX[° = AX[Sdt + F (X5, Y5 dt + P,dW}, (1)
dY;"® = e PAY St 4+ &G (X, YY) dE + e AP WY, '

with initial values X = 2™ € H"™ x H" and Y = y™ € H". The corresponding
averaged equation for system (5.1) is given by
AXT = AX"dt + Fo(X0)dt + PdW?, X2 =" € H" x H", (4.2)

where

Fulx) = [ Falz,y)u(dy), (4.3)
HTL
and pf(dy) is the invariant measure associated with the transition semigroup of the
process Y;""(y) which satisfies the frozen equation

dY;™" = AY""dt + Gy (", Y7 ") dt + PodW?, Y =y € H".

Recall that Y}*(y) satisfies (2. 4) and note that G(z,y) = G(u,y). We know that ¥;""(y")
converges strongly to Y,*(y) := Y*(y). Let T > 0,z € H' and y € H. Then as shown in
the proof of [17, Lemma 3.1], for any ¢ > 1 and t € [0,T], we have

Jim E | X7 - X771 = 0.
Furthermore, in view of (3.7), (3.13) and (3.3) we deduce that

t
BII X7 - %l < 5] [ 04 = pypaw|
1

(/ <|| A28, ((F(U,) — Fu(T)||, + || Cos(F(Xs) — F"(Us)H>ds)q
(/ (” _§St (Fo(Us) — Fn(Ug)>H1 + HCFS(F’”([L) — F"(Usn))”)ds)q

Since || F;, — F|| — 0 as n — oo (see e.g. [5, (4.4)]), the first two terms go to 0 as n — oo
by the dominated convergence theorem. For the last term, we have

B ([ (IA (R0~ B, + O B0 - O] )ds)

t q t q
<01E(/ ||US—U:||1ds) <01E(/ I, — X7 |||1ds) |
0 0

which in turn yields by Gronwall’s inequality that
lim E || X' — %4 = 0.
n—oo
14



Therefore, in order to prove Theorem 2.1, we only need to show that for any ¢ > 1,

sup E || X = X2l < Cre??, (4.4)
te(0,T
and for every ¢ € C3(H),
sup |E[p(X;")] — Elp(X7)]| < Cre, (4.5)
t€[0,T]

where C7 > 0 is a constant independent of n. In the rest of this section, we shall
only work with the approximating system (4.1), and prove bounds that are uniform with

respect to n. To simplify the notations, we omit the index n. In particular, the space
H" is denoted by H.

4.2. Proof of Theorem 2.1 (strong convergence). For simplicity, let
Lyp(x) = Li(z,y)e(x) : = (Az + F(z,y), Dap(2))y

1 1 1.,
5T (D2 (BQOH(BQD)), Ve CHM).  (46)
As shown in Subsection 4.1, to prove the strong convergence result (2.7), we only need
to prove (4.4). To this end, we first establish the following fluctuation estimate for an
integral functional of (X¢,Y?) over time interval [0, ¢], which will play an important role
in proving (4.4).

Lemma 4.1 (Strong fluctuation estimate). Let T,n > 0,z = (u,v)" € H! and y € H.
Assume that F € CP"(H x H,H') and G € C3"(H x H, H). Then for any t € [0,T],

q =1 and every d(z,y) = ) satisfying (3.6) with ¢ € C’f’”([—[ x H, H), we have

0

o(u,y))
t

EH‘ / e=AG(XE YE) dsm < Crge??,
0

where Crq > 0 is a constant independent of €,n and n.

Proof. Let 1) solve the Poisson equation,

£2(u7 y)m(ua y) = —(b(U, y),

and define
7 L (—s)AT _ (t-s)A 0
s, x,y) =e xT,y) =e .
Ue( ) Y(z,y) (¢(Ua y))
Since L, is an operator with respect to the y-variable, one can check that

52@/;7&(5 T,y) = —e(t_S)AQE(%y)' (4.7)
Applying Itd’s formula to ¢ (t, X£, Y¥), we get

t
Golt, XEYE) = G0(0, 2, ) + / (8. + L) (s, X5, YE)ds
0
15



1
Mt27 (48)

1 t
- L X Yo)d ]\/[1
+5/0 ths S S)S+ \/E

where M} and M7 are defined by
t t
= / Diby(s, X5, YE)BAW]!  and M7 .= / Dby (s, X, YE)AW?2,
0 0
Multiplying both sides of (4.8) by ¢ and using (4.7), we obtain
t t
| e vaas = - [ Ladi(s x5 vDds
0 0
t
= <[00 .9) ~ it X YP)] = [ 0o, X5 VDS
0

5/0 L1(s, X2, YEYds + e M} + eEM? = Z/ (t,e). (4.9)

According to Theorem 3.1 , we have that ¢ € CE’Z(H x H, H) and hence

e, y) H'l—W( G 25?(5%)“ y))

= [(=A) 28t (w, )l + |Ce— s, )|
<2 (u, )| < Cr(X+ Jlull + [ly)-
As a result, by Lemma 3.2 we get

Efl Al < Cre’(T+EIUF|" + E[Y7]Y) < Cret.

‘ 1

Note that N ~
Outin(s, 2, y) = =A™ M(x, y),

A4, y)|h = H] (_(_%iﬁfi’ifu,w)

= Costo(u, ) |1 + || = (—A)ZS,— s (u, y) |
<2/ (u, )l < Col + [[ull? + [ly]13),

where the last inequality can be obtained as in [13, (2.16)]. Thus, using Minkowski’s
inequality and Lemma 3.2 again, we have

and that

1

T T
q
E || /z(t,e)l\lkczeq(/ (1 +E|\U€\12q)”th) +C25‘1E</ HYj]ﬁds) < Chet.
0 0
For the third term, we have
[Lathn (s, X5, V) < Cs (14 IAXS G+ I X3 1 +IYIP),
16



which together with Minkowski’s inequality, Lemmas 3.2 and 3.3 yields that

q

t 1/q
Bl At o) < Caer(( [ (B0 IAXE I + 110X I +17212)7) " as)" < Cae

Finally, by Burkholder-Davis-Gundy’s inequality, Theorem 3.1, Lemma 3.2 and (2.3),
we have

4 —S € € 3 2 q/2
Bl At < Caet([ Bt 4D, 05 Y BQE |, g )

q/2

T
<t ([ QHEIXE IR 4BV PG) <t
0
and similarly,
Ell Zs(t.e)llf < Cse?.
Combining the above inequalities with (4.9), we get the desired estimate. U
We are now in the position to give:

Proof of estimate (4.4). Fix T > 0 below. In view of (3.7) and (3.13), for every ¢t € [0, 7]
we have

R

X;—Xi = /0 -4 [F(X5) — F(X,)]ds + /0 - HASF (XL, YE)ds,
where 0.F is defined by
6F (2,y) :== F(x,y) — F(x) = <5F(H10(x),y)) : (4.10)
Thus, we have for any ¢ > 1,

_ t _ _ q
B 147 - Xt < CoE[| [ e 7 0xs) - f(Xsﬂds}

‘ 1

=: fl(t, 5) + fg(t,€).

R}

+COIEH’/ (=) A5 F(x2, YE)ds||”
1
Since F € CE(H,H'), by Minkowski’s inequality we deduce that

t _ o q t _
A9 < GE( | 17X - FX) lhds) <& [ B X2 - %, 1t as.

For the second term, noting that .F (x, y) satisfies the centering condition (3.6), it follows
by Lemma 4.1 directly that

fz(t, E) < Cg Eq/Q.
17



Thus, we arrive at
t
B X; - Xl < Goer+0y [ I - Xt as,
0

which together with Gronwall’s inequality yields the desired result. U

4.3. Proof of Theorem 2.1 (weak convergence). As in the previous subsection, to
prove the weak convergence result in Theorem 2.1 , we only need to show (4.5). The
main reason for the difference between the strong and weak convergence rates in the
averaging principle can be seen through the following estimate.

Lemma 4.2 (Weak fluctuation estimate). Let T,n > 0,z = (u,v)’ € H' and y € H.
Assume that F € CP"(H x H,H') and G € C3"(H x H, H). Then for any t € [0,T],
¢ € C¥([0,T) x H x H) satisfying (3.6) and

00 (t, 2, y)| < Co(1 + [l [IIF +lyll), (4.11)

(/gbst,Yf > Cre,

where Cr > 0 is a constant independent of £,m and n.

we have

Proof. Let 1 solve the Poisson equation

£2¢(taxay) = _gb(tvx?y)) (412)

where £, is given by (3.4). According to Theorem 3.1, we can apply It6’s formula to
w(t, X7, YF) to get that

E[o(t, X5, Y)] = (0, ,y) + E ( / (00 + L2)(s, X5, YE)ds )

t
+ 1]Ei (/ Loth(s, X2, VE)ds )

Combining this with (4.12), we obtain

o ([oom)

=eE[¢(0,z,y) — ¥(t, X;,Yy)] +€E (/0 Li12(s, XE,YE)ds )

t
+€E(/8swsz,Yj ) ZWts
0

By using exactly the same arguments as in the proof of Lemma 4.1, we can get that

Wit e)+ #a(t,e) < Che.
18



To control the third term, note that
£2atw(t7 xz, y) = _at(b(t? xz, y)
In view of condition (4.11), we have
0t 2, y)] < Co(L+ [l IE +wl*),
which together with Lemma 3.2 implies that

t
Wit ) < Cy<E ( JRCERIEATE +||Y:H2>ds) <Cye.
0

Combining the above estimates, we get the desired result. U

Given T > 0, consider the following Cauchy problem on [0, 7] x H:

oyu(t,r) = Liu(t,x), te (0,7,
{ #(0,2) = o(x), (413

where ¢ : H — R is measurable and £ is formally the infinitesimal generator of the
process X; given by

Lip(x) = (Av + F(x), Drp())y,

]. 1 1
+ 5T (D2e(@)(BQUA(BQD)) . Ve CHM).  (414)
The following result has been proven in [21, Lemmas A.3-A.5 and 4.3].

Lemma 4.3. For every ¢ € C}(H), there exists a solution @ € C,°([0,T] x H) to
equation (4.13) which is given by

u(t,z) = E[p(X(2))].
Moreover, for any t € [0,T] and x,h € H', we have
|0 Dyu(t, x).h| < Cr [ 2 [l (1 + [[ll[+),
where Cr > 0 is a constant.
Now, we are in the position to give:

Proof of estimate (4.5). Given T > 0 and ¢ € C}(H), let u solve the Cauchy problem
(4.13). For any ¢ € [0,7] and = € H*, define

u(t,x) = a(T —t,x).
Then one can check that
a(T,x) = u(0,2) = ¢(x) and @(0,z) = u(T,x) = E[p(Xr(z))].
Using It0’s formula and taking expectation, we deduce that

E[p(X7)] — Elp(X7)] = E[ﬂ(T,{;@) — (0, z)]



T
=E (/ (0 + L) a(t Xs)dt)
T
_E ( / a(t, X?) ﬁla(t,Xf)]dt>
0
T
Eﬂ( (GF(XE,YE), Dxﬂ(t,Xf)Mdt).
0

Note that the function
¢(ta xz, y) = <5F(I’, y)v Dxa(tv x))?—[
satisfies the centering condition (3.6). Moreover, by Lemma 4.3 we have
Qe (t, w,y) = (0 F (2,y), 0 Doa(T — t,2))5, < Co(L+ [l [IIF +y[*)-
As a result of Lemma 4.2, we have
E[p(X7)] — Elp(Xr)] < Cie,

which completes the proof.

5. NORMAL DEVIATIONS

5.1. Cauchy problem. Define

In view of (3.1) and (3.2), we consider the process (X, Y, X;, Zf) as the solution to the

following system of equations:

dXF = AXDdt + F(XE,Y¥)dt + BAW}, X¢ =,
AYF = e PAYEdt + e G(XE, YiE)dt + e V2AW P, YE =y,
dXt = AXtdt ‘l‘ ﬁ(Xt)dt + Bthl, XQ =,

dZe = AZ:dt + e YV2[F(XP) — F(X,)|dt + e V26 F(XE, Yo)dt,  Z5 =0,
where 0.F is defined by (4.10). As a result of Theorem 2.1, we have that for any g >

sup B || Z7[|[f < Cr < oo

o<t<T

Furthermore, note that




hence we have

_ VE—V2 AU =T 2 \“*
Bl Azl =& (| Y2+ | 2GR
e v
Ve — V|2 c— U2\
—E (|| H (U — ) < Or < . (5.3)
Ve ve I
Similarly, we rewrite (2.11) as
where Z;, = (Z, Zt)T, and ¥ is a Hilbert-Schmidt operator satisfying
1 . - . )
3 (@)X () = 6F ® ¥(z) ¢=/ [0F (z,y) @ ¥(z,y)] u"(dy), (5.5)
H
(seee.g. [10, (1.6)] and [38, (11)]), and W is the solution of the following Poisson equation:
La(x, >®< y) = —0F(x,y). (5:6)
Recall that Lo(z,y) = Lo(u,y) and ¥(u, y) solves the Poisson equation (2.9). Thus, we

have W(z,y) = U(I;(x),y) = ¥(u,y). Combining (3.2) and (5.4), the process (X;, Z;)
solves the system

dX; = AX,dt + F(X,)dt + dW, Xy =1z,

dZt = AZ_tdt + Dxﬁ<Xt)Z_tdt + Z(Xt)th, ZO == 0
Note that the processes X, and Z, depend on the initial value z. Below, we shall write
X;(z) when we want to stress its dependence on the initial value, and use Z;(z, z) to

denote the process Z; with initial point Zy, = z € H.
Given T' > 0, consider the following Cauchy problem on [0,7] x H x H:

Oyu(t,w, z) = Lu(t,x,z), te€ (0,7,
E(O’ Z, Z) = QD(Z),

where ¢ : H — R is measurable and L is formally the infinitesimal generator of the
Markov process (X, Z;), i.e

(5.7)

E = 21 -+ Zg,
with £; given by (4.14) and L3 defined by

Ls3p(2) := L3(x,2)p(2) = (Az + D, F(x).2, D.o(2))y

+ ;Tr(Dng( )2(2)E*(z)), Ve € CHH).

We have the following result.
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Lemma 5.1. For every ¢ € C}(H), there exists a solution @ € Cp>*([0,T] x H x H) to
equation (5.7) which is given by

u(t,z,z) = Elp(Z(z, 2))]. (5.8)
Moreover, for any t € [0,T] and x,z,h € H', we have
0D, u(t, x, z).h| + |0, Dyu(t, z, 2).h|
< Co(L+ Ml I+ 1l 2 I+ I Az fllo + I Az fllo ) (I Al + I ARl ), (5.9)
where Cy > 0 is a positive constant.

Proof. By using the same arguments as in [6, Section 7], we can prove that equation
(5.7) admits a solution @ € Cp**([0,T] x H x H) which is given by (5.8), see also [8,
Section 4]. Moreover, for x,z,h € H!,

oD u(t,z,2).h = D,0yu(t,x,z).h = D,(Ly + L3)u(t, z, 2).h, (5.10)
On the one hand, we have

D.Liu(t,z,2).h

_ s
= D.D,u(t,z,z).(Ax + F(x),h) + 3 Z BinD.D%u(t, z,2).(Be,, Bey,, h),

n=1

which together with @ € Cp**([0,T] x H x H) yields that
|D:Lyu(t, z,2).h| < Co(1+ [[|Az llo + [l 2 ll[) Il Al - (5.11)
On the other hand, we have
D.Lsi(t, z, 2).h
= (Ah, D,u(t, x, z))y + (D F(x).h, D ai(t, z, 2)))y

+ D?u(t, z,2).(Az + D, F(x ZD3 t,x, 2).(B(x)en, X(x)e,, h).

Thus,
|D-Lyu(t, z, 2).h| < Co(1+ [ Az fllo + (Il 2 [l + Il 2lF) (A [l + T ARllo)- - (5.12)
Combining (5.10), (5.11) and (5.12), we arrive at
[0:D(t, @, 2).h] < C(L+ [l I+ Il = Ml + 11 Az lllo + lIFAz [llo)CI 2 il + (1 AR [llo)-
Similarly, we have
O Dyu(t,x, z).h = DYu(t, z, 2).(Az + F(x), h) + (Ah + D, F(x).h, D u(t, x, 2)),
2

+ (D2F(x).(2,h), D ii(t, x, 2)))y, + Do D,ui(t, x,2).(Az + D, F(z).2, h)
22



1 o0
T3 ; BrnDiu(t, z, z).(Bey, Bey, h)
1 o0
-+ 5 ; Dngﬁ(t, x, Z).(E(:C)en, Z(x)em h)

+Y " D2a(t, x, 2).(Dy(2(2))en, B(x)en, h).

By the same argument as above, we can obtain

0Dyt @, 2).h < Ca(L+ [l IF + 1 2 1+ Az fllo + I Az llo )N 2 N+ [ AR llo).
which completes the proof. 0
5.2. Proof of Theorem 2.3. As before, we reduce the infinite dimensional problem to

a finite dimensional one by the Galerkin approximation. Recall that X;° and X are

defined by (4.1) and (4.2), respectively. Define
X=X
Zn,a — t t )

t Ve

Then we have
A2 = AZPdt + V2 [F (X]F) — Fu(XP)]dt + e V20 F, (X[, Y0 dt,
where F, is given by (4.3), and 0F,(z,y) = Fu(z,y) — Fu(x). Let Z! satisfy the
following linear equation:
dZ" = AZ}dt + D, F,(X]").Z!dt + P,X(X])dW;,

where W, is a cylindrical Wiener process in H, and 3(z) is defined by (5.5). As in [36,
Lemma 5.4], one can check that

lim B( [} 27 — 2 Iy + Il 2 — 27 |l ) =0. (5.13)

n—o0

For any T > 0 and ¢ € C}(H), we have for ¢ € [0, 7],
IEle(25)] - Elp(2)]] < [Elp(2])] - Elp(27)]
+ [Elp(27)] — Elp(Z0)]] + [Elp(Z0)] — Elp(Z)]] . (514
According to (5.13), the first and the last terms on the right-hand of (5.14) converge to

0 as n — oo . Therefore, in order to prove Theorem 2.3, we only need to show that

n —n 1
sup |E[p(2;)] - Elp(2))]| < Crez, (5.15)
t€[0,T]
where Cr > 0 is a constant independent of n. We shall only work with the approxi-
mating system in the following subsection, and proceed to prove bounds that are uniform

with respect to n. To simplify the notations, we shall omit the index n as before.
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Define
Lyp(2) = Ly(x,y,7,2)p(2) == (Az, D.p(2))

" %m@ ~F(@), Dapl(2))y + %«mx, W), Dap(2))y, Vo € CHH).  (5.16)

Given a function ¢ € C,*"*([0,T] x H x H x H) satisfying the centering condition:

/Hgb(t,x,y, 2)p(dy) =0, Vt>0,z,2€ H, (5.17)
let ¢(t, z,y, z) solve the following Poisson equation
Lo(z,y)v(t z,y,2) = —(t,2,y, 2), (5.18)
where t, x, z are regarded as parameters. Define
OF -Vo(t,m,2) = /H V.t x,y, 2).0F (x,y)u* (dy). (5.19)

We first establish the following weak fluctuation estimates for an appropriate integral
functional of (X¢, Y7, Z2) over the time interval [0,¢], which will play an important role

S s 7

in the proof of (5.15).

Lemma 5.2 (Weak fluctuation estimates). Let T,n > 0, v € H' and y € H. Assume
that F € Co"(H x H,/HY) and G € C3"(H x H,H). Then for any t € [0,T], ¢ €
Cp¥"2([0,T) x H x H x H) satisfying (5.17) and
[0:(t, 2.y, 2)| < Co(L+ 2 [IF + Il 2l
+ [llAz [llo + I Az [llo) (1 + lllz Il +llyll). (5.20)

we have

t
E (/ qs(s,xg,}f,z;)ds) < Crez, (5.21)
0

and
t t
E (%/ ¢(57X§,Y';,Z§)d8) —E (/ OF - Vzw(S,Xg,Zj)dS> < Cr 5%’ (5.22)
0

0
where Cr > 0 is a constant independent of e,n and n.

Proof. The proof will be divided into two steps.

Step 1. We first prove estimate (5.21). Applying It6’s formula to ¢ (¢, X7, YS, Z5F) and
taking expectation, we have

t
E[b(t, X7, Y7, Z5)] = (0, 2, ,0) + E ( [@+eas cg>w<s,xz,mzs>ds)
0
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+2E (/ Lo, X2, V2, 22)ds )

where £, and L; are defined by (4.6) and (5.16), respectively. Combining this with
(5.18), we obtain

</ o(s Xj,Yf,ZE)ds) = dEW(O,x,y,O) — w(t,Xf,Yf,Zf)]
+¢E (/ O (s, X, Y2, 25)ds ) 4R (/ Lab(s, XE,YE, Z5)ds )
0 0

t 4
+ ¢k (/ Lstp(s, X5, YE Z5)d > =Y 2(te) (5.23)
0 =1

By Theorem 3.1 and Lemma 3.2, we have
21(t,¢) < CueB (1 + IX7 [l +HY7) < Cue.

For the second term, by using Theorem 3.1, condition (5.20), Lemma 3.2, (5.2) and (5.3),
we get

t
Do(t,e) < Cz/o E(L+ [IAXS G+ I AZZ G+ 11 XE 5+ + YIP + 1122 117 )ds

< 025.

To treat the third term, since for each t € [0,T], ¢(t,-,-,-) € C’?’"’Q(H x H x H), by
Theorem 3.1, we have 9(t,-,-,-) € CEQ’?’Q(H x H x H), hence

|£1w(t7X§7Y;‘,EJZ7§:)| < |<AXt€ +‘F(vayf)vD$¢<t7X57Y;€7Zf)>H|
1 3 $y* € € €
+5Tr((BQ7)(BET) WDZ(t, X5, Y7, Z0) || 2uxmy

< Ca(1+ [IAXE G+ Il X 1T +IYEL®).-
As a result of Lemmas 3.2 and 3.3, we deduce that

t
9,(t,€) < s <E ( | (a1 +||Y;||2)ds) <Gy

For the last term, we have

y(t,e) =cE (/Ot (AZZ, D(s, X2, YS, Z7)),,ds >
Va0~ PR Do, X277 200t
+ VEE ( / (SF (X2, V), Datb(s, X3, Y, Z5)) s ) -
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It follows from (5.3) and Lemma 3.2 again that

t
2u(t, ) < Cuv/ZE ( [ Az g+ g +||Y;||2>ds) NG
0

Combining the above inequalities with (5.23), we get the desired result.

Step 2. We proceed to prove estimate (5.22). By following exactly the same arguments
as in the proof of Step 1, we get that

E (% /ths (s, X5, YE, 25)d ) Cov/e + VEE (/ La(s, XE,YE, 25)ds )

For the last term, by definition (5.16) we have
NG: ( / La(s, X2 Y7, 22)ds )
= Ve ([ 4z Dt 22 2
0
+E ([ (PO~ FO0). Dbl X2 Y2 20 )

t 3
+E (/ (0F(XE,Y5), D(s, XE,YE, 2Z9)) ) DI
0 _

=1

Using Lemma 3.2 and (5.3), we get

t
Z(t.2) < OV ( [ Azz o @+ 11 1 +|w;f||>ds) < OE
0

According to Holder’s inequality, Lemma 3.2 and Theorem 2.1, we have

124

t
€ \ 1/2 € £
t.e) < Co [ (B =K lIE) (1 + BILXSIIE +BIYSIP) ds < Co v,

Thus, we deduce that

(\[/mxg,y;,zs ) </ SF -V.(s, X5, 25)d )
\03\/_+E</ ((6F(XE,YE), Daa(s, X2, Y2, Z5))y —5f-vz¢<s,X§,Z§))ds>,
0

where 0F - V1) is defined by (5.19). Note that the function

qg(t,x,y, z) = (0F (z,y), D(t, x,y,2)), — OF - V,1(t, x, 2)
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satisfies the centering condition (5.17) and condition (5.20). Thus, using (5.21) directly,
we obtain

([ 6ROV Dbl X2, Y2 20— F Vbl X1, 20)ds ) < O
which co(;npletes the proof. O
Now, we are in the position to give:
Proof of estimate (5.15). Fix T > 0. For any t € [0, 7] and =,z € H', let
u(t,x,z) =u(T —t,z,2).
It is easy to check that
w(0,2,0) = u(T,x,0) = E[p(Zr)] and (T, z,z2) = u(0,z,2) = p(2).
Applying 1t6’s formula, by (5.7) we have
Elp(27)] — Elp(2r)] = E[a(T, X1, 27) — (0, z,0)]

T
=K </ (0 + L1+ Ls)alt, X;, Zf)dt)
0

E (/OT(,cl _ Lyl Xe, zgw) +E (/OT(zg _ Ly)alt, Xe, Zf)dt)
_E ( CF(XE V) — FOX), Dt X, Zf>>>Hdt)
E

( /0 ' <Jf (XP) - F(X) Dz]-"(Xf).Zf,Dza(t,Xf,Zf))>%dt)

+ e (2 [ 106 ve) - RO, Daate X7,z

E (/OT T?“(D,fﬁ(tXf,ZE)E(XE)E(Xf)*)dt) } = if/%(T, e).

For the first term, recall that ¥ solves the Poisson equation (5.6) and define
U(t,x,y, 2) = (U(z,y), Dyt x, 2))y.

Since L, is an operator with respect to the y-variable, one can check that i solves the
following Poisson equation:

£2($, y)¢(t7 z,Y, Z) = —<5I($, y)7 Dacﬂ'(ta z, Z)>H = _¢(t7 z,y, Z)
It is obvious that ¢ satisfies the centering condition (5.17). Furthermore, by (5.9) we get

0,0(t, z,y, 2)| = [(0F (z,y), 0, D, u(T — t,z, 2))4,|
27



< Co(L A+l I+ 12 Ml + 1Az fllo + I Az Hllo) (Il 67 (2, ) [l + I ASF (2, ) llo )
<Gl I+ 12 M+ 1Az flo + 1Az o) (1 + [l (Il +lyl)-
Thus, it follows from (5.21) directly that
M(T,e) < Crv/e.

To control the second term, by the mean value theorem, Holder’s inequality, Lemma 5.1,
Theorem 2.1 and (5.2) we deduce that for ¢ € (0,1),

No(Te) <E ( /0 ' [([DF(XF +0(X] = Xo)) — Do F(X7)]. 25, Daat, X7, 27)), | dt)

T
e o 1/2 . 1/2
< 02/0 (B XF = X[ ) (B 27017 ) " dt < Cov/e
For the last term, define
it x,y, 2) = (U(x,y), D.alt, 2, 2)),.

Then 1& solves the Poisson equation
ﬁg(x,y)ﬂ(t,x,y,z) = —(0F(z,y), D,u(t,z, z))y =: —(%(t,x,y,z).

By exactly the same arguments as above, we have that g% satisfies the centering condition
(5.17) and condition (5.20). Furthermore, by the definition of ¥ in (5.5), we have

§F -Vt x, 2) = /HDZ@/AJ(t,m,y,Z).(S]:(x,y);ﬁ(dy)

_ / D2i(t, 2, 2) (¥ (2, ), 6 F (2, 1)) (dy) = %TT(D?ﬁ(t,x, )5(2) 5 (2)).
H
Thus, it follows by (5.22) directly that
%(Tv 5) < C’3 \/E

Combining the above computations, we get the desired result. O
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