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Abstract

One studies here, via the La Salle invariance principle for nonlinear
semigroups in Banach spaces, the properties of the w-limit set w(ug)
corresponding to the orbit vy(ug) = {u(t,up); t > 0}, where u =
u(t, up) is the solution to the nonlinear Fokker—Planck equation

ug — AB(u) 4 div(Db(u)u) = 0 in (0,00) x R?,
u(0,2) = up(z), =z €RY wye LY(RY), d>3.

Here, 3 € CY(R) and B'(r) > 0, Vr # 0. Moreover, 3 is a sublinear
function, possibly degenerate in the origin, b € C*(R), b bounded,
b > by € (0,00), D is bounded such that D = —V®, where ® € C(R?)
is such that ® > 1, ®(z) — oo as |z| — oo and satisfies a condition
of the form A® — a|V®|? < 0, a.e. on R% The main conclusion is
that the equation has an equilibrium state and the set w(ug) is a non-
empty, compact subset of L'(R?) while, for each ¢t > 0, the operator
ug — u(t,up) is an isometry on w(ug). In the nondegenerate case
0 <7 < B <~ studied in [2], it follows that tlggo S(t)up = uxo in

L'(R?%), where us is the unique bounded stationary solution to the
equation.
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1 Introduction
Consider here the nonlinear Fokker—Planck equation (NFPE)

u; — AB(u) + div(Db(u)u) = 0 in (0,00) x R,

uw(0,2) = up(z), = € R d>3, ug € L'(R?), (1.1)
under the following assumptions on 3: R — R and D : R? — R?
(i) B € CYR), B(r) >0, Vr € R\ {0}, B(0) = 0, and
o min{|el” ]} < 18] < ool Vr € B, (12)

for,ul,,ug>0andy>d%1, d> 3.

(i) D € L®RERYNWLEHRE RY), div D € (LY(R?)+L®(RY))N(L*(RY) +
L®(R%) and D = —V®, where & € C(R?) N W,.!(R?), satisfies the
conditions

d(xr) > 1, Ve e R lim ®(x) = +oo,
|z|—o0 (1‘3>
o™ e LYR?) for some m > 2,

paAD(z) — by|VO(x)|? <0, ae. x € R\ {0}. (1.4)
(iii) b € CY(R), b bounded, b(r) > by > 0 for all r € [0, 00).

We note that (1.4) implies that (div D)~ € L®(R?). It should also be noted
that assumption (i) does not preclude the degeneracy of the nonlinear dif-
fusion function § in the origin. For instance, any continuous, increasing
function #: R — R of the form

pah(r) for |r| > 7o,

|97t for |r| < 7o,

where ro > 0, uy,p2 > 0, |h(r)] < Llr|, Vr € R, L > 0, satisfies (1.2) for a
suitable ;. As regards Hypothesis (ii), an example of such a function ® is

z|? log |x| + for |z| < § = exp (—L2) |
q)(x):{H glz[+p 7| < xp (—52) (15)

p(lal) +nlel +p - for fx] >0,



where the constants p,n > 0 are sufficiently large, and ¢ : [§,00) — R is
given by
" d
90(7"):521053;5—775—/ y p i — , Vr>o.
3 (i ()77 1))

(See [2], Appendix.)

Such an equation arises in statistical physics (see, e.g., [8], [9], [11], [14])
and is relevant in nonequilibrium statistical mechanics where it describes
the dynamics of particle densities p = p(¢, ) in disordered media subject to
anomalous diffusion (see, e.g., [8], [9], [11], [14]). The condition D = —V®
in Hypothesis (ii) means that the force field D = D(z) is conservative and
this property is related to the reversibility of stationary states (see [13]).
The classical Einstein and Smoluchowski equations u; — Au + div(Du) = 0
are associated with the Boltzmann-Gibbs distributions, while NFPE (1.1)
corresponds to a generalized entropy (for instance, the Tsallis entropy in the
case where 3(r) = ar?). This equation can be derived also from the standard
master equation associated with the particle transport model [9]. Tt should
be emphasized that in all physical models governed by NFPE (1.1), u(¢, x)
is either the density of particles at time ¢ or a probability density associated
with the corresponding McKean-Vlasov equation

L (Blult, X))
X(0) = X,.

More exactly, if u : [0,00) — L!'(R?) is a distributional solution to (1.1),
which is weakly ¢-continuous, then there is a weak solution X to (1.6) on
some probability space (2, F,P, F;) such that u(t,x)dx = Po (X (¢))~!(dz),
ug(z)dz =P o (Xo) ! (dx). (See [3], [4].) In this sense, all our results in this
paper have a probabilistic interpretation and, in particular, we thus prove
(see Theorem 3.2) the existence of an invariant measure for (1.6) for the class
of degenerate cases, where (3 is as in Hypothesis (i).

An efficient functional way to treat NFPE (1.1) in L'(R%), which is the
natural state space for the well-posedness of this equation, is to represent it
as an infinite dimensional Cauchy problem in L'(R?).

In fact, it was shown in [3] (see, Lemmas 3.1, 3.2 therein) that the operator

Ay : D(Ap) C L' — L' defined by



Aou = —AB(u) + div(Db(u)u), Vu € D(Ay),

1.7
D(4y) = {uwelL'; —AB(u) + div(Db(u)u) € L'}, (L.7)
satisfies
R(I + A\o) = L', YA > 0, (1.8)
and, for each A > 0, there is Jy : L' — D(Ay) such that
Ja(u) € (I +NAg)"Hu}, Vu € L(RY), (1.9)
| In(u) — Jn(v)]1 < u—wvl|y, Yu,v € L', A >0, (1.10)
where L' = L'(R?) with its norm denoted by |-|;. We also set L} . = L{ .(R?)
and
P = {u €L / uw(z)dr =1, u >0, a.e. on Rd} :
R4
Then the operator A: D(A) C L' — L', defined by
Au = Apu, Yu € D(A),
) ow, Vu € D(A) (1.11)

D(A) = Ji\(LY),

is m-accretive in L' (that is, satisfies (1.8)—(1.10)), (I +AA)~! = J,, and one
has also

(I+XA)0=0, [+ NA)'PCP, VA>0, (1.12)
(I+XA)"HL'NL>®) Cc L' N L™, YXe(0,)\), (1.13)

for some A\g > 0.

We denote by C' = D(A) the closure of D(A) in L'. We note that, by
[3, Theorem 2.2], if 8 € C?(R), then C' = L'. Then (see, e.g, [1], p. 139),
by the Crandall & Liggett generation theorem for each ug € C, the Cauchy
problem

du

— 4+ Au=0, t>0

g tAe=0 =0 (1.14)
u(0) = uyp,

has a unique mild solution u € C([0,00); L') and S(t)ug = u(t), t >0, is a
semigroup of nonlinear contractions in L. In addition (see [3, Theorem 2.2]),
it leaves P N C' invariant for all ¢ > 0, that is,
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|S(t)up — S(t)volr < |uo — vol1, Yug,vo € C, t >0, (
SHccc, SHPNC)cPnC, Yt>0, (1.16

SH(CNL®)Cc L®NLY, Vt>0, (

S(t+s)=S5(t)S(s), Vt,s>0. (

S(t) is called the contraction semigroup in L' generated by A on C'.
We have

n—o0

t —n
S(t)ug = lim <1 + - A) up in L', Yug € C, (1.19)
n

uniformly in ¢ on compact intervals. This means that, for each h > 0 and
0<T < o0,
S(t)ug = lim uy,(t) in L' uniformly on [0, 77,

h—0

where
up(t) = u™, t € [ih, (i +1)h), i=0,1,..,N -1, N = [I],

: . ) 1.20
u§l+1+hAu§:r1 =up, 1=0,1,...,N =1 ( )

We shall call S : [0, 00) — Lip,(C) (= the space of all Lipschitz mappings on
C' with Lipschitz constant less than 1) the nonlinear semigroup (semiflow)
corresponding to NFPE (1.1), (the nonlinear Fokker—Planck semiflow) and
u(t) = S(t)ug, t > 0, the generalized (or mild) solution to NFPE (1.1).
We note that this generalized solution w is also a Schwartz distributional
solution to (1.1) on [0, 00) x R%, but the uniqueness in the class of Schwartz
distributional solutions requires some more regularity on 3 (see [5]).

As a matter of fact, since the solution Jy(f) of (1.9) in general might not
be unique, it should be emphasized that equation (1.14) with A of the form
(1.11) is only one realization of a solution to the Fokker—Planck equation
(1.1) as a Cauchy problem in the space L', which depends on the choice of
the resolvent {J\}r=0. More precisely, Jy for A > 0 is constructed as a limit
of an approximation J§ as ¢ — 0, and in general it depends on the choice of
this approximation. In Section 2 below we shall explain which approximation
we choose in this paper.

Now, assume that ug is a probability density. Equation (1.1) describes
the evolution of an open system far from equilibrium and the transition of
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a state u(t) to an equilibrium state, that is, the convergence of the solution
u(t) for t — oo to a stationary probability density u., is our objective here.
To analyze this problem with the orbit v(ug) = {S(t)ug, t > 0} of S(t)uy,
where ug € C', we associate the w-limit set

w(ug) = {ue =1limS(t,)up in L' for some {t,} — oo}

_ m US(t)uo. (1.21)

s>0 t>s

The properties and structure of the set w(ug) C C are important for the long
time dynamics of the semiflow S(t), t > 0, and play a central role in the
theory of general dynamical systems in finite or infinite dimension (see, e.g.,
6], [7], [10], [12]). In particular, if w(ug) # () and consists of one element e,
only, this means that

lim S(t)ug = e in L.
t—o00

In [2], it was proved that under additional assumptions on 3 and, more
exactly, if (3 is not degenerate in the origin, that is,

0<% <pB(r)<m, VrekR, (1.22)

(which again implies that C' = L!), then, for each uy € P, such that
ug In(ug) € LY(RY), [Juol| :/ uo(x)®(x)dr < oo, (1.23)
Rd

one has w(ug) = {uw}, where uy is an equilibrium solution to (1.1), and is
the unique solution in (L* N L*°)(R?) to the stationary equation

—AB(u) 4+ div(Db(u)u) = 0 in D'(RY). (1.24)

Moreover, Uy, is an equilibrium solution, that is, it minimizes the free energy
of the system. (See Remark 3.5 below.)

This result, which links the initial nonequilibrium state ug with the final
equilibrium state u.,, can be viewed as an H-theorem type for NFPE (1.1). It
also has some deep implications for the McKean—Vlasov stochastic differential
equation (1.6) associated with NFPE (1.1).

The situation is different in the degenerate case considered here, that is,
where condition (1.22) is weakened to (i). As seen below (see Theorem 3.1),
in this case w(ug) is a nonempty, compact subset of L' and, for every fix
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point of S(t), t > 0, it is contained in some sphere centered at this fix point.
This means that there is a compact set w(ug) of probability densities which
attracts the trajectory which starts from a nonequilibrium state wug. This
behaviour is specific to open systems far from thermodynamic equilibrium
([8], [9]). It should be mentioned that Hypothesis (ii) part (1.3) excludes the
special case of the porous media equation

uy — AB(u) =0, t>0, 2R

Notations. We denote by LP, 1 < p < oo, the space of Lebesgue p-integrable
functions on R? and by LI _ the space LV (R?). The norm in L? is denoted
by | - |, and the scalar product in L? is denoted by (-,-),. Let C*(R"),
k = 1,2, ¢ > 1, denote the space of k-differentiable functions on R% and
Cy(R?) the space of continuous and bounded functions on R?. Let W"?(R?),
kE=1,1<p < oo, denote the classical Sobolev spaces on R? and A, V, div
the standard differential operators on R? taken in the sense of Schwartz
distributions, i.e. on D'(R?). We set H* = W*2(R?) and denote by H~* the
dual space of H*. The norm of R? will be denoted by | - |. We shall also use
the notation

lul| = /qu>(x)yu(a;)|dx, Vue L (1.25)

and denote by M the subspace of L! with the norm (1.25) finite. For each

n > 0, we set
M, = {u € M; Jull < n}. (1.26)

We also set
My ={ueM; u>0, ae. in R}, (1.27)

Furthermore, P denotes the set of all probability densities on R,

2 Construction of a solution semigroup
to (1.1) with stationary point

Though, as explained in the introduction, the existence of a solution semi-
group to (1.1) follows from [3, Theorem 2.2], in this section we shall present
a construction of a solution semigroup S(t), t > 0, for which we can prove
that it has a stationary point, i.e., there exists a € L' such that S(t)a = a,
Vt > 0. So, let us fix M € [1,00], € € (0, 1] and assume that Hypotheses (i),
(i), (iii) hold. Consider the following approximating operator on L'
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(Ap)et = —APB pr(u) 4+ div(Db(u)u), (2.1)
D((Ag)es) ={u € L'y —AB. y(u)+div(Db(u)u) € L'},

where
B(r) +er, if |r| < M,
Bem(r) =< BM)+ [ (M)(r—M)+er, if r> M, (2.3)
B(—=M)+ 5 (M)(r+ M) +er, ifr<-—-M,
so that

Be = Peoo =B +el. (2.4)

Then, by [3, Lemmas 3.1 and 3.2] for every A > 0 there is a right inverse
Ji’M : L' = D((Ao)er) of the operator T+ A(Ag)ear : D((Ag)enr) — LY iee.

R(I + AM(Ao)eps) = L' and (I + A(Ao)epn) I3 =1

such that A, := (AO)&MTJ?M(D) is m-accretive on L' and JY(L') is

independent of A > 0 and Jy™ (L' N L>) ¢ L' N L. Applying the Crandall
& Liggett generation theorem (see above) to the operator A, 5, we obtain the
corresponding mild solution given by a nonlinear semigroup S. p(t), t > 0,
on L' (see [3, Theorem 2.2] and note that D(A. ) := Jy™ (L) is dense in
L', since € > 0).
Furthermore, by Theorem 2.1 in [5], if ug € L' N L>, then S. 5 (t)uo,
€ [0,7], is the unique narrowly continuous (in ¢ > 0) weak solution in
(L' N L>®)((0,T) x R?) of (1.1). s, where (1.1). s denotes the NFPE (1.1)
with A,y replacing A. In addition, for M < oo, by Theorem 6.1 in [2] there
exists a.pr € PN M N L®°(R?) which is given by

ae () = g;JI\4(M67M — ®(z)), z € RY, (2.5)

where

BQM
gsM S, > 0, (26)

and p. pr € R is the unique number such that

[ 92k = @)de =1 2.7
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such that S; a(t)a.r = acp for all ¢t > 0, tlim Sem(t)ug = a.p for all
—00
iy € PN M with Uylntg € L' and (see [2, Corollary 6.3])

T ) 28)

Furthermore, by [2, Theorem 6.4],
—AB(az s + div(Db(az ar)az ) = 0 in D'(RY). (2.9)

We note that, obviously, g. s : [1,00) — [0,00) and g ar : (0,1) = (—00,0).

Therefore, by (2.7),
1> / ldz,
{®<pe,m}

sup{pen | M € [1,00), € € (0,1]} < 0. (2.10)

hence

Defining

He *=  SUD Mg pm
Me[l,00)

we deduce from (2.8) that, for all M € [1,00),

[bloo

|CL5,M’00 S max (1,6 e (Ha—l)) = MO- (211)

It follows by the weak uniqueness result from [5] mentioned above that
Qe := Qe pgy = Qe g, VM € [My, 00). (2.12)
Furthermore, for M = oo, we obtain that for S.(t) := S. «(t), t > 0, we have
Se(t)a. = a. for all t > 0. (2.13)
Lemma 2.1. Let € € (0,1] and (Ap)e := (Ao)e oo, J5 := I3 and
Ae = (Ao)ersg ey, D(A:) = J(LY),
which (as seen above) is m-accretive on L. Then:

(i) Let f € L* N L. Then there exists g € (0,00) such that, for every
A € (0, X\o], J5(f) is the unique solution uy € L' N L™ of the equation

uy + M Ag)euy = f in D'(R?). (2.14)
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(i) J5a. = a., VX € (0, Xo] and a. as above.

(ili) For every A € (0, Aol, lin% J5f = Jxf in L', where Jy is as in (1.8),
e—
(1.9) in the introduction.

(iv) Let K C RY, K compact, q € (1,%1) and A € (0,X]. Then there

exists C' € (0,00) only depending on K,q, \,|Dl|s and |b|s such that,
for all f € LY,
B ) Lacry < Clfl1, (2.15)

and, for all v € RY,
18O oy < C (1B oy + IVEYI ) 1fh 55705 (216)

where for a function v : RY — R we set v/(z) = v(x + v) — v(x),
r € RY B(x) = wy|z|* ¢, 2 € RY, with wy = the volume of the unit ball
and ||+ ||ae, p > 1, the norm of the Marcinkievicz space (see [3] and the
references therein).

Proof. See the Appendix. O

Theorem 2.2. Suppose a := lim a. exists in L'. Then J\(a) = a, for
E—00

all X € (0, ] with Ao as in Lemma 2.1 (i). In particular, a € D(A) and
S(t)a = a, for allt > 0.

Proof. We have by Lemma 2.1 (ii), for A € (0, o],
‘J)\CL - (Z|1 S |J)\(]J — Jiah + |J§CL — J§a5|1 + |CL5 — CL|1.

Now, the assertion follows by Lemma 2.1 (iii), since J5 is a Lipschitz con-
traction for all € > 0, A > 0. The last part of the assertion now follows by
(1.11) and (1.19). O

In Theorem 3.2 below, we shall show that under a mild condition in
addition to Hypotheses (i)-(iii) we indeed have that a := lin% a. exists in L.
e—

3 The main results

Theorem 3.1 below is the main result of this work which will be proved in
Section 4.
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Theorem 3.1. Assume that Hypotheses (i)-(iii) hold and let n > 0 be arbi-
trary but fived. Let ug € M,NPNC. Then, w(ug) C M,NPNC is nonempty

Ll
and for all t > 0, w(ug) s compact in L', w(ug) = {S(t)ue | t >0}, and
invariant under S(t). Moreover, S(t) is, for every t > 0, an isometry on
w(ug) and it is a homeomorphism from w(ug) onto itself for each t > 0.

If a €¢ M,,NPNC is such that

S(t)a=a, Yt>0, (3.1)
then w(ug) C{y e M, NPNC; ly—aly =r}, for some 0 <r < |ug — als.

In particular, it follows by Theorem 3.1 that S(t), ¢t > 0, is a continuous
group on w(ug). Moreover, the function t — S(t)v is equi-almost periodic in
L' for each v € w(ug), i.e., for every € > 0 there exists £. > 0 such that for
every interval I in R of length /. there exists 7 € I such that

|IS(t+T1)y — S(t)yl1 <e, VteR, y € w(ug).
Furthermore,
diStH(W(UO),UJ(fbo)) < |UO — 1_60’1, VU07ﬂ0 € MT] NPN C,

where distyg is the Hausdorff distance.

Since the main interest is to get solutions u(t) = S(t)up to (1.1) in the
class P, the initial data uy was taken in the same set P which, by virtue
of (1.16), implies that u(t) € P, Vt > 0. As seen below, the set M, is still
invariant under the semigroup S(t), but we note that this choice for initial
data (that is, up € M,,) was taken for technical reasons which will become
clear in the proof of Theorem 3.1.

In order to apply Theorem 3.1, a nontrivial problem is the existence of a
fixed point a for the semigroup S(t).

This problem is quite delicate and will be treated in Theorem 3.2 below.
To this purpose, consider the function g : (0,00) — R defined by

Ik

ds, Yr > 0. (3.2)

We have

Theorem 3.2. Assume that, besides Hypotheses (i), (ii), (iii), the following
conditions hold:
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lim g(r) =+o0, if ve (l-11]; (3.3)

r—+00 d’
lin%g(r) =—o0, if veE(l,00). (3.4)
r—

Let a. € PN MN L*® be as in the previous section (see (2.12), (2.13)).
Then a := lir% a. exists in L' and
e—

a(x) =g '(p—®(x)), zeR’

where p € R is the unique number such that

/Rd a Y (u — ®(z))dw = 1.

Furthermore,

S(t)a=a, Vt>D0. (3.5)

Proof of Theorem 3.2. The last part of the assertion follows by Theorem 2.2.
So, it remains to prove its first part. To this end, we first note that by (3.3),
(3.4), Lemma A.2 implies that g : (0,00) — R is bijective, since ¢ is strictly
increasing.
Furthermore, ¢((0,1)) C (—oc,0), g([1,00)) C [0,00), g € C*((0,0))
and for its inverse
g 'R — (0,00),

we have ¢g7! € CY(R), (¢7') > 0, g7([0,00)) C [1,0), g7 ((—0,0)) C
(0,1). Define (cf. (2.4) and (2.6))

roog r o
ge(r) = 1 sbﬁ(ss) ds :/1 % ds, r>0. (3.6)
Then g. and its inverse g ' have the same properties as g, g~ above. Clearly,
9: — ¢ locally uniformly on R, (3.7)

hence
g! mg_l locally uniformly on R. (3.8)

We recall that (see (2.5)-(2.7) and (2.12))

a-(r) = g-' (p — ®(x)), =R, (3.9)
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where g € R is the unique number such that

[ oM = vt = 1. (3.10)

Since g-*([0,00)) C [1,00), by (3.10) we have

1> / 1 dzx,
{CI)S,U,E}

sup p. < oo.
€€(0,1]

SO

Suppose there exist ¢, € [0,1], n € N, such that g, — —o0 as n — oo.
Then, by (3.10),

1 = lim 9= (e, — O(x))d.
d

n—oo R

But, by Lemma A.2 applied to . instead of f3, it follows by (A.4), (A.8) and
(1.3) that the limit on the r.h.s. is equal to zero. This contradiction implies
that

inf > —
661](%,1] He o

so {ue | € € (0,1]} is bounded, which implies that there exist , € (0, 1],

n € N, such that lim ¢, =0 and p:= lim g, exists in R.
n—oo n—oo

Furthermore, by (A.5) and (A.9) (again applied to f.) we have

sup /]Rd 9= (pe,, — () P(2)dx < 00, (3.11)

n

and by (3.8) we have
Ve e AN ) (3.12)

uniformly on compact subsets on R?. Hence the first part of the assertion
follows by Lemma A.1 in the Appendix. U

Corollary 3.3. Assume that Hypotheses (i), (ii), (iii) and (3.3)-(3.4) are
satisfied. Then all the conclusions of Theorem 3.1 hold. In particular, for
each ug € M, NP NC, the w-limit set w(ug) lies in the set

{ye M, NnPNC; ly—al =1},
where a € M, NP N C satisfies (3.5) and 0 <1 < Jug — ay+|s.
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Of course, if the set w(yp) N {a € C; S(t)a = a, Vt > 0} is nonempty, it
follows by Corollary 3.3 that w(yo) contains only one element (the equilibrium
state a) and so tlgglo S(t)yo = a strongly in L'.

It should be said that Theorem 3.1 and Corollary 3.3 provide a weak
form of the H-theorem for NFPE (1.1) in the degenerate case we consider
here. Roughly speaking, it amounts to saying that S(¢)ug — w(ug) in L* for
t — 0.

Remark 3.4. One simple example of a function S which satisfies all condi-
tions of Theorem 3.2 is the following:

B(r) = /07“ 0(s)ds, Vr >0,

where
——— for 0<s<di<1,

¢(s) for s> 0,
and, for r € (—o00,0),
Bla) = =p(=r),
where § > 0, ¢ € C*[d, +00), bounded, ¢ > (y € (0,00), and ( is such that
6 € C1(0,00). Then it is elementary to check that 3 satisfies Hypothesis (i)
with v = 2. Furthermore, obviously ¢(r) = const — log |log r| for r € (0, 1].
Hence (3.4) also holds and Theorem 3.2 applies.

Remark 3.5. Following [2], we can consider to associate with the dynamics
S(t) the Lyapunov function

V(u) = /]Rd a(u(x))dij/Rd O(x)u(x)dx = Su]+ Eu], Yu € MNP, (3.13)

B r 1ﬁ/(5>
0(7")——/0 dr 0) ds, Vr>0.

The function V is the free energy of the system, S[u] is the generalized
entropy of the system and FE[u] is the internal energy. (In the special case
B(r) = r, S[u] is just the Boltzmann-Gibbs entropy.) Arguing as in [2], it
follows that ¢ — V' (S(t)ug) is nonincreasing on [0, 00) and, since V' is lower-
semicontinuous and positive on K, we have by Theorem 3.1 that

V() = tliglo V(S(t)up) = inf V, Vus € w(ug).
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Hence, u, minimizes the free energy and, as mentioned earlier, this means
that ., is an equilibrium solution to (1.1). We note that, if V,3(u(t,-)) € L?,
then we have

4 Sfu(t) = - /R J(u(t, 2)) - VaB(u(t, 2))dz, t > 0.

In particular, this implies that, if the current of probability J vanishes at
the equilibrium solution u.,, then the system is in a state of thermodynamic
equilibrium with zero entropy production in wu,, that is, it is reversible [13].

In the nondegenerate case (1.22), u, is the unique equilibrium state of the
system and coincides with the stationary solution to (1.1). It should be said,
however, that in our case the equilibrium solution ., might not be unique.

If up € L N M NP, then condition (1.2) in Hypothesis (i) can be
relaxed to

r” < B(r), Vr >0, (1.2)'

Whereu1>0andy>d%dl, d> 3.

Remark 3.6. If, in addition to (i)—(iii), one assumes that 5'(r) > v > 0,
Vr > 0, then we have that C' = L', hence M, NP NC = M, NP and so
Theorem 3.1 and Corollary 3.3 are true for all vy € M, NP.

Remark 3.7. Theorems 3.1, 3.2 can be rephrased in terms of the McKean-
Vlasov equation (1.6), that is, in terms of convergence of the time marginal
laws of the corresponding probabilistically weak solution X = X (t) for t — oc.

4 Proof of Theorem 3.1

We shall prove Theorem 3.1 in three steps indicated by lemmas which follow.
Let n > 0 and let K = M, NP NC. Clearly, K is a closed and bounded set
of L.

Lemma 4.1. We have
11+ XA) "yl < lyll, Yye MNP, x>0, (4.1)

and

(I+XA)"YK)cM,NPNDA) C D(A)NK, VA > 0. (4.2)
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In particular,
HS(t)uO” § Ug, VUO € C, t Z O, (43)

and S(t)(K) C K, Vt>0.

Proof. By [3, Lemma 6.2], we have ||J5y| < ||y|| for ally €e MNP, XA > 0.
Hence (4.1) follows by Lemma 2.1(iii) and Fatou’s lemma. The last assertion
then follows by (1.16) and (1.19). O

In the following, we shall denote by A the restriction of the operator A
to K, that is, N _
Au = Au, Yue D(A)=D(A)NK. (4.4)

By (4.2) it follows that, for every A > 0,

D(A) c K ¢ (I+M\A)(D(A)) = R(I + \A) (4.5)
and we have by definition that
(I+MA)"=(I+XA)"" on R(I + \A). (4.6)

Furthermore, (A, D(A)) is accretive on L' and, since D(A) ¢ K C D(A), we

conclude by (1.19) that Yuy € D(A), t > 0,

-1
t ~ —
n—oo n
Therefore, S (t) := S(t) Tﬁ’t > 0, is the contraction semigroup generated

by A on D(Z) We are going to apply Theorem 3 in [7] to this semigroup
S(t), t >0, to prove Theorem 3.1. For this we need:

Lemma 4.2. The operator (I + )\E)_l restricted to K is compact for \ €
(0, Xo] with Ao as in Lemma 2.1.

Proof. Let f, € K, n € N, such that

sup | fr|1 < o0. (4.8)
neN

Then, since sup || f,|| < n, by (4.1), (4.6) and Lemma A.1, it suffices to prove
neN
that (selecting a subsequence if necessary) for A € (0, A|, Jxfn = (I+AA)71f,
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converges in Li (K) as n — oo for every compact set K C RY. Let q €

(1,%1). By (4.8), (2.15), (2.16) and the Riesz-Kolmogorov compactness

theorem, it follows that (selecting a subsequence if necessary)

BUrSn) 5=z in LK) (4.9)
and (since this holds for every such K)

B(rfa) 55z, ae. on R,
hence, since 8 € C* and 8/ > 0,

Infn === B7H(n) ae. on R (4.10)

Furthermore, because v > %, we may choose ¢ so close to % that vqg > 1,
and hence by (1.2)

pi min([r[?, ) < |B(r)|%, Vr € R.

This implies due to (4.9) that {J\f, | n € N} is equi-integrable in L'(K),
hence by (4.10)
I\ o267 () in LK), n

Lemma 4.3. For each ug € K, the orbit v(ug) = {S(t)uq, t > 0} is precom-
pact in L.
Proof. By Theorem 3 in [7], applied to the operator A with domain K, it

suffices to show that D(A) C R(I+AA), the operator (I +AA)~! is compact
on K for some A > 0 and that the orbit y(ug) is bounded in L. In fact, in
[7] one assumes that 0 € R(A) to have the latter, but in our case this follows,

because |S(t)ugly = |S(t)ugly < |ugl1, since S(t) is a Lipschitz contraction
on L' with S(¢)(0) = 0 (by (1.12) and (1.19)). The first condition in [7,
Theorem 3] is just (4.5), the second is just Lemma 4.2. O

Proof of Theorem 3.1 (continued). Since, by Lemma 4.3, v(ug) is precompact,
it follows that w(ug) # 0 and that w(ug) is compact. Then, the conclusions
of the theorem follow by Theorem 1 in [7]. O
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5 Appendix

Proof of Lemma 2.1.

(i): We have seen above that J5f is such a solution of (2.14). So, let
uy, Uy € L' N L*® be two solutions of (2.14). Then, obviously, uy, uy € H!
and B:(uy), B-(wy) € H?. Let u:= uy — uy. Then, by (2.14),

u — )\A(BE(U)\) — ﬁs(ﬂ)\)) = -\ le(D(b(’U,)\)UA — b(ﬁ)\)ﬂ)\))

Applying (u,-) , to both sides of this equation, where (-,-) , denotes an
inner product in H~ !, we find, since 5. = 8 + €I,

[l +eMulz < A (Be(ur) — Bo(Un), u)_,
M {(div(D(b(ux)u — DT )Ex)), u)_, (5.0)
< A(Bum + C|Dlocbar)ul2]ul-1,

where we used that |div - |-y < C| - | for some C € (0,00) and where

B ZZSUP{M; r1, e < M, 7’17&T2}+17
THT — T2

bM — sup {b(rl)rl — b(T’Q)T'Q

r —T2

;1,1 < M, 7’17&7"2}7

and M = (1 + |(div D)~ +|D||1? |f|> We recall that by the proof of

Lemma 3.1 in [3] (see formula (3.36)) there exists Ao € (0,00) such that
for any solution uy of (2.14) we have |uy|ec < M, VA € (0,)o). Hence,
By, by < oo if A € (O,XO). Hence, by Young’s inequality there exists
Ao € (0, Ag), such that for some C. € (0, c0)

ul2) < ACcJul2y, YA € (0, A]

Hence, u = 0.
(ii): We know by (2.9) and (2.11) that for A € (0, c0)

a: + AM(Ap)eae = a.
and that by (i) for A € (0, \g]

Jia. + MAp)eJ5a: = a..
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Hence by the uniqueness part of (i) assertion (ii) follows since a. € L' N L™
by (2.10), (2.11).
To prove (iii), for each f € L', we set u. = (I + MA.)~'f, that is
ue — AABe(ue) + A div(Db(us)u.) = f in D'(RY). (5.1)
To prove that, for € — 0 it follows that u. — v in L', where u is a solution to
u — AAB(u) + Adiv(Db(u)u) = f in D'(RY), (5.2)

where 5.(u) = B(u) + cu (see (2.4)), we shall proceed as in the proof of
Lemmas 3.1 and 3.3 in [3]. However, since the proof is the same, it will be
sketched only. Namely, using the fact that 5’ > 0, it follows that u. — u €
(I + XAp)~'f strongly in L{ . and B(u.) = B(u) in L.

Now, let ® € C2(R%) be such that ®(z) — oo as |z| = oo, V& € L,
AD € L. N o

If we multiply (5.1) by ® exp(—v®)X5(5:(u:)), where v > 0, and integrate
on R?, we get after some calculation identical with that in the proof of Lemma
3.3 in [3] that, for each f € M, we have the estimate

telle < [ £l + CA(AD)| oo + | Do V|oo)| £1,

where N
full. = [ @)y, M= {7 € L% 7. < o0},

By Lemma A.1 below, this implies that, for ¢ — 0, u. — w in L' and, letting
e — 0in (5.1), we get that u is a solution to (5.2), as claimed. O

(iv): It follows from Lemma 3.1 in [3] and its proof that there exists C € (0, 00)
only depending on K, q, \,|D|s and |b|s such that for all f € L' N L™,
veRY € (0,1, |J5floo < Clfoos

18 (3P Larey < Clf 1 (5-3)

and
18- ey < C (1B oy +IVE] o )1l (5.4)
We have that lim ||E”|| _« + ||[VE”| _a = 0, hence, by (iii) and the
n—00 Md—2 Md—1
Riesz-Kolmogorov compactness theorem, along a subsequence € — 0,
JSf — Jf weakly in LI(K),
BSf) — n strongly in LI(K).
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Since u +— [(u) is maximal monotone in each dual pair (L¢(K), LY (K)),
hence weakly-strongly closed, we conclude that

n = B(Irf).

Hence, by Fatou’s lemma we may pass to the limit in (5.3), (5.4) to obtain
(2.15) and (2.16) for all f € L'NL>. Since L'NL :* is dense in L', applying
Fatou’s lemma again we obtain (2.15), (2.16) for all f € L'. O

We use the following well known result in this paper. We include a proof
for the reader’s convenience.

Lemma A.1. Let u, € L'(R?), n € N, such that for some u € L .(R?)

loc

lim u, =u in Li (R%).
n—oo

Furthermore, let ® : RY — [1,00) be Borel-measurable with {® < c} relatively
compact for all ¢ € (0,00) such that

sup [ |un|®dr < oo. (A.1)
neN JRd

Then [p|ul® dz < oo and lim u, = u in L'(RY).
n—oo
Proof. By Fatou’s Lemma and (A.1)

|u|® dz < sup [ |u,|Pdr < oco.
R4 neN JRd

Hence, u € L*(R?) and, for all ¢ € (0, c0),

limsup [ |u—u,|dz =1lim sup/ |u—uy,|dz + lim sup/ |u—uy,|dx
{®>c} {

n—o0 Rd n—o0 n—o0 d<c}

1
< —SUP/ (Ju] + |ua )@ dr —=50.
C n Rd

]

Lemma A.2. Assume that Hypotheses (i), (ii), (iii) hold. Let g be as in
(3.2), i.e.,
B r B/(S>

g<T)_ . Sb(S)

ds, r € (0,00).
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(j) Letv e (1—2%,1]. Then

lim g(r) = —o0.
r—0

If, in addition, lim g(r) = oo, then
r—00

g (r) < e PO Dy ¢ ( e (i = B

hence, for all p € R on all of RY,

- L (bop+B(1)—p) —L @
9 (=) < Lgspins gy e "

~1
F oty s -mnd (10— @),
which in turn implies that, for all p € R,

(A.2)

(A.3)

(A4)

/ 0 (=0 ()@ (x)da < s PP / e " (2)da
R4 R4

+g - 1)/ O (z)dx < 0.
{@<ptby ' (B(1)—p1)}

(jj) Let v € (1,00). Then,
lim g(r) = co.

T—00

If, in addition, hH(l) g(r) = —o0, then
r—

g(r) < em @A)y, ( o0, _%)] ’

hence, for all p € R on all of R,
= (bop+B(1 ))6 e

2

g (p—20) < Yoz, +B(l)}G“Q
+1{¢<M+%>}9 (n—®),

which in turn implies that, for all p € R,

b
/ g (—8(2))®(x)dzx < ems PortFD) / e 12D (2)dw
R R

d d

+g Y (p—1) /{q>< Lo O(z)dr < 0.
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Proof. First, we note that by Hypothesis (iii) and integrating by parts we
find

9
101]b—|—11oo #§g§1(01ﬁ+11m)b§, (A.10)
oo 0

g(r) == @ - 8(1) +/1T @d& "€ {0,00).

(j): Let v € (1 —%,1]. Then, by (1.2), for r € (0, 1],

where

! M1
g(r) < pe — B(1) — S ds.

r

So, (A.10) implies (A.2). Now, additionally assume that lim g(r) = oo,
r—00

so that ¢ : (0,00) — R is bijective. Again by (A.10) and (1.2) we obtain, for
all 7 € (0, 00),

9(r) = by 10 (r) (= B(L) + paInr) + 1100y (r)g(r).

Replacing r € (0, 00) by ez Cor A=) € (0,1], for 7 € (—o0, by (u1 —B(1))],
we obtain, since g is increasing,

g (6“2 (bor+B(1)—p )) >

and thus
g7 (r) < em PO g ¢ (o0, b7 (u — B(1))],
which, for all i € R, implies that on all of R?

- (boptB(1)—pu1) ,— > @
9710 = B) < Loy syoye e

+ Vocprog py—mnd (11— @),

which is (A.4). (A.5) is now obvious by (1.3) (which, in particular, implies
that {® < ¢} is relatively compact Vc € R) and because g~ ! is increasing.

(jj): Let v € (1,00). Then, by (1.2), for r € (1, 00),

_ "1
g(r) > — B(1) +u1/1 ;ds-
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So, (A.10) implies (A.6). Now, additionally assume that 111% g(r) = —oo,

so that ¢ : (0,00) — R is bijective. Again by (A.10) and (1.2) we obtain, for
all r € (0, 00),

L
g(r) > 1o (r)by" (W“”‘l - B(1) —/ gd8> + 1(1,00) (1) g(r)
> 1onby (2 Inr — B(1)) + 11 00) (r)g(r).

Replacing r € (0, 00) by ez G0 +A) ¢ (0,1] for r € (—oo, —@} , we obtain

bo
g (euo (bor+B(1 ))) >

and thus |
g ()<6“(bOT+B1) \r G( OO—B( ):|’

which, for all x € R, implies that on all of R?

g (p—@) < {<1>> +80 >}€”2( T ® 4 1{<1>< +B(1>}9 Hp— @)

Hence, (A.7), (A.8) are proved and (A.9) is then again an obvious conse-
quence. L]

Acknowledgements. This work was supported by the DFG through CRC
1283.

References

[1] Barbu, V., Nonlinear Differential Equations of Monotone Types in Ba-
nach Spaces, Springer, New York. Dordrecht. Heidelberg. London, 2010.

[2] Barbu, V., Rockner, M., The evolution to equilibrium of solutions to
nonlinear Fokker—Planck equations, arXiv:1808.10706.

[3] Barbu, V., Rockner, M., Solutions for nonlinear Fokker—Planck equa-
tions with measures as initial data and McKean—Vlasov equations,
J. Funct. Anal. 280 (7) (2021), 1-35.

[4] Barbu, V., Réckner, M., From nonlinear Fokker—Planck equations to so-
lutions of distribution dependent SDE, Annals of Probab. 48 (4) (2020),
1902-1920.

23



[5]

[6]

[13]

[14]

Barbu, V., Rockner, M., Uniqueness for nonlinear Fokker—Planck equa-
tions and weak uniqueness for McKean-Vlasov SDEs, Stoch. Part. Diff.
Equations. Analysis and Computation, 9 (3) (2021).

Dafermos, C., Asymptotic behaviour of solutions of evolution equations,
Nonlinear Evolution Equations, Proceedings of Symposium conducted
by the Mathematics Research Centre, University of Wisconsin-Madison,
1978, 103-123.

Dafermos, C., Slemrod, M., Asymptotic behaviour of nonlinear contrac-
tion semigroups, J. Funct. Anal., 13 (1973), 97-100.

Frank, T.D., Nonlinear Fokker—Planck FEquations. Fundamentals and
Applications, Springer, Berlin. Heidelberg. New York, 2005.

Frank, T.D., Daffertshofer, A., H-theorem for nonlinear Fokker—Planck
equations related to generalized thermostatics, Physica A. Statistical
Mechanics and its Applications, 292 (2001), 455-474.

La Salle, J.P., The stability of dynamical systems, Regional Conference
Series in Applied Mathematics, SIAM Philadelphia, PA, 1996.
Schwammle, V., Nobre, F.D., Curado, E.M.F., Consequences of the
H-theorem from nonlinear Fokker—Planck equations, Phys. Review E76
(2007), 041123.

Temam, R., Infinite Dimensional Dynamical Systems in Mechanics and
Physics, Springer-Verlag, New York. Berlin. Heidelberg. Paris. Tokyo,
1988.

Tomé, T., Entropy production in non equilibrium systems described by
Fokker—Planck equations, Brasilean J. Physics, 36 (2006), 1285-1289.
Tsalis, C., Introduction to Nonextensive Statistical Mechanics. Ap-
proaching a Complex World, Springer-Verlag, Berlin, 2009.

24



