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Abstract. In this paper, we prove that stochastic porous media equa-
tions over o-finite measure spaces (F, B, u), driven by time-dependent
multiplicative noise, with the Laplacian replaced by a self-adjoint tran-
sient Dirichlet operator L and the nonlinearity given by a maximal mono-
tone multi-valued function ¥ of polynomial growth, have a unique solu-
tion. This generalizes previous results in that we work on general measur-
able state spaces, allow non-continuous (nonlinear) monotone functions
¥, for which, no further coercivity assumptions are needed, but only
that their multi-valued extensions are maximal monotone and of at most
polynomial growth. The result in particular applies to cases where E' is a

(0%

manifold or a fractal, and to non-local operators L, as e.g. L = —(—A)?,
a € (0,2)n(0,1].
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1 Introduction

The purpose of this paper is to solve multi-valued stochastic porous media equations (SPMEs)
on (E, B, i) of the following type:

(1.1)

dX(t) — LU(X(t))dt > B(t, X (t))dW(t), in [0,T] x E,
X(0)=zon E (x € F)),
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where (E, B) is a standard measurable space (see [31]) with a o-finite measure p. (L, D(L))
is the generator of a symmetric strongly continuous contraction sub-Markovian semigroup
on L?(u), which additionally is assumed to be the generator of transient Dirichlet form (cf.
Section 2.1 below). ¥(:) : R — 2% denotes a maximal monotone graph with polynomial
growth (cf. (H1) in Section 3 below). B is a Hilbert-Schmidt operator-valued map fulfilling
certain Lipschitz and growth conditions (cf. (H2) and (H3) in Section 3 below). W is
an L%(p)-valued cylindrical .#;-adapted Wiener process on a probability space (§2,.7,P)
with normal filtration (% );>0. Explicit assumptions and more explanations will be given in
Section 3.

One motivation for studying this equation is that an important problem from physics,
i.e., the following self-organized criticality (SOC) model, is of type (1.1):

AX(t) = AH(X(t) — 2.)dt + (X(t) — z)dW (¢), (1.2)

where H is the Heaviside function and z. is the critical state (see [9, 19]). Eq (1.2) is a
continuum version of the original sand pile model or the Bak-Tang-Wiesenfeld (BTW) model
[3, 2] via the cellular automaton algorithm. SOC systems have the properties of a critical
point as attractor and to reach spontaneously a critical state. Finite time extinction for fast
diffusions, which are also special cases of (1.1), will be done in future work. Apart from the
SOC phenomenon mentioned above, Eq (1.1) models the dynamics of flows in porous media,
the phase transitions (including melting and solidification processes), diffusion processes in
kinetic gas theory, heat transfer in plasmas and population dynamics.

At least since [14], SPMEs with maximal monotone (possibly multi-valued) functions W,
have been studied in a variety of papers, see e.g. [8, 6, 7, 5, 10, 15, 24] and the references
there in. (For the deterministic case, we refer to [38] including its references.) In the special
case with E being R?, d > 3, L is equal to the Laplace operator A and B is time-independent
linear multiplicative, in [10, Section 4] the existence and uniqueness of solutions in H~! for
(1.1) were proved. Here H ™! is the dual space of H with

H={p e S'RY); ¢~ [¢|F(p)(€) € LR},

where S'(R?) is the space of all tempered distributions on R? and F(p) is the Fourier
transform of . The intention of this paper is to obtain analogous results as in [10, Section4]
on more general spaces and more general operators L.

A natural approach to get the existence of solutions for (1.1) is to consider approximating
equations of the following form with initial value X,(0) € .#} (:=dual of the extended
transient Dirichlet space with generator L; see Section 2.1):

dX, — L(\I’)\(X)\) + )\XA)dt = B(t, X,\)dW(t), t e (0, T) (13)

Here A > 0 and

N %(3} LAY () € T((1+ AT) " (2))

is the Yosida approximation of W. Then passing to the limit A — 0 we solve (1.1). In [35]
the authors construct a suitable Gelfand triple with .7 as pivot space and prove existence
and uniqueness of solutions for the following stochastic generalized porous media equation
in the state space .#;:

dX(t) = (LY(t, X (1)) + O(¢t, X(t)))dt + B(t, X (t))dW (),
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where L is as above, but ¥ is only a single-valued map (as is ®) and U satisfies a certain
coercivity condition, which is not assumed in this paper. So, our result is more general in the
case ® = 0. In [36] the results in [35] are improved to initial conditions in the dual space of
the Dirichlet space generated by L which is larger than .% ), but to achieve this, the condition
that the Dirichlet form is local and satisfies Nash’s inequality has to be imposed. However,
all these results are restricted to single-valued continuous functions ¥, not including the case
of noncontinuous functions ¥, which is covered in this paper. As said before, another main
point of this paper is that we can drop the coercivity assumption on ¥ made in [35, 36], only
assuming its maximal monotonicity and its polynomial growth. In this paper we analyze
(1.1) also in L™ () (i.e., with initial condition z € L™ (u)), where m € (1,00) being the
exponential in the polynomial growth condition for ¥ (see Hypothesis (H1) in Section 3). A
crucial ingredient in our proofs is, therefore, an LP(yu)-Ito6 formula, which in the case F = R?
was proved in [26]. In the latter paper approximations by convolution with smooth functions
were crucial. Since our space E has no further structure, we could not use this approach
in our case. As a substitute we use an LP-It0 formula in expectation to get some crucial
a priori LP(u)-estimates for our approximating solutions. We include a complete proof for
this type of LP(u)-1td6 formula in Appendix 7 of this paper. In comparison with [10], i.e.,
the special case F = R?, L = A, we use the same strategy of proof, i.e., we use a similar
"triple approximation” to solve equation (1.1). But due to our much more general situation,
our proofs are much more involved with a substantial number of obstacles to be overcome,
which do not occur in [10].

This paper is organized as follows. In Section 2, we introduce some notations and recall
some known results for preparation. In addition, we prove some necessary technical auxiliary
results, which will be used to construct the solutions to (1.1) in .#}. In Section 3, we will
present our assumptions and the two main results for (1.1) and (1.3). Detailed proofs of the
existence and uniqueness results for (1.3) will be given in Section 4, while the ones for (1.1)
will be given in Section 5. Some examples that are covered under our framework will be
presented in Section 6, including nonlocal operators L. In order to make the main structure
of the proofs more transparent, we shift the proofs of some estimates to Appendix 7.1. In
addition, we include a detailed proof of an LP(u)-Itd6 formula in expectation in Appendix
7.2, which is crucial for the proof of our main result. In Appendix 7.3, some explanations
are included to justify the application of It6’s formula on Gelfand triples (see e.g. [29]) in
our cases.

2 Notations and preliminaries

2.1 Dirichlet spaces and auxiliary results

Let (E, B, i) be a o-finite measure space, which we fix in the entire paper. We assume that
(E,B) is a standard measurable space (i.e., o-isomorphic to a Polish space, see [31]). This
assumption is used in the proof of the LP(u)-I1t6 formula in expectation, but also in the proof
of Lemma 4.1 below, where we apply [36, Lemma 5.1}, in which this assumption on (E, B) was
crucially used. Let (P;)¢>0 be a strongly continuous, symmetric, sub-Markovian contraction
semigroup on L?*(p). Let (L, D(L)) be its infinitesimal generator (see e.g. [18, 30]), which is
a negative definite self-adjoint operator on L?(u). We use (-, -) and |- |, for the inner product
and the norm in L?(u) respectively. More generally, we set (f,g) := u(fg) :== [ fgdu for
any two measurable functions f, g such that fg € L'(u). For the rest of this paper we fix
(P,)i>0 with generator (L, D(L)) on L?(u) with (E, B, i) as above.



Consider the I-transform V,.(r > 0) of (P;);>0
Viu = F(Z)_l/ 52 Ye ™ Pads, r >0, u € L*(y).
0
From [17] and [23], we can define the Bessel-potential space (Fi, || - [[#:,) by

Fip = Vi(L*(p)), with norm [Jullp , = [fl, for u=Vif, fe€ L¥(n),

where the norm | - |, is defined as | f|» = (f, f)2 := ([,; | f|*dp)>. From [17], we know that

-

Vi=(1—-1L)"2, sothat Fio=D((1— L)%) and Jullg, = |(1 = L)Zuls.

The dual space of F, is denoted by Fy, and FT, = D((1 — L)™2), it is equipped with the
norms

1
lnllry,, =, (v =L)"'m)3, neF, 0<v<oo

Denote the duality between Fy 9 and F 5 by Fy
Consider the Dirichlet form (&, D(&)) on L?

< ) >F1,2'
(u) associated with (L, D(L)), i.e.,
D(éa) = FLQ, and
&(u,v) == p(v—Luv—Lv), u,v e Fis.
Let D(&) be equipped with the inner product & = & + (-, -)s.
If (&, D(&)) is a transient Dirichlet space, that is, there exists g € L*(u) N L>®(u), g > 0,

such that .Z, C L'(g - ) continuously, let (&,.%.) be the corresponding extended Dirichlet
space (see [18]), which is the completion of F} 5, with respect to the norm

- Nz = &, )2,

Then Fip = % N L*(p). Let Z; be its dual space with inner product (-,-)zs and corre-
sponding norm || - || #», which is 1nduced by the Riesz map %, > v+ &(-,u) € F}. Denote
the duality between .} and %, by z:(:,-) .. Both %, and % are Hilbert spaces. For more
background knowledge on Dirichlet forms, we refer to [18, 30]. From now on we assume:

(L.1) The symmetric Dirichlet form (&, D(&)) associated with (L, D(L)) is transient.
Consider the inner product &, := & + v(-,-)2, v € (0,00), on Fi o, i.e.,

[0l o= ECw0) v [ ol = ol + v [ o, for v € Fia 2.1)
and
HZ|F1*2V =ry, (I,(v—1L)" 1l)fp = Slllwp [(v), l € FYy, (2.2)
veEL 2
Il’U”FLQ!VSl
|| 7s == sup l(v), l e F;. (2.3)
||UHFE<1

Since F} o C F, continuously and densely, we have

F. C FY, continuously and densely. (2.4)
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Proposition 2.1 Letl € #}. Then v — |||

Fr,, 1S decreasing,

lim 1UlFr,, = Sup 17z, = Nl (2.5)
1
1] Fry, < 1] Fi,, < —VH” Fiy VOo<r<l. (2.6)

Proof  Firstly, note that for all [ € Fy', and 0 </ < v < oo, we have

e, =: Sup I(v) < Sup () = s, .
ollry 5yt Iolle, 5 <1

ie., VIe&F,, |[l|F,, isdecreasing in v. In particular, the first equality in (2.5) and the
first inequality in (2.6) hold.
Let [ € #;. Since F; C FY, continuously and densely, we have [ € Fy, and

llrs,, = sup o) < sup U(v) = [[I]5:
H veF] 2 VEFe
vllp 5, <1 llvll . <1

Hence VI € #;,

lim ||
v—0

Fr,, <

Fia, = SUp ||l Fr- (2.7)
- v>0

To prove the converse inequality of (2.7), fix | € .%F and let ¢, 6 € (0,1). Then there
exists v, € Fy o with |lv.]|#, =1 and
U(v) > 1] — e

Let vy := 15—22. From (2.1), we see that

+vel3

Vel iy = o/ l0el13, + vo0lue3 < VIH82 <144,

so for v, 1= %5, we have
10/l 2, <1
Consequently,
y{}}] 1] F,, = ,S}il([)) II] Fiy,
_ 1 1
> s, > U0 = 500e) = ]z =2,

letting  — 0, ¢ — 0, yields the desired converse inequality. Hence (2.5) is proved.
It remains to prove the second inequality in (2.6). But

121

Fr, = sup l(v)=+v sup  l(v) >V sup  (v) =V

F1*2 v’
llvllpy 5 <1 Vlvllp 5 <1 lvllr 5, <1



2.2 Gelfand triples

Let H be a separable Hilbert space with inner product (-,-)y and let H* be its dual space.
Let V' be a reflexive Banach space, such that V' C H continuously and densely. Then for its
dual space V* it follows that H* C V* continuously and densely. Identifying H and H* via
the Riesz isomorphism we have that

VcHCV®

continuously and densely. Let y+(:, )y denote the dualization between V* and V (i.e.
v+(z,v)y 1= z(v) for z € V*, v € V). Then it follows that

ve(z,v)y = (z,v)g, forall z € H, veV. (2.8)
(V,H,V*) is called a Gelfand triple.

In [37], we constructed a Gelfand triple with V := L*(u), H := Ff, and proved the
following two lemmas.

Lemma 2.1 The map (1 — L) : Fip — FY, is an isometric isomorphism. In particular,
(1=Lyu, (1=L)),. = (u, v)p, foral uve Fy. (2.9)
1,2 ’

Furthermore, (1 — L)™' : Fyy — Fip is the Riesz isomorphism for FY,, i.e., for every
u € F1*27

(u, Vry, =, (1= L) u, )y, (2.10)
Lemma 2.2 The map
1_L:F1,2_>F1*,2
via the continuous embedding Fy'y C (L*(p))* extends to a linear isometry
L= L L*(p) = (L*(n)",

and for all u,v € L*(u),

(2 (1 = L)u, v) 2y = /Eu -v dp. (2.11)
The following lemma was shown in [35, Lemma 3.3(i)].

Lemma 2.3 The map L : %, — F; defined by
Lv:=—-&(v,-), v € ZF, (2.12)

(i.e. the Riesz isomorphism of F. and F; multiplied by (-1)) is the unique continuous linear
extension of the map

D(L) > v p(Lv) € F;. (2.13)

e

For simplicity, we write L instead of L and u instead of % below. Throughout the paper,
let L2([0,T] x Q; L*(11)) denote the space of all L?(u)-valued square-integrable functions on
[0,7] x ©, and C([0,T]; %) the space of all continuous % -valued functions on [0,7]. For
two Hilbert spaces H; and H,, the space of Hilbert-Schmidt operators from H; to Hs is
denoted by Lo(Hi, Hy). For simplicity, the positive constants ¢, C, C, Cy, C5, Cy, Cs and
C, used in this paper may change from line to line. We would like to refer to [29, 33] for
more background information and results on SPDEs and [8] on SPMEs.
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3 Assumptions and Main Results

In addition to condition (L.1) above, we study Eq.(1.1) under the following assumptions.

(H1) ¥(-) : R — R is a maximal monotone graph (cf. Remark 3.1 (iii) below) such that
0 € ¥(0) and there exist C' € (0,00) and m € [1,00) such that

sup{|nl;n € ¥(r)} < C|r|™, VreR. (3.1)

(H2) Let K := L' (u)NL>®(u)NFr. B:[0,T] x K x Q — Lo(L?(u), L*(1)) is progressively
measurable, i.e. for any ¢ € [0,7], this mapping restricted to [0,¢] x K x  is measurable
w.r.t. B([0,t]) x B(K) x F;, where H(-) is the Borel o-field for a topological space. For
simplicity, below we will write B(t,u) meaning the mapping w — B(t,u,w), and B(t,u)

satisfies:

(i) There exists C € [0,00) such that for all v € (0, 00),

|B(-,u) — B(~,v)HL2(L2(M)7Ff’2’U) < Chlju —v| Ff,, for all u,v € K on [0,T] x Q.

(ii) There exists Cy € (0, 00) such that for all v € (0, c0),

||B('7u)HLz(LQ(M)7Ff72’V) < CQ||U| Fiy, for all w € K on [O,T] x Q.

(H3)(i) There exists C3 € (0, 00) satisfying
|1 B(-su) || Loz (u),r20u)) < Cslulz for all w € K on [0,77 x €.

(ii) There exist an orthonormal basis {ej };>1 of L?*(1) and Cy € (0, 00) satisfying

/E‘ (Z |B(-,u)ek|2)%d,u < Cylulp, for allu € K on [0,T] x .
k=1

(H4) There exists a symmetric, positive, bilinear mapping I' : F} o x F1 2 — L' (1) satisfying:

(1)

1
E(u,u) = /iF(u,u)du, for all w € F}o;

(ii) There exists a constant C5 € (0,00) such that
T(p(u), p(u)) < CsT(u, p(u)), ¥ u € Fiy,
for every non-decreasing Lipschitz function ¢ : R — R with ¢(0) = 0.
Remark 3.1 (i) (2.5) and (H2)(i) imply that for all u,v € K,
IB(w) = B, ) Lyr2gu.7) < Cillu = vll%, on [0,T] x Q. (3.2)

(ii) We emphasize that (H4)(ii) is automatically fulfilled, if (£, D(£)) is a local Dirichlet
form.



(iii) A multi-valued function ¥ : R — 2% is called maximal monotone if it is monotone,
ie.
(u—v)(x—y) >0, Vxe¥(u), ye V(v), u,v €R,
and (I + U)(R) = R. If ¥ is the sub-differential 95 : R — 2% of a lower semi-continuous
convex function j : R — (—o0, +00], i.e.,

9j(r) ={CeR:j(r) <¢(r=7)+j(T), VF € R},

then ¥ is maximal monotone. Conversely, every maximal monotone function W is of the
form 0j, where j is such a lower semicontinuous convex function on R (see [4, (2.51)] for
its definition). This function j is called the potential of ¥. We note that by [4, (2.51)] and
(H1), it follows that [j(r)| < C|r|™™, r € R.

(iv) If ¥ : R — R is an increasing function and if {r;|i € N} C R is the set of all » € R
for which W is discontinuous in 7, then one gets a maximal monotone multivalued function
U : R — 28 by filling the gaps, i.e., define

U(r) = { (r), for r ¢ {rili € N},

[U(r; —0),¥(r; +0)], else.

This is a well-known fact (see [4, page:54]). Hence our result covers non-continuous nonlin-
earities W, as is indicated in the title of the paper.

(v) By (L.1) there exists g € L'(u) N L=(u), g > 0, p-a.e., such that #, C L'(g - p)
continuously and it was proved in [35] (see the last part of the proof of Proposition 3.1 in
[35]) that the linear space

G ={h-glheL>*(u)}

is dense in .Z;. Furthermore, obviously ¢ C L'(1)NL>(u). Hence it follows that K (defined
in (H2)) is dense in #}, and hence in (Fy o, F{, ) for every vy > 0. Therefore, by (H2)(i)
the map

K >u — B(t,u) € Ly(L*(u), F1*,2,u0)

can be extended uniquely to a Lipschitz continuous map on all of FY,, . Furthermore,
(H2)(ii) trivially also holds for this extension, as well as (3.2). We shall use this extension
below without further notice.

Definition 3.1 Let x € Z}. An Z}-valued adapted process X = X(t) is called strong
solution to (1.1) if there exists q € [2,00) such that the following conditions hold:

X is F; —valued continuous on [0,T], P —a.s.;
X e L1(Qx(0,T) x E);

there isn € Lm (2 x (0,T) x E) such that
neVX), dd @ PRdu—a.e. onQx (0,T) x E;

and P-a.s.,

/ n(s)ds € C((0,T]: Z.), (3.3)

X(t)=z+ L/Otn(s)ds + /OtB(s,X(s))dW(s) for all t € [0,T].
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Theorem 3.1 below is the main existence and uniqueness result for Eq.(1.1).

Theorem 3.1 Assume that (L.1), (H1)-(H4) are satisfied and let m be as in (3.1). Let
p €[2,00) and x € LP(p) N L*(p) N L*™ () N F}. Then there is a unique strong solution X
to (1.1) such that

X € L*(Q;C([0,T); %)) N L=([0,T); (LP N L* N L*™)(Q x E)). (3.4)

Theorem 3.1 will be proved in Section 5. The proof is based on an approximating equation
of (1.1). More precisely, in Section 4 we shall establish the existence of solutions for the
following Yosida approximating equation of (1.1)

{dXA — LU, (X)) 4+ AX))dt = B(t, X\)dW(t), te€[0,T), (35)

XA(0) =z on E.
Here A > 0 and

Up(z) =—(z— (1+A0) () € U((1+ V) }(2))

>| =

is the Yosida approximation of ¥, which is monotone and %—Lipsehitz ([8, page:13]). We
recall that (see [4, page:38, Proposition 2.2]) ¥, is single-valued and for all » € R

[WA(r)] < inf [W(r)], (3.6)
lim Wa(r) = Wo(r), (3.7)

where W (r) is the unique element in ¥(r) with minimal absolute value. This element exists,
since W(r) is convex and closed for all 7 € R (see [4, page:29, Proposition 2.1]). Obviously,
U is increasing. Note that ¥y = 07, with

=2
ING ::inf{“" i +j(F);FeR}, vr € R, (3.8)

where j is the potential of ¥ (see Remark 3.1 (iii)).
We have the following result for Eq.(3.5).

Theorem 3.2 Assume that (L.1), (H1)-(H4) are satisfied and let m be as in (3.1). Let
A€ (0,1), p€[2,00), m as in (3.1) and x € F; O L*"(u) N L*(u) N LP(u). Then (3.5) has
a unique strong solution

X, € L*(C(0,T); Z2) N L>([0,T); (LP N L* N L*™)(Q x E)), (3.9)

satisfying

/ UL (Xn () + AXn(s)ds € C([0,T); Z.) P-a.s., (3.10)

and P-a.s.,

X)\(t) =+ L/Ot \I/)\<X/\(S)) + )\X,\(s)ds + /OtB(S,XA(S))dW(S), Vt € [O,T] (311)



Moreover, there exists C' € (0,00) such that for all A\, N € (0,1), t € [0,T7,

E[X5(O)f) < Claly,; (3.12)
T

IE/ / W (Xa (1)) R dpudt < Claf?, (3.13)
0 E

E| sup IX:(1)]%:] < C(lol3; + o). (3.14)
0<t<T

E| sup [IXa(t) = Xn(®)l3:] < CO+ X (al + |23, (3.15)
0<t<T

4 Proof of Theorem 3.2

As said in the introduction, the proof of Theorem 3.2 is based on the strategy in [10, Section
4], but with major modifications.

Proof  For each fixed A, firstly we consider the following approximating equation for (3.5)

(4.1)

dX}(t) + (v — L) (UA(XX () + AXX(t))dt = B(t, XX(t))dW (¢), in (0,T) x E,
X3(0) = @ € L*(u) N LP(p),

where v € (0,1). By [37, Lemma 3.1], (4.1) has a unique solution X§ € L*(Q; L*([0, T]; L*(1)))N
L*(Q % [0,T; Fip) N LA C([0,T; Fyy)).

To prove that (3.9)-(3.14) hold with X% replacing X, with a constant C' independent of
v and A\, we consider the following approximating equation for (4.1).

{de’E(t) + ALE(XYE(8))dt = B(t, X25(1))dW (1), in (0,T) x E, 42

XP5(0) =« € L(u) N L7(p),

where AY® : FY, — F,, defined by
1
AV (z) = g(x — (I + c‘AK)_l(x)), xv € I, e€(0,1),

is the Yosida approximation of the operator A% (z) := (v—L)(V(x)+A(z)), Vo € D(AY) :=
Fi 5. Here and below I denotes the identity map on the respective space. Clearly, I + cA¥ :
Fip— Fiyisa bijection, since so is Uy + AI : Fy o — Fj 5. Furthermore, since obviously A%
with domain F} 5 is monotone on FY,, it follows that A is maximal monotone on Fy,. Fix
x € Ffyand set y := J.(z) == ([ +AY) "' € Fio, ie., (I +eA¥)(y) = =, equivalently,

y+e(lw— L) (¥, + A)(y) = . (4.3)
In particular, (¥ + A\ )(y) € D(L), if x € L*(u).

Before giving the well-posedness result for (4.2), we need some preparations.

Lemma 4.1 For all0 < e < 1, we have

1 Je(x) = Je(@)ry,, < o= Tllpy,,,V 2,7 € FTy. (4.4)
- 1 - -
|Jo(x) — J.(T)]2 < )\]a; —Z|o, V2,7 € L*(). (4.5)
ve
|[J(@)lp < l2lp, V@€ LP(n) N L¥(n), 2 < p < oo. (4.6)
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Proof  Firstly, let us prove (4.4). For x, & € F},, set y := J.(x) and y := J.(T), we have
1,2
y— g +eAl(y) —eAl(y) = v — I (4.7)

Taking the scalar product of y — ¢ with both sides in (F},, || - |

Fr,, ) We get

=9y —0r,, +eAW) — A0y —Orr,, =@ — Ty —Gry,,-  (48)

2,V

For the second term in the left hand-side of (4.8), by (2.10), we know
(AX(y) = AX(9)y — V),
= (v = L)((Tx+ AN () = (W + AD@).y = )
= £, (U + A (y) = (Ua + AD([@), y — @Ff‘,z

Since y — g € Fio C L*(p).
(4.8) and (4.9) imply

< [lz -z

%;’2# Fr,, 1y — 4l

ly — 9

*
F1,2,u’

from which (4.4) follows.
Secondly, to prove the Lipschitz continuity of J. in L?(u), we take z,Z € L*(u) and apply

i, (O +AD(y) — (Wh + /\1)(.@)>F172
to both sides of (4.7). Then

Feo (Y = 0, (U + AL (y) — (U + M)
b (A% ) — 2A5(5), (8 + A)y) — (W2 + AD(B))y,
= rp, (7 = 2, (Uy + A1) (y) — (U + AI)(@})>FL2. (4.10)
For the second term in the left hand-side of (4.10), by (2.8)-(2.10) (under the Gelfand triple
Fiy C L*(n) C Fy,), we obtain
rr, (EAS () — e AX(@), (Ux + A)(y) — (Ux+ A (@)) 5,
— ey (= L)W + A1) () — (s + D@, (02 + AD)(y) — Uy + A @)y,
+r7, (e = D((Wx + M)(y) = (Va+ N)@), (Ua+ A1) () = (Ur+ A)@))
= e[|(Ux+ A)(y) = (Ua+ AD@)|7,, + (v = DI(Wr+ X)(y) — (Wr+ A (D)5
> ve|(Uy + A (y) — (Ur + A (@)]3. (4.11)

For the first term in the left hand-side of (4.10), since ¥, is monotone, by (2.8) (under the
Gelfand triple Fy» C L*(u) C FY,), we know

Fro (U = 0 (U AD () — (Ua+AD(@))

= (Y =0, (Ua+ M) (y) — (Wr+ A)(5)),
> Ay — g2 (4.12)

11



Similarly, since z, 7 € L?(u), by (2.8), we have

Fro (@ =2, (WA + AL (y) — (Un+ AD(©Y)) Ry
=(x—Z,(Ux+ N)(y) — (¥r+ A)(7))2. (4.13)

Taking (4.11), (4.12) and (4.13) into (4.10), by Young’s inequality, we obtain

Ay — T + ve| (05 + AD)(y) — (Tr + A1) @)
|z = Z]p - |(Ua+ A1) (y) — (Ur + A ()],

Vi€|x—z|§+ygy(%+m(y) — (W AD@) (4.14)

IN

IN

and therefore

_ ~2 < - R~ 2
ly =yl < 1/5)\|x 3,
which yields (4.5) as claimed.
Now, let us prove (4.6). Let z € L*(u) N LP(u), p > 2. Since the function h(r) :=
rlr[P=2(1 + k|r[P~2)7! is Lipschitz, and h(0) = 0, we have h(y) € Fia, because y € F} .
Hence applying g+ ( -, yly[*~>(1 + k[y[P~2)"") . ,» k>0, to both sides of (4.3), we obtain

1

ylylP~? ylyl”~
Fr, (Y, Hk—|y|p_2>FLQ +rp, (e(v = L)(A(y) + Ay), T+ kg2 P
= rp, (2, %% (4.15)
Under the Gelfand triple Fyp C L*(p1) C FY,, by (2.8), (4.15) yields
(v, %% +rp, (e(v = L)(Way) + Ay), %ﬁm
_ @,% N (4.16)

For the second term in the left hand-side of (4.16), since = € L*(u), y € Fi» C L*(p), from
(4.3) we deduce that

(v = L)(Ua(y) + Ay) € L*(p).
Then by (2.8), we know

ylyP?
T4 k2>

ylylP—>

Fy, <5(V — L)(Wa(y) + \y), 1—|—k—|y|1’—2

Vp, = (e = L)(Waly) + Ny),

To estimate the term above, notice that for all Lipschitz and increasing function ¢ : R — R
with ¢(0) = 0, we have

/E (v — L) (Wa(y) + Ny) - g(w)dp > 0. (4.17)

because on one hand, ¥, is Lipschitz and monotone with W,(0) = 0, then obviously,

/EV(‘I’A(?J) +y) - g(y)du > 0. (4.18)
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On the other hand, we can prove the following term, i.e.,

(=L)(WA(y) + M), 9(v))
= &(Ua(y) + My, 9(y))
£ () ). o

is non-negative. Indeed, by [36, Lemma 5.1], with p being the kernel corresponding to
P := (I —eL)™!, we know, setting f := Uy + I,

EV(f(W),9(y) = 1<f ), (I = (I =eL))gv),
_ l//‘f — FW(©)) - (9w(€)) — g(w(€)))p(E, dE)u(de)
+EL;L—PMQH@@D((®)MO

since f, g are monotone with f(0) = ¢(0) = 0 and P1 < 1, we deduce that

E9(f(y), g(y)) =0,

which implies that (4.19) is non-negative. As a short remark, the assumption that (F,B)
a standard measurable space is needed in [36, Lemma 5.1] to ensure the existence of the

kernel p above.
Thus,

lyl? / rylylP
——dp < | ———d
/E T k2= T k2™
Letting £ — 0 and by Holder’s inequality, we obtain
lylp < / zylyP~2du < |z, ly[5~.
E

Hence, since y = J.(z),
| Je(@)]p < |z,
U

As shown in Lemma 4.1, J. is Lipschitz in both L*(u) and Fy,. Since Ay = 1(I — J.),
AY" is also Lipschitz in L*(u) and FyY,. If 2 € FY,, (4.2) has a unique adapted solution
X{F e L(Q;C([0,T]; FY,)) and by Itd’s formula (see e.g. [29, Theorem 4.2.5]) we have

t
ElIXY(0)IF;,, +2E /0 (ALE(X°(5)), XY(8)) e d

1,2,v
t
— el + B [ 1B XD s, oo
t
428 [ (X05(6). Bl X)W (9D, 1€ 0T,
0

which, by virtue of (H2)(ii) and the fact that the second term on the left hand-side is
nonnegative by (4.4), yields

E| X0, <e

, Ve >0, t€0,T], v € FY,. (4.20)
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Similarly, if € L*(u), we know that Xy° € L*(Q;C([0,T); L*(1))) and again by Itd’s
formula we obtain

t
E|XV(1)2 + 2F / (A (X5 (5)), X5 (s)), ds
t
— o +E / 1B (5, X5 ()2, 20220y 5
t
428 [ (X5(5), B X)W () (421)
0

which, by virtue of (H3)(i) and the fact that the second summand on the left hand-side is
nonnegative by (4.6) applied to p = 2, yields

E| XY ()5 < e%T|2|3, Ve >0, t €[0,T], 2 € L*(n). (4.22)
Lemma 4.2 Forp € (2,00) andz € LP(p)NL* (1), we have that X° € L= ([0, T]; LP(Q; LP(1))).
Proof For a, R > 0, consider the set
Kr={X € L*([0,T];C([0, T}; L*(1))), e P"E|X (t)|5 < R?, t € [0,T1}.
Since, by (4.2), X{* is a fixed point of the map

e—s

FiXo e;aﬂ—%/. o JE(X(s))d3+/. = B(s, X ())dWV (s).

obtained by iteration in L?(Q; C([0, T]; L*(1))), it suffices to show that F' leaves the set Kr
invariant for o, R > 0 large enough. By (4.6) we have that for X € Kr, t >0

s

ezx—l—i/tets (X (s))ds :}
Se‘o‘te_£|x|p+e_°‘t[ </ Zem X )|pds>p];
t

1
e_(a+é)t|x|p +e /
0 e

< 6_(a+%)t|$|p +

[e’patE

= ()X (s)[1) P ds

IN

(4.23)

1+ ae’
Set

t
Y(t) = / e” = B(s, X(s))dW(s), t > 0.
0
Then Y is a solution to the following SDE on L?(j):

dY (1) + éY(t)dt = B(t, X(£))dW (1), t >0,
Y(0) =0,

equivalently,
t

d(esY (1)) = ez B(t, X(1))dW (t), t >0, Y(0) = 0.
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By Hypothesis (H3)(ii), we may apply Theorem 7.1 in the Appendix with u(t) replaced by
Y (t). Then by Holder’s and Young’s inequality and (H3)(ii), we obtain for ¢ € [0, T]

E esY(t)|p

“go-ve [ [ >
gg //| P25 du) -(/(Des (. X(s)erl?) )ds

~ Lo /\es P (/E(i|ezB(s,X(s))ek]2>gdu>pds

OO

2
e (s)[”

esB(s, X (s ek| duds

SN

p .p
2

— (|eiY<;|g—2)“ U (2 B(s;X<s>>ek|2)2du)p N
— %(p— (p—2)E s)‘§d3+(p— DE/ot/E (Z e:B(s X(s))ek\Q)gds
< 30- 0028 [ ¥ ()i + - DE [ et Xl (1.21)

and therefore, by Gronwall’s lemma, we obtain

Ele=

t
Y(0)]) < Calp— 1™ F / Ele: X (s)[2ds
0

¢
< Culp— 1)€(p_1)(2p_2)T / RPel=HPo)s (g
0

CrpRPe (et
e €

< Tteals : (4.25)

which yields

CTp€R

e PYEY (1)]E < = Otza)

vt € [0, 7). (4.26)

Then, by formulas (4.23), (4.26), we infer that for a large enough and R > 2|z|,, the map
I leaves Kg invariant as claimed. O

Lemma 4.3 For allp € [2,00) and x € LP(u) N L*(u), there exists C, € (0,00) such that

sup E|X7°(0)F < Cylafh, Ve, N\, v € (0,1). (4.27)

te[0,7

Proof  Applying the It6 formula to | Xy*(¢)[? (see Theorem 7.1 in the Appendix), we obtain
¢
BP0l = folp 8 [ [ A OG0 X (X ) s

~p(p— 1E / / X205 (5) P2 3 |B(s, X0 (s)JexPdpds. (4.28)
0 E k=1

15



Recall that AT (XY4(s)) = %(XK’E(S) — J.(XY5(5))), so we have
[ A R XS )
1 v,e 1 v,e v,e v,e —
=2 [l [ LR X )P (4.20)
E €JE
By Holder’s inequality and (4.6), we conclude
1 v,e 1 v,e v,e v,e —
S [P -2 [ LRI P
E €JE
1 v, 1 v,E v,e —
> 2 [ Pl - L[Sl Xl
19 E g

1 V,E 1 v, V,E —
> —/ (XY (s)Pdp — —| X5 (s)]p - X ()5
€ JE £
= 0. (4.30)

By (4.28)-(4.30) and using a similar argument as in (4.24), we get
v,e 1 ! v,e v,e
EX O < lolp+ 5 - 1)153/ (p = 2)| X3 ()], + 2C X3 (s)[5ds
0

1 -
= ol + 50 - 1)(p—2+204>1@/0 X (s)|nds.

As a result, by Gronwall’s lemma, we obtain,
ess supcio Bl XY ()5 < Cplzf), Ve, A\, v e (0,1).

Since ¢ = [X3“(t)], is lower semi-continuous and hence so is ¢ — E|X ()P, (4.27) follows.
U

Lemma 4.4 Let p € [2,00), x € L*(u) N LP(u) and X\ as above. Then as e — 0, we

have
X5 — XY strongly in L*(Q;C([0,TY; FYs)),

where XY is the solution to (4.1). Furthermore, there exists C, € (0,00) such that

sup E[X{(1)[F < Cplz, ¥V A v e(0,1). (4.31)
te[0,7

Proof  We prove the lemma in two steps, which are given as two claims.

Claim 4.1 For each © € L*(u), the sequence {X}°} is Cauchy in L*(Q; C([0,T); FY,)).

Proof Let €,n > 0. Applying the Ito6 formula ([29, Theorem 4.2.5] with V := L*(u),
H:=F{,,, a=2 X,=1) to || X3 — X" %1*2 , we have

dIXT () = X" (@)1,
+2((r = L) (¥ + AD X)) = (T + W) (X(0)), X55(8) = X3(0))
= 2(XYE(t) — XY(t), (B(t, X{°(1) — B(t, X2"(1)))dW (1))

By

12,V

V,e v, 2
+||B(t, X35 (t)) — B(t, X} ”(t))||L2(L2(N)7Ff2V)dt. (4.32)
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The second term in the left hand-side of the above equality, by (4.3), (2.10) and (2.8), is
equal to

20(Un+ AD(J(XT() = (W + ADT(XT7 (1)), Jo(XX(1)) = Ty (K37 ()))0lt
+2((v = L)((Tx+ M)(JE(XK’E(S)))) — (v =L)((Ux+ A)(J (X”"(S)))),
e(v = L)((Ux + A (J(XT())) =0 = L) ((Tx + A (Jy(XT"(5)))) ) gy 2 (4.33)
Taking (4.33) into (4.32), then taking expectation of both sides, we obtain for all ¢ € [0, T]
E sup | X{%(r) = X"(r)l[%,

rel0,t]

—2]E sup
rel0,t]

+2E/0 (x4 M) (JAXYE(s)) = (a4 M) (Jp(X3"(5))), J(XX5(s)) — Jy(X7(s))),ds

/ (X3%(s) = X3(s), (B(s, X7 (s)) — B(s, X"(s)))dW (s)) .

<28 [ (= D) (0 + AULE) = 0= D8 + m<Jn<X:’"<s>>>>,
2(v — L)((0r + AD (XS () = (v — L) (T + A (T (XE()) . |ds

1,2,v

12u)

t
+E/O | B(s, X°(s)) — B(s, Xy"(s) HL2 (20.pe, )5

<3+ n)E [ = D+ AT DI, + 10 = D+ AU,

+E/0 HB(S,X)”\"E(S)) — B(s, XY"(s)) 2 ds

H Lo(L2(p),FY5,,)

<3+

where we used Proposition 7.1 (see Appendix) and (H2)(i) in the last inequality. For the
second term in the left hand-side of (4.34), by using the Burkholder-Davis-Gundy inequality
for p = 1, we obtain for all ¢ € [0, T7,

/ (X37(s) = X3"(s), (B(s, X°(s)) — B(s, X3"(s)))dW (s)) .

1,2,v

t
+A+C@éﬂm@+E/(MMX%Q—XT@N%Z@, (4.34)
0 &,V

IE sup
- rel0,t]

<E / 1X55(5) — XL7(s)]

- t 1
B[ sup IX5°() = X¢ 0, O [ IS (6) = X200l ]

- rel0,t]

N

2o, CHlIXY(s) = X(s)]

2 d
S
F1*,2,1/ :|

IN

1

t
< 5E sup [1X5°0) = X0y, + G / [X35(s) = X37(s)]
re

Substituting (4.35) into (4.34), we obtain

ey, 05 (4.35)

S

]‘ v,e v,
B sup [[X35(r) = X3 (r) 7

rel0,t] b2

+2E/O ((Ux 4+ M) (JA(XFE(s)) = (Wa+ M) (Jy(X3"(5))) s J(X5(s)) — Jy(X{"(s))),ds

<30

2. d
Fl*,2,l/ S

t
T A+ Cy)eOT|af} + 3C,E / sup [|IX2(r) — X27(r)]
0

rel0,s]
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By Gronwall’s lemma, we obtain

E sup | X7(t) — X015

te[0,7) 12w
B [ (0 AD(L() = (04 A (61 (X (0)) = (X5

2
<6+ +A+ C)el6CHCIT |12 (4.36)

Since by the monotonicity of ¥, the second term on the left hand-side of inequality (4.36)
is nonnegative, letting e,7 — 0, we see that {X}°} is Cauchy in L*(Q; C([0,T]; F'y)). O

From Claim 4.1, we know there exists X € L2(: C([0, T]; FY,)) such that

lim X} = X in L*(Q; C([0,T); Fy,)), (4.37)

e—0
Claim 4.2 X = X?.
Proof  We have

lim [ Bs, X25(s))dW (s) = / B(s, X(s))dW(s) in LA C(0,T] FLy)), (4.38)

e—0 0 0

since by the BDG inequality for p =1 and (H2)(i), we have

2

E sup H/OT(B(S,X;"E(S))—B(s,)z(s)))dW(s)

rel0,7) Fx

1,2,v

T
SOE/HB@X?@»—MaX@wapW@Mw
0 .

< CTE sup [|XY%(s) — X(s)|%

s€[0,T] L2

Next we show that (¥ + \)(X) € L*((0,T); L*(2; F12)) and that (4.1) is satisfied. From
Lemma 4.3 we know that {X}°} is bounded in L*((0,7) x © x E) and therefore along a
subsequence, again denoted by {¢}, we have

lim X° = X weakly in L2((0,T) x Q x E). (4.39)

e—0

From (4.3) and (7.4), we know

2 d
S
Fl*,2,u

E{A 1X25(s) — J(X2%(5))]

— &°E /OT 1(v = L)(PA(T(X(5))) + AT(XY5 () I3, ds
< S A+ OOl (4.40)
which yields,
lim J.(X7%) = X in L*((0,T); L*(; Fyy)). (4.41)

e—0
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Recall from (4.6) that
L) < XL (W, Y te 0,7) (1.42)
Therefore, we infer by (4.39) and (4.40) that
lim J. (X}°) = X, weakly in L2((0,T) x Q x E). (4.43)

By the monotonicity of Wy, it follows from (4.36) that J.(X}°), ¢ € (0,1), is Cauchy in
L3((0,T) x Q x E), so the convergence in (4.43) is strong and thus

(W + ML) (= (X79) = (Un + A (X) in L2((0,T) x Q x E), (4.44)

since Wy + Al is Lipschitz.

From (7.4), we know that (v — L)(¥,+AI)(J.(X{9)), € € (0,1), is bounded in L*([0, T] x
Q; FYy), so (Ux + M) (J(XY7)) is bounded in L*([0,T7]; L*(, F12)). Hence there exists a
subsequence, again denoted by {e} such that

Hm(Uy 4+ M) (Jo(X29)) = (Ux 4+ AI)(X) weakly in L2([0,T] x € Fy,). (4.45)

e—0

It is then easy to see that also

lim [ (U, + AT (X2 (s)))ds = / (W + AT)(X (s))ds

e—0 0 0

weakly in L?([0,T] x ; Fy 5), and thus

lim(v — L) / (W + A1) (X2 (s))ds = (v — L) / (W + M)XK (s))ds

e—0 0 0

weakly in L*([0, T] x €; F},).
Consequently, taking into account (4.37), (4.38), as ¢ — 0, we can pass to the weak limit
in L*([0,T] x Q; F},) in the equation

XV(t)=x+(v—1L) /0 (U + M) (J(XV7(9)))ds + /0 B(s, X{(s))dW (s),

and since each term is a P-a.s. continuous path in Fy,, we conclude that X is a strong
solution to (4.1) in the sense of Definition 3.1 in [37]. Furthermore, by the uniqueness part

of [37, Lemma 3.1], it follows that X¥ = X a.c. in (0,7) x Q x E. O
By (4.39) and Lemma 4.3, Claim 4.1 implies (4.31). This completes the proof of Lemma
4.4. 0

Remark 4.1 By Lemma 4.4 we know that
t t
X{(t)=z+ (v— L)/ (UA(XK(5)) + AXK(s)) +/ B(s, X} (s))dW (s), t € [0,T].
0 0

But, since X¥ = X, by (4.45) we may interchange (v — L) with the integral w.r.t. ds.

19



Let us now continue to prove Theorem 3.2. Choose 0 < v < 1y < 1, rewrite (4.1) as

dXY(t) + (vo — L) (WA (XX (1)) + AXX(¢))dt
= (v — ) (UA(XY(1)) + AXL())dt + B(t, X2 (2)dW (¢). (4.46)

Now by Remark 4.1 we may apply It6’s formula ([29, Theorem 4.2.5]) to || X¥ — X ¥’ ||F1 e
v, V' € (0,15], to obtain for all t € [0,T], A € (0,1),

IXX () = X5 (1)l

2 [ [ (O0500) + A0(8) — W () = A () - (X3 (e) = X5 () s

*
F12

1,2,vq

— 2/ — ) / (TA(XY(5) — UA(XY (), XX () — XY (8)) e dls

120 — v) / (AXY(s) — AXY (), XY(s) — XV (8)) . ds

1,2,vq

/ 1B (s, XX(5)) = Bs. X (701200 55,8

/0 (X2(s) = X (), (B(s, X4(5)) — B(s, X{ (5))AW (5)) . (4.47)

1,2,vq

Since (Wa(r) — Wa(r"))(r —17) > 0 for .7’ € R, L*(u) C FY, continuously, by Minkowski
inequality, Young’s inequality and (H2)(i), (4. 47) yields for all ¢ € [0, T,

/ / INXY(s) — XY (s)|Pdpds

<A / (TACE )+ 122X (5)]) - (1XK () = XY () ey, s

XX () —

v ¢
2 =] [ 150) = X ()], s
+2 /Ot (X} — XY, (B(s,X}(s)) — B(s, X{ (s W) p,,
+ [ s - XKl ds
< 2(;/ KL (3))E + A (XY (5))2ds
#2 [ (XE(6) = XX, (B, XS 6) — B XY D)W s)
+(Cy 42X +1) /0 1 X%(s) — XX (s)] Ty 05 (4.48)

Taking expectation to both sides of (4.48), by the BDG inequality for p = 1, and by the fact
that, by (H1), |U(r)| < C|r|™, Vr € R, with C independent of A, taking (H2)( ) and (4.27)
into account, we obtain for all ¢ € [0, T]

B[ 0 1K)~ XY @y, , | + 208 [ 1X506) = 5 (o)l

2 s€[0,t]

Cr(v + t ,
< M| [2m +CIE/ sup || X5(r) = X5 ()%, ds. (4.49)
; 2

rel0,s]

20



Hence by Gronwall’s lemma, we have for some Cr € (0, 00)

E| sup [ X{(s) — X{'(5)]

s€[0,T]
CT(I/ + /)2

T
2] +2)\E/ XY (s) — XY (5)[2ds
0
lz|5m v A€ (0,1), v,/ € (0, ). (4.50)

Hence there exists an (ﬁt)tzo—adapted process X € L*(Q; C([0,T]; Ff'y))NL*((0, T) x Qx E)
such that

lim {E[ sup || X% (s) — Xk(s)@huo} +2AE/OT1X§(S) —Xk(s)|§ds} —0. (451

v—0 s€[0,T

Consequently, by (H2)(i) we can pass to the limit with » — 0 in (4.1) to obtain

Xa(t) = o — lim(v — L) /0 Wy (XY(s)) + AXY(s)ds

+/tB(s,XA(5))dW(s), te0,1), (4.52)

where the limit exists in L*(Q; C([0, T]; F,)). Furthermore, it follows by (4.51), since Wy is
Lipschitz, that

lim [ 0,(X2(s)) + AXY(s)ds — / UL (X (s)) 4+ AX (s)ds, (4.53)

v=0 Jq 0
in L*(Q; C([0, T]; L*(i))), hence in L*(Q; C([0,T7; FY,)). Writingv — L = (1— L)+ (v —1)I,

(4.52) and (4.53) imply that the convergence in (4.53) holds even in L*(Q; C([0,T}; Fi2))
and that the second term on the right hand-side of (4.52) is equal to

L/Ot \IIA(XA(S)) + )\X)\(S)dS,

which shows that X, is a solution of (3.11) in the sense of Definition 3.1 in [37] with state
space F7,.

Now let us prove that, since z € .#7(C FY,), which so far we have not used, that Xy
is indeed a solution of (3.11) on the smaller state space .7 and that (3.12)-(3.15) hold.
Note that (3.10) trivially holds, since the convergence in (4.53) is in L*(2; C([0,T7]; F12))
and since Fj 5 C %, continuously.

To prove (3.12) we observe that by (4.51) it follows that as v — 0, X} — X in dt ® P-
measure. Hence we have by Fatou’s lemma and (4.31) for all p € L([0, T]; R)

T T
| leoE @ < it [ ewlEx @)
0 v 0
< ol qo.rr)Cpl[h,

which implies (3.12). Now (3.13) follows by (H1).
To prove (3.14) we note that by exactly the same arguments as in the proof of (4.50),
except for using (H2)(ii) instead of (H2)(i), we obtain

T
B[ sup X3, , |+ AE [ 1305
s€[0,7] 120 0

< Cr(|z] %1*72‘”0 +volzlam), VA€ (0,1), v e (0,u). (4.54)

21



Hence we get by Fatou’s lemma

T
B[ sup a0, ] + B [ [Xa(o)fds
te[0,7) Sro 0

< Cr(lalldy,, +lelm). ¥ xe(©,1). (4.5)

Letting vy — 0 and taking (2.5) into account, we get

T
B[ sup [Xa(0)]%] + B [ 1Xa()3ds < Cr(j
0

te[0,T]

hence (3.14) follows.

Now let us prove that X, is a solution to (3.5) with state space %#. By (3.10) and
Lemma 2.3, we have

L/' Uy (Xx(s)) + Xa(s)ds € L2(Q: C(0, T]: 7).

Furthermore, letting v — 0 in (H2)(ii), we conclude from (4.55) that the stochastic integral
in (3.11) is in L*(Q; C([0,T]; #;)) as well. Since x € #}, (3.11) (which holds in F},) implies
that Xy € L*(Q;C([0,T]; Z#7)). So, altogether this implies that X} is a strong solution of
(3.5) with state space .Z in the sense of (3.9)-(3.11).

e

Now finally we prove (3.15). Firstly, we have
d(X3(t) = X5(1) + (vo — L) (UA(XX (1) — Ua (X3 (8) + AXZ(t) = NXX(1)))dt
(v = o) (TA(XX (1) — U (X5 (1)) + AXK() — NXT(1)))dt
= (B(t, X3(1)) — B(t, X}(1)))dW (t)

By Remark 4.1 we may apply It6’s formula ([29, Theorem 4.2.5]) to 3|| X} — X%/
obtain for v € (0, 1], t € [0,T],

2 t
0
F1*,2,l/07

1 14 14
S - X013,

[ (ARE) + AN (6) = X5 (9) = N5 (5) - (X5 5) = X ()

(v — 1) / (TA(XY(5)) + AXE () — Wao(X(s)) = NXU(8), X3(5) = X(s)) o s

-1 /0 [, X5(5) = Bls, XX a7,
[ XE06) = X091 (Bl XE69) = Bl XEDIW (), (4.57)

Since r = AU, (r) + (I + A¥)~(r), for all r € R, we have for all 7' € R

(Un(r) = Un(r)(r—1") = [\Il,\(r) — \I/,\/(T')} . [(] + A ) = (1 + /\/\I/>_1(7“/)]
—|—[\If)\(7’) — \I’,\/ (TI)] : [)\\Il)\<7’) - )\/\I/)\/<7’/)} . (458)

Note that the first summand in the right hand-side is nonnegative since ¥ is maximal
monotone and since Wy (r) € U((I +A¥)~ (r))(see [4, page:61]). Plugging (4.58) into (4.57),
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and using that || - || p= ﬁ| - |2 and (H2)(i), we obtain for v € (0,14], t € [0, T

121/0

1 v v
IR0 = X5 O,

+/0 /E(\IIA(XK(s)) — (X5 () - (AUA(XE(5)) — Ny (XE(5))) dudds
+/0 [E (AXK(s) = NX$,(s)) - (XX(5) = X¥i(s)) duds

< (XX()) + AXK(5) = Unr (X () = NXG ()], - [ XX (s) = X5 (5) |y, s
© / 1X5(s) — XK ()13, ds
/ (XK (5) = X5 (5). (B(s, X{(5)) = Bls, X5 ()W (3)) (4.59)

By the Burkholder-Davis-Gundy inequality (for p = 1) we get for all A\, X' > 0, t € [0,T]

TE[ w135 5) - X509)

s€[0,t] 12”0}

< C(A+X+V0)E/O (A ()15 + [P (XX (5))[5 + 1 XX (8)]3 + XX () [2) ds

¢
+CE/ sup || X¥(r) — X3 (r)]
0

r€(0,s]

Qpim ds. (4.60)

Hence by (H1), (4.31) and Gronwall’s lemma, there exists C'r € (0,00) independent of vy,
such that for all v € (0, 5], A, N € (0,1),

[ sup [1XE0) = Xy 0l,,, | < Crd+ N w)(elh + ). (46)

Then letting v — 0, we obtain

E[ sup [Xa(t) = X ()]
te[0,T

2] SCTOHX w2+ o), (462)

so by letting 1y — 0 in (4.62) and taking into account (2.5) we obtain (3.15). Consequently,
Theorem 3.2 is proved. O

5 Proof of Theorem 3.1

After all our preparations, to deduce that the solution X, A € (0,1), of equation (3.5) as
A — 0 converges to the unique solution of equation (1.1) is now in principle quite standard
(at least for experts on stochastic porous media equations), maybe except for proving (3.3).
Since, however, there is no proof in the literature that covers our general case, we give a
complete presentation of the arguments in this section.
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Proof Let X, be as in Theorem 3.2. Then it follows by Theorem 3.2 that there exists a
process X € L*(Q; C([0,T]; Z})) such that, as A — 0,

X, — X strongly in L*(Q; C([0,T7]; .Z))),
X\ = X weak-star in L>([0,T]; (L N L*> N L*™)(Q x E)),
AX\ — 0 strongly in LQ([O T| x Qx E), (5.1)
UA(Xy) =1 weakly in L™ ([0,7] x Q x E)N L2([0,T] x Q x E).

By (5.1) and (H2)(i) we may take the limit A — 0 in (3.11) in L*(Q; C([0, T); #)) to obtain
that

X = 2+ lim L/' Uy (X5 (5)) + AXx (s)ds

+/0' B(s, X (s))dWV (s), (5.2)

where we have used that by (2.5) we may take the limit vy — 0 in (H2)(i). By Lemma 2.3
we conclude that

lim [ Wy (Xa(s)) + AX(s)ds (5.3)

A—0 0

exists in L?(Q; C([0,T]; Z.)), hence by (L.1) in L*(Q;C([0,T); L' (g - p))) for some g €
L*(pw) N L>®(u), g > 0. Hence the limit in (5.3) coincides with the limit in dt ® P ® du-
measure. Therefore, [ n(s)ds € L*(Q; C([0,T];.%.)) and (5.2) implies

t t
X(t)=z+ L/ n(s)ds +/ B(s, X(s))dW(s), te€[0,T]. (5.4)

0 0
Hence X (¢), t € [0, T, is a solution to (1.1) in the sense of Definition 3.1 if we can show that
neVv(X), ddeP®u—ae. (5.5)

For this it suffices to show that

hmsupE/ /\I/)\ X)) Xodpdt <E/ /nXd,udt (5.6)
Indeed, since ¥ = Jjy, where 7, is as in (3.8), we have for all A € (0,1)

E /0 ' /E Uy (Xy)(Xy — Z)dpdt > E /0 ' /E N(Xy) — ja(Z)dudt, (5.7)

for all Z € L™Y((0,T) x Q x E), since Xy, |U,(X,)| € (L N LY)((0,T) x Q x E) C
m+41

L™= ((0,T) x Q x E).
Let U be as defined in (3.7) and define the integral (see [4, page:54])

jr) ::/ W(s)ds, r € R.
0
Then j is a continuous and convex function on R satisfying

0<j(r) <r¥°(r),vr € R, (5.8)
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because ¥(0) = 0. Recall that by [4, page:48, Theorem 2.9]

lim 75 (r) = j(r),¥r € R, (5.10)
ga(r) < j(r),vr e R. (5.11)

Consequently, for all Z € L™ ((0,T) x Q x E)

hmsupE/ /],\ (X)) — Jx(Z2)dpdt >E/ / Z)dudt. (5.12)

Indeed, by (5.8), (5.9) and (H1)
)l < 2™

and hence by Lebesgue’s dominated convergence theorem,

T
limE/ /jA(Z)dudt // Z)dpudt.
A—0

Furthermore, by (3.6), (3.7), (H1) and because X € L**((0,T) x Q2 x E) we have as A — 0,
Uy (X) = Wo(X) in L2((0,T) x Q2 x E), hence

T
limsupE/ /j,\(XA) — J(X)dpdt

—hmsupIE/ /j,\ (X)) — Ja(X)dudt

A—0

> hmsupE/ /\IIA (X — X)dpdt

Hence by (5.6), (5.7) and (5.12), we have VZ € L™ ((0,T) x Q x E),

// (X — Zd,udt>]E// 7)) dydt.
E/OT/EU(X—Z)dudt > E/T/EC(X—Z)dudt, (5.13)

m+1

for all Z € L™ ((0,T) x 2 x E)and ( € L= ((0,T) x Q x E) such that ( € ¥(Z) a.e. on
(0,7) x Q2 x E.
By virtue of assumption (H1), ¥ is maximal monotone in L™ ((0,7) x Q x E) x

m+1

L w ((0,T) x Q2 x E), so by [4, page:34, Theorem 2.2] one knows that the equation

This yields

J(Z)+V(Z)> J(X)+n, (5.14)

where J(Z) = |Z|P72Z, has a unique solution Z € L™ ((0,T) x Q x E).
Now if in (5.13), we take Z to be the solution of (5.14) and ¢ := J(X) — J(Z) + n, we

obtain
IE/T/(J(X) ~ J(Z)(X = Z)dpdt < 0,
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ie.,
T
IE/ /(]X|p2X —|Z[P2Z)(X — Z)dudt < 0.
0o JE

Since J : r — |r|P72r is strictly increasing, it follows that
y g

T
B [ [ (XX 2P 2) 0~ Z)duat =0
o JE
Hence X = Z a.e. on (0,7) x Q x E, and thus by (5.14), we have n € ¥(X), P ® dt ® u,
a.e..

It remains to prove (5.6). By Appendix 7.3 we may apply 1t6’s formula from [29, Theorem
4.2.5] to the process in (3.5) to obtain

1 ¢ ~
§E||Xk(t)||§g — E/ v (L(WA(X(5)) + AXA(5)), Xa(s)), ds
0
I )
= 5llzllz; + SE i 1B (s, Xx()) L (L2, 72)d5 (5.15)
By (7.16), where L and V are as in Appendix 7.3, we know that

(T (UA(X(5)) + AX (), Xa(s)),, = [E (TA(Xa(s)) + AXa(s)) - Xa(s)dps.  (5.16)

By Appendix 7.3 we may also apply Ito’s formula from [29, Theorem 4.2.5] to the process
in (5.4) to obtain by (7.16)

1 t

—E||X()||%- —l—E/ / n-X(s)ds

2 ‘ 0o JE

1 9 1 ¢ 9

= §||95| 7T §E ; ||B(3aX(S))||L2(L2(u),ﬁ;)d3- (5.17)

Letting A — 0 in (5.15) after plugging in (5.16), using (5.2) and comparing with (5.17), we
obtain (5.6) (even with ” =7 replacing 7 < 7).
Uniqueness

Suppose X7, X3 are two strong solutions to (1.1). We have with L as in Appendix 7.3

d(Xy — Xo) — L(ny — mp)dt = (B(t, X1) — B(t, X2))dW (t), in [0,T] x E, (5.18)
X; —X,=0on E, '
where n; € U(X;), 1= 1,2, a.e. on Q x (0,T) x E.
As above we may apply Ito’s formula to get
1 ~
§d||X1 — Xoll%: — ve(L(m — m2), X1 — Xa), dt
1 2
= §||B(taXl) - B(tv X2)||L2(L2(u),ﬁe*)dt
—|—<X1 — Xo, (B(s, X1) — B(s, XQ))th>§e*. (5.19)
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Since ¥ is monotone, by (7.16) we have
T o~
/ (= L —m2), X1 — Xo), dt

E[ .
0
T
= E/ /(771 —12) - (X1 — Xo)dpdt > 0. (5.20)
0o JE

Therefore, integrating (5.19) from 0 to ¢ and taking expectation, by (5.20) and Remark 3.1
(i), we obtain

t
EX, - Xl < €1 [ EIX: - Xallbuds, W€ 0.7)
0

and by Gronwall’s inequality we get X; = X5, P—a.s.. Thus Theorem 3.1 is proved. 0

6 Applications

Example 6.1 (Example for B, see [36, Remark 2.9])

(M) Let N € NU{+oo} and e}, € L*(u)NL>®(pn), 1 <k < N, be an orthonormal system
in L?(u) such that for every 1 < k < N there exists &, € (0,00) such that for all v € (0, 00)

F{‘2<~T eku>F12| < fk ||U'HF1,2,m Voue F1,2a T F1*,2'

12V

(M) means that each ey is a multiplier in (FY, [ - [|F;, ) With norm independent of v > 0.
Choose 4, € (0, 00) such that

i (€ + lexl%) < oo, (6.1)

NE

B
Il

1

and define for = € Fy,, B(x) € Ly (L (1), FY4) by

x)h = Zuk(ek, RYx - e, h e L*(p). (6.2)

k=1

Indeed, (extending {er|k € N} to an orthonormal basis of L?*(u) by (M)) we have for
x € Iy, v e (0,00)

o0

FI*QV Z kgk” HF12V

k=1

1B, 120.51,,) = ZHB v)erlE;,, = Zukl\wekl
k=

which implies (H2)(ii), and since © — B(z) is linear, assumption (H2)(i) follows.
From (6.1) and (6.2), we see that for z € L*(u), B(x) € La(L*(n), L*(1)), since

1B L2200 L2 Z | B(w)erls = Zuk|$€k|2 < Zﬂk|€k|2 |13,
which implies (H3)(i). Similarly, for z € L*(u) N Lp(,u) C LP(u),
(]« Z Bal)id)’ < Z ([ 1B@eran)’ Zuklxeﬂz memm ,
which implies (H3)(ii).
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Example 6.2 (Example for local )

Suppose (€, F12) is a local transient Dirichlet form with generator L such that it ad-
mits a carré du champ I' ([12, Definition 4.1.2]), which is a unique positive symmetric and
continuous bilinear map from Fj o X F} o into L' () such that

E(uw,v) + E(vw,u) — E(w, uv) = /wF(u, v)dp, Yu,v,w € F . (6.3)
From [12, Propostion 6.1.1], we know that then

1
E(u,v) = 5 /F(u,v)d,u, u,v € Fi o,

which implies (H4)(i).
By [12, Corollary 7.1.2], we know that for every Lipschitz function ¢ : R — R which
satisfies p(0) = 0,
F(Qp(u% U) = gpl(u)r(u, U)a v u,v S F1,27 (64)

where ¢’ is any version of the derivatives (defined Lebesgue-a.e.) of ¢. Furthermore, if ¢ is
nondecreasing, then
F(ua (p(u)) = gp’(u)F(u, u) > 07 Vue F1,27

and
T(p(u), p(u) = @' (W' (u, p(u)) < ess sup,cg @' (1) (u, p(u)), ¥ u € Fiy,
which implies (H4)(ii).

There is a abundance of examples of such Dirichlet forms on very general state spaces F, as
e.g. finite or infinite dimensional manifolds. We refer e.g. to [12, 18, 30] and also [20].

Example 6.3 (Example for nonlocal &)

As is well-known, under quite general assumptions according to the Beurling-Deny rep-
resentation formula a Dirichlet can be written as the sum of a local Dirichlet form €1 (i.e.
if it has a square field operator, it satisfies (6.4)) and a non-local part £ (see [18, Section
3.2] or [21] for details). A typical form of £@ is as follows

£ (u,v) = / /(U(l“) —u(y))(v(x) = v(y))J(z, dy)m(dz), u,v e DE?),
EJE
where J is a kernel from E to E and m is a o-finite measure on (£, B). Therefore,
ED(u,v) = / T(u,v)dm, u,ve DED),
E

where for x € E

(u, v)(x) = /(U(l’) — u(y))(v(z) —v(y))J (z, dy).
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Clearly, I' does not satisfy (6.4), but it satisfies our condition (H4)(ii). Indeed, for every
non-decreasing Lipschitz function ¢ : R — R with (0) = 0 and u € D(£?®) we have

(et o) = [ (lule) = ou) Ty
< Livg( [ Tt u(e) = u) (o(u@)) = olu(v)) Ja,dy)

+ [ Lt uly) = uta)) (plu(s) = olu() I, d))
= Lipgl'(u olu).

A concrete example of this is the following very classical case.
Let B =R% 1 =dz and let 7 "7 resp. 7 ~” denote Fourier transform, i.e.,

/@WW%MWV@M%

~

f(x) = (2m)”

ol

resp. its inverse. Define for a > 0
(—A)%u = (|:1c|20‘1l) (€ L*(R% dx)), u € CP(RY).

Then (—A)? is a symmetric linear operator on L?(R?; dz) with dense domain C5°(RY). Hence
the form

1 _
D@ (u, v) = 3 /@®|x|2adx, u,v € Cg°(RY),
is closable, where ” =" means complex conjugation. Its closure (D(®, H*?(R?)) is hence a
symmetric closed form on L*(R% dz). If o € (0,%) N (0,1], it is a transient Dirichlet form
and for some constant Cad >0

£(u,v) :Cayd// (u() —|1;(y))(v(fv) — VW) oy, ww € HORRY.

_ y|2a+d

For more details we refer to [30, page:43] and [35].

Remark 6.1 Theorem 3.1 also applies to transient Dirichlet forms, where the corresponding
state space E is a fractal, (see e.g. [28]).

7 Appendix

7.1 Auxiliary results

In this part we aim to prove (7.4), which has been used in the proof of Claim 4.3.
Lemma 7.1 For all x € FY, and all ¢ > 0, we have
(v~ D 4 ML)y,
(W A0, L)),y + el = D+ ADL @, . (7D)
For all x € L*(p),

(v — L)(Wx+ M) (J(2)), z),
= ((v = L)(Wx + AI)(Je(2)), J=(x)), + | (v — L) (W + A)(J=(2))

2
9

(7.2)
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Proof  Recall that
1 +
AV = (I = ) = (v = L)(Ws+ M)(J2),

For x € FY,, to prove (7.1), we rewrite

(v = D(Wr + AD (@), )
:<(V—L) (Uy+ M) (Je(2))), Je(z >F*
(= LYW + AL = D0+ ADL)) e
= ((Wr + AD( (@), Jo(a), + (v = L)((r + AT < M3

The proof of (7.2) is analogous due to the fact that J. is \/——LlpSChltZ in L*(u), so AY® €
L*(p) if z € L*(p). O

Lemma 7.2 For each x € L*(u), T > 0, and 0 < € < 1, there erists C > 0 such that
Vve(0,1), e (0,+00),

E|XY(s)]3 —|—2E/0<(1/ — L)(Wy + M)(J(XY5(s))), JE(X/I\”E(S)»QCZS§603T]x\§, vt €[0,T].(7.3)

Proof  Applying It6 formula to | X}|3, we obtain

dXYEO)3 4 2((v = LY((¥x 4+ A1) (J(XYE(0)))), (XY5(t)),dt
= B, X3 DL w20, 200t + 2(X57, Bt X35(1)dW (1)),

which by (7.2) yields,

d\X?E(t)]% + 2<(1/ — L)((Uy + M) (JA(XY5(2)))), JE(XA”vE(t))>2dt
12| (v — L)((Uy + M) (J(X27 (1)) dt
= | Bt XD (120020 dE + 20X, B, X5(4)dW (1)),

Taking expectation of both sides, by (H3)(i) we get
EIXY () +2E /t (v = L)((Ua + AD)(J(X77(5)))), Je(X(5))),ds
+25E/ |(v = L)((x 4+ A (J(XY(s) | ds
< off + O [ X35 s
Then by (4.17) and Gronwall’s lemma we get (7.3) as claimed. O

Proposition 7.1 Forz € L*(n), t € [0,T) and 0 <e <1, v € (0,1), we have

2
*
F1,2,z/

ds

l\DIH

B [ 0= D - ADUG D), s < 5544+ CeTay (7a)
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Proof Let x € L*(u). Then

2

*
F12u

(v = L) (s + AD)(Je(2))]
= [[(Wx + A (Je(2)) 7.,
— /%r((% + A (Jo(x)), (W) + M)(Ja(x)))du
(W + AD)(Je(2), (Ur + A (Je(2)),

SC%/%Nk@%@x+ﬂﬂk@»MM+W§+M«meu%uwxéwm

< (5 A+ O (e, Uy + AD (L)),
= (; + A+ C5){((v— L) (¥ + N)(J(2)), Jo())2,

where in the first inequality we used (H4) and the fact that r(¥,(r) + Ar) > 0 for all r € R,
and the last equality comes from the fact that (V) + A\ )(J.(z)) € D(L). Now from (7.3),
we get the assertion. 0

7.2 The LP-1to formula in expectation

The purpose in this section is to prove Theorem 7.1 below, which has been used in Lemmas
4.2 and 4.3.

Let {5 be the space of all square-summable sequences in R and p € [1, 00). In addition, to
the real-valued LP-space, LP(u) := LP(FE, 1) we consider the fy-valued LP-space LP(u;/ly) :=
LP(E, u; ly). We set

9 = 19050 = | Mol /(2]% 2) (e,

Let & denote the predictable o-algebra on [0,7] x € corresponding to (2, F, (Ft)i>0)-
For p € [1,00) we set

LP(T) == LP([0,T] x Q, Z; L (w))
and
LP(T5 6y) := LP([0, T] x Q, 5 LP(u; L)),

equipped with its standard LP-norms. Since (E,B) is a standard measurable space, by
definition there exists a complete metric d on E, such that (E,d) is separable, i.e., a Polish
space, whose Borel o-algebra coincides with B. Below we fix this metric d and denote the
corresponding set of all bounded continuous functions by Cy(E).

Let € be all g = (gr)ren € L>([0,T] x Q; L>(u; €2) N L'(p;65)) such that there exists
J € N and bounded stopping times 7o < 73 < -+ < 7; < T such that

— ie1 e l(ria s if k< j;
Ik { 0, it k > 7, (7.5)

where g; € C,(E) N L' (p), 1 <@ < j.
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Claim 7.1 & is dense in LP(T; 4) for all p € [1,00).
Proof — Let f = (fi)ren € LU(T;(2), with ¢ := -5, be such that
T o0
La(Tst) (fs 9w (T382) = E/ / > fegedpds =0 Vg € E.
0

E =1

Now let 0 < 7 be two stopping times and k € N. Define g € ILP(T;03) by g = (grdir)ien,
where

gk = g]]:](O',T]
and g € Cy(F) N L*(p). Then g € &, hence

0= ]LQ(T;ZZ)(f? 9>1LP(T;€2)
T
=E / / Fegrdp L7 (t)dt,
0 E

which implies that

/ fegidp =0 dt ®P —a.s.,
E

since all sets of the type (o, 7] generate the o-algebra &2 and since f; is Z-measurable.
Therefore, since Cy(E) N L' () is dense in LP(u),

fr=0in LY(u) dt @ P —a.s., forall keN.
Now the assertion follows by the Hahn-Banach theorem. 0

Remark 7.1 Let S be the set of all functions f € L>®([0,7] ® Q; L>=(u) N L'(u)) such
that there exist [ € N and bounded stopping times 7} < 71 < ... < 7/ < T such that
f=01 i o, where f € Co(E) N L} (p), 1 < i < L. Similarly to Claim 7.1, one can
prove that S is dense in ILP(T") for all p € [1, c0).

Define M : € — (5, LP(Q; C([0,T; LP(11))) as follows:

M(g)(t) = /0 gdW(s) =) /0 GudWi(s)

= ] QZ(Wk(t/\Tz‘) —Wk(t/\ﬁ_1)), te0,T], ge&. (7.6

ik=1

Let us note that the right hand-side of (7.6) is P-a.s. for every t € [0,7] a continuous p-
version of M(g)(t) € LP(E, i), which for every « € E is a continuous real-valued martingale
and is equal to

Z/Ot gr(s,v)dWy(s), x € £, t € [0,T]. (7.7)

Claim 7.2 Let p € [2,00). Then M eatends to a linear continuous map M from LP(T'; ()
to LP(2;C([0,T); LP(1))), such that M(g) is a continuous martingale in LP(u) for all g €
ILp(Y_‘7 62)
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Proof We have
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where we have used the BDG inequality applied to the real-valued martingale in (7.7) in
the third step, the assumption that p > 2 and Minkowski’s inequality in the sixth step and
Holder’s inequality in the last step. Hence the first part of the assertion follows.

To prove the second let g € LP(T;¢5). It suffices to prove that for all f € L9(u) with

. _P
q = p—17

/fM (t)dp, t € [0,T),

is a real-valued martingale (see e.g. [29, Remark 2.2.5]). But since for some g, € £, n € N,
we have V t € [0,7] that

M(gn)(t) 7 — 00 M(g)(t) in LP(Q;LP(k)),

it follows that
/fMgn tdp n— Q/fM t)dp in L'(Q).

So, we may assume that ¢ € £ But in this case by (7.6) it follows immediately that
[ f M(g)(t)dp, t € [0,T], is a real-valued martingale. O

Below we define for g € L?(T';43), p € [2, 00),

/ ()W (s) = M(g)(t), ¢ € [0,7),

where M is as in Claim 7.2.



Now we fix p € [2,00) and consider the following process
u:Qx[0,T)] — LP(u),
defined by
t t
u(t) := u(0) +/ f(s)ds+/ g(s)dW (s), (7.9)
0 0
where u(0) € LP(Q, Fo; LP(w)), f € LP(T) and g € LP(T'; 43).
Theorem 7.1 ”Ité-formula in expectation” Let p € (2,00), f € LP(T), g € LP(T; l5).
Let u be as in (7.9). Then for all t € [0,T],
t
Blut,a)fy = Bu(O)P + 5 [ [ plus. o) 2uts. 0)f(s,0)ulde)ds
0o JE
1 t
+3po = [ [ lus, o) lg(s. o) n(de)ds. (7.10)
0o JE

Remark 7.2 In the case £ = RY, ;1 =Lebesgue measure, N. Krylov proved Ito’s formula
for the LP-norm of a large class of W1P-valued stochastic processes in his fundamental paper
[26]. In particular, Lemma 5.1 in that paper gives a pathwise It6 formula for processes u as
in (7.9), which immediately implies (7.10). The proof, however, uses a smoothing technique
by convoluting the process u in x with Dirac-sequence of smooth functions, which is not
available in our more general case, where (E, ) is just a standard measurable space with
a o-finite measure p, without further structural assumptions that we wanted to avoid to
cover applications e.g. to underlying spaces E which are fractals. Fortunately, the above It
formula in expectation is enough to prove all main results in this paper without any further
assumptions. After the preparations above, its proof is quite simple.

We recall the following well-known result (see e.g. Theorem 21.7 in [11]):
Lemma 7.3 Letp € [1,00), vy, v € LP(u) such that v, — v in p-measure as n — oo and
lim v, |, = [v],.

Then

lim v, =v in LP(u).
n—oo

Proof of Theorem 7.1 By Claim 7.1 and Remark 7.1, we can find f, € §, n € N, and
gn € LP(T;¢3), n € N, such that as n — oo

fo— f in LP(T), (7.11)
and
gn — g in LP(T;4). (7.12)

For n € N, define
un(t) := u(0) —{—/0 fn(s)ds—i-/o gn(8)dW (s). (7.13)
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By (7.9), (7.11), (7.12) and Claim 7.2, it follows that as n — oo,

/0' Fu(s)ds — /0 F(5)ds.

/0 g (5)dW (s) — /O g(s)dV (), (7.14)

Uy — U,

in L2(0; C(0, T} I (1)),
Applying the It formula to the real-valued semi-martingale |u, (¢, z)[} for each z € E,
and integrating w.r.t. * € F and w € €2, we obtain

E/E!un(t,xﬂpu(dﬂf) ZEIU(O)IerE/E/O plun(s, 2)[P*un(s, @) - fuls, v)dsp(dz)

1 ¢ _
+§P(p — 1)E/ / |, (5, 2) P2 - |gn(s,x)|§2dsu(dx). (7.15)
EJo
Note that by Lemma 7.3 and (7.14)
[ ()P (s) — Ju(s)[P~2u(s) in Ly 1 (p),
()2 = [u(s)P™ in L7 (p),

as n — oo. Hence by (7.11) and (7.12) we may pass to the limit n — oo in (7.15) to get
(7.10). O

7.3 Justification for applying Itdo’s formula to the processes in
(3.5) and (5.4)

To apply the It6 formula from [29, Theorem 4.2.5] we have to consider the equations (3.5) and
(5.4) in an appropriate Gelfand triple. We need the following two lemmas whose assertions
are special cases of [35, Proposition 3.1].

Lemma 7.4 .Z, N L" (1) is dense both in Z, and L™ (p).
Define

V={uec L™ (n)|3 C € (0,00) such that |u(uwv)| < C||v||z, ¥ v € F.N LWTH(M)}.

By Lemma 7.4, V is a subspace of .Z and can be symbolically written as V = L™ (y)N.Z*.
We note that V' is reflexive, since L™ (u) and Z} is reflexive, hence so is L™ (u) x F7.
But

Vours (u,p(u-)) € L™ x FF

e

which

is a homeomorphic isomorphism, mapping V onto a closed subspace of L™ x Z*
is reflexive.

Lemma 7.5 (i) V is dense both in Z} and L™ ().
(ii) For the map L := L : F, — F* defined in Lemma 2.3 we have for allv € F,NL = (),
ueV,

(Lv,u) 7+ = —p(vu). (7.16)
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Now we set H := %} and consider the Gelfand triple
VcHCV".
Consider the operator
L:Z.NL"% (n)— FrC V",

as V*-valued, i.e., Lv = —p(v -) € V*. Then by Lemma 7.5, L is continuous w.r..t the norm
|- [mas on Z, N L™ (1), hence by Lemma 7.4 has a unique continuous linear extension

m

~ m+1

L:Lw (u)— V",

such that
ve(Lv, u)y = plou), Yo e LmTH(u),u ev. (7.17)

Now we consider equation (5.4) in the large space V*. Then, since n € L™ ([0, T] x € x
E),

L [ ntonts =T [ ntorts = [ Tntspas e v

0
SO

X(t)::U+/Otfn(s)der/OtB(s,X(s))dW(s),tE 0,77,

and the It6 formula from [29, Theorem 4.2.5] applies. Likewise, it applies to the process in
(3.5), since by the same argument we get for (3.5)

X(t) = + /Ot LW (X () + AXx(s))ds + /Ot B(s, Xx(s))dIW (s), £ € [0, T].
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