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Abstract

By refining a recent result of Xie and Zhang [23], we prove the exponential er-
godicity under a weighted variation norm for singular SDEs with drift containing a
local integrable term and a coercive term (Theorem 2.1). This result is then extended
to singular reflecting SDEs as well as singular McKean-Vlasov SDEs with or without
reflection (Theorems 2.3, 2.4). We also present a general result deducing the uniform
ergodicity of McKean-Vlasov SDEs from that of classical SDEs (Lemma 3.3). As an
application, the L'-exponential convergence is derived for a class of non-symmetric
singular granular media equations (Example 2.1).
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Keywords: Exponential ergodicity, reflecting McKean-Vlasov SDEs, weighted variation norm,
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1 Introduction

Let D C R? be a connected open domain including the global situation D = R?, and let
& denote the space of probability measures on D, the closure of D. Consider the following
distribution dependent (i.e. McKean-Vlasov) SDE on D with reflection if D # R¢:

(11) dXt = b(Xt,th)dt + U(Xt)th + n(Xt)dlt, t> 0,
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where (W,);>0 is an m-dimensional Brownian motion on a complete filtration probability

space (Q, {Z# }i>0,P), ZLx, is the distribution of X,
b:Dx P R o:Dx P - RIQR™

are measurable, and when D # R?, n is the inward unit normal vector field of the boundary
0D, and [; is an adapted continuous increasing process which increases only when X; € 0D.
In the case that D = R? we have [; = 0 so that (1.1) becomes the McKean-Vlasov SDE

(12) dXt = b(Xt, G%Xt)dt + O'(Xt)th7 t Z 0.
If moreover b(z, ;1) = b(z) does not depend on y, it reduces to the classical Itd’s SDE

In the recent work [21], the well-posedness and regularity estimates have been studied
for solutions to (1.1) with b containing a locally integrable term and a Lipchitz continuous
term. However, the ergodicity was only investigated under monotone or Lyapunov conditions
excluding this singular situation. See also [4, 8, 9, 10, 11, 13, 16, 20] and references within
for results on the ergodicity of McKean-Vlasov SDEs without reflection under monotone
or Lyapunov conditions. On the other hand, by using Zvokin’s transform, the exponential
ergodicity was proved by Xie and Zhang [23] for the singular SDE (1.3). In this paper, we
aim to refine the result of [23] and make extensions to singular SDEs with reflection and
distribution dependent drift.

When the SDE (1.1) is well-posed, let Pjv = Z¥, for the solution with initial distribution
v € &. We will study the exponential convergence of P/ under the weighted variation
distance induced by a positive measurable function V:

[ =viv =lp—-v|(V)= |§|u<pv lu(f) —v(f)l, mve 2,

where |p—v/| is the total variation of p—v and p(f) := [ fdu for a measure p and f € L*().
When V =1, || - ||y reduces to the the total variation norm || - || yar-
We will consider b(z, i) = b© (x) + b0 (2, 1), where b® is the singular term satisfying

(1.4) sup/ 16© (2)|P(dz) < 0o
B(z,1)ND

z€R4
for some p > d V 2, and bV (-, 1) is a coercive term such that

limsup sup(bV(z, ), VV(z)) = —o0
z€D,|z|—>00 HES

holds for some compact function V' € C?(R%) (i.e. {V < r} is compact for any r > 0).
The later condition is trivial for bounded D by taking V' = 1 and the convention that
sup ) = —oo.

To conclude this section, we present below an example for the L'-exponential convergence
of non-symmetric singular granular media equations, see [5, 9, 13] for the study of regular
and symmetric models for D = R,



Example 2.1. Let D = R? or be a bounded C*"-domain (see Definition 2.1 below).
Consider the following nonlinear PDE for probability density functions on D:

(1.5) Aoy = Aoy — div{ob + o,(W  0)}, Vaoilop = 0if D # 0,
where

(i) W is a bounded measurable function on D x D, and

(W 0¢)(x) := Wz, 2)0:(2)dz;

Rd

(ii) b = b© + b is a vector field such that (1.4) holds for some p > d V 2, and bV
locally bounded with bV)(z) = —¢(|x|*)x for larger |z| and some increasing function

¢ :[0,00) = [1,00) with [ S(‘;SS) < 00.

In physics, p; stands for the distribution density of particles, W describes the interaction
among particles, and b refers to the potential of individual particles. When b and W are not
of gradient type, the associated mean field particle systems are non-symmetric.

To characterize (1.5) using (1.1), let

b, 1) = b(x) + (W * p) (), ofz) = V2L,

where I, is the d % d identity matrix, and (W * p)(z) == [ W p(dz).

By (i) and (ii), (A1) holds for V(z) := |z|? When D R?, Whlle (A2) holds for V =1
when D is a bounded CS’L domain. So, by Theorem 2.4, (1.1) is well-posed, and by Itd’s
formula, p(z) = dgg” solves (1.5) for po(z) := 9, see Subsection 1.2 in [21]. On the other
hand, when D = RY the superposition principle in [2] says that a solution of (1.5) is the
distribution density of a weak solution to (1.1), such that (1.5) is well-posed as well.

Therefore, by Theorem 2.4, when ||[W|| is small enough, P has a unique invariant

dP “ of (1.5) satisfies

probability measure p satisfying (2.14), so that the solution p; :=

e = pller = 1PV = ptlloar < ce™*|lpo = plipr, >0

for some constants ¢, A > 0, where p is the density function of u.

In the remainder of the paper, we first state our main results in Section 2, then present
some lemmas in Section 3, and finally prove the main results in Section 4.

2 Main results

To measure the singularity of the SDE, we introduce some functional spaces used in [22].
For any p > 1, let L” be the class of measurable functions f on D such that

1l = ( /D If(rv)\pdx); <o
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For any € > 0 and p > 1, let H%P := (1 — A)~2 P with
1Fllrer == 11 = D)2 flls < 00, f € H,
where A is the (Neumann if D # @) Laplacian. For any z € R? and r > 0, let

B(z,r) :={z € R*: |z — 2| <1}
be the closed ball centered at z with radius r. We will simply denote B, = B(0,r) for r > 0.
We write f € LP if

1flze == sup 15 fllzr < oc.
zeD

Moreover, let g € C§°(D) with g|p, = 1 and the Neumann boundary condition Vnglop = 0
if 0D exists. We denote f € HP if

£l e == sup|lg(z + ) fl| srew < 0.
zeD

We note that the space H? does not depend on the choice of g. If a vector or matrix valued
function has components in one of the above introduced spaces, then it is said in the same
space with norm defined as the sum of components’ norms.

In the following we state our main results in different situations.

2.1 Singular SDEs
We will prove the ergodicity of SDE (1.3) under the following assumption.

(A1) o is weakly differentiable, oo* is invertible, and b = b(® + b") such that the following
conditions hold.

(1) There exists p > d V 2 such that
lolloo + ll(00*) Moo + 16|z + Vo7 < o0

(2) b is locally bounded, there exist constants K > 0, € (0,1), some compact
function V € C?(R%[1,00)), and a continuous increasing function ® : [1,00) —
[1,00) with ®(n) — 0o as n — oo, such that

BN, YV (@) + V()] sup [V2V]| < K — (@ o V)(x),
B(z,e)
(2.1) V2V + [VV]

lim sup =

|z| =00 B(z,e) V(l’) A ((I) ° V) (x)

Theorem 2.1. Assume (A1l). Then (1.3) is well-posed, the associated Markov semigroup P,
has a unique invariant probability measure p such that pu(®(e9V)) < oo for some g € (0, 1),
and

(2.2) tlim |Pfv — pi]lyar =0, veE P
—00

Moreover:



(1) If ®(r) > dr for some constant § > 0 and all v > 0, then there exist constants ¢ >
1,A > 0 such that

(2.3) 1P s — Plally < cepn — pallv, pa,pa € 2,620,

In particular,
1P/ v — plly < ce™|lv —plly, vePt>0.

(2) Let H(r) == [ % < oo forr > 0. If ® is convez, then there exist constants k >
1, A > 0 such that

(2.4) |1P}0, — pllv <k{1+H ' (HV(2)) -k 't)}e ™, 2eR%t>0,

where H™' is the inverse of H with H=(r) := 0 forr < 0. Consequently, if H(co) < oo
then there exist constants ¢, \,t* > 0 such that

(2.5) 1P 1 — pallv < ce™M||pr — pialloars t >t 1, po € P

To illustrate this result, we present below a consequence which covers the situation of
[23, Theorem 2.10] where

O (@), ) < e = eala 7P, BV ()] < e (14 Ja])P

holds for some constants ¢y, cy > 0 and p > 1. Indeed, Corollary 2.2 implies the exponential
ergodicity under the weaker condition

(2.6) (bV(2),2) < e1 = eola| P, pD(@)] < er(1+ ol

for some constants p, ci, ca > 0 (p may smaller than 1, [b| may have higher order growth),
since in this case, (2.7) and (2.8) hold for ¢(r) := (1+7)2", and (2.9) holds for ¢(r) :=
(14 r?)? for any ¢ > 0 when p > 1.

Corollary 2.2. Assume (A1)(1) and let bV satisfy

(2.7) O (@), 2) < er = eapl|af?), pD(2)] < erg(af?), = e R
for some constants ¢y, co > 0 and increasing function ¢ : [0,00) — [1,00) with
(2.8) o = liminf 2820 1

T—00 T 2
Then

(1) (1.3) is well-posed, P; has a umque invariant probability measure p such that p(V') < oo
and (2.3) hold for V = eI with 6 € (1 — a)*, 3). In general, for any increasing
function 1 < € C?*([1,00)) satisfying

L (r)e(r)
2.9 lim inf ———=
29 Gy
u(V) < 00 and (2.3) hold for V :=(| - [*).
) If f5° (zjj < 00, then (2.5) holds V := (1+|-]?)%(q > 0) and some constants c, \, t* > 0.

] Qﬂ//(r,)?,1
>0 o

=0,
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Remark 2.1. We have the following assertions on the invariant probability measure p and
the ergodicity in Wasserstein distance and relative entropy.

(1)

According to [3, Corollary 1.6.7 and Theorem 3.4.2], (A1) implies that p has a strictly
positive density function p € Hllo’f , the space of functions f such that fg € H? for
all g € C5°(R?). Moreover, by [3, Theorem 3.1.2], when ¢ is Lipschitz continuous and
1(b]?) < oo, we have (/p € H"?. So, when (2.7) holds for ¢(r) ~ r? for some p > 3
and large r > 0, Corollary 2.2(1) implies that p has density with /p € H"?. See
also [18] and [19] for different type global regularity estimates on p under integrability

conditions.

Let V := (1 +|-]?)2 for some p > 1. By [15, Theorem 6.15], there exists a constant
¢(p) > 0 such that

W (11, v)P < e(p)llp = vllv,

where

W)=t ([ o)
R4 xR4

We(g(.u'h:u?)

for € (11, u2) being the set of couplings for py and pe. So, by Corollary 2.2, if (A1)
holds with ®(r) > dr for some § > 0, then there exist constants ¢, A > 0 such that

W, (Pv, )P <e(1+v(- |p))e_)‘t, t>0,ve P

and if moreover ® is convex with f > % < 00, then there exist constants ¢, \,t* > 0

0
such that
W, (Prv, )P < ce M| — v par, t>1t"vE P

When b(") is Lipschitz continuous, the log-Harnack inequality in [24, Theorem 4.1]
implies

C/

1At

for some constant ¢ > 0, where Ent(v|u) is the relative entropy. Thus, by Corollary
2.2, if (A1) holds for V(z) := 1+ |z|* and ®(r) > dr for some constant § > 0, then
there exist constants ¢, A\ > 0 such that

Ent(Pv|u) < Wy (v, p)?, ve P,t>0

Ent(Pv|p) < c(l+v(- )™, t>1,ve P

and if moreover ® is convex with fooo % < 00, then there exist ¢, A\, t* > 0 such that

Ent(Pv|p) < ce™||p— v|jvar, t>1t5vE P

2.2 Singular reflecting SDEs
Consider the following reflecting SDE on D # R%:

where 0D € Cf L which is defined as follows.



Definition 2.1. Let py be the distance function to dD. For any k € N, we write 0D € C¥
if there exists a constant rq > 0 such that the polar coordinate around 9D

OD x [—rg,m0) 2 (0,7) = 0 +rn(f) € B,,(0D) := {x € R : py(z) < 1o}

is a C*-diffeomorphism. We write D € C f L it is CF with V¥ py being Lipschitz continuous
on B,,(9D).

We also need heat kernel estimates for the Neumann semigroup { P/ };>¢ generated by
1 .
L? = §tr(0t0t V2)
For any ¢ € CZ(D), let P7 be the solution of solve the PDE
(2.11) Oyuy = LPuy, Vpuglop = 0 for s > 0,ug = .

We will prove the exponential ergodicity of (2.10) under the following assumption.

(A2) OD € C>" and the following conditions hold.
(1) (A1) holds for D replacing RY, and there exists 9 > 0 such that

(2.12) Vo)V (y) <0, z€0D,|ly— x| <.

(2) For any ¢ € CZ(D), the PDE (2.11) has a unique solution P7¢ € C,*(D), such that
for some constant ¢ > 0 we have

IV P plloo < c(1 A2V )l >0, i=1,2,0 € C}(D),
where VO := .

As explained in [21, Remark 2.2(2)] that, (A2)(2) holds if D is bounded and o is Holder
continuous. Moreover, (2.12) is trivial when 0D is bounded, since in this case we may take
1 <V e C*R? such that V =1 on 8,,(dD) and V = V outside a compact set, so that
(2.1) remains true for V replacing V. Similarly, (2.12) holds for V(xy, z3) := Vi(z1) + Va(xs)
and D = D; x R! where [ € N is less than d, 0D; C R% is bounded, and V; = 1 in a
neighborhood of 9D;.

Theorem 2.3. Assume (A2). Then all assertions in Theorem 2.1 hold for the reflecting
SDE (2.10).

2.3 Singular McKean-Vlasov SDEs with or without reflection

We now consider the SDE (1.1) for D = R? or D being a C;"" domain, where in the first
case we set I; = 0.

Theorem 2.4. Assume that for any v € P, (0,b(-,v)) satisfies (A1) for D =R or (A2)
for D # RY, and that

(2.13) b0(z, 1) = b, po)| < Kllpr — prollvar, @ € Da,Ula,UZ S

holds for some constant k > 0. Then:



(1) (1.1) is well-posed for any initial value.

(2) If K > 0 is small enough and ® is convex with [;° %

invariant probability measure u, u(®(g0V)) < oo holds for some constant g > 0, and
there exist constants ¢, A\ > 0 such that

< oo, then PP has a unique

(2.14) 1P v — il var < ce™|pt = V]jvar, t>0,v€ L.

Remark 2.2. According to the proof of (2.3), when b(z, u) = b(z) does not depend on u,
(2.14) implies

||Pt*,ul - Pt*,u2||var < QCG_MHMI - M2||var7 t 2 07,“17:“/2 S gz

However, the argument is no longer valid when b(z, 1) depends on p, since in this case P/
is nonlinear, so that the following formula fails:

PH{ep+ (1 —e)po} =ePip+ (1 —e)Ppo, €€ (0,1), 1,10 € P

3 Some lemmas

We first present a result for time dependent reflecting SDEs, then solve the elliptic equation
with Neumann boundary condition when D # R? which will be used to make Zvonkin’s
transform, and finally establish a general result on the uniform ergodicity of distribution
dependent SDEs.

3.1 The time dependent setting
We first consider the following time dependent SDE with reflection when 0D exists:

(31) dXt = bt(Xt)dt + Ut(Xt)th + n(Xt)dlt, t Z 0

For any T" > 0 and p,q > 1, let f)g(T ) denote the class of measurable functions f on
[0, 7] x D such that

T g
1/l £z = sup (/ HlB(z,l)ftH%pdt) < 0.
zeD 0

For any € > 0, let f]gp(T) be the space of f € i{; with

T
HEP(T) = igID) (/0 | f¢]

We will study the well-posedness, strong Feller property and irreducibility under the
following assumptions for D = R% and D # R? respectively.

(A3) Let T > 0,D = R%, ay(z) := (0v07)(z) and by(, 1) = b (z) + b (2, ).

I.f]

1
q
]‘fﬂg,pdt> < 00.
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(1) a is invertible with ||al/o + |||l < 00 and

lim  sup  |la(z) — a(y)|| = 0.
€20 |3—y|<e te[0,T]

(2) There exist (po, qo), (p1,q1) € # = {(p,q) : p,q € (2,00), ]% + % < 1} such that

O] e Lro, ||Vol| € L.

q0’

(3) There exist constants K,e > 0, increasing ¢ € C*([0, 00); [1,00)) with [ Tﬁ;(s) = o0,
and a compact function V' € C?(R% [1, 00)) such that

sup {|VV|+[[V*V][} < KV (2),
)

(z,e

07 @), V(@) +lb” (@) sup |IVVI < K6(V (@), (t.z) € 0.T] < R

When D # R?, we consider the following time dependent differential operator on D:
1
(3.2) LY = §tr(at02‘V2), t € 10,77

Let {PZ,}r>t>¢=s>0 be the Neumann semigroup on D generated by L7; that is, for any
¢ € C¢(D), and any t € (0,T], (PJ,¢)sefo, is the unique solution of the PDE

(3.3) Osus = —Lous, Viaugslap =0 for s € [0,t), us = .

For any ¢t > 0, let C,'*([0,¢] x D) be the set of functions f € Cy([0,t] x D) with bounded
and continuous derivatives 0,f, Vf and V2f.

(A4) D€ C’f’L_, (A3) holds with V' satisfying (2.12) holds for some rq > 0. Moreover, for any
¢ € C}(D) and t € (0,7}, the PDE (2.11) has a unique solution P%¢ € Cy*([0,1] x D),
such that for some constant ¢ > 0 we have

(34)  [IV'PLpllee <t =) 2|V plla, 0<s<t<T,i=124¢¢cCHD).

s

We have the following result, where the well-posedness for D = R? has been addressed
in [12].

Lemma 3.1. Assume (A3) for D = R? and (A4) for D # Re. Then (3.1) is well-posed up
to time T'. Moreover, for any t € (0,T],

(3.5) dim ||P0, — PySyllver =0, te€(0,T),z €D,

Doy—x
and P; has probability density (i.e. heat kernel) p,(x,y) such that

(3.6) inf pe(z,y) >0, N>1,te (0,T],

z,y€DNBN, pa(y)>N—1

where inf ) 1= 0.



Proof. (a) The well-posedness. For any n > 1, let
b= 15,00 + b

Since b is locally bounded, by [22, Theorem 1.1] for D = R? and [21, Theorem 2.2] for
D #R? for any x € D, the following SDE is well-posed:

AXP™ = b (XP™)dE 4 o (XM AW, + n(XPM) A", Xg" = o

Let 77 := inf{¢t > 0 : |X;""| > n}. Then X" solves (1.3) up to time 7%, and by the
uniqueness we have
X/ =X"" t<TtEPATE n,m > 1.

So, it suffices to prove that 77 — oo as n — oo.
Let LY := L{ 4+ V,©. By [22, Theorem 3.1] for D = R? and [21, Lemma 2.6] for D # R,
(A3) implies that for any A > 0, the PDE

(3.7) (0, + LO)uy = My — b, t € [0,T),ur = 0, Vauglop = 0

has a unique solution u € H o (T'), and there exist constants Ag, ¢, > 0 such that
(3.5) N (oo + IVtloe) + 10l ey + 120l sy < € A = Ao

So, we may take A > \g such that

(3.9) [ulloo + VUl <e,

where we take £ < ry when 0D exists. Let O;(z) = 2 + us(x). By (2.12) and (3.9) for e <y
when 0D exists, we have

(VV(Y™"), n(X")dl™ < 0.
So, by Itd’s formula, ¥;"" := ©,(X;"") satisfies

(3.10) AY"™" = {150" + Auy + 15,V b(l)ut} XMt + {(VOy) o (X)) AW, + n(X[)dI}

By (3.9) and (A3)(3) with (2.12) when 0D # (), there exists a constant ¢y > 0 such that for
some martingale M,

V(") + My}

< ({8 + Vi (X7), V™) + eo([VV () + V2V ()| e

< {OOEE), VVXE) +epDXT] sup VAV + oKV (V) bt
B(X;"" )

t

< {K¢<V(va">> TRV ht < K{o((1+eK)V (V™) + eV (™)}, ¢ < 77

n

Letting H (r
cp >0 such that

fo m, by It6’s formula and noting that ¢ > 0, we find a constant
dH(V (V™) < epdt + dM,, t € [0,72]
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holds for some martingale M,. Thus,
E[(H o V)(Yi5)] < V(e +u(z)) +at, t>0,n>1.
Since (3.9) and |z| > n imply |0.(2)] > |z| — |u(2)] > n — &, we derive

N V(z 4+ 6o(z) +at
(3.11) Plry <) < infly>n—c H(V(y))

teen(z), t>0.

Since lim, o H(V)(z) = [37 m = 00, we obtain 77 — oo(n — 00) as desired.

(b) Proof of (3.5). By [17, Proposition 1.3.8], the log-Harnack inequality
Pylog f(y) <log Pof(x) + clv —y|*, 2,y € D,0< f € %(D)
for some constant ¢ > 0 implies the gradient estimate
IVPfI* < 2cPIfI”, | € 2(D),

and hence B
lim || P, — P/dyllvar =0, x € D.
y~>:r

Let P be the Markov semigroup associated with X;'. Thus, by the log-Harnack inequality
in [24, Theorem 4.1] for D = R? and in [21, Theorem 4.1] for D # R? we have

(3.12) lim ||(P")* 0y — (PM) Sy llvar = 0, ¢ € (0,T].
Yy—x

On the other hand, by (3.11) and X; = X[ for t < 7,,, we obtain
lim sup ||Pt*5y - (Ptn)*(;ynvar = lim sSup |\Pif(y) — Ptnf(y)|
%0 ye DNB(x,1) N0 | f1<1,yeDNB(w,1)
<2lim sup P(rf<t)=0.

=00 ye DNB(x,1)

Combining this with (3.12) and the triangle inequality, we prove (3.5).
(c) Finally, let L; := LY + V,,. By Ito’s formula, for any f € C2((0,T) x D) we have

dft(Xt) - (at + Lt)ft(Xt)dt + th
for some martingale M;, so that fy = fr = 0 yields

/ PA(, + L)f}dt =0, feCE((0,T) x D).
0,17)

By the Harnack inequality as in [1, Theorem 3] (see also [14]), for any 0 < s < ¢ < T and
N > 1 with ) B
By = {x € DN By : ps(x) > N_l}
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having positive volume, there exists a constant c(s,t, N) > 0 such that the heat kernel
pi(z,y) of P, satisfies

(3.13) sup ps(z,-) < c(s,t, N)infpi(z,-), =€ D.

By By

Since fBN ps(z,y)dy — 1as N — oo, this implies p;(x,y) > 0 for any (¢, z,y) € (0,T|x Dx D.
In particular, ;15 > 0. On the other hand, (3.5) implies that Fi1g, is continuous, so that

inf Pl (¢) >0, te(0,T).

reDNBy
This together with (3.13) gives

1
inf  p>———x inf Pl ()>0, 0<s<t<T.

(DﬂBN)XBN C(S7t,N) xeDﬂBN

Therefore, (3.6) holds.

3.2 Elliptic equation
(A5) D =TR9 o and b satisfy the following conditions.

(1) a := oo* is invertible and uniformly continuous with ||a|| + [|a™||ee < o0

(2) =00 + ™ where [b®| € L? for some p > d, and b) is Lipschitz continuous.

(A6) OD € CP*, (A5) holds for D replacing R? and (A2)(2) holds for L := L7 + V)
replacing L°.

The following lemma extends Theorem 2.10 in [23] for D = R¢ and b(!) = 0.

Lemma 3.2. Assume (A5) for D = R? and (A6) for D # R?. There exist constants g > 0
increasing in |0z, such that for any X > \g and any f € L* for some k € (1,00), the
elliptic equation

(3.14) (L —MNu=f, Vaulop =0 if D # R

has a unique solution v € H>*. Moreover, for any p' € [k,o0] and 6 € [0,2 — % + z%)’ there
exists a constant ¢ > 0 increasing in ||b”|;, such that

Lo _gyd_d ~
(3.15) Nl o + Ml ran < € fllzes f € LF.

Proof. (a) Let us verify the priori estimate (3.15) for a solution u to (3.14), which in particular
implies the uniqueness, since the difference of two solutions solves the equation with f = 0.
For u € H** solving (3.14), let

u=u(l—1t), telo,1].
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By (3.14) we have
(O, +L—Niy=f(1—1t)—u, t€0,1],% =0, Vpllop = 0if D # R%.

By Theorem 2.1 with ¢ = ¢’ = 2 in [24] for D = R? and Lemma 2.6 in [21] for D # R,
there exists a constant A;,¢; > 1 increasing in ||b®||;, such that

lig—g4d_dy, _
(8.16) NNl g0 + Nl e < @ll (L= 1) = ullzg < el fllzn+ ellulz
Taking 6 = 0, p = p’ noting that ¢’ := [|1 — gl z2(jo,1)) = \/ig for g; := 1 — t, we obtain

Al e < VBe ([ fllze + lullze)s A > A

By letting Ay > \; such that
1(g_
A7 >93¢,

we obtain
ullze <[ fllze, A > Ao

Combining this with (3.16) implies (3.15) for some constant ¢ > 0.
(b) Existence of solution for bounded f. Since the map

1
By(RY) > g s Hig) = f +/ e gds
0

is contractive under the uniform norm, there exists a unique g € %,(R%) such that

1
(3.17) g= f—l—/ e Mgds.
0

By [24, Theorem 2.1] for D = R? and [21, Lemma 2.6] for D # R%, for any A\ > 0 the PDE
(3.18) (0y + L)uy = Mg +g, te€[0,1],u; =0, Vypiglop =0 if 0D #

has a unique solution @ € H>™(1) N HL>*(1) and (0, + V)@ € L*(1) for any n > 1. Thus,
1 ~
U= / e Mu,ds € HF.
0

Since for each ¢ = 1,2, V' is a continuous linear operator from H** to L*, (3.17) and (3.18)
imply a.e.

1 1
(3.19) Lu= / e MLu,ds = g+ Mu — / e M0 tsds = g + Mu + To.
0 0

On the other hand, let X; solve (1.3). By Ito’s formula,

13



holds for some martingale M,;. This together with u; = 0 gives
1
0 = tge” +/ A=) P gds,
0

so that 4y = —fol e " P,gds. Combining this with (3.17) and (3.19), we conclude that u
solves (3.14).

(c) Existence of solution for f € L¥. Let {f,}n>1 C %y(D) such that ||f, — f|lz» — 0 as
n — 0o. Let u™ solves (3.14) for f, replacing f. Then

L(un_um) = fn_fm> n,m > 1.

By (3.15),
i { e — o + 1920 — )} = 0,
so that u := lim,_,o u,, exists in H%" N H** which solves (3.14). O

3.3 Uniform ergodicity for distribution dependent SDEs

We now consider (1.1). For any v € &, consider the following SDE with fixed distribution
parameter:

(3.20) AX7 = b(X], ) + o(X])AW, + n(X])d].

The following result says that if (3.20) is uniformly ergodic uniformly in v, and if the
dependence of b(x, 1) on p is weak enough, then (1.1) is uniformly ergodic.

Lemma 3.3. Assume that for each v € &2 the SDE (3.20) is well-posed, the associated
Markov semigroup P, satisfies

(321) ”(Ptpy)*,ul - (Pt’y)*u2|’var S Ce_)\t”lul - M2Hvara t Z 07771“17:“2 S 32
for some constants ¢, \ > 0. Then (1.1) is well-posed. Moreover:

(1) If (2.13) holds for some k € (0, 2\/@), then P} associated with (1.1) has a unique

wmwvariant probability measure .
(2) If (2.13) holds for some k € (0, k), where

2&2
o (er)*(20)X 1}
/f.—sup{/f>0. N2 <2 > 0,

then there exists a constant ¢ > 0 such that

(3.22) 1P v — pil|oar < e v — pllvar, t>0,0€ P
holds for
262
e A (1 (er)(20) © ) > 0.
log(2¢) 2 A+ K2
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Proof. The well-posedness follows from that of (3.20) and [21, Theorem 3.2] for k = 0.

(a) Existence and uniqueness of u. For any v € &2, (3.21) implies that P, has a unique
invariant probability measure . It suffices to prove that the map v — p., has a unique
fixed point p, which is the unique invariant probability measure of P;.

For 71,72 € &, (3.20) implies

(3.23) 1P s =t lloar < €™ |11y =ty llvar, £ > 0.

On the other hand, let (X}, X?) solve the SDEs
dX} = b(X}, %) + o(Xp)dW; + n(X)dl, i=1,2
with X§ = X? having distribution p.,. Since ., is (P;?)*-invariant, we have

(324) $X2 = ( ) Heyy = Hrygs "?Xl = ( ) Hrya s t>0.
By (2.13),

R, = efJ({U*(UU*)_l[b(w'vz)*b(-m)}}(Xsl),dWs%%f(f I{U*(UU*)_l[b(-ﬁz)*b(-m)]}(Xi)\2d87 t>0

is a martingale, and by Girsanov’s theorem, for any ¢ > 0,

W= W, = [ 4" (00) lern) = e, (XD)ds, € 0.8
is a Brownian motion under Q; := R;P. Reformulating the SDE for X! as
dX! = (X!, p)dr + o(XHdW, + n(XHdll, e [0,1],
by X} = X2 and the weak uniqueness, the law of X! under Q; satisfies

"g’ﬂXﬂQt "E’pX2 - ( ) Hoya -

Combining this with (3.24) and Pinsker’s inequality, we obtain

1P ) gy = il oar = NPTt = (P7?) s 12

= su ¢ )] — tl tl| = t > tlog Iy
5.25) mSpl‘E XH] - E[f(X )RH (E|R 1|) < 2E[R,log R,]

= 2Eq, [log R;] = Eq, /0 [{o*(00*) 7 [b(,72) — b(-,%)]}(Xi)Ist-

Thus, (2.13) implies

mwwm2umwsn/mm llfards = £t = YallZar

Combining this with (3.23) and taking t = %, we derive
[ty = s llvar < NPT s =t loar + [[(B) = b [lvar

15



3 1 ky/log(2¢)
< {M/EﬂL ce At}||71 - 72||var = {5 + T ||71 - 72||var = 5||71 - 72||var~

When k < kg := VA , we have § < 1 so that p. is contractive in ~y, hence it has a unique
24/log(2c) R

fixed point.
(b) Uniform ergodicity. Let u be the unique invariant probability measure of P, and for
any v € & let (Xo, Xo) be Fy-measurable such that

_ 1
P(%o # Xo) = 5l = vlhwars Ly = p L, =11

Let X, and X; solve the following SDEs with initial values X, and X, respectively:

dXt = b(Xt, /,L)dt + U(Xt)th + H(Xt)dZt,
dXt = b(Xt, Pt*V)dt + O'(Xt)dVVt + H(Xt)dlt.

Since p is P;-invariant, we have
(3.26) Lx, = (P/)'n=Fpu=p
Moreover, Zx, = P;v by the definition of P;. Let

R, = elo o™ (00") T blm)=b(, PIv)HXD.AWa) =5 [ [{o™ (00™) 7 b(n) =b(- )X D) ds

Similarly to (3.25), by (2.13), Girsanov’s theorem and Pinsker’s inequality, we obtain

t
ICPEYw = PivIE = sup [BLFOG) R = BRI < 6 [ 1= Povfds, ¢20.
0

var |f‘§1
This together with (3.23) for v, = p and (3.26) gives
17y = pllar < 20157 = (PE) w50 + 201(PF) v = 50

var var

var var?

t
< 2/12/ | — Prv|?,,ds + 2ce M|y — pl?,,., t>0.
0
By Gronwall’s inequality we obtain

t
Py — 2 < - 2628—2>\t+2/{202 e—?)\s+2m2(t—s)d8
|| t :quar H var
0

2 2K2¢

< foce s BTN e, 20

Taking t =t := %, we arrive at

17y = pillpar < Ocllt = Vllar, v E P

var

for

262

_ (1 (eR)*(20) > A
0p 1= <§+W> <1, kK<hk.

So, (3.22) holds for some constant ¢’ > 0 due to the semigroup property Py, = PyP;. [

16



To verify condition (3.21), we present below a Harris type theorem on the uniform er-
godicity for a family of Markov processes.

Lemma 3.4. Let (E,p) be a metric space and let {(P})i>0 : @ € I} be a family of Markov
semigroups on By(E). If there exist to > 0 and measurable set B C E such that

(3.27) o= ie}ﬁfeE P} 1p(z) >0,
(3.28) B:= sup H(Ptil)*dx — (Ptil)*évaar < 2,
icl,x,yeB

then there exists ¢ > 0 such that

(3.29) 'elsupeE H(Ptl)*éx - (Pti)*(Svaar < Ce_Ata t>0
(] s LY
holds for \ .= to—lm log 2_0(2%2_@ > 0.

Proof. The proof is more or less standard. By the semigroup property, we have
’|(Ptzo+t1>*5fc - (‘Ptlo-‘rtl)*éyH'UaT

/E ; (P f @) = P f (o )A(P) 0. Hda ) {(By) "0, H(dy)

= sup
lfI<1

< /B N 1(F%,)"0ar = (B) "0y lluar { (3, )"0 H(d2"){(Py) "0, }(dy)

' 2/<B , (Po) 81 ) LB, } )
< B{Py 1s (@)} P, Ls(y) +2[1 = {P, 1s(2)} P s(y)] <2 - a2 = B).

Thus, for 0 := w < 1, we have

||(Pti0+t1)*5x - (f);;)+t1)*5y||var < 5”5:0 - 5y||var7 T,y € E.

Combining this with the semigroup property, we find constants ¢ > 0 such that (3.29) holds
for the claimed A\ > 0. O

4 Proofs of main results

Proofs of Theorems 2.1 and 2.3.  Obviously, (2.1) implies (A3)(3) for any 7" > 0 and
¢(r) = 1, so that by Lemma 3.1, (A1) and (A2) imply the well-posedness, strong Feller
property and irreducibility of (1.3) and (2.10) respectively. According to [6, Theorem 4.2.1],
the strong Feller property and the irreducibility imply the uniqueness of invariant probability
measure. S0, it remains to prove the existence of the invariant probability measure p and
the claimed assertions on the ergodicity.
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(a) Let u solve (3.14) for b = —b(AO) and large enough A > 0 such that (3.15) implies (3.9).
Moreover, for O(z) := x+u(z), let P; be the Markov semigroup associated with Y; := ©(X;),
so that

(4.1) Pf(x) ={P(fo®) N (x)), t>0,2 R fe BRY.

Since 1m0 SUPp, (<. W =0, by (3.9) and V' > 1 we find a constant 6 € (0,1) such
that

(4.2) OV (y) <V(zx) <0 'V(y), y=0O(x), z€D.

Thus, it suffices to prove the desired assertions for b, replacing P;, where the unique invariant
probability measure fi of P, and that p of P; satisfies

(4.3) fi=po0 "

(b) Let X, Y, and 7,, be in the proof of Lemma 3.1 for the present time-homogenous
setting. Since ;" =Y, and 1p,(X]) = 1 for t < 7, and since 7,, — 00 as n — 00, (3.10)
implies

Y, = {6 + Au+ Vo u}(Xy)dt + {(VO)a }(X,)dW, + n(X,)dly,
so that for any € € (0,1 A rg), where 1o > 0 is in (2.12) when 9D # (), by It6’s formula and
(2.12), we find a constant ¢. > 0 such that

AV (V) + M} < {00 + Vyoud (X)), VV () + e (VV ()| + V2V (V)] fat
< {00, YV (X)) + V(X)) sup [TV + e sup)<|vw+uv2vu>}

B(X1.6) B(X

Combining this with (2.1) and (2.12) for D # R? when ¢ > 0 is small enough we find
constants ¢, co > 0 such that

AV (Y2) + M} < A{e1 — c@(V(Xy))}dt.
By (4.2), this implies that for some constant ¢4 > 0,
(4.4) AV (Y;) < {cs — @0V (V})) }dt — dM,.

Thus,
t
V _
/ E® OV (Y;))ds < cat Vi) <oo, t>0,Yy=2¢€06(D).
0 C2
Since ®(#V) is a compact function, this implies the existence of invariant probability [
according to the standard Bogoliov-Krylov’s tightness argument. Moreover, (4.4) implies
a(P(0V)) < oo, so that by (4.2) and (4.3), u(®(g0V)) < oo holds for gy = 62
(c) By (3.6), (4.1) and (4.2), any compact set K C ©(D) is a petite set of P,, i.e. there
exit t > 0 and a nontrivial measure v such that

inf P*5 > .
rzeK
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Let L be the generator of P,. When ®(r) > kr for some constant k > 0, (4.4) implies

(4.5) LV (z) <k — kV(z), t>0,2 € O(D)

for some constants k1, ks > 0. Since limp,o V(2) = 0o and as observed above that any
compact set is a petite set for P, by Theorem 5.2(c) in [7], we obtain

|1Pf6, — fil|y < ce™™V(z), =€O(D),t>0
for some constants ¢, A\ > 0. Thus,
|1P0, — Proylly < ce™™(V(z)+V(y), t>0,z,y€O0(D).
Therefore, for any probability measures j;, po on (D),

1P 11 — By pollv = 1P (pr — i)™ = P (pa — p2) ™ |l

1 % 2(:““1 - /J“2>+ P 2(”1 - M2)_
= 5”“1_/L2Hvar Pt —_ _Pt_—
||:u’1 ,U/QHvar ||;U/1 N?Hvar v
c _ 201 — o)t 2(p — )™
S —e /\t”,ul - ,u2||vm"< (,Ul Iu2) (,Ul 'u2) > V)
2 ||M1 - /’L2||’U(LT' ||M1 - /L2Hvar
< Cef)\tHMl — pi2|lv-

This together with (4.1) and (4.2) implies (2.3) for some constants ¢, A > 0.
(d) Let ® be convex. By Jensen’s inequality and (4.4), ~, := 0E[V (Y;)] satisfies

d
(4.6) &% < Ocy — Ocy®(y), t>0.

" ds
H(T)::/O @, r > 0.

We aim to prove that for some constant k > 1

Let

(4.7) Ve <k+H '(H(y)—tk™"), t>0,

where H!(r) := 0 for r < 0. We prove this estimate by considering three situations.
(1) Let ®(y) < . Since (4.6) implies 7; < 0 for 7, > ®~1(£), so
(4.8) v < @ Hey/en), t>0.
(2) Let & < @(y) < % Then (4.6) implies 7; < 0 for all t > 0 so that

(4.9) v < ®7(2¢4/cy), t>0.
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(3) Let ®(yo) > 2. If

(&)
then (4.6) implies
dH ()
< =2
dt Cyq,
so that
(4.10) H(v) < H(yo) — 2¢qt, t €]0,10],

which implies
Yt < H71<H(’}/0) — 2C4t>, t € [O,tg]

Noting that when ¢ > o, (7t)i>t, satisfies (4.6) with v, satisfies £ < ®(v,,) < %, o)
that (4.8) holds, i.e.
Yt S @71(264/62»

In conclusion, we obtain
v < @ (2¢4/co) + HH(H (7o) — 2¢4t), t>0.

Combining this with (1) and (2), we prove (4.7) for some constant k > 1.
(e) Since 1 < ®(r) — oo as r — oo, when ® is convex we find a constant § > 0 such that
O(r) > or,r > 0. So, by step (b), (2.3) holds. Combining this with (4.7) and applying the
semigroup property, we derive

1576, — fillv = |S‘up |Pya(Pypaf — i f))(2)]
< e M2P V() < cofk+ H Y (HOV(2)) — (2k) ') Je /2,

Combining this with (4.1), (4.2) and (4.3), we prove (2.4) for some constants k, A > 0.
Finally, if H(o0) < oo, we take t* = kH(oc0) in (2.4) to derive

sup || Pid, — plly < ce ™ > ¢
z€D

for some constants ¢, A > 0, which implies (2.5) by the argument leading to (2.3) in step (c).

Proof of Corollary 2.2. By (2.8), for any 6 € ((1—a)", 1) there exists a constant ¢z > 0
such that
gb( ) > c(1+1)'7 r>0.

Then (2.1) holds for V := e+ and ®(r) = r. So the first assertion in (1) follows from
Theorem 2.1(1).

Next, (2.7) and (2.9) imply (2.1) for V := (| - |?) and ®(r) = r, so that the second
assertion in (1) holds by Theorem 2.1(1).

Finally, if fo S < 00, then for any ¢ > 0, (2.1) holds for V := (1 + |- |*)? and

O(r) = (1+7r)" ub(rq) so that [ q:ié < 00. Then the proof is finished by Theorem 2.1(2).
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Proof Theorem 2.4.  According to Theorems 2.1-2.3 and Lemma 3.3, it suffices to verify
(3.21). By Lemma 3.4, we only need to prove (3.27) and (3.28) for the family {P] : v € £}.

(a) Proof of (3.28). Let us fix v € &, and let X7 solve (3.20) with X = z. For any
v € &, by Girsanov’s theorem we have

By f(z) = E[f(X;7) R, 20,
where
RYY = efot<{0*(00*)71[b('aV)—b('ﬁ)}}(Xf’w)adWsF%|{0*(00*)71[b('vV)—b(W)]}(Xf’w)|2d5.
So, (2.13) and Pinsker’s inequality imply

(P76, — (Pt”)*52||2 < (E|R}” —1])? < K2*t||y — v|%,, < 4K*, t>0,2€ D,v € 2.

var var

Taking t; = 15—, we obtain
1 _
(4.11) sup ||(P1)*6. — (P)" 0z |lvar < 5 #€ DveZ.
veP

On the other hand, by (3.5), there exists o € D and a constant € > 0 such that B(xg,¢) C D
and

H(PtZ)*CSw - (Pt71>*5y||var < -, T,y€ B(Iﬂ,g)-

=] =

Combining this with (4.11) we derive
U\ * U\ * 3
SUB ||(Pt1> O0p — (Ptl) 5y||var < B} <2, x,y€ B(x076)'
VEY

So, (3.28) holds for B = B(zg,¢).

(b) Let u solve (3.14) for f = —b(® and large A > 0 such that (3.9) holds, and let O(z) =
x 4+ u(x). Since (o0,b(-,7)) satisfies (A1), by (2.13) we prove (4.4) with ;" := ©(X}")
replacing Y; for some constants c;,co > 0 and all v € &. So, by H(oo) < oo and the
argument leading to (4.7), we obtain

sup E[V(Y"")] <0 'k, t>kH(co)=:t,.

veP x€D
This together with (4.2) implies

sup E[V(X[")] <07k, t>t.

veEP x€D

Letting K := {V < 2072k}, we derive

(4.12) inf P/lk(x) >

veEP x€D
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On the other hand, by Girsanov’s theorem and Schwartz’s inequality, we find a constant
co > 0 such that

(Bl (X7)P?
= ER

Plle(xo,s) (x) = E[lB(zo,E) (XTN)RT’%V} > CO(lelB(xo,s) (x))Q

Since K is bounded, combining this with Lemma 3.1 for P,’, we find a constant ¢; > 0 such
that

inf Pl x) > .
vePpeK B(IO’8)< )z a

This together with (4.12) and the semigroup property yields
C _
Pl 1By ey (@) > PL{K P gy o () > ¢ PU1k(2) > 31 >0, reD,ve?.
Therefore, (3.27) holds for ty = t5 + 1.
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