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Introduction

Using methods of functional analysis, we present a transformation rule for signed
measures.

Let v € M(E,B(E)), I be an interval, E be a Banach space and H C E be a
continuously embedded Hilbert space. For certain maps F': I x E — E, which
are e.g. differentiable w.r.t. H and I and respect null sets, we gain a kind of
Maruyama-Girsanov-Cameron-Martin or Ramer formula for different measures
(cf. Theorem 5.4.1). We define the measure valued map

fr:R — M(E,B(E))
s = V0= FOs,v) = FO(s, )" (v),

where € (s, F(s,-)) = idg, and obtain the following formula

o = det Bt a) ool | ey B5(Fi(s. o) (Pls.a)ds), (01

di9

where O denotes the logarithmic gradient. This result is obtained using the
b

differentiation of signed measures. Namely (cf. Theorem 5.3.1), we prove and use
in the sequel that f} is (7,-)differentiable at ¢ in H with logarithmic derivative

dl/t/(Ttv)

— (@) = g Pa(Fi(t,2))(F(t 0) + e (Fia(t 2) o (F5(t,2) )

At the very end we notice that (0.1) is a generalization of the Maruyama-
Girsanov-Cameron-Martin formula, if F'(t,-) = id + th, where h € H.

The main aim of the presented thesis is to illustrate and motivate the idea of
the differentiation of a measure and to prove the theorems of [SYW95] rigorously,
where we weaken some of the assumptions. We try to do this in such a detailed
way, that it is suitable for everyone with a good knowledge in measure theory,
probability theory, basic stochastic analysis and Malliavin calculus, where the
latter two are only used for the examples. Beside that a profound functional
analytic background is quite helpful. We try to keep the presentation as self-
contained as possible.
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Historic overview

Transformation rules for measures

A fundamental role plays the theorem of Girsanov and Cameron-Martin (cf.
[CM49]). For an absolutely continuous function h, with h(0) = 0, we define
T:C([0,1])0 — C([0,1])0, T(x) = = + h. Let v be the classical Wiener measure,

then
W — exp ( /0 1h(t)th—% /0 1(h(s))2ds).

If B is a Brownian motion under v, then (by Girsanov) B; — fol h(s)ds is a
Brownian motion under v(id + h).

Many generalizations of this formula have been studied for the Gaussian mea-
sure, e.g. [Kue68, Gro60, Kus82, Ram74, Kus03|. [Ram74] is an essential result
for the generalization of the transformation of abstract Gaussian measures. A
condition, when the Ramer formula looks like the Girsanov formula is given
by [Z2792]. Until the paper of [Bel90] most transformation rules for measure
on infinite dimensional Banach spaces E were stated for Gaussian measures. In
[Bel90] an arbitrary Borel measure and the translation Ty(z) := I(z)+tK(x), t €
[0,1], = € E, where K is e.g. a contraction, are considered. For v; := v(T}) this
is (cf. [Bel90, P.20, (10)])

% = exp (/01 LIK o T (T o0 T—l(a:))ds) :

where £ denotes the integration by parts operator.
For a detailed overview we refer to e.g. [UZ00]. The modern theory of Gaus-
sian measures is presented in e.g. [Bog98§].

Differentiation of measures

In 1966 the theory of differentiable measures on infinite dimensional spaces was
started by Fomin. In 1971 this theory was extended in [ASFT71]. Its key idea
is similar to the concept of Gauteaux-differentiation. The idea is to evaluate
the measure for every set permitted and varying it in one direction. In 1993 in
[SvW93] the differentiation of signed measures of finite total variation was stated
in a more general context.

Structure and results

In Chapter 1 we repeat basic definitions and outline general assertions needed
for the theory. After introducing the basic concepts of differentiation in Chap-
ter 2, we generalize them in Chapter 3 and define the general derivative of a
signed measure. In Chapter 4 we formulate some conditions, which insure that
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we can work with the theory presented so far. Chapter 5 is reserved for the key
results, which include a transformation rule for signed measures and finally we
give in Chapter 6 the Gaussian and Wiener measure as examples and derive the
Maruyama-Girsanov-Cameron-Martin formula. For the readers convenience an
index of the introduced notation is included.

After stating the general framework for the presented thesis at the beginning
of Chapter 2 we introduce the concept of Fomin-differentiability. We deduce a
few properties of the Fomin-derivative. These include that the Fomin-derivative
of a signed measure v is absolutely continuous w.r.t. to this signed measure.
Thus we define the logarithmic derivative and motivate its name. Then the (-
differentiability is introduced. Using its transformation rule we show that each
Fomin-differentiable signed measure on R" is absolutely continuous w.r.t. the
Lebesgue measure. The linearity and continuity of the Fomin-derivative are pre-
sented as well. At the end we introduce the logarithmic gradient and find out
that it is (v-quasi) linear and continuous. Moreover, we give a definition for the
logarithmic gradient along a vector field and develop a condition such that it
exists.

Motivated by the formula of integrations by part we introduce the concept of
C-differentiability in Chapter 3. After having seen different concepts of differenti-
ation, we establish the general concept of differentiation of signed measures w.r.t.
a Hausdorff topology, give three examples of differentiation in this general con-
text and outline how the Fomin-, - and C-derivative fit in the general picture. A
summary of their connections, which include a kind of main theorem of calculus,
is illustrated by a graphic. We remark that Sections 3.3 to 3.5 are independent
of the other parts (excluding Chapter 1). Though these parts can be understood
without reading the other parts, it is helpful to read the preceding parts carefully
as a motivation and for a better understanding of the general concept.

In Chapter 4 we present reasonable examples and conditions for the so far
introduced concepts. Thus we derive that Chapter 3 is applicable to an inter-
esting set of functions. Furthermore we prepare the proof of the key results.
We prove the existence of a norm-defining set, for which the key results will be
demonstrated (Theorems 5.3.1 and 5.4.1). We give explicit and sufficient condi-
tions for the existence of a local flow, which is used to define the differentiability
along a vector field. For this end we adapt methods of the theory of evolution-
ary equations to our needs. A further preparation it to adjust the well known
Lebesgue Theorem. At the end we prove a unique correspondence between C-
differentiability and 7¢-differentiability for a special set C’,}, which allows us to
exploit the results of Section 3.5 for the C-differentiability. Generally speaking
Chapter 4 is independent of the other parts.
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In Chapter 5 we present the key results. The Key Proposition divulges a for-
mula for the logarithmic gradient along a vector field in terms of the logarithmic
derivative. These results contribute heavily to the proof of the two main results,
namely the Main Theorem and the transformation rule for signed measures. The
results of Chapter 5 heavily depend on the results of Section 3.5 and Chapter 4.

Finally in Chapter 6 we expound as an example the Gaussian and Wiener mea-
sure. In the case of a Gaussian measure we deduct a Ramer type formula and
in the adapted Wiener case we rediscover the well known Maruyama-Girsanov-
Cameron-Martin formula. For this end we give explicit conditions and use the
theory about Carleman operators to deduce these assertions.

New aspects of the Thesis

We note that most of the results of Chapter 1 are essentially known. Chapter
2 is inspired by [ASFT71] and most of the ideas of Chapter 3 can be found in
[SYW93]. The calculation and postulation of Chapter 4 are not done in the men-
tioned papers. In Chapter 5 the assertions and part of their proofs are indicated
in [SYW95]. For technical reasons we assume additional conditions. The postu-
lated smooth property is removed. If the smoothness should be kept, stronger
assumption would have to hold for the norm-defining set and the local flows.
Though the main assertions of Chapter 6 can be found in [SYW95], there is given
short shrift about how to obtain them.

In Chapter 2 we explicitly prove that the Fomin-derivative is a signed mea-
sure, which is of finite total variation (cf. Theorem 2.2.6). We point out that in
general vl " and V+IhF do not coincide (cf. Example 2.2.11). The definition of
| |lg and Mp (Definition 2.3.1) are not mentioned in [ASF71]. They are used to
show the continuity and linearity part in the definition of the (-differentiability
(Definition 2.3.3). We introduce the definition of being semi-{-differentiable to
gain a deeper insight of the transformation rule (Proposition 2.3.8). Furthermore
we altered the assumption to close a small gap in the prove of the transformation
rule. Introducing the (new) concept of being uniformly Fomin-differentiable (cf.
Definition 2.2.2) we close a little gap in the prove of [ASF71, Proposition 4.1.1]
(cf. Proposition 2.5.1). Although by the results of Chapter 3 we obtain that it
coincides with the concept of being Fomin-differentiable (cf. Remark 2.2.3), it
is helpful to understand the connection with the (-differentiability and to keep
Chapter 2 independent of Chapter 3. The definition of the logarithmic gradient
(cf. [SYW95]) is altered. The other definitions and assertions of Section 2.6 are
new and allow us to expose a condition, such that the logarithmic gradient exists.
Namely, we prove that it exists for finitely based vector fields (cf. Lemma 2.6.8).
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In Chapter 3 the motivation of the C-differentiability with the formula of
integration by parts is not revealed in [SYW95]. We altered the definition of
C-differentiability (cf. Definition 3.2.3 vs. [SvW95, P.105]). This allows us to
change the assumptions for the key results in Chapter 5. We changed the defini-
tion of being 7-differentiable along a vector field (cf. Definition 3.3.7 vs. [SYW93,
P.471]), because the original seems to be too harsh. Furthermore this allows us
to formulate a condition for the existence of a local flow in Theorem 4.2.11. The
connection of the different notations has not been visualized (cf. Section 3.4). In
Section 3.5 we explicitly write down the considered topologies in the proofs. That
Ts- implies 7¢-differentiability (Lemma 3.5.1) is omitted in the mentioned papers.

The results of Sections 4.1 and 4.2 are new. The adaption of the Lebesgue
dominated convergence theorem (cf. Section 4.3) has not been mentioned before.
Furthermore only one direction of the assertion of Proposition 4.4.1 is proposed in
[SYWO95, Propostion 1]. We extend and prove it, because the extension is needed
to apply the results of Chapter 3 for C-differentiability. Thus a gap in the proof
of 5.2.1 is closed.

In Chapter 5 we weaken the conditions for the key results (cf. Remark 5.1.2
and [SvW95]). Furthermore we explicitly reveal the dependence of the param-
eter in [SVW95, Lemma 1]. Writing down the details of the proof of [SvW93,
Proposition 8.2, we have to assume stronger conditions to gain the existence of
Bochner integrals and that we may apply Fubini. The same is true for the proofs
of Theorem 5.3.1 and Theorem 5.4.1. The last two assumptions of the latter
are used to check that Theorem 3.5.4 is applicable, which was not spelled out
in [SYWO95]. The rest of the additional assumptions are used to explicitly write
down the details of rewriting the formula.

In [SYW95] there is no clue given how to prove the results of Chapter 6. For
the proofs the theory of Carleman operators is applied. The assumptions needed
are explicitly stated. We like to point out that we develop a new condition that
all eigenvalues of an integral operator are 0 (cf. Theorem 6.2.7).
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Chapter 1

Elemental concepts

Throughout the following chapters we will work with a lot of different derivatives
of signed measures. Thus we start with a few familiar definitions to bring to mind
the basic properties of taking derivative. We use this opportunity to establish
some notations. For the proofs or further remarks we refer to the lecture series
of Professor Rockner, [DS57, chapter II and III], [Wer05], [Bau01] and [Zei98].

In this paper R denotes the set of real numbers and N = {1,2,...} is the set
of natural numbers. Furthermore the exclamation mark (!) indicate that a fact
is to be shown.

By a function we mean a map, which maps to R, and by a numerical function
we mean a map mapping to R := [~00,00]. We use [ for the left limit of the
interval to indicate, that the point is included in the interval and |, if it is not.
Viceversa this is meant for the right limit of the interval.

For any space ' the map idg indicates the identity mapping on F, i.e id: £ —
E rx—x.

D, respectively D, denotes the derivative in the first, respectively second
component.

Moreover the plain symbol A points out that the triangle inequality is used.
The symbol & indicates a sequence of signed measures.

Definition 1.0.1 (vector field).

Let (E, | ||lg), (H, || |lz) be normed vector spaces and U C E. A vector field is a
mapping h : U — H. vect(U,H) denotes the vector space of all vector fields from
U to H. If E = H, then vect(U) := vect(U,E).

Definition 1.0.2 (Borel o-algebra).

For every topological space (E,T) we define the Borel o-algebra B(E) as the o-
algebra generated by all the open sets in E. If E C R, we assume that B(E) is
complete w.r.t. Lebesque measure, i.e. VN' CR:3IN € B(E): N' C N, v(N) =
0 it follows that N' € B(E).
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Definition 1.0.3 (invariant w.r.t. translations).

Let (E,|| ||g) be a Banach space and (H, || ||) @ subspace of E. A Borel-o-algebra
B(E) is said to be invariant w.r.t. translations of elements of H, iff for all sets
AeB(E),hcH: A+th e B(E).

Definition 1.0.4 (signed measure).

Let (E,|| |lg) be a Banach space. v : E — R is a signed measure if it is the
difference of two o-additive measures on (E,B(E)). Let @W(E) denote the vector
space of all signed measures.

Definition 1.0.5 (measure space).
By a measure space we mean a triple (E,B(E),v), where E is a Banach space,
B(E) its Borel o-algebra and v € W(E).

Definition 1.0.6 (v-a.e., null-set).

Let (E, | ||g) be a Banach space and v € W(E) a signed measure. A property is
said to hold v-a.e. if it holds |v|-a.e., i.e. there exists a null-set N € B(E) :
[V|(N) = 0 and the property holds for all v € N¢ := E\N.

Theorem 1.0.7 (Hahn decomposition, v+, v~ E*(v)).

Let (E, || ||g) be a Banach space.

Every o-additive function v : B(E) — R is a signed measure and there exists a
measurable set BT =: E*(v) € B(E): v := lg+v and v~ := —(1 — Ig+)v are
nonnegative and v = v —v~.

Definition 1.0.8 (LP(v),L>(v)).
Let (E,B(E),v) be a measure space.
By LP(v) we denote the set of all measurable function f :E — R, for which

|mmw:wmwyaéwmmw@<m

By L*(v) we denote the set of all measurable function f:E — R, that are v-a.e.

bounded.

Definition 1.0.9 (total variation norm, | ||%).
Let (E,B(E),v) be a measure space and S € B(E). Then the total variation norm
of S w.r.t. v is defined as

817, = sup { D= ()]

S'em

m-partition of S into a finite

number of disjoint borel subsets}

A set S is said to be of bounded variation w.r.t. v, if ||S||}, < co. The measure
v is of bounded variation (or finite total variation), if ||v|w = ||E|}, < oo.



Remark 1.0.10.
We notice using the Hahn decomposition that ||S||%, = [|S NEY||Y, + [|S\ET|.

Definition 1.0.11 (M (E,B(E))).
Let E be a Banach space. By M(E,B(E)) we define the vector space of all signed
measures on & with finite total variation.

Definition 1.0.12 (absolutely continuous w.r.t.).
Let E be a Banach space and v,V € W(E). V' is said to be absolutely continuous

w.r.t. v (or said that v dominates V'), if the following property holds for all sets
A e B(E)

A5, = 0= [lA]%; = 0.

If V' is absolutely continuous w.r.t. v, we denote this by V' < v. If V' is absolutely
continuous w.r.t. to the Lebesque measure, that is V' < X, we say that it is
absolute continuous.

Theorem 1.0.13 (Radon-Nikodym).
Let v and p be measures on a o-algebra A of a set ). If ju is o-finite, the following
two assertions are equivalent:

1. v has a density with respect to v, i.e. there exists a non-negative, A-
measurable, numerical function f on Q such that

V(A):/Afdu VA€ A

2. v 1s absolute continuous w.r.t. .

Theorem 1.0.14 (Radon-Nikodym(for signed measure)).
Let v and p be signed measures on a Borel o-algebra B(E) in a Banach space E
with p having finite total variation. The following two assertions are equivalent:

1. v is absolute continuous w.r.t. L.

2. There exists a non-negative, B(E)-measurable f : E — R such that
V(A) = / fdu VA € B(E). (1)
A

Definition 1.0.15 (Radon-Nikodym density).
The numerical function f in (1.1) is called Radon-Nikodym density.

Remark 1.0.16.
If in Theorem 1.0.14 ||v||s < 00, then f € L'(v).
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The following lemma tells us how to obtain new signed measures.

Lemma 1.0.17.

Let (E,B(E),v) be a measure space. If f € L'(v) then fv, i.e. (fv)(A) =
[ f(@)v(dx), is a signed measure.

Proof.

Let f = f™ — f~ be the decomposition of f into the positive and negative part

and let v = v — v~ be the Hahn decomposition of v (c.f. Theorem 1.0.7). Then
we define

(f)yt = ftvt + fvand (fv) = ffv + f vt

which are positive finite measures (for (fv)~ it follows similarly). Namely,

/fJr *(dz) + /f
<|f(=@)] <|f(=
felL'(w)

[ @l + /_|f<x>|u—<dx>: /E+UE_!f(fv)I|V|(dx) <o

It remains to show the o-additivity of (fv)*. Since taking integral is additive,
w.l.o.g. f and v are positive: Choosing disjoint sets A, € B(E) we observe

[e.9]

() A0 = [ 1z, 0, @ flde)
n=1
feLl(),

B / lim Lx o @) f@v(de) T dim [Ty, (@) f(@)v(da)
= > [ @f@ptdn) = S ()

n=1 n=1

[l
We obtain an useful connection of || || and || ||;:, namely

Lemma 1.0.18.
Let (E,B(E),v) be a measure space. If f € L*(v), then ||fv|w = 1)

Proof.

Since fv is a signed measure (cf. Lemma 1.0.17), we can apply Theorem 1.0.7.
We set E* := E*(v), E- := E\E*, A" := E*(fv), A~ := E\A" (for notation
cf. also Section 2.1), ff = max(f,0), f~ = —min(f,0), v* = v(-NE") and

Vo= E~). Since v is a signed measure we note VA; € B(E)

‘/ fdv| = fdv+/ fdv| :/ fdu—/ fdv
A NA+ A;NA— A;NAT A;NA—

/ de+/ fdl/—/ fdu—/ fdv

A;NA+NE+ A;NA+NE- A;NA-NE+ A;NA—NE-




— / de+—/ fdl/_—/ de++/ fdv™
AiﬂA+mE+ AimA+ﬂE7 A,ﬂA*ﬂE* AiﬂAflﬁl]Ef

= / f+dl/++/ f_dV_+/ f_du+—|—/ frdv~
A;NA+ A;NA+ A;NA— A;NA—

= [ s+ [ Afla = [ 171a] (1.2
A; A; A;

| f||v| is a measure on E and thus we have

| rav

7

n

vamv==$n>{§:

=1

<¥>mm{§j[jﬂﬂw
=1 4

A; € B(E) disjoint subsets}

A; € B(E) disjoint subsets} = / |fldlv| = ||f||L1(l,)
E

[
Definition 1.0.19 (L(E, F)).
Let (E, || ||g); (£ ]| ||z) be normed vector spaces, then
L(E,F):={f:E— F|f linear and continuous} . (1.3)
If F =R, we have E' := L(E,R).
Definition 1.0.20 (Gauteaux-differentiable).
Let (E, || |lg), (F\ || I) be normed vector spaces, U C E open and f : U +— F be

a mapping. f is Gauteaux-differentiable at xo € U, if there exists a continuous
linear operator T,, € L(E, F) such that

. flzo+eh) — f(xo0)
I lim .

~T,h VheR

is satisfied. If f is Gauteauz-differentiable at every point x € U, it is said to be
Gauteauz-differentiable. Its derivate is denoted by f; .

Theorem 1.0.21 (Mean Value Theorem).

Let (E, || [|g), (F, || l|z) be normed vector spaces, U C E open and f : U +— F
Gauteauz-differentiable. Define the “interval’ I = {xog+ Ah : 0 < X < 1} C U.
Then

|f(wo) + f(zo + Pl p < sup L7 @I Al

Definition 1.0.22 (Frechet-differentiable).

Let (E, || ||g) and (F,| ||z) be normed vector spaces. Let U be an open set in E,
and f : U — F. Then f is Fréchet differentiable at the point xo € U, if there
exists a linear operator f'(x¢) € L(E, F'), such that:

o 1 @0 1) = J () = fi(ao)l

—0
IAllg—0 2]l
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Remark 1.0.23.
If a mapping is Gauteauz-differentiable and if f': U — L(E, F), xg — f'(x0) is
continuous with respect to xq, then it is Fréchet differentiable.

Definition 1.0.24 (C*(U, F)).
Let (E, || ||g), (F\]| ||p) be normed vector spaces, U C E open and o € N. Then

CYU,F) = {f U — F‘f is a times continuously Gduteaux—diﬁer@ntiable}

CoU, F) = {¢ € C°(U, F)

each derivative is bounded in its operator norm}

C*(U,F) = () C*(U,F)
a€eN

C(U,F) = () Cy(U, F)

aeN
If U, F' are obvious, we may omit them, i.e. C*, C3*, C*° and Cy°.

Definition 1.0.25.

Let (F.,|| ||z) be a normed vector space and C denote any set of functions from
F to R. Then we define

SC:={feC|fu)=flu),... l(u)),
neN f:R" >R ;€ F'V1<i<n,u€F},

The elements of §C' are called finitely based functions.

Definition 1.0.26 (1,).
Let (E,|| |lg) be a Banach space. For any signed measure v € M(E,B(E)) and
any h € E we define v, == v(-+ h).

Remark 1.0.27.

Of course, the above notation can occur for elements h or th' of a normed vector
space (E, || ||g) and a measure denoted v, € M(E,B(E)) (in 2.2 we define v,
as the Fomin-derivative), i.e.

'F 'F P
U s Voo botht = Vi bttt

which means

'p Def. 1.0.26 /g

Uh = w (- th'),
/ Def. 1.0.26 1
vl = F(+h)th,_yh(+h+th’),...

Sometimes we may write for clarification ((V}/LF)h)th/'



Chapter 2

Differentiation of measures

In chapter 1 we have repeated known concepts to motivate the idea of Fomin-
differentiability. In this chapter we introduce the idea of differentiation of a
measure on a Banach space, namely the Fomin-differentiation. Later on we ex-
amine conditions under which two signed measures are absolutely continuous to
each other. In Chapter 3 this concept is generalized.

In Section 2.1 we outline the general framework, in which we will work. Fur-
thermore we introduce some notations which will be used in the proceeding chap-
ters. Throughout the following sections and chapters a lot of new notations will
be introduced. For the convenience of the reader these can be found in the index.

In Section 2.2 the (uniform) Fomin-derivative and its basic properties are in-
troduced and illustrated within an example. By results of Chapter 3 the uniform
Fomin- and Fomin-differentiability are the same. Furthermore we state a Mean-
Value-Theorem. By showing that the derivative of a measure can be a signed
measure, we see that defining the concept of differentiation without signed mea-
sures would be a wild goose chase. Thus the use of signed measures in the general
framework is motivated.

In Section 2.3 we present the §-differentiation, which is similar to the idea of
Fomin-differentiation. We give details about the connections of these concepts of
differentiation. For the [-differentiation we obtain a transformation rule.

In Section 2.4 it is used to show that each Fomin-differentiable signed measure
on R” is absolutely continuous. Furthermore we show that a linear combination
of directions, in which a signed measure is Fomin-differentiable, gives a new
direction, in which it is differentiable and that being Fomin-differentiable implies
that the || ||, — lim exists on bounded sets (cf. Theorem 2.4.2).

In Section 2.5 we observe, using the transformation rule for §-differentiation,
that taking (uniform) Formin-derivative is linear and continuous.

Finally in Section 2.6 we derive that the logarithmic gradient [y is v-quasi-
linear, continuous and even r-a.e linear and define the logarithmic gradient along
a vector field. For finitely based vector fields we present a condition, such that

7
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the logarithmic gradient exists and is well defined, i.e. independent of the chosen
orthonormal base (cf. Lemma 2.6.8).

We basically follow [ASF71] for Sections 2.2 to 2.5 and explicitly write down
the omitted details, i.e. that the Fomin derivative of a finite signed measure is
finite. The examples of Section 2.2 and the details of the dependence on null sets
(e.g. Lemma 2.6.4 and Corollary ??) in Section 2.6 are new. Using the basic
idea of [ASFT71, Theorem 3.2.1] we formulate in Theorem 2.4.2 a few more con-
nections than there were stated in [ASF71, Theorem 3.2.1]. The definition of the
logarithmic gradient for functions, i.e. Definition 2.6.6, was stated in [SYW95],
but there were no comments made or references given about the existence.

2.1 General Framework

From now on, we will work on a fixed measure space (E,B(E),v).

We assume that (E, || ||z) is a separable Banach space.
Furthermore we fix a Hilbert subspace H C E, i.e. H is a vector subspace
equipped with the structure of a Hilbert space such that the canonical embedding

i ) ) — E )
h — h

is continuous and || ||z < || ||y Vh € H.

Let B(E) be the Borel-o-algebra of E. We suppose that B(E) is complete
w.r.t. v and that B(E) is invariant w.r.t. translations of elements of H.

The signed measure v € M(E,B(E)) has in particular a finite total variation,
i.e. ||V]|w < oo. Furthermore vt and v~ denote the positive and negative part of
the decomposition of v, i.e. v =vt —v~ and v~ = |v~ |, = [vt]| (cf. Theorem
1.0.7). In the sequel the signed measure v will be fixed.

For any signed measure 7 € M (E,B(E)) we denote by E} =: E*(7) € B(E)
the set of the Hahn-Banach decomposition, i.e. 7 (E}) > 0. Of course, this set is
unique except for a 7 null-set. Moreover we define E=(7) := E; := E\E} € B(E)
and obtain

7 (A) = H(ANED) and 7~ (A) = —(A\ES) VA € B(E).

If v =v, we write Et :=Ef and E- :=E_.

2.2 Fomin-Differentiable

We now treat the Fomin-derivative, which was first introduced by Fomin in 1966.
Its key idea is similar to the concept of Gauteaux-differentiation. The idea is
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to evaluate the measure for every set permitted and varying it in one direction.
Furthermore we state a few properties of the Fomin-derivative and prove them
in detail to get familiar to the concept. At the end of this section we give a basic
example to see what the derivative looks like and to understand why it is natural
to work with signed measures in this context.

In [ASF71, P.142] or [SYW95, P.105] we find:

Definition 2.2.1 (Fomin-differentiable).
The signed measure v € M(E,B(E)) is said to be Fomin-differentiable along a
vector h € H C E if for every Borel set A € B(E) the function

R>t—v(A+th) eR

is differentiable at t=0. This expression is well-defined, because B(E) is invariant
w.r.t. translations of h € H.
If v is Fomin-differentiable, its derivative u,’lF 15 called the Fomin-derivative, i.e

VP(A) = Tim v(A+th) —v(A)

t—0 t

(2.1)

Definition 2.2.2 (uniformly Fomin-differentiable).
The signed measure v is called uniformly Fomin-differentiable along a vector h €
H, if the limit in (2.1) exists uniformly for all A € B(E).

Remark 2.2.3.

By the results of chapter 3 we see that v being Fomin-differentiable is equivalent
with v being uniformly Fomain-differentiable. In detail we use Fxample 3.3.9 and
Theorem 3.5.5 in connection with Lemma 3.5.1 (and Remark 3.3.10) for C' =
{15|B € B(E)}, Theorem 2.2.6 (v, :=-+th, t € I, h € H, B(E) invariant w.r.t.
translations of H (cf. Section 2.1)) and Example 3.3.9. We notice that the used
results of 3 are independent of the results about the Fomin-differentiability.

Remark 2.2.4.

1. The Fomin-differentiability relies on the differentiation of a function in R.
Later on we will see that taking Fomin-differentiability is continuous and
linear (cf. Section 2.5).

2. The symbol 'F indicates that the Fomin derivative is taken. Later we in-
troduce different notions of taking derivative of a measure. Thus in order
to avoid confusion, the letter "F” in the notation of the derivative should
remind us that we consider the Fomin-derivative. Getting to know further
concepts of differentiation we will extend this notation.

Naturally the signed measure has not to be denoted by v. Assume h,h’ €
H,p:H— H andt € R. If the derivative u;,f s again Fomin differentiable
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along ¢(h'), we see that ugﬁ(;;h,) s as well a suitable use of this notation.

Other notations could be ¢(V);ZF or vg,,X', where vp,,(v) € M(E,B(E))
and will be defined later (cf. Proposition 2.3.8 and Proposition 2.5.1).

Example 2.2.5.

Suppose that a measure p € M(R? B(RY)) is absolute continuous w.r.t. to
Lebesgue measure X\. Thus, by Radon-Nikodym (cf. Theorem 1.0.14), it is of
the form p\, where p € LY()\) is a density. We suppose furthermore that p is
positive, pj € LY(\) exists and that there exists g € L'(\) and § > 0: Vi : [t| <
J |w] < g(x). We calculate the Fomin-derivative of pA in direction
h € RY for each A € B(R?):

(PA)(A £ th) — (pPA)(A)

'F B .
(V) = lm t
_ iy Jasw P@de — ], pla)de
B t—0 t
—— plz + tht) — (),
—vJA

e [ dhla)ds = (ANA).

Theorem 2.2.6 (Properties of the Fomin-derivative).
Let v, be the Fomin derivative of v = vt — v~ in the direction h € H, that is

vl A %V(A +th)

t=0
Then

1. V;lF defines a signed measure,
2. ||l < oo,
3. the positive and negative part of v are Fomin-differentiable,

4. the positive and negative part of I/;LF are absolutely continuous w.r.t. to the
positive and negative part of v, i.e.

v < vt and vl < v
5. V;lF <LUv.

Definition 2.2.7 (logarithmic derivative).

By Radon-Nikodym (cf. Theorem 1.0.14) there exists a density, denoted by
#07(h,-), such that v,F = LB”(h,-)v. In our context we will call .3 (h,-)
the logarithmic derivative of v.
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Remark 2.2.8.

1. The name "logarithmic” derivative is motivated by the following: We con-
sider a measure j1 = p\ as in Example 2.2.5. Then the Fomin-derivative of
w in direction h € R% can be written as

p = phA = (np),pA = (Inp)ju

and thus the logarithmic derivative is of the form (In p);l, which motivates
the name logarithmic derivative.

2. The subindex "F7” should remind us that we talk about the logarithmic
deriwvative in the context of the Fomin-differentiability.

3. The notation of the logarithmic derivative will be extended later, when we get
to know different notions of differentiability. Whenever we see a function
named (3 with indices throughout this paper, it will denote a logarithmic
derivative (or gradient). However, the letter F might be replaced by other
symbols, who indicate different contexts of differentiation. For now this
motivation should be sufficient.

Proof of Theorem 2.2.6.

1. We define AL p
va(A) = DAT R TV oy gy,

Then each v, is a signed measure on the Borel o-algebra B(E) and by the
Fomin-differentiability of v its limit exists pointwise for all sets A. Thus
we gain by a Nikodym corollary of Vitali-Hahn-Saks (cf. [DS57, Corollary
I11.7.4, p.160]) that the limit of the v, is o-additive. The limit of the v, is
by definition the derivative I/,IZF of v. Thus V;ZF is a signed measure.

The Hahn decomposition Theorem (cf. Theorem 1.0.7) tells us that for v,
there exists a set E*(1,/") € B(E):

vE =1

’
F
T A

2. By the Fomin-differentiability we know that for any set A € B(E) 3 ¢, € R:
V(A +toh) — v(A) |
o]

= N(A) < 0, (2.2)

vl (A)] < 1+
2 ||| 40
o]

where we used that ||v||4, is finite. Then the Theorem of Nikodyn ([DS57,
Theorem IV.9.8, p.309f]) states that it is even uniformly bounded, and
hence we obtain that 4N < oo :

1, F(A)] < N VA € B(E).

1+
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Thus we conclude

il (B 030) |+

35 e = uf (B (5))| < 2N,

. We conduct the proof following [ASF71, Theorem 2.6.1]. We know that the

function R > ¢ +— v(ET +th) € R is differentiable at 0 and that it has a
local maximum at 0, because VA € B(E) :

v(A) < vt (A) =v(ANE") < y(EY).
Using this fact we will prove the claim:

V(A+th)NEY) —v(ANEY)
v v((A+th)N (]Iz“i+ +th)) —v(ANE™)
v((A+th)N (]E*\t(IEJr +th))) —v((A+th) N ((ET +th)\(E1)))
V((ANEY) +th) — v(ANEY) t
v((A+th)N (£+\(E+ +th))) —v((A+th) N ((E* +th)\(E1)))
t

+

(2.3)

where we applied

Et = ((E*+th)UE")N((ET +th) UET)
— ((E* +th) U (E* 0 (B +th)°)) N (E* + th) nE+E)”
— ((E* +th) U (E*\(E* + th)))\((E* + th)\E*).

We notice that (A 4+ th) N (ET\(ET 4 th)) C E* and that

(A+th)N ((E* 4+ th)\(ET)) Cc E~. Thus, since v and v~ are measures,
we would possibly only enlarge the fraction by considering it without the
A + th intersection. Thus we replace the fraction in (2.3) by

v(ET\(ET +th)) v({(ET+th)\(ET))

t t

We prove that the limit of both summands is zero, thus the estimate without
the A+th intersection was not to harsh and the limit of the original fraction
is 0 as well. We justify our estimate by proving the following claim:

lim v((ET +th)\E™) 0, lim v(ET\(ET +th))

t—0 t t—0 t

=0 (24)
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Using the above fact about the maximum, i.e. 1/ F(ET) = 0, we obtain

ET +th) —v(ET
0 = (B =ty MELE ) Z V(E)
+ + +\ (To+
— lm v((E* +th)\E )—I—lim v(ET\(E* +th))
t—0 t t—0 t
— (T + +(TR+\ (To+
_ limy (E* +th) —|—limy (ET\(E* + th))
t—0 t t—0 t

Since each of the summands is positive, we gain that each summand con-
verges to zero and thus the claim is proved. Therefore, envisioning that v
is Fomin differentiable for ANE*Y, we get
/ TA+th) —vT(A) @3
F(A) = lim ” (A+1th) —vi(A) @3)ey

t—0 t

VE(ANEY) (2.5)

By similar arguments (0 is a local minimum for R > ¢t — v(E~ +th) € R)
we have
' “(A+th)—v (A
() = i S AT VD gy (20)

t—0 t

By applymg the first part of this theorem to v* and v~ we conclude that
vt p and v hF are signed o-additive measure. An alternative proof is to
use Lemma 1.0.17 for 1g+ and 1g-.

4. Tt is enough to show it for v (v~ follows analogously). Let A € B(E) such
that ||A||%7 = 0. Using the idea of the proof of [SvW93, Proposition 3.1,
p.461] we obtain

0=vtA) <v'(A+th) >0.

Moreover ¢ = 0 is a local minimum and the Fomin dgrivative of v at A/ is
0. Thus v*+," (A) = 0. Repeating this for ANE*(v+,") and ANE-(vt,))

F
we have ||A||tV:h = 0. Hence (cf. Definition 1.0.12), v, Pt

5. By the last two assertions the claim follows:
v = v (NED) 4y (B T v vt v =y

O]
Remark 2.2.9.

1. The key point of the third statement of the Theorem is that the function
t — v(ET + th) has a local maximum at t = 0. The key idea of the fourth
statement of the Theorem is to use that for all null-sets A the function
t — v (A+th) has a local minimum.
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2. We have proved that V+;LF( J=pF(-NE").

In Example 2.2.10 we show that in general V+;ZF and v, " do not coincide and
in Example 2.2.11 that the derivative of a measure is not in general a measure.

Example 2.2.10.
Define fora < b e R

b
v([a, b)) ::/ %1 10,10((7)dx.

Then v can be extended uniquely to B(R). This extension is a signed measure,
which is Fomin-differentiable along each h € R. We will see that its derivative is
absolutely continuous.

Proof.
Let a,b,c € R. We define a V b := min(a,b),a A b := mazx(a,b).

bAO V0
vt (la,b]) ::/ 2°1)_10,10{(z)dz and v~ ([a, b)) := —/ 2°1)_10,10((7)dx

AO VO
This definition is independent of the representation of the interval, i.e.

c/NO

BAO
vt ([a, b]U[D, c]) :—/ :c3]1}_10’10[(:v)dx+/ 2°1)_19,10((2)dz

AO bAO

cAO
— / 1'3]]_],10’10[<$)dl' = V+([CL, C])

AO

a;,b; € ]R} because

v is a measure on R = {U?l[ai, by

vH(0) =0, v™([a,b]) = [1 4] > 0 and by definition

4

2 (U[an, ) et Z/ 21 y0,101(x)dx by:defZVJr([an,bn[).

n an A0 n

Since v is o-finite on R we gain by Carathéodory (cp. [Réc05a, Theorem 3.3,
p.21] or [Bau01, Theorem 5.3]) applied to ® a unique extension v+of the measure
v*on o(R). The same is true for v~and thus we obtain v~ as the unique extension
of v~.

We know

, 1+th
L) =5 [ Pl =2 @)

—1+th
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v([~1,1]) = /11 2*1)_10,10((x)dx = Ex“} 1_1 =0

Thus we see that we have found an example, where v([—1,1]) = 0 and for h €
R\{0} v,F([~1,1]) # 0. Here we see the importance of using the | [|s in
the definition of absolute continuity of a measure w.r.t. another measure (cf.
Definition 1.0.12). We will prove that 7 is Fomin-differentiable.

Let P € o(R), then 7(P) := v+(P) — v=(P) is unique by Carathéodory. We
calculate the derivative of the uniquely extended measure 7 along h € R. To this
end we have to show that the following limit exists.

(P + th) — 7(P)

37F(P) = lim

t—0 t
~ lim vt (P +th) —v (P +th) — (v (P) — v (P))
t—0 t
— lim v (P+th)—vT(P)— (v (P+th)—v (P))
t—0 t

We calculate the value of the associated outer measure of v+

v (P +th) = inf {Z vt(A,)|A, €® and P+th C UA”}
n=1 n

We may assume w.l.o.g. A, = [a,,by,[, where a,,b, € R, and define
ay, = a, +th,b, == b, +th.

[dy, bp[€ ® and P + th C U[a}, b;[}

:mf{zywdn,b;[)

def o0 10V (an+th)AO

€ .

= inf E / z3dx
10V (b +th) A0

n=1

[, bo[€ ® and P + th C | [ay + th, b, + th[}

Using the definition of Lebesgue measure (cp. [Roc05a] or [Bau0l]) we obtain
that the latter expression is equal to

/ ﬂp(.l?)(x + th)g]l},t}%lo,th[(ﬂ?)dl'

Analogously we gain v~ (P + th) = — [ 1p(z)(z + th)*1)_10_sn,—wm(z)dz. If we
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plug this in, we receive

v(P +th) —v(P)

P IRT
vy (P) = 1{% n
[ VEP 4 th) = V(P + th) — (VF(P) = v (P))
= 1m
t—0 t
_ hm fﬂp(x)(l'+th)3ﬂ},10,th,10,th[(l’)d$ — fﬂp(ﬂf)l‘gﬂ},lo’lo[(ﬁ)dﬂf
t—0 t

dom. conv.

Lebesgue / 1p(2)32° A1) 10 10/(2)dz

Therefore 7 is Fomin-differentiable. Using Remark 2.2.9 we see

’ , 10
FhF(P):th(PmRﬂ:/ 1p(2)322h do
— 00

v, (P) =7 (PNR") :/ 1p(x)32°h dx

—10

]

Example 2.2.11.

If we define v([a,b]) = f; 2*1_10,10(x)dx for a,b € R, we obtain by the same
construction via Carathéodory a measure on B(R).

For this measure vt = v and

yiF([a, b]) = /b 2171},10710[(1')6137.

Here we see that the derivative of the measure v along 1 is a signed measure.
Moreover

v =R A0t =0

By [ASFT71, Theorem 1.3.2] we have

Theorem 2.2.12 (Mean-Value-Theorem).
If v is Fomin-differentiable in the direction h € H, then we obtain t € R:

lvin — v =t e < 18] sup (17, = 5 [
o<r<t

= [t] sup (" +7h) = 1" (| (2.8)

o<r<t

2.3 [(-differentiable

In this section we introduce a new type of differentiability, which is analogue to
the Fomin-differentiability and state a condition such that they are equal. For
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this g-differentiability we obtain a transformation rule, which we will use later to
prove the linearity and continuity of taking Fomin-derivative. In [ASF71] not all
of the details were shown, at heart only the first assertion of the transformation
rule (Proposition 2.3.8) was demonstrated. First of all we define

Definition 2.3.1 ( || |5, Mp).
Let 3 C B(E). Let pu: 3 — R be such that u(0) =0 if O € B and for any collection
of disjoint sets A; € B with J,c Ai € B: 1t(U;en Ai) = D ien #(Ai). We define

|| el g := sup {Z 1(A;)|A; € B dz'sjoz'nt} and

1€N

Mg :={p:B8—R| ||z <oo}.

Remark 2.3.2.
| |lg is @ norm on Mg and the inclusion mapping i: M(E,B(E)) — Mg, v — v
1S CONLINUOUS.

Following the idea of [ASF71, p.143], we define

Definition 2.3.3 (g-differentiable w.r.t. subspace).
Let 6 C B(E) be a class of measurable sets. v is $-differentiable w.r.t. H iff

1. Vh € H:

) uniformely for all A € 8 (2.9)
If the limit exists, it is denoted by V;Lﬁ and called the 3-derivative of v (w.r.1.
2. and taking (-derivative is linear and continuous, i.e.

VO ) — (Mg, | lls)

h|—>V;L’3

18 linear and continuous.

Definition 2.3.4 (semi-fg-differentiable).
If the first condition in Definition 2.3.3 is fulfilled, we call v semi-3-differentiable.

Remark 2.3.5.

1. In [ASF71] the definition was restricted to a class of subsets of H, we
changed this definition to measurable subsets of E. This will enable us
to draw a few connection to the concept of Fomin-differentiability.



18 CHAPTER 2. DIFFERENTIATION OF MEASURES

2. Note that again ' indicates that we take a derivative and (3 that it is the 3-
derivative. Of course, we can consider different classes of subsets. In order
to recognize this concept more easily, we will denote all of these classes by

ﬁ with an index, i.e. ﬁluﬁ?aﬁbaﬁfhﬁﬂ‘hﬁf) B

3. We note that if v is Fomin-differentiable along h € H, then the above limit
coincides pointwisely with the Fomin-derivative along h € H. That s

v2(A) =] (A) VA € 3 C B(E).

4. Comparing the definitions of Fomin- and (-differentiability we notice that:
v is Fomin-differentiable along all h € H, iff VA € B(E) v is Ba(-semi)-
differentiable w.r.t. H, where B4 := {A}.

If By C B(E) finite, i.e. |Bf| < oo, then Fomin-differentiability along all
h € H implies B¢-differentiability.

5. If we chose Oy = B(E), then a signed measure p € M(E,B(E)) is semi-fg-
differentiable w.r.t. H iff it is (uniformly) Fomin-differentiable along each
h € H.

Definition 2.3.6 (bounded differentiable).
Let By, C B(E) be the class of all bounded subsets of H. A signed measure v is
bounded differentiable w.r.t. H, if it is By-differentiable w.r.t. H.

For the transformation rule we need to introduce the following definition (cf.
e.g. [Wer05, Definition VIII.1.3, p.392]):

Definition 2.3.7 (linear topological subspace).
A linear topological subspace is a linear subspace of a topological space, where
additivity and multiplication with scalars are continuous .

Similar to [ASF71, Proposition 2.4.1] we have

Proposition 2.3.8 (transformation rule for S-differentiable).

Fori=1,2 let E; be a linear space, H; a linear topological subspace of E;, and o(E;)
a o-algebra of subsets of E; that is invariant under translations by elements of
H;. In addition, let ) : (Eq,0(E1)) — (Eq, 0(E2)) be a measurable linear mapping
such that

1. HQ - w(Hl)
2. 1 |g, is an open map, i.e. the image of an open set under 1 is an open set.

Moreover we assume that (31 is a class of subsets of Hy, which is invariant w.r.t.
translations by elements of Hy and By = (51).
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1. If a measure p € M(Ey,0(Ey)) is semi-f;-differentiable w.r.t. a subspace
H,, then the measure ¥ () is semi-fBo-differentiable w.r.t. Hy, and

(G (Nhﬁl) = w(IU)f(Qh)
for all h € H;

2. If u is even (y-differentiable, then 1 (u) is Bo-differentiable.
Proof.
For a better readability we use the already introduced notation:
pen(-) == p(- + th) (2.10)

1. In order to prove the first assertion, we show that the following limit exists
for all h € H uniformly in 5. That is choosing A € 3, arbitrary

lim w(ﬂ)tnw(h)<14) — () (A)

tn—0 tn

— () (A) =0 (2.11)

We calculate the parts of the fraction separately and then plug in the semi-
Si-differentiability of p. By (2 = ¥(5;) we know that VA € (5, JA; € (5 :
A= 1/}(141) Thus Vt € R, h € Hl

A+ (k) = p(AL) + tp(h) =" (A + th) € By,

because (3, is invariant w.r.t. translations of H. This implies that

0# v (A+tp(h) = {y | v(y) € A+ t(h)}
{y|v(y—th) € Ay ={a+th|v(x) e A} =" (A)+th #0

lineirity
P—LAAD

For all measures p and ¢t € R we have

(W (en)) (A) o (0~ (A)) = (L (A) + th)
PE (T A+ () E () (A + tp(R)) = (1) 0 (A) (2.12)
Thus
s (Y H(A)) = p( 7 (A)) by 212) PRy (A) — () (A)

t - t
Using these identities we obtain:
o Py (A) A ) | a7 (A) — p((A))

tn—0 tn tn—0 t

ﬁl_di_ﬁ ’ _ ’ ! 5

=5 (T A)) = () (A) = iﬁ(u)qf(h)(fl), (2.13)
where the semi-f3;-differentiability implies the uniform convergence in (3,
and is well-defined by (2.12).
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2. Having [;-differentiability, we even obtain [s-differentiability. It remains

to show that ¢ (1) : (Hy, || lg,) — (Mp,, || ||5,)is linear and continuous.

The linearity follows by the linearity of ¢ and 1% (A) (which is linear by 3;-
differentiability), because p is fi-differentiable, i.e. (well-defined by (2.12))

/ Ho = ¢(Hy) ’ 1 linear !
D) (A =00 v (A= 0 e (A)
p 1 (A)
/ linear ’ /
¢(Mfﬁ1+hf1)(z4) = VA, + ) (A)

2.13)

= AP THA) + (07 (A) P O + ())(A)

(2.13)

The continuity follows by w(y)f’gQ: (Hy, [ lg,) — (Mpg,, || [ls,) being con-
tinuous and v |y, being open. In detail we have to show that Vi (h) €

’ ’ | ~
)y (A) = v (A < < VR €
< §,. By the continuity of p/# we gain 36, > 0: Vh; €
Ho

Hy,Ve > 0, 302 > 0 : supyeg,
il

H, pi (B) =i (B)| <

< 0y :su
H, 1 PBep,

Since lel is open, we know that there exists an open set A such that

Y({h € H| ’h— || < 8}) = A3 ¢(h). Thus (A being open) 36, :
{h e | [|w(n) - B [(n) — |

H;y
< 0y} C A. Finally Vh € H,
Ho

<522
Ho

sup (1) Gy = w003 = sup I (67 (A)) = 2, (07 (A)]

A€B2 5

€p1

< sup | (W (A) = 2 @A) <.
BG,BQ W—/

€

2.4 Properties on a finite dimensional space

For this section we fix E = R" and we derive a few properties of the Fomin-
differentiation on finite dimensional spaces and state a connection to the -
differentiability.

In [ASF71, Propositon 3.1.1] we find the following:

Proposition 2.4.1.
Let hy, ..., h, be a basis for R™ and v € M(R",B(R")), i.e. a signed measure
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with finite total variation. If v is Fomin-differentiable in each of the directions
hi,..., hy, then it is absolutely continuous w.r.t. Lebesque measure X on R", i.e.

v A

Proof.

For every Borel set A C R™ we define a function V,: R" — R, z — v(A + x).
By the Fomin-differentiability the function W4 is differentiable in the directions
hi,...,h, at every point x € R", and

/ d / /
V.(2),, (A) = S v(A+a+th)|  =v(A+2)=v] (A).
Since /" is of bounded variation on R™ (cf. Theorem 2.2.6),

SUPgRrn |V;5<B)| < 00. Therefore W4 := y;f(A) is bounded:

sup v, (A)] = sup |7 (A+2))| < sup |y (B)] < 00 VA € B(R"),
T CR™ zCR"™ BCR"”

Y 4 has bounded derivatives in the basis directions and hence is continuous on
R™, i.e. choosing h := 3" | \;h; € H we obtain that 3 (§)1<i<, C R™:

n—1

Ua(z+h) =Wa(z+ Y Nk + Ahy)

i=1

n—1 n
part. diff d\I/A induction d\IjA
LA g, (x + ; )\ihi> T G G Aun " W) + > =2 (&) Ak

Thus, since we have bounded derivatives, we see

- dW 4
Va(e+h) = a@)l < 3 Wil [, 72 (6] < MA 0

=M

In other words, v,(A) := v(A+x) — v(A) uniformly for all A € B(R"), as z — 0.
By a theorem of Saks(cf. [Sak64, Theorem 11.2, p.91]), this implies that v is
absolutely continuous w.r.t. Lebesgue measure. O]

We attain (the third statement is the assertion of [ASF71, Theorem 3.2.1)):

Theorem 2.4.2.
Let hy, ..., hy, be a basis for R*. Let v € M(R" B(R™)) be Fomin-differentiable
in each of the directions h;.

1. If v is Fomin-differentiable in the direction h € H, then

Vsp — UV

lim | i o =i sup (4, =2 e =0 (214)
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2. Fach linear combination of directions, in which v is Fomin-differentiable,
gives a new direction, in which v is Fomin-differentiable and the linearity
holds.

3. The measure v is boundedly differentiable w.r.t. R™. In other words, the
following translation mapping is boundedly differentiable

T R" — (M(an]B(Rn))? || ||tv)

T U

Proof.

1. Let h € H. The assumptions and Proposition 2.4.1 imply that v is abso-
lutely continuous (w.r.t. Lebesgue measure). Thus the measure v, is also
absolutely continuous, because v,/ < v (cf. Theorem 2.2.6). Therefore, by
the theorem of Saks ([Sak64, Theorem 11.2, p.91] (and Remark 2.2.3)),

Dp: (R, []) — (MR, B(R")), [| )
o= oyl (2.15)
is continuous and
T:®[]) — (MER",BR")), | [lw)
T +— (Vn)rn (2.16)

has continuous partial derivatives w.r.t. every argument (by assumption
they exist): Since v is Fomin-differentiable along h, we have for all sets
B e B(R") and z € R™:

v(B+x+th)—v(B+x)

; - v/ (B+x)
1 , Thm 2.2.12 , ,
< m ||Vth 2 chFHtv < Os<u12t ||VhFTh i VhFHtv (2'17)
T

Since Dy, is continuous, Ve > 035 > 0:V7r < d: ||, —13F||;, < e. Thus
choosing t = J, we gain that the supremum in (2.17) is less than e.

2. Let h,hy,hy € H, A € R. We prove the multiplication with scalars

limit

gt =\ . Vyx—1\p — V . Vi, — UV unique
U = lim === = A lim -
%:—>O t )\_ %—)0

Al (2.18)

and the additivity

. Vthy+thy — V
lim || — =,

t—0 t
< lim lim lim ||yth1+th2 S 7 =
r—0s—0t—0 t S
. Vsh, — V 'p . Vrhy —V 'F
+lim || == = vyl + T (| = vl
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Using (2.14) and that |[v_¢n,|lw = ||V||+ we have

Vthl - I/fthg VShl*thQ - y*thQ V’r‘hgfthg - l/fthg

= limlimlim || [l 0
r—0s—0t—0 t S r
_ hm hm hm ” Vthl -V v — V—thz . Vshl—thg - V—thz
r—0s—0t—0 t t S
_VThQ—thQ - V—thg H
r tvs
A — _
S h]_’Ié 111% || Vthlt 1% _ I/Shlfthg l/fthg ||tv
S§— — S
. . v — V—thg - VThz—thQ - V—thg
+ i | —— r e
4 Vin, — V / . , ,
< b [Tt A
. 'r Vsh, — UV . V_thy — V 'F
Hlm vy, — =l +lim [ =, [l

Vphy — V (2.14)
——|lw

lim vy = v, e + lim [l — =0 (219)

3. We know by the second part that v is Fomin-differentiable along R™ and
linear on R", therefore the continuity remains to show in order to gain that
it is boundedly differentiable w.r.t. R™(cf. Definition 2.3.6).

W.lo.g. hy,...,h,is an orthonormal base. If this wasn’t the case, we would
just choose one and gain by the second statement of this theorem that v is
as well Fomin-differentiable along these new directions.

Since T, is linear (cf. (2.16)), it is enough to show continuity at 0: For

&> 0 choose h, b € H : Hh . hHH < =, where M = max;<ic, [V} |l

Fixing h — h =: 3.7, \;h; and analyzing

n 1 n 1
7 Pythagoras 9 9\ 2 2\ 2 o\ L -
Hh hHH h; ONB (Zl’M Hid@) (Zl|)‘z| ) =z (‘)‘z’ ) || Vi
1= -1 1=

we gain the continuity

’ 4 - ! h
il < 3N il < 3 2=l <
i=1 ’

<M

Remark 2.4.3.
1. We have shown that v is even [(gn-differentiable, where fgn = B(R™).

2. We note that the assertion of [Sak64, Theorem 11.2, p.91] is only stated for
finite dimensional spaces. Thus we cannot use this method for the infinite
dimensional case without further considerations.
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2.5 Taking Fomin-derivative is linear and con-
tinuous

We return to E being an arbitrary separable Banach space (cf. Section 2.1) and
prove (cmp. [ASEF71, Proposition 4.1.1, p.167]):

Proposition 2.5.1 (v* linear).
Suppose that v is uniformly Fomin-differentiable in every direction h € H. Then

vVIH — M(E,B(E))

!/
F
h — v,
18 linear.

Proof.
We know that o(E') = B(E). Let h € H. The cylindrical sets are generated by
the elements of E'. Since v,” is a signed measure we know (4; € B(E) Vi € N):

v () = i (),

€N i=1

Thus it is sufficient to verify the following equation for cylindrical sets A only.
’ ! ’ /
U htaohs (A) = Ml (A) 4+ Aavy; (A) (2.20)
We choose fi,..., fn € E'. Let ¥ =", ker f;, E4,..5, be the factor space E/ U,

w = ¢f1"'fn: E - Eflfn
r — o+ VU,

B € B(Ey,, f.) be a Borel subset of the finite dimensional space Ey,...;, and
A={r:z € EY(xr) € B}. Thus we will simplify our task: Using Remark
2.3.5 we have that v is uniformly Fomin-differentiable along each h € H implies
semi-fg-differentiability, where O = B(E). Furthermore, choosing (s := ¢(0g) =
B(Ey,.., ), we obtain using Proposition 2.3.8 for hy, hy € H, A, A2 € R:

H linear subset
2 and ¢¥(z) =+ U 'F
(w(V»Alw(hl)Jr)\w(hg) (B) = (w<l/))¢()\1h1+)\2h2)(8)

Prop 2.3.8 - def. A
R Viirahe (07 (B)) =" 03l g, (A)

and for i = 1,2

Prop_2.3.8

Ab() [ (B) T A F (0 (B)) 2

Al (A)
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Thus equation (2.20) is implied by

'F

(V) o) a0 (h2) (B)

| / i

= /\1¢(V)¢F(h1)(3) + /\2¢(V)¢Izh2)(3) VB € B(Ey,,..,.) (2.21)
Since we work on the finite dimensional space Ey, _ = R™, each Borel set B is
of the form B; X By, where B is a Borel subset of the space M; generated by the
vector ¥ (hy) and 1 (hs) and By is a Borel subset of the subspace M, such that
M, ® My = Ey, ¢, With By we associate the measure vp,:

vp,: B(M;) — R
By = (¥(v))(B1 x By)

vp, is differentiable in every direction of M(because v is differentiable in every
direction): h € Bl — Bl X BQ

vp,(Bi+th) = u(p (B +th) x By))

MEM: o TN B th) ) = (At (R))
——

={z € AjY(z) € B +th}
= {z € Alyp(z — t»~1(R)) € B}
= {z + ty "1 (M) |y(x) € B}

Thus we gain

vp,(By + thy) — v, (By)

VB2;5(BI) - 11_{% ;
1 .
_ gy A ) vl

v is Fomin-

differentiable /
= Vg1 (A) (2.22)

Hence we are in the case of Theorem 2.4.2 and statement 2 shows the linearity.
O

The next Proposition is only cited from [ASF71, Propositon 4.13]:

Proposition 2.5.2 (Continuity).
If v is Fomin differentiable w.r.t. to all h € H', then v is continuous w.r.t.
H' C H, i.e. we have that

v )~ (MEBE)), | [lw)

/
F
h — v,

15 continuous.
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2.6 Logarithmic gradient

Definition 2.6.1 ( z0f)-
We suppose that v is Fomin-differentiable along every h € H and define

B H — Ll(”)
h — Fﬁy(ha')

r0y is called the logarithmic gradient of v w.r.t. H and is unique except for a

v-null set N(h) € B(E).

Corollary 2.6.2. 3
Let (H, || ||g) be a Banach space, where H C E. If v is Fomin-differentiable along
h for all h € H and

vE (Ml g — (M(EBE)), | )
h — l/;LF
15 continuous, then the logarithmic gradient

PO 2 = (ZH)ll )
h - Fﬁy(hf)

F
s continuous, where o 7B (h,-).

dv
Proof. .
By the continuity of v/¥ (cf. Proposition 2.5.2)we know that Ve > 0,Vh € H
exists 0 > 0 such that for all A’ € H with ||h — h'||z < 0 we have

l/A,F<<l/

e> |l —villew " =" 168 (h)v = 2B (W) V]l
Lemma 1.0.18 v v
= ” Fﬁ (hv ) - Fﬁ (hlv ')HLl(u)
Thus the claim is proved. ]

Definition 2.6.3 ( v-quasi-linear, N(A, hy, hs)).
A function f:H — LY (v) is v-quasi-linear, iff V hy,hy € H and VA € R 3N =
N(A hy,he) : v(N) =0 and

F(Ahy + ho)(x) = Af(h1)(z) + f(he)(x), Vo € N,
A function f: HxE — R is v-quasi-linear in the first component, if the function

FE - L)
h —  f(h,-)

18 v-quasi-linear Yh € H.
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Lemma 2.6.4.
The logarithmic gradient 0y is v-quasi-linear.
Proof.
This follows by the linearity of taking Fomin-derivative (cf. Proposition 2.5.1):
by def.
of L ’ TO 5. ’ ’
B AL+ R (v £0% Uy Frop2.5.1 PV
def. 8% Y Y
= ApBa(M) v+ pBu(h) (v, (2.23)

where the first holds Vo € NY(Ah+h’) and the last Vo € N¢(h)NNC(h'). Thus we
gain that .0%(+) is v-quasi-linear, where N (h, h'; \) := N(Ah+h')UN (h)UN ().
[

Following [SvW95] we define the logarithmic gradient for vector fields. In
[SvW95] there were no conditions or further clues given to show that the loga-
rithmic gradient for vector fields exists. We will give a condition, under which
the logarithmic gradient exists for a vector field. Furthermore we change the
definition, such that it will be independent of the choice of the orthonormal base.

Definition 2.6.5 (respects null sets).
A wvector field g : E — E is said to respect null sets (or g(v) < v), iff

VN €B(E): v(N) =0 3N, € B(E) : g '(N) C Ny Av(Ng) = 0.

Definition 2.6.6 (logarithmic gradient of v w.r.t a vector field h).

Let g : E — E respect null sets. Assume that the functions p05(h)(g(:)) with
h € H are in L*(v) and depend continuously on h € H. Furthermore we assume
that it is bounded, i.e. || pB%(R)(g())ll 2 < M?(g(-)) [|Ally-

If for a vector field h : E — H with [ ||h(z)|fv(de) < oo the limit of the
L?(v)—convergent series > (h(-),e;)u pOu(€i)(g(+)) exists independently of any
orthogonal base {e;}ien of H, we define the function

FOu(h(-)(9() (2.24)

v-a.e. as this limit. It is called the (g-)logarithmic gradient of v w.r.t. to a vector

field h.

From now on till the end we assume that the logarithmic gradient for vector
fields exists for the vector fields, with which we will work. As announced, we give
a condition to see that this object exists for finitely based vector fields:

Definition 2.6.7 (finitely based vector field).
Let h : H — E be a vector field. If there exist N € N: for 1 <i < N dh; ¢ H
orthogonal, f; € L*(v) such that

M) = 3 flah

then h is called finitely based.
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Lemma 2.6.8.
Let h : H — E be a finitely based vector field. If g : E — E respects null sets, then

there exists w05 (h(:))(g(+)) and it is independent of the choice of the orthonormal
base.

Proof.
First of all we have

N N
/E IA()[[2d]y| = / I3 iy = / S 4fy < oty > d

2,j=1
N N
_ / SOUAE@) PRI ) = S hally il < oo,
i=1 =1

Let {ex}ren be any orthogonal base, then by r0f being v-quasi linear (Lemma
2.6.4) and continuous (Corollary 2.6.2) and ¢ respecting null sets we gain

L (Zf%@hwek) e o) | di
S OO 2.

< 3 LU0 el (2.26

Cauchy
Schwartz
< Y M illzz Il 85 G 2
=1

finitely
based

N
M(9) D fill oy Iilly < o0
i=1

Cor 2.6.2

In the first equation, we have seen that the series is independent of the orthogonal
basis. Furthermore it is independent of the representation of A(-), because 0y
is v-quasi linear in the first component. n

Remark 2.6.9.

If one justifies that the sums in (2.25) can be interchanged, the same calculation
can be done for h(z) = >, fi(x)h;. Fubini can be applied in (2.26) if one
assumes that 2, |1fill ) Il < oo.



Chapter 3

Different derivative notations

The main idea of this chapter is to generalize the notion of Fomin-differentiability
(introduced in Section 2.2) to C-differentiability and general differentiability and
to state some connection between C-, || ||, — and Fomin-differentiability.

In Section 3.1 we state the definition of stably v-integrable function and a
kind of integration by parts formula for the Fomin-derivative.

Motivated by the idea of the integration by parts formula, we introduce in
Section 3.2 the C-differentiability and prove that it is well defined. Furthermore
we define the logarithmic gradient for C-differentiability and show that it is well
defined.

In Section 3.3 we outline the general definition of a derivative (w.r.t. a topol-
ogy) of a sequence of measures, of a measure w.r.t. a subspace and along a vector
field. The 75-, 7o~ and 7,-topology are presented as examples.

In Section 3.4 we illustrate a few connections between the 7g-, 7c- and 7y,-
derivative and state further properties, including a kind of main theorem of cal-
culus and a formula for the logarithmic gradient of a certain family of measures.
The main connections are summarized in a graphic.

Though most of the ideas can be found in [SYW95], we find it helpful to mo-
tivate them. The Lemma 3.5.1 has not been stated there and a few details of
Proposition 3.5.2 and Proposition 3.5.3 of the proofs were omitted.

3.1 Formula for integration by parts

We need the following definition (cf. [ASF71, p.150] ):

Definition 3.1.1 (stably v-integrable w.r.t. h).
A function f : E — R is stably v-integrable with respect to translations in the
direction h € H if there exist § > 0 and g € L'(v) : Vt € R, |t| < § we obtain

|f(z+th)| < g(z) Vr ek,

29
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Example 3.1.2.
For example every bounded function is stably v-integrable w.r.t. translations in
any direction.

We only repeat the assertion of [ASF71, Corollary 2.2.2], its proof can be
found in [ASF71, p. 150 ff]:

Theorem 3.1.3 (integration by parts).

Let v be Fomin-differentiable in the direction h € H and f be a B(E)-measurable
function, which is Gauteauz-differentiable in the direction h at every point. If
f is stably V,/LF-z'ntegmble and f; is stably v-integrable w.r.t. translation in the
direction h, then

[ sitwtan) = = [ flaifas).

3.2 C(C-differentiable

Inspired by the formula for integration by parts we define a new concept of
differentiability, which is not calculated setwise. A further motivation is to gain
a concept for the derivative of a measure along a vector field. The concept of
C-differentiability that we introduce following [SvW95] slightly differs from the
concept of an integration by parts operator introduced in [Bel90].

Similar to [SYW95, p.105] we define

Definition 3.2.1 (norm-defining).
Let C denote any (arbitmfy) set, which consists of bounded functions ¢ : E — R,
i.e. C' C By(E). The set C is called norm-defining, if for allv € M(E,B(E)):

W]l = sup { [ ool <1.6e é} (3.1)

Remark 3.2.2.
1. Of course, in (3.1) the l.h.s is always bigger than or equal to the r.h.s..

2. If we add more bounded measurable functions to a norm-defining set, it will
remain norm-defining.

3. For the (-differentiability we have chosen a set (or class) of subsets of E.
Now we choose a set consisting of functions ¢ : E — R.

4. In Theorem 4.1.15 we show that C} := C}(E,R) is norm-defining.
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Slightly differing from [SvWO95], where the elements of the following norm-
defining set are assumed to be smooth, we define

Definition 3.2.3 (C-differentiable along a vector field).

Let C' be a norm-defining set, which elements ¢ are at least once Gauteaux-
differentiable in each direction h' € H.

A measure v is called C-differentiable along a Uector field h : E — H with loga-
rithmic derivative 3, € L'(v) and derivative v,C = B4 v, if for every ¢ € C

one has
/¢h v(dx) /(%5 ) oy (x)v(dr) (3.2)
Remark 3.2.4.

Let h : E — R be a vector field and C be a norm-defining set.

1. As for the notation of the (-differentiability, we remark that if we use the
symbol C' with indices, we mean the concept of C-differentiability, i.e. v'C.

The same is true for the logarithmic derivative, i.e. -3} .

Note that the right lower index is meant as a vector field h : E — H. If h s
constant, we mean the vector field h : E — H, such that Vz € E h(x) = h.

2. If h is constant, each Fomin-differentiable measure v is C-differentiable
along h by the integration by parts formula (Theorem 3.1.3) and the deriva-
tives (and 035 = pB"(h,-)) coincide.

3. Being familiar with [Bel90] one notices that this definition slightly differs
form the definition of an integration by parts operator (IPO) (cf. [Bel90,
p.17]), i.e. the IPO is the negative of the logarithmic derivative ;.

4. We notice that

Def. 3.2.1 cﬁh
il P sup / o)< [ 1oy 1d]

chl\

Lemma 3.2.5 (-}, is well defined).
The logarithmic derivative -3} is v-a.e. unique, and hence well defined.

Proof.
Assume there existed /3, and o3¢ such that definition (3.2) were fulfilled. By
Lemma 1.0.17 ( o87 — o8%)v is a signed measure, because 3 — 87 € L'(v).
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Thus using (3.2) and Definition 3.2.1 we get:
v v Lemma 1.0.18 v U
[ 1685 = i ™m0 (o5 0B
= sup /Qb(cﬁz - CB;:)dV

peC
llloo <1
(3.2)
2w [ b - [ b =0
peC
léllc <1
finite, by( )
and Cﬁh e L' (v)
Thus -3, = 0} v-ae. O

Remark 3.2.6.

Analogously to pfBy we define for h € H 0y by ~Bu(h)(-) = «6°(h,-) = 0
and obtain that it is also v-quasi-linear:

/ 6B (h+ N, )dv = / Ol
Def. 1.0.20 /¢hdy+)\/¢h,dy_/¢ B (B, )+ A8 (R, ) dv

Noticing that it is continuous in the first component we conclude as in Corollary
?? that it is even v-a.e. linear. Moreover, one can easily define the logarith-

mic gradient ~B5(h)(g) for h : E — H and g a vector field with the properties
mentioned in Definition 2.6.6.

The next graphic summarizes the connections of the so far introduced notations.

Gauteaux- Fomin-diffe- C-differen- C-diffe-
differen- rentiable tiable along rentiable
tiable o |wort. heH| _— heH along

_l(ie;; integration h-F — H
by parts h(z)=h
Def. 1.0.20 Def. 2.2.1 Def. 3.2.3 Def. 3.2.3
3 a0 | 3 Bu(h)(-) 3 0O
diff.|Vh e H
18] | < oo
: v
G — diff’ble log. gradient
w.r.t. H for h:E—H

g vector field

Def. 2.3.3 Def. 2.6.6
if 3 ¢fu(h)(9)
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3.3 General definition of the derivative

After having introduced several different notions for the derivative of a measure,
we present the general concept to differentiate a family of measures.
Throughout this section 7 denotes a (Hausdorff) topology on M (E,B(E)),
which is compatible with the vector space structure.
Before we state the general defintion of a measures, we introduce (cmp. [Sie00,
P.72)):

Definition 3.3.1 (7-limit).

An infinite sequence piy, lia, . .. of elements of any topological space (T, T) is said
to have the T-limit v € T, if for every neighborhood V' of 1 there exists a natural
number N € N:

i €V VYn>N
In symbols,

T— lim p, = p
If the sequence is indexed by h € R, we define that v is the T-limit, iff it is the
T-limit for every countable subsequence.

Definition 3.3.2 (7-differentiable at ).
Let I C R be an interval. A family (V'),c, of signed measures v, € M(E,B(E))
1s T-differentiable at t iff there exists the T-limit

Vt-f—ah _ I/t

7 —lim —— € M(E,B(E)).
e—0 g
If it exists, it is called T-deriwative of v and is denoted by s
If in agdition vt < vt then there exists the Radon-Nikodin derivative denoted
by 3”7 . In this case we call it the logarithmic derivative of ("),e; w.r.t. to the
vy

topology T at t, denoted by iﬁ”*, and have V! = LT Lt

T

Remark 3.3.3.

1. Note that, whenever the symbol & occurs in the notation of the logarithmic
derivative, we treat a sequence of signed measures. Thus this is an extension
of the notation for the logarithmic derivative, which we used so far.

2. In full detail the logarithmic derivative ’;ﬂ”* would have to be denoted by
f_ﬁ@t)tel .

But for a better readability we omit the range of definition of the sequence.
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Definition 3.3.4 (7-differentiable along h).
A measure v € M(E,B(E)) is 7-differentiable along h € H, if

V= vy, = v(- + th)
1s T-differentiable at 0. The T-derivative is denoted by V;LT.
In [SYW93, p.473] we spot

Definition 3.3.5 (r-differentiable along H).
A measure v € M(E) is 7-differentiable along H, if

1. H C E is a Hilbert subspace
2. For each h € H the T-derivative of v along h exists.
3. The following function is continuous: v :H — M(E,B(R)), h+ v, .

If v,7 < v for all h we denote, as before, the logarithmic derivative of v along H

by B (h)(-).

Remark 3.3.6.

As before (cf. Definition 2.6.1)we define the logarithmic derivative G (h)(-) =
37 (h)(-) and for functions h : E — H, whenever it exists in the sense of Def-
mnition 2.6.6. Though we do not assume any linearity, it will be given for the
standard examples.

Differing from [SvW93, p.471f] we assume in the following definition that there
exists a unique solution on [—¢, €|, such that the derivative is well defined. Later
(Theorem 4.2.11) we state a condition under which such a unique solution exists.

Definition 3.3.7 (7-differentiable along a vector field h).
A measure v € M(E,B(E)) is said to be differentiable along the vector field
h : E — H with derivative v'7, if and only if

1. There ezists € > 0 and an unique, in both components differentiable mapping
a:[0—¢,0+¢] xE— E such that
(a) a(ty + ta, ) = a(ty, a(ta, x))
(b) a(0,z) =
(¢) Dia(t,z) = h(a(t,x))
2.4 hyt}te[ie g 8 T-differentiable at t=0, where "v'(B) := v(a(t,B)) VB €
B(E). If the T-derivative exists, it is denoted by v}

If V';, < v, then we denote the logarithmic derivative of v along the vector field
hby 5.
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Remark 3.3.8.

This is a generalization of Definition 3.5.4, because for constant h the unique
solution on R with properties (1a) to (1c) is a(t,z) = x + th. Thus the notation
15 Justified.

Example 3.3.9 (75, 7¢, ). Following [SvW93, p.456] we have

1. Let us turn to the topology of setwise convergence on M(E,B(E)), denoted
by Ts. Then we have by definition that a measure v € M(E,B(E)) is Fomin-
differentiable along h € H, iff it is Tg-differentiable along h.

2. Let C be a norm-defining set. We consider the weak topology on M (E,B(E))
defined by the duality between M(E,B(E)) and C, which is denoted by 7¢.
Then a measure v € M(E,B(E)) is C-differentiable along h € H, iff it
is To-differentiable along h. A connection for vector fields is established
in Proposition 4.4.1. For details of this example we refer to the proof of
Proposition 4.4.1.

3. The topology 1, denotes the topology generated by the || ||;-norm of the
Banach space (M(E,B(E)), || |ltw). Thus v is 1, -differentiable iff v is uni-
formly Fomin differentiable (cf. Definition 2.2.2):

Vip, — UV Uih — UV

t

T — lim
t—0

=t iff Y =0
From now on 7g, 7¢ and 74, denote the above defined topologies, where C' can
be replaced by C}, C}L, etc. and a derivative w.r.t. to them can be denoted by

/ / 't 1 /
v v v % 7 ete., where v, vt € M(E,B(E)).

Remark 3.3.10.

Let 15, 7, be topologies and 15 be stronger or finer than 1, (i.e. Ts-convergence
implies T,-convergence). If the T4-derivative exists, then the T,-derivative erists
as well.

Therefore we may use the same notation for all limits and logarithmic deriva-
tives, if the topologies can be compared in the above way. Mainly we will consider
the topologies mentioned in the last example. These topologies are comparable in
the above sense (cf. [SvW93, Remark 2.2]), i.e. Ty, finer than Ts, Ts finer than
T7c. We note that for h € H, where the equations hold v-a.e,

WO () = pBE()() = cB4(R)(), if all eaist.
WBE) ) = L BER)() = . B4(R)(), if all evist.

Thus we do not need to distinguish within the notation, if all of them exist.
However we will use different notations to express the topology we are considering.
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3.4 Overview of the introduced notations

Now we observe, how the definition mentioned so far fit in the general picture.

In Proposition 4.4.1 we show a connection between the 7-differentiability and
the C-differentiability for a special topology and a special norm-defining set. But
to prove and to understand this relation, there is still some work to do. Since this

connection is not as obvious as the others, we omit it in this graphic (cf. Remark
4.4.2 for details).

(V")ier T-differentiable

ve:=v(a(t,"))
7-differen-

Gauteaux-
differen-
tiable

Def. 1.0.20

idea
= — >

Def. 3.3.2
if 3 gt
l/t::uy
T-differen-
tiable along
heH h(z)=h
Rem. 3.3.8
Def. 3.3.5
i3 6°(h)()
| N
| N\
| T=Tg \ \’T:’TC
| \
v AN
G
Fomin-diffe- y C-differen-
rentiable tiable along
wrt. he H| ' heH
integration
by parts h(z)=h
Def. 2.2.1 Def. 3.2.3
SR WION 3 eBulh)()
dift.|Vh e H . |
8] || <o
o v
6 — diffe- log. gradient
rentiable for h: E — H
w.r.t. H g vector field
Def. 2.3.3 Def. 2.6.6
if 3 oBu(h)(9)

it3 .

tiable along
hE—H

Def. 3.3.7

C-diffe-
rentiable

along
h:E—H

Def. 3.2.3

3 b
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3.5 Connections

Within this section, we outline some connections between the different notions of
differentiability (i.e. 7s, T¢, Tw, cf. Example 3.3.9). At the end we summarize
them in a grafic. For this section let I C R be an open interval and C be a
norm-defining set.

Lemma 3.5.1 (75-7¢c-Lemma).
Let ty € I, then (V'),o; being Ts-differentiable at ty implies that (V'),.; is Tc-
differentiable at tg.

tel

Proof.

Let v: B(E) - R, A — w be a sequence. By the 7g-differentiability
of V' it is bounded for every set A. This is the assumption of [DS57, Theorem
1V.9.8, p.309f] and hence we gain the boundedness of . In addition we use the
Tg-differentiability and obtain by [DS57, Theorem IV.9.5, p.308] that it converges

weakly. But in our case this is exactly the 7o-differentiability.
O

In [SYW93, Proposition 2.5] we have

Proposition 3.5.2.

Let (V')ier be To-differentiable and suppose that either C' is complete under the
sup-norm or that the map t — ||[v! ||y, is bounded from above by a locally
integrable function on I. Then

1. (V)ier 18 Ty -continuous.

2. There exists a probability measure v* € M(E,B(E)) such that v* < v* for
all t € I. For every such v* one can choose the derivatives f; = dv'/dv*
such that fi(x) is a B(I) ® B-measurable function of (t,x).

3. If (V')ier is Ts-differentiable, then the measure v* in part 2 dominates even
v,F for all t.

Proof.
Succeeding the proof of [SYW93, Proposition 2.5] we have

1. Suppose first that C' is complete under the sup-norm. Fix t and £ > 0 such
that (t —e,t +¢e) C I. We show that the 7¢-differentiability at ¢ implies
that the set A = {(v'*" — ") /h : 0 < h < €} is bounded for 7 and then
use Banach Steinhaus([Wer05, p.141]) to obtain the continuity:

We know that by the 7-differentiability at ¢ there exists hg : Vh < hg :

<1,

[ st - ( [ oo o) - )
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which implies

+1

< \ [ ot (an

(o) @

C' norm-def. e
Def. 3.2.1
And Vh > hy:
1 t+h t 1 t+h ¢
S =@ < o (I =) |léll <o
0 N——
finite,€ C,

by Def. 3.2.1

Therefore we have proved that for all ¢ € C

1
sup (—(Vt+h - Vt)) (QS)‘ < 00 (3.3)
h€]0,e] h
Since (C, ||-]l..) is a Banach space and (R,| - |) is a normed space, the

equation (3.3) implies (by Banach-Steinhaus) that

L) (G = ))(6)

oo > suph

he]0,e|

= sup sup
he€l0,e[ p€0,|]| <1

C norm-def.

1
sup || (7 = 1)l (3.4)
h€)0,e]

Reformulating (3.4) we get
[ = < M (3.5)

Thus || — |4, — 0 as h — 0.

Suppose now that ||t s, < g(t) for some locally integrable function g.
Then

C' norm-def.
HVtJrh . Vthv — sup {/(bd(l/tJrh - Vt) . Qb S 07 ||¢Hoo S 1}

t+h ,
= sup {/ /¢dvs “ds: ¢ e C o] < 1}
t S——

< w7t
t+h
< / g(s)ds,
t

which converges to 0 as A — 0. This proves part 1.
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2. Choose any positive probability measure v* which dominates ! for all ra-

tional ¢, e.g. v* = Y 2, ¢[v'|, where (¢;);en 1S an enumeration of the

rational elements of I and ¢; is chosen so that Y ° ¢ ||[v"]| = 1, that is
1

TN 7 T

Since v is 1y,-continuous (cf. part 1), v* then dominates even every v’
because by the 7,-continuity of v! in ¢, there exists ¢, € @ such that
[0 < |Vl + £. Since v'» < v* for every rational ¢,, this becomes
arbitrary small if ||v*||s, — 0.

Then every choice of the densities f; (they exist, because v < v*) defines
a stochastic process on the probability space (E,B(E),v*) (e.g. cf. [PZ92,
3.1, p.70], f; is B-measurable).

Claim: This process is stochastically continuous in measure.

Proof.
We have to show (stochastically continuous): Ve > 0 V6 > 0 In € N:
Vh e [-1, 1]

) > V' ({Ifesn — fil > €})
- /IEIL{|ft+h—ft>€}(x)V*(dx)

Tschebychef .
< —/|ft+h ~ fld
€ JE
L 1018 1
— - | fernv™ — fev™ || o

1
= g ||yt+h _ ythvh:)OO (36)

Thus the last term tends to zero, because v is 7,-continuous in ¢.
From the claim we deduce that the process has a jointly measurable modifi-

cation (cf. [Nev65, Theorem I11.4.4., p.91] or [PZ92, Proposition 3.2, p.72]),
which proves the second assertion.

3. Let v* dominate ¢! for all t and let N be a v*-nullset. Then

3.5.1 Kind of main theorem of calculus

In [SYW93, Theorem 2.7] a kind of main theorem of calculus is postulated, i.e.
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Proposition 3.5.3.
Suppose that one of the following assumptions is fulfilled

1. The family (v')er is Ts-differentiable.
2. The family (V')ier is 7o-differentiable and ¢ <t for A-a.a. t € 1.

Assume further that Hl/t/TCHtU < g(t) on [a,b] for some a,b in I and some
g € L'([a,b],\). Then

1. For Lebesque a.e. t € [a,b] the family (V')ier 18 Tip-differentiable at t and

7
t ﬁy* L duyt Ttv

!
vt < vt The logarithmic derivative is o o

2. There exist a probability measure v* and two B([a,b]) ® B(E)-measurable

’
functions f, f such that f; = %, fi = dy;,,*c for a.e. t, and

ful@) - fule) = / f1(x)ds. (3.7)

holds for all x € E and all t € [a,b].
3. For allt € [a,b]

t
vt = / v ds (3.8)

as a (M(E,B(E)), ||‘|lt)-valued Bochner integral. (For the definition see
e.g. [PRO7, Appendiz A] or [DJUT7, 11.2, p. 44 ff] )

In the first assertion the absolute continuity is already assumed in the case of
the To-differentiability.

Proof of Proposition 3.5.3.

We carry out the proof as in [SYW93, Theorem 2.7]. W.l.o.g. v is 7¢-differentiable
(eventually using in addition Lemma 3.5.1). Choose a measure v* according to
Proposition 3.5.2 and denote by A the Lebesgue measure on [a,b]. Define a
measure m’ on B(I) ® B(E) by m/(dt,dx) = e (dx)dt.

Then ||m/|| == [* v |lwdt < [*g(t)dt < 0.

Claim: m' < A @ v*

Proof. Let A=1"x A" € B(I) x B(E)

m'(A) = /[b] ]E]lA(t,x)m’(dt,dx)

. . b ! b !
@m/nm>zwwWw:/””mwt (3.9)
a Al N—— a

<Jut'7e |



3.5. CONNECTIONS 41

where Fubini is justified, because v ||;, is locally integrable over [a, b].
Let t € [a,b]. In the case of Tg-differentiability by Proposition 3.5.2 part 3 we

have ! " < v* and in the other one by assumption v ¢ < vi(< v*).  Thus
m <K A@v*. Let f/ € LY(A®v*) be a version of df\lg —, which is of course jointly
measurable. Furthermore as in the proof of Proposition 3.5.2 part 2 there exists

.. . t
f+, a jointly measurable version of i’j*

Now we prove the first assertion:

Choose ¢ € C' in the case of T¢-differentiability or ¢ = 1, B € B(E), in the case
of Tg-differentiability. Then by the definition of differentiability ¢ — [ ¢dv' is a
differentiable function with a (by assumption) integrable derivative over [a, b].
Since ' € L'(A ® v*) and ¢ is bounded, we may apply Fubini

4¢@[Avu@%v%wﬂF@W Am@¢@wamx®uww@w

e
[a,t]XE

def._m’ / t /E o(x)v* ™ (dz)ds (3.10)

Using in addition the fundamental theorem of calculus for Bochner integrals (cf.
[PRO7, A.2.3]) we gain that (3.10) equals

Amww@w—ém “(dz) /¢ (V=)

f vs'TC ds
Amwmmwwwmwum (3.11)

where we used in the last equation the assumptions and the 2. statement of
Propositioin 3.5.2. Henoe (3. 7) holds v*-a.e., because C' is norm-defining.

We redefine f by ft f f ds Thls changes each f; only on a v*-nullset
and hence still f; = 2 , (3.7) holds everywhere.
The Banach space L'(A ® v*) can be identified with LlLl(V*)([a, b)), the space of

equivalence classes of L!(v*)-valued Bochner integrable function on [a, b], because

Fubini

/ * fleL'(Zevr) , .
00 > /[ @0 F /[ , /E ()| (d) A ()

and thus (3.11) implies

fi—fo= [ s (3.12)
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where the r.h.s. is a Bochner integral, which exists by Fubini and the construction.

The Lebesgue differentiation theorem for Bochner integrals (cf. e.g. [DJUT77,
Theorem 9, p.49]) yields: Since f’ is Bochner integrable over [a, b], for Lebesgue
almost all t € [a, b],

Lebesgue

hm(th — ft)/h — hm / f ds for Bochner f

in the L' (v*)-norm.
This implies that limj,_q ”HZ’”t exists in 73, and is given by the measure with
v*-density f}:

0 < lim ||ft+hV — fv
h—0 h,

Jeen — e
h

- ft,V*Htv

Lemma 1.0.18 . Lebesgue
= lim =

h—0

—fi 0

L) Bochner

Thus

Tew — }lii%(yt—l—h o Vt)/h _

On the other hand by the weaker differentiability (75 or 7¢) of our assumption
this measure must be 1* ™ (cf. Remark 3.3.10). Thus f/ = d”t " for almost all
t and (3.12) implies (3.8).

It remains to prove v* F <« V! in the case of Tg-differentiability. For this we
compare the zero sets of f and f’. For each x the set J := {t : fi(z) = 0} is

contained in the set {¢ : f/(x) = 0} up to a Lebesgue nullset:
Chose t’ such that fy(z) =0

0= / / Lo ft<x> fo(w)dtv* (dx)

=1z ft(z> 0} (z

f(z) diff

Fubml // ]l{x fula)= 0} / f dSV dl’)

If A = 1, this implies for Lebesgue-a.e. t € R that B is 0 v*-a.e.. Thus for
every density point ¢, (where fi,(x) is differentiable) and every sequence (t,)nen
in J={t: fi(x) = 0} towards it, we know that

Fool@) = fin( /f

f/ — lim fto(x)_ftn(x)

tn—to to — ty,

Bochner
Thm. Integral
=

=0 (3.13)
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Let & denote the length of I, i.e. 5 := sup{a — bla,b € I}. We have

' 1 1
neN

U{t|t density point}

The sets in the first union are finite, because I C J is finite, i.e. % < o0. Thus
there exist only countably many non density points in the set I C R. Hence we
have the property (3.13) for Lebesgue-a.e. t. Therefore

{to: fi,(x) =0} C {to: f;,(x) =0} Nae. v*-ae

This just means that v © < vt for a.e. t.

The following theorem can be found in [SvW93, Theorem 3.3]:

Theorem 3.5.4.
Suppose that

1. (V')er 1s differentiable for s or T¢.
2. fab 17 | wdt < 00 for some a, b in I

3. the map (t,z) — * v (x) is B(I) @ B(E)-measurable and for Lebesque-a.e.

TC

)
L) t' o
t: icﬁu () — dz/dut

4 [P1L B (@)]dt < oo holds |v°] + [11]-a.e.

then all measures V', a <t < b, are equivalent and

t

dvt
W () = exp (

s gt (x)ds) . (3.14)

a

Proof.
Instead of a differential equation we consider the corresponding integral equation
and apply Gronwall:

Because of assumptions 1 to 3 we may apply Proposition 3.5.3 and gain a
dominating probability measure v* and two B([a, b]) @ B(EE)-measurable functions
f and f’ such that for v*-a.e x € E the following holds A-a.e.:

th dyt""tv dytlfw
= Tt = g = fi(-) Ma.e, (3.15)

F() L8700
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/
t t Ttv
where f; = jl‘j* and f] = d”dy* )

Using this in the integral of (3.7) in Proposition 3.5.3 we get for v*-a.e. z € E
and all ¢ € I the relation

ful) = fulz) = / fule) 2,57 (2)ds (3.16)

Moreover, assumption 4 and Remark 3.3.10 imply that for v*-a.e. x € E

b
S V&
falz) = fo(z) =0 or / 5.8 (x)|ds < oo.
Together with Gronwall (cf. [Ama90, p.89]) and the last formula this shows that

i) = e ([ 5% @as) veelas @10

a

for v*-a.e. x for which either f,(z) # 0 or fy(z) # 0. Since fab ] icﬂ”* (x)]dt < o0
equation (3.17) implies that f, and f; vanish on v*-almost the same points. Thus
the measure v* and ! are equivalent and

;ZZ; (x) = %(m) = exp ( at s gt (:c)ds) (3.18)

[
This theorem can be found in [SYW93, Theorem 6.2].

Theorem 3.5.5.
Let ({v; : t € R},0) be a group of bimeasurable bijections of (E,B(E)). Define
Vt € R : vH(A) = v(y 1 (A) VA € B(E). Suppose that for some point s, the
family {v'}er is

1. 1o-differentiable at s with v*'™ < v° and

2. oy, eC forallt € R and all p € C, C being norm-defining
Then

1. the family itself is Ty, -differentiable on I = R,

2. 1™ < vt and

3. tmﬁ”*(x) = Qmﬁ”"'(y_t(x)) v-a.e. for all t.



3.5. CONNECTIONS 45

Remark 3.5.6.

Of course, we can formulate the above theorem for I C R open, 0 € I and the
proof still holds. One just has to take care that all expressions are well-defined.
E.q. the group condition s replaced by Vs,t € I : s+t € I we have Vs1s = V0 Ys.
For the sake of clarity we prove it for I = R.

Proof of Theorem 3.5.5.

First of all we show the following

Claim: for all £ € R the derivative ! ™ exists in any of the topologies 7¢, Ts, T
and equals 57 o y,_, 1, whenever v°'7 exists for some s in the topologies.
Proof.

First we prove the claim for 7 and 75: Choose ¢ € C or ¢ = 1, where B € B(E).
Using the group property of the flow it follows that

/ - lim — / dd(Vh — vt

group

property . s+h s
tim & [ 607t~ )
/ﬁowﬂd@”%=1/@wﬂmo%ﬂ*x (3.19)

where we used the 7g respectivly 7o-differentiability and that ¢ o, € C. Thus
(3.19) implies the claim for 7¢ and 7¢.

Thus it remains to prove the claim for 7,,. By (3.19) the norm ||Vt/TC||tU is
constant for all £. As in Remark 3.2.4 we see that ||* 7|, is finite:

||V5'Tc||tv sup /¢dVS Tc| _ | sup /¢("]j) f_05V"' (x)ys(dxﬂ

||¢>|| <1 [4llo<1/E

2,07 € L)
< [t @ilan ) <

cf. Def. 3.3.2

t,TCHt
v

Thus we even gain that ||v is locally integrable.

Furthermore v°'¢ < v* for some s implies °+ @ < v+t for all t: We have
sup{A|A € B(B)} = sup{n, (A)|A € B(E)}, (3:20)
because ~; is a bijection, which is bimeasurable. Thus we have

t'Tc Htv (3;9) ||Vs’7'c or)/t—s_IHtv (320) ||l/s TC ||tv

s (3200
< e =T I o vl = 1V e (3.21)
Hence the assumptions of Proposition 3.5.3 are fulfilled and the family is 74,-

differentiable at Lebesgue-a.e. t. Using (3.20) for ™ this is even true for all
t. [l

lv
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3.5.2 Connections of 7-, 7,-, 7c- and 7¢-differentiable

We summarize some of the proven relations in the following graphic.

T-differentiable

T=Ttv

Remark 3.3.10| Teo-differentiable ﬁfemark 3.3.10
/7 Thm. 353 | Thm 353 O\

| / ‘ st It \\\
‘{ _integrable integrable, < 3
J Thm. 3.5.5 o\

group of knmga— To-differentiable ‘
surable bijection—

Lemma 3.5.1/

Tg-differentiable




Chapter 4

Applicability of concepts

This chapter is a key step to obtain properties, with which we will prove the key
properties. In Chapter 3 we postulated that the set C} is norm-defining. In this
chapter this is proved. Moreover we give a condition, such that the existence
of the derivative along a vector field h : [E — H can be checked, i.e. we give a
condition for the existence of the local flow.

In Section 4.1 we present the proof for the existence of a norm-defining set
with the postulated properties.

In Section 4.2 we derive a condition for mappings such that the existence of
the derivative along this mapping of a measure can be checked. If a mapping has
this property and if the derivative along this mapping exists, it is well defined.
For this end we apply methods of the theory of evolutionary equations.

In Section 4.3 we prove an adaption of the Lebesgue Dominated Convergence
Theorem. We deduct a corollary, which we will use to prove the Key Proposition.
Furthermore we derive a nice integration property of a local flow and an element
of the norm-defining set C}.

In Section 4.4 the correspondence between Cj-differentiability and the o)
differentiability is established.

In [SvW95] only one direction of Proposition 4.4.1 was stated, though both
are needed for the proof of the results. Neither the ideas of the proofs nor the
conditions mentioned in this chapter have been indicated in [SvW95].

4.1 (} is norm-defining

Now we will show that C} is indeed a norm-defining set. First of all, we will
summarize a few properties of C}. The following assertions are used to prove
that C} is norm-defining (cf. Theorem 4.1.15). The set C} is heavily used in
Chapter 5.

47
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Definition 4.1.1 (C*,C*(F, G; Frn,Gx)).

Let (F,| ||g) and (G,|| ||s) be Banach spaces and Fy C F' and Gg C G be lin-
ear subspaces, such that (Fu,|| ||, ) respectively (Gu, || ||, ) are Banach spaces,
where || ||p < | g, and || g < Il llg,,- We define

CY(F,G; Fy,Gy) = {qb F— G‘ ¢ is continuously Gauteauz-differentiable
wrt. (Fu, | |p) (= (Gu. |l llg), ie. Do)« (Fu, || [I5) — (G, || Hc)}

If G = Gy = R, we abbreviate CY(F) := CY(F; Fy) := CY(F,R; Fy,R). More-
over we set C* := C*(E, H).

Definition 4.1.2 (C}).
We define

Cy(F,G; Fy,Gy) = {¢ € C'(F,G; Fr,Gy)| ¢ is bounded and
My < oo: Vo € F, Vh e Fy :||¢(2)llg, < My |hllz,}

If G = Gg = R, we abbreviate CHF) := CNF; Fy) == C}(F,R; Fy,R). More-
over we set C} := C}HE, H).

Remark 4.1.3. . )
We note that that CL(F) C CH(F; Fy) and if Fg = F, then CL(F) = C}H(F). In
chapter 5 Fy will be the Hilbert subspace H (cf. Definition 4.1.1).

Definition 4.1.4. 3
Abbreviating ||@| ., = sup,ep |6(2)|| for ¢ € C}(F,G; Fu,Gy), we know that
there exist My < 0o and My < oo : Vh € Fy

19lloe = 10lleo, cr < My 1Pl

For this subsection, we fix this notation for any function ¢ € C~'bl(F, G, Fy,Gp).

Lemma 4.1.5.
The set CL(F, Fy) is closed under multiplication.

Proof. .
Let f,g € Cy(F). We obtain | fg||., < MM, i
and ||(f9)3[|o = 119 + fohlloe < My 10l g, My + MyMy ||bllp,  Vh € Fy. O

Proposition 4.1.6. 3 .
Let ¢ € CL(G;Gy) and f € CHF,G; Fy,Gy), then ¢ o f € CL(F; Fy).
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Remark 4.1.7.
Note, that it is not necessary that f is bounded.

Proof of Proposition 4.1.6.
|po fll, <My and Vh € Fy

lo Ml =]

Remark 4.1.8. . 3
We notice that the last two assertions hold for §Cy (F) as well: For f, g € §C; (F)
we have f = f(f,... .1l ), where f € CHR™) and I/ € F' Y1 < i < ny, and

7’]’1,f

g=g(f,....13 ), where g € CHR™) and I € F' V1 <i <mn,. We define

|| < Wil < N3y B, s

Y nf’

CLRM M) 5 f = f(1f,.... 1 ,0,...,0) and
> 59 =g(0,...,0,1{,... .12 ).

Thus we may apply the results for f',g' € CLR™ 7).

Lemma 4.1.9.
There exists X, € C(R), x, : R — R, with
Xnl[-1,1] = id, }Xn|[—1—%71+%]‘ <1+21and ‘Xn|[—1—%,1+%]c‘ =1+1

Proof.
We know that for

goR — R
1
r +— Ig-(x)z+ ]1[0’;}(:17) (:L‘ +nax? — 7’L2£L‘3) + ]1};700[(1’)5

we have g(0) =0, ¢'(0) =1, g(3) =2, and ¢’ (%) = 0. We define

Xal0) = T ()3 (14 9(x = 1) T ()3 (1 g(—2 — 1)) (4)

and show that x, € C}(F). We have g < 2 = |[xallo < 1+ 3 and ||g;]l, <

(5n?+1) || = |Ixnhll, < (5n?+1) |h|. The other properties of y,, are clear. [

4.1.1 C} is norm defining

The main idea of the proof that C} is norm-defining is to consider a bigger set of
functions and then show that the supremum remains the same. For this end we
show that FC} is dense w.r.t. L'(v) in L>(v) by a monotone class argument.

We use Parthasarathy (Theorem 4.1.13) for this proof. In order to understand
it, we will have to introduce some definitions, which can be found in [Pat67,
Definiton 1.1.2, p.6; Definition V.2.1, p.132].
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Definition 4.1.10 (Borel space).
A Borel space (X,B) is a pair, where X is an abstract set and B is a o-algebra
of subsets of X.

We remind ourselves of

Definition 4.1.11 (denumerable).
A set or a class of sets D is called denumerable, if there exists a surjective map
j:N—D.

Definition 4.1.12 (countably generated, separable).

A Borel space (X, B) is said to be countably generated if there exists a denumerable
class D C B such that D generates B. (X,B) is called separable if it is countably
generated and for each x € X, the single point set {x} € B.

By [Pat67, Theorem V.2.4, p.135] we have:

Theorem 4.1.13 (Parthasarathy).

Let X and Y be separable metric spaces. Let X be complete and (X,Bx), (Y,2()
be separable Borel spaces. Moreover suppose that ¢ is a one-to-one map of X into
Y, which is measurable.

Then Y' := ¢(X) is a Borel subset of Y and ¢ is an isomorphism between the
spaces (X,Bx) and (Y',2y+), where Ay := {ANY' | A e A}.

By [Sie00, p.115] we have

Proposition 4.1.14 (Lindel6f property).

Let (E,d) be a metric space, then E possesses the Lindelof property iff E is
separable. This means that every set A C E has the Lindelof property, i.e. for
every aggregate of open sets whose sum contains A there exists a countable (or
even finite) aggregate of these sets whose union contains E.

Theorem 4.1.15.
The set FC} C C is norm-defining.

Remark 4.1.16. )
We note that C} C C} C C and thus Theorem 4.1.15 implies that C} is norm-
defining (cf. Remark 3.2.2).

Proof of Theorem /.1.15.
To prove

V|l = / lg+dv + / 1g-dv = sup {/ odv, |||l < 1,0 € SC';}
E E E

we use
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1. Claim: Let v be a positive, finite measure. Then any function in L>(v)

can be approximated by functions from FC} in || ||, w- Le FC} is dense
(worte || [[p1,,) in L(v).

Proof:

We use a monotone class argument(cf. [R6c05b, Definition 1.11.7, Satz
1.11.11, p.54f] or [Pro04, I Theorem 8§)):

==L )
On the one hand $ := FC}

C L'(v) is a monotone vector space, i.e.

(a) 1€9

(b) Let f,,n € Nbeasequencein Hsuchthat 0 < fi < fo <--- < f, /' f
and f bounded. We have to prove that f € . We show that by the
Lebesgue dominated convergence theorem and a diagonal argument
there exists a sequence g,, € FC such that f = L'(v)—lim,, ... g, € 9:
Since f,(€ L'(v)) converges pointwisely monotone increasing to f and
are bounded by f € L>*(v) C L'(v), the Lebesgue dominated conver-
gence theorem gives us that

Ll(”) _Jl_{gofn = f

and thus w.l.o.g (eventually we have to consider a subsequence) we
know that [|f, — fll 1) < L. For each f, €  there exists a sequence
Gnm € FC} such that f, = L'(v) — limy, 0o gnm- Furthermore w.l.o.g
for all m € N:m >n we have || fo = gnmll11(,) < i

Defining g,, := ¢,,, we obtain

S

Hgn - f”Ll(y) S Hgn,n - anLl(y) + an - f||L1(1/) S
and hence f € 9.

On the other hand we know by Lemma 4.1.5 and Remark 4.1.8 that 901 :=
SC} is a set of bounded functions, which is closed under multiplication.

Then (by monotone classes, e.g. [R6c05b, Satz 11.1.11] or [Pro04, I The-
orem 8|) o(FCL)y C H. o(FCL), denotes the set of all bounded, o(FC})-

measurable functions.

We will prove that
o(FC}) = B(E) (4.2)

Thus

monoton
classes

501 c Lo(w) 2 o(3ch), “C° §=3C]

1 14
b (4.3)
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and hence we are done, because the indicator functions are measurable.
Proof of (4.2).

(a)

Claim: There exists {f,, }men C FC° C FC} C C}, which separates
the points of E.

Proof.

Choose [ € E' and define: (sinl,sinl), (cos7l,cosl) : E — R? Then
the union of open sets

U (sinl,sin 1) "H(R*\ Ag) U (cos 7l, cos 1)~ (R?\ Ag)

leE’

= ExE\Ag (4.4)

is an open set, where Ag := {(z,z)|x € R} and A := {(u,u)|u € E}.
C : We have for u = v € E that (sinlu,sinlu) € Ag and

(coslu, coslu) € Ag. Thus (u, ) is not an element of the Lh.s.. There-
fore (by counter proposition) the Lh.s. is a subset of the r.h.s..

D: If u # v € E, then we know by Hahn Banach (cf. [Wer05, Theorem
I11.2.4, P.103]), that there exists an [, which separates u and v, i.e.

[(u) # l(v). Thus
sin(l(u)) = sin(l(v)) iff I(u) — l(v) € 27Z
cos(ml(u)) = cos(wl(v)) iff I(u) —I(v) € 2Z

Hence sinl(u) # sinl(v) or cosl(u) # cosl(v) and thus the superset
property is proved.

We use that E x E is separable and thus by the Lindel6f property
(cf. Proposition 4.1.14) the Lh.s. of (4.4) can be represented by a
countable union. Furthermore sin, cos(r-) € FC°(E) and the (1a)
Claim is proved.

Claim: o¢(FC;°) = B(E)

Proof.

A := o({fn. | n € N}) is countable generated, where the f, are as in
(1a). Consider

id: (E,B(E)) — (E,)
A — A

On the one side, the function id is one-to-one and measurable, because
the f,, are continuous. On the other side, we know that (E,%2l) is even
a separable Borel space (cf. Definition 4.1.12), because

Ve e E: {z} = ﬂ{fn— z)} e
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The subset inclusion is obvious. x is the only element in the intersec-
tion, because the set {f, | n € N} is point separating (cf. Claim
la), and thus for every y # x there exists a n’ € N, such that

fn’(y) 7é fn’(x)
Thus by Theorem 4.1.13 id ™" is an isomorphism and hence B(E) = 2.
Therefore we obtain B(E) =2 C o{FC;°} C B(E).

2. Claim:

sup /gzNSndu = sup /fdy
Sn€FCL||dn | <1 feL=(jv),lIfllo<1

Proof:

The Lh.s. is less or equal to the r.h.s., because FC} C L>=(|v|) (cf. (4.3)) and
thus the supremum is taken over more functions. Let f € L>(|v|), || f]l., <
1 and & > 0, then by the 1. Claim there exists ¢; € FC}:

€
J1r— ol <
Thus

|/f—¢1dv|é/|f—¢1|1]E+du—/|f—¢1]]1E_dy
< /|f—¢1|d|v|<§

In addition by Lemma 4.1.9 we have a function x,, € FC} (R), with

Xn|[—1,1] = Zd7 ’Xn
using Proposition 4.1.6, we obtain ¢, = xn(¢1) € SCL. We consider
¢n = 22 and have

114l | <1+ % and Xn|[,1,%,1+%]c =1+ % Hence,

1+
<141
- A 1 ~ = €
/If—cbnldIV! < /If—¢n|d|V|+/(1— Do dl] — £
I+ = n—o02
Thos <1 vl

Thus w.l.o.g there exists ¢, € FC} - ‘ $nl| <land [|f— dnldlv| <E.

Therefore the claim is proved (Using that there exist sup approximating
sequences in L®(|v])).
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With the last claim we see:

V|0 = /1E+ —1g-dv < sup /fdu

fer=o(v)llfllo<1

sup /gzﬁdu < /1d|u| = V]|t
PeFCL, |9l o <1

2. claim

]

Remark 4.1.17.

We have not included that FC° is norm-defining, because it is not needed to prove
the key results, in fact, if we restrict the norm defining set C, we would have to
restrict the functions, for which the key results are applicable (cf. Chapter 5 and
Definition 5.1.1) and we did not find a good reference of a nice representation for
Xn € SC;°.

4.2 A condition to check 7-differentiability

In this section we give a condition, under which exactly one local flow a (as used
in Definition 3.3.7) exists (compare the properties 1 to 3 and 5 of Definition
4.2.1).

First of all we define the set Sol, which is motivated by a condition for func-
tions, for which we like to apply our Main Theorem. Then we state the known
assertions in Proposition 4.2.4. After doing a few preparations like a general-
ization of the Inverse Mapping and Implicit Mapping Theorem we demand a
stronger condition, which is sufficent for a vector field h being an element of Sol
(cf. Theorem 4.2.11).

Compare Proposition 5.2.1, where we use the following:

Definition 4.2.1 (Sol , local flow).
Let Sol denote the set of all f : E — H continuous such that there exists exactly
one local flow a, i.e. 3¢ >0, a:]0 —e,0+¢[xE - E:Vt €] —¢,e[,VI € E:

1. a(ty + ta, &) = a(ty, a(ta, T))

2. a(0,7) = 7

3. a(t, x) is differentiable in t and Dya(t, ) = f(a(t, 7))

4. IM <oo: f(x) < MVzreR

5. The derivative of a(t, ) in T exists and is bounded, i.e. defining (%) :=

a(t, @) we have v, € C* and IM, < oo

1en (@) |l < My ||blly VA € H.
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Example 4.2.2.
If h € H is constant, all the conditions are fulfilled by choosing the unique solution

a:RxE — E
(t,Z) — T+th
Definition 4.2.3 (Lipschitz).

A continuous function f : E — E is called (globally) Lipschitz continuous with
Lipschitz constant L < oo, if

1f(+h) — fx)llg < LAl Yz, h €E

By [Lan93, chapter XIV] we conclude

Proposition 4.2.4.
If f . E — E is Lipschitz with Lipschitz constant L < oo, bounded and continu-
ously differentiable, then there exists exactly one solution

oL
ERESYADY)

which fulfills the conditions 1 to 4 of Deﬁm’tz’on 4.2.1 and for which a(t,-) is

continuously differentiable for all t €] — 57, 5=

—[xE - E,

Proof.

We abbriviate J :=] — 5, 5-[. By [Lan93, Theorem XIV.3.1, p.367] we obtain

a:J x E — E such that
a(0,Z) = & and Dya(t,z) = f(a(t,z)) Vt € J, 2 € E.

Taking a closer look at the proof (which is the standard one using the integral
representation and finding a fixed point by the shrinking lemma or Banach fixed
point theorem) we find using IM € R : sup, g |f(z)| < M

1(a(sx)—a(0x (x+/f dT—x—/f )

= /f d7'<M Vs e J Ve € E

Furthermore, by [Lan93, Theorem XIV.5.1, p.377] we conclude
a(tl—i-tg,;i') :a<t1,(1(t2,3~7)) Yz EE7t17t27t1+t2 eJ

In addition [Lan93, Theorem XIV.5.2, p.377] tells us that a(¢, %) is continuously
differentiable in  for t € J. O
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By Proposition 4.2.4 we gain almost all desired conditions. We demand more
to gain a condition, under which a function f : E — H C E belongs to the set
Sol. Following the proof of [Lan93, Theorem XIV.4.3, p.373] and transforming it
appropriately we will obtain this result. As a preparation for finding the desired
condition, we adapt the Inverse Mapping Theorem to our needs. We introduce

Definition 4.2.5 (toplinear).
A map is called toplinear, if it is invertible as a continuous linear map.

Proposition 4.2.6 (Inverse Mapping Theorem).
Let € CYE,F;Ey,Fy), §(Ey) C Fy, ¢ be continuously differentiable w.r.t.

(B, | lg,) = Fas |l g, )
§(@): Bu | 5,) = (.| ) be toplinear
¢'(x) : (Ew, |l IIp) = (Fu || ) be toplinear,
and ¢'(x)(Ey) = Fy for allx € E. If for any g € E

szEH — (o) o gb’(x)H <a<1VreEyand (4.7)

(Bl lls,,))

”z’dEH — ¢ (x0) "0 ¢/ (2) <a<l1lVxeEy (4.8)

T
HL((EH,H Is))
then ¢ is a global C*(E, F; Ey, Fy)-isomorphism and (¢~') (-) = ¢ (¢71(-))~".

Proof.
Let A\ := ¢/(x¢) and ¢g: Ey — Eg, * — x — A"'¢(x), which is well-defined by
¢(Fy) C Fy and ¢ (x9)(Ey) = Fy. By assumption Vo € Ey

(45) (4.7)
lid =20 0@l () = @<

9@, (g 1)
@, (o 1y = A=A oG @, ) O S <

By the Mean Value Theorem (cf. Theorem 1.0.21) we see that Vzq,zy € Ey

Thm 1.0.21
lg(z1) = g(z)llp,, < allzr—22g,, (4.9)
Thm 1.0.21
lg(z1) — gzl < allzr — a2 5. (4.10)

Claim: For each y € F there exists an unique element z € E such that ¢(x) = y.
Proof.

We prove this by considering for all § € Fy the map

gi: En — Eg, x — A7y + g(x) and have for all &, %, € Ey

3 } 3 ) (4.9 o
l95(21) = 95(Z2)l g, = l9(Z1) = 9(Z2) | g, < allTr = Follp,, (4.11)
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Thus by the shrinking lemma [Lan93, p.361, Lemma 1.1] or the Banach Fixed
Point Theorem ( (Ew, || [/, ) is a Banach space), it follows that g; has a unique fix
point 7, i.e. & = A\"1g+2—A"1¢(Z). Tt is precisely the solution of A™1¢(7) = A~17,
respectively (by the linearity of A™!) of ¢(Z) = §. Hence we have received a
(global) inverse for ¢|g,,, which we denote by ¢~ !|x,, .

We write 7 =7 — Ao ¢(Z) + Ao ¢(2) = A o ¢(2) + g(%) VI € Ey. Using
Ey C E dense (w.r.t. || ||z), ¢ continuous and Fy C F dense w.r.t. || | we
conclude that for ¢ € {1,2} Ve > 0 Vz; € E

3z € By - |7 — 2illp < e, lo(xi) — o0(Zi) || p <&, o(21) — d(a2) € Fr(4.12)

Thus

yAN
|21 — 22llp < 26+ |71 — Tl
(4.12)

DIA S
»

2e + |[A" o ((&1) — ¢(72))]| , + |9(21) — g2l

(.

_—
4.10
< of|f1—22|| p<L20e+tallz1—22|| g

Defining y := ¢(z;) and g; := ¢(Z;) for i € {1,2}, we see

25(1+a)+ 1
11—« 11—«

1 /
+ 1_aH¢($o

Ao (631) = é(@)]l

|21 — 2|5 <

(4<6) 2e(1+ )
- 1—«

—1 - ~
) HLOFy4|m»xEHmwu»)”yl“yQHF

~-
<oo

1 / —1
b

412 25(1+ )

2 _
< 1 —a (2e + |ly1 — v2llp)

Fil ) (Bl 11g))

Letting ¢ — 0 and y; — yo the r.h.s. tends to 0 for and thus for y € F' exists
r € E: ¢ (y) = {z}. ¢7(y1) = {x1} is well-defined (on ¢(FE)). Hence the
continuity and the claim are proved.

Furthermore it is differentiable at y; € F': We choose y € F such that y—y; € Fy
and set x := ¢"!(y) and z; := ¢ (y1). Then we choose for ¢ > 0 7 € F :
19(%) — ¢(2)||p, <&, & —x1 € Eg and [|7 — 2[5 < &2 <e. We have

lo '@ -0 ) - o @) w-w)|
= o -2 - ¢@) 6@ - o) (4.13)
From the differentiability of ¢, we can write ( — x; € Ey)

O(F) = ¢(a1) + ¢ (21)(T — 1) + 0(Z — 1)
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If we substitute this in (4.13), (4.13) equals

|2 =21 = @)™ (0le) = 6(3) + ¢'(@1)(F — 1) + 0@ — 1)) |

E
(4.6) . T ) o
< o=l + ||¢' @) 0@) - 0@)|| + [|¢'@) ol — )|
(4.6) I
< e+ Me+ ] &) o((F —2) +z—a)| |
(4.12) E
Let e — 0 and y — y;. Using the continuity of ¢!, that for ||z|| , — 0 % —
F

0 and (4.6) we obtain that ¢! is differentiable at y; (w.r.t. (Fg,| ||) by the
definition of differentiability (of ¢ w.r.t. (E,| ||z). Its derivative is given by

(™) (1) = &' (6™ (1))

Since ¢! is continuous, ¢ continuously differentiable w.r.t. (Ey, || ||;) and ¢ is
toplinear, (¢~1)" is continuous and ¢~' : (F, || ||») — (E, || ||g) is continuously
differentiable w.r.t. (Fy, | ||5)- O

We define

Definition 4.2.7 (D(E, || Iy, | ly; Eu, Fus | Ml55 1 114))-
Let (F, || 111), (Gl 1), (Fas |l 1), (G |l,) be normed spaces and Fy C F and
Gy C G be linear subspaces (Then (Fy, || ||,) and (G, || ||,) are normed spaces).

¢ (F ) = (G o) € DEF A s Eas Fas s 11 L)
iff for all x € E holds

1

¢ is continuously differentiable w.r.t. (Eg, || |l,) — (Fu, || |5),
¢ is continuously differentiable w.r.t. (Eg, || |l5) — (Fu, || |1,),
¢'(x)(En) = Fa,

&' (x) : (Em, | l,) = (Fu, | ) is toplinear and

#(2) : (Ens | ) = (Fa, | 1) is toplinear.

If the norms and subspaces are clear, we abbreviate

D(E7F) = D(E>F7|| ||17|| ||2§EH,FHa|| ||37|| ||4)

The next preparation is to state an adequate version of the Implicit Mapping
Theorem.

Proposition 4.2.8 (Implicit Mapping Theorem).
Let T(Eg x Fy) C Gy, where

T € CYE x F,G; Ey x Fy,Gy).

Let (Z,6) € E x F with T(Z,5) =0 and assume that
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1.V € Eyg T(%,Fyg) C Gy, Yx € E
T(z,-) € DIE,G, || lp: Nl s Fr; Grs || 1y, o gy, ) and Yo € F T(:,0) is
differentiable w.r.t. (Eu, || |g) — (Fu, | l|p) and wrt. (Eu, | ||g,) —
(Fo, || Ml g, )-

2. AM < 00 :Vw € Ex sup, pyepxr |D1T (2, 0)wlg, < M [Jw| g,
8. IM < 0o :Yw € Gy SUD (4.0)e ExF ||D2T(x,a)71wHF <M lwlle,

4. 30> 0 sup, e || D2T(E,6) " (= DiT(,6) + DiT(x,0))||
+ ||D2T(5c, 5)71D2T(x, o) — IFHH < « < 1, where the norm is the
L((Ew | 1,)s (Fa, | llg,)) s respectively L((En, || || g,,)) and
L((Ew, || 1), (Fu, || 1)), respectively L((Em, || || ))-

Then there exists exactly one continuous map g : E — F such that
1. g() =6 and T(z,g(x)) =0 for all x € E,
2. g€ CYE,F; Ey, F) is uniquely determined and
3. Vh € By : sup,eg [|Dg(z)h| p, < MM 1Al g,

Proof.
Consider the map

op: ExXF — ExG
(x,0) — (z,T(z,0))

Then D¢(§775') : EH X FH — EH X GH and

Do(z,6) = ( %{’m,&) %QT(iﬁ) ) ’

the inverse of D¢(x, o) exists and is

e ey —1 ]EH 0
(Do(#,5)) " = < _DyT(7,5) o DiT(#,5) DsT(7,6)" ) (4.14)

Furthermore ¢(Ey X Fy) = Ey xT(Ey X Fy) C Eyg x Gy, for any (x,0) € EXF

Dé(x,0)(En x Fu) = {(#, DiT(z,0)(&) + DsT(x,0)(Fu)) : & € Eu}
= Fygx GH

and
¢ e D(EXFaEXGv [ exr s | |exe: Eo X Fu, En x Gy, || “EHXFH Al HEHXGH)‘
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Abbreviating B := (D,T(#,5))”" we find

HidEHXFH _D¢(j:7 6>_1 © D¢($, O-)H

B
toplinear

idpp— ;
isomorphism ExF B(DlT(QZ', 0') — DlT(i', (})) Bo DQT(QT, O')
—  BDiT(x.0) ~ DiT(#,6))| + B o DT (w,0) — I,

assump

< a<1. (4.15)

Thus the global inverse exists (cf. Proposition 4.2.6) and is denoted by 1. We
write

U(z,2) = (x,h(z,2)) V2 € T(E x F),
where h € CY(E x T(E, F), F; Ey x Gy, Fy), and define

g F — F
r — h(z,0)

Thus Ve € E

def.

(ZE,T(Z‘,Q(I))) = ¢(I,g($)) = ¢(I7 h(ZL’,O)) = gﬁ(@D(ZE,O)) = (I,O)

Dg(x) = Dih(z,0) = (Di(z,0))n = (Do(¢(x,0))) )
= (D2, h(x,0))) a1 = —DoT(w,9(x)) " 0 DT (x, g(x))

and hence Vh € Ey
_ assump. .
IDg(@)hllp, = [|-DoT(z,g(x)™" o DiT(x,g(x))h|,, < MMIh||p,
O

4.2.1 Deriving the desired condition

After having adapted the well know theorems to our needs, we state the frame-
work to obtain the desired condition:

Let H be dense in a Banach space (E, || ||z),(H, || ||;) be a Banach space with
|z <l llg and f € CYE,H; H,H). We abbreviate [, := [—b,b] Vb € R and
define

Vi = V4(E) := {0 : I, — E|o is continuous}, | v, ®) = SU.Ip o ()]s
tely,

Vo(H) := {0 : I, — H | 0 is a continuous curve} || ||y, g :=sup [lo(t)]|y -
tely
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We note that || [|y; &) < || [ly; @ and that (Vo(H), || ||y, m)) is complete (analogue
to [Wer05, Satz I1.1.4]). Furthermore

T-ExV, — V,
(r,0) +— :zc—f—/f ))du +o(-)

DT (z,0) :Hx Vy(H) — V,(H) VzeE, o€V,
We note that T'(Z,5) = 0 iff —& is a solution for the following differential equation

{@/(t) = f(a(?))
a(0) =2

Using the proof of [Lan93, p.371, Lemma 4.1] for elements of V;,(H) we receive

Lemma 4.2.9.
T € CHEx V;, Vs Hx Vi(H), Vy(H)) and its second partial derivative w.r.t. Vi,(H)
s given by the formula

DQT(.%’, O’) = / Df oo — ZdVb(H)
0
In terms of t € I, this reads:
D,T / Df(o w)du — h(t) Vh € V,(H). (4.16)

Taking a closer look at the proof of [Lan93, Lemma 4.2, p.373] we attain

Lemma 4.2.10.
Suppose that Df(x)(H) CHVz € E and 3C, : 0 < C) < 00 :

sup [[Df ()bl < Cu [hlly ¥h € H
S

and sup | Df(@)hlly < Cy [lhll,  Vh € H,
z€E

then Vx € E
T(z,-) € D(Vy, Vi, || Hv,, A, 5 VB (D, VB(ED, | v,y » 1 v eny)s where b < &- and

HD2 (z,0) 1“ —1bC’1'

Proof.
Using these conditions we observe applying the estimate for h € V,(H), ¢ € I,

/0 Do (u))h(u)du

b
< / Cy IRl du <bCy A (417)

0
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in Lemma 4.2.9 that [|D>T(z,0)+1d| ;) < 1, and hence that D>T(z,0) is
invertible as a continuous linear map (cf. Neumann in [Wer05, Satz I1.1.11,
p.56]). We have Yw € V;,(H) :

o0

(DyT(z,0)) tw N2 Z(zd + DoT(z,5))"w  and
n=1
. (4.17) = .
[Dsrta o)l Y ey el < gl 9
n=1
O

After having done the preparations we state the desired condition:

Theorem 4.2.11.
Let f € CH{E,H; H,H), Df(x)(H) C H Vx € E and ezists C; < 0o :

sup | Df (@)hllg < Cy |[hllg, Vh € H
xe

and sup ||Df(x)h|ly < Ci|h|ly, YheH (4.19)
zcE

If Cy =0, then f(x) = 29 and a: RxXE — E, (t,x) — z + tx is the unique
solution. Otherwise let b < % Then there exists exactly one solution a :
I, x E — E, which is continuously differentiable and we have ¥Vt € I,z € E :

3
[1D2a(t, )by < llg < 5 17l Vh € H.

1—bC’1|

Proof.
Thm. 1.0.21

We have [|f(z+h) = f()lls < supeg [Df(@)|| [hllg. The first part we
have shown in Proposition 4.2.4. In order to prove the rest, we will check the
assumptions of Proposition 4.2.8:

By Proposition 4.2.4 there exists a solution a: I, x E — E, a(-,&) = —&, such
that T(z,5) = 0. We know T(H x V;(H)) C V;(ED).

1. We obtain by Lemma 4.2.10 that Vo € E
T(x,-) € DVe, Vi, [l vy o Nl Ml 3 Vo), Vo(BD), (1 lly, I [l ary)-- We have
that D,T(e,e) =id and Yh € H T'(h, V;,(H)) C V,(H).

2. |DT( 0w 2= fwlly Vo € H

3. This is given by Lemma 4.2.10.
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4. The following || || is again meant for the norm of the space and the con-
tained Banach subspace.

Sup(x,a)GHxV ||D2T(:Z‘7 5)71(_D1T(j’ 5-) + DlT(xv U)) H
+ || D2T(2,6) ' DoT (2, 0) — I |

assump. 1 0+ HDQT(:Z‘,ET)A(D2T(9570) — DQT(i‘,(}))” é a<l1

DiT=id
By considering (4.18) and (4.16) it is sufficient to show that

2b01 bCyp <1 1
<a<l E b<—
1—601 =@ 301

Thus by Proposition 4.2.8 we obtain that there exists a uniquely determined g
such that
sup,cs [ Dg(@)hlly < i Al Vh € H and  T(a,g(e)) = 0 v €
E.
Thus g(x) € V}, is a solution and having a(t,x) = g(x)(t) the assertion is shown.
O

4.3 Lebesgue Dominated Convergence

We state a Lebesgue Dominated Convergence Theorem for signed measures and
then deduct a corollary, which will be applied to prove the main result.

Proposition 4.3.1 (Lebesgue dominated convergence for signed measure).
Fixt el andlet f: I — (Li(v),| ||;1) be bounded, i.e. Vo € E |f(s)(z)| <
M(z) € L'(v) Vs € I, and pointwise differentiable in t with f'(t)(-) € L'(v) and
suppose that there exists a function M, € L'(v) and 8, > 0 such that [t—0;,t+0;] C
I, for all s € R: |s| <, and for all x € E:

‘f(HS)(fv)—f(t)(x)

. < My(z).

Then we obtain

iy [ L0000 = JO) ) [ gy HEE) = S0,

=0 s
=/ (D))
Proof.
For any |s| > 0, we derive
) 20| 20 g,
S t
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and using in addition the second assumption we gain

0t

We may apply Lebesgue (e.g. [BauOl, Thm 15.6]) to each summand in the
following calculation, because v and v~ are finite positive measures and because

there exists an integrable dominating function for w and obtain
fle+s) =1
s—»O S
= lim/ft+8) f®) llm/ft+8) 1 )V*
s—0 S S
hebesgue /hm (t+5) — f(t )du /hm (t+s) - f<t)dl/_
(4.20) s—0 s 5—0 5
_ /hm flt+s) = f)
s—0 S
[]

We state a theorem, which we will use for the proof of the Key Proposition
and the Main Theorem:

Theorem 4.3.2.

Let t € I fized, ¢ € CL(F,R; Fy,R) and ¥ € C'(R x E, F;R x H, Fy), where
(1, 2) =: A-(x). We assume (p > 1) that ¢ o 7, is differentiable in 7 = t and
36, > 0 3M, € LP(v) :

d .
sup d—%(l‘) < My(x)
£€[—6¢,64] T T=t+¢€
then Vx € F':
| ¢ o ’Yt+s(x)8_ (b o 715('7;) § Mth(l’)
and
lim/ 00 0rs =Py, _ /¢3’ (Fe(x))v(dr)  (4.21)
s—0 S d 5
dT’YT(x) —
Proof.

We check the assumptions of Proposition 4.3.1. First of all there exists M e
L'(v) : Vz € E we have ’qg o ’st‘ (z) < M, because ¢ is bounded, and, let z € E,

Fg

T=t

¥ G| < £
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B

Abbreviating g, = %(z) — 3i(z) € Fyy and I = {3y(z) + g, : 0 < v < 1}, we
obtain for |s| < ¢,

Hé ° Vips(T) — Qg o V()

I

Thm. 1.0.21 ~
< O gl < M lg: I
Thm. 1.0.21 . d . ~
< My sup N2 ()| [s] < MpMi(w) |s|
gE[t—0p,t+6,] || AT 17=¢

and thus
QB 0 Yyps() — Qg o J4()

S

< MyM,(x) € L*(v).

Thus we may apply Proposition 4.3.1 for t — f(t) = ¢ o 7, and obtain the
result. O

Corollary 4.3.3. )
Let h € Sol, a: I x E — E its local flow and ¢ € C}. Then

¢oa(3,:c)—¢oa(0,x)y(dx) :/Ehmgboa(s,x)—¢oa(0,x)

s—0 S

lim
s—0 E S
Proof.
We prove the assumption of Theorem 4.3.2 for ¢ and a(t,-): ¢ oaf(t,) is differ-
entiable and by Definition 4.2.1 no. 5 dM < oo :

d ~
atra) | s Ihtate ol < a7

T

v(dx)

sup
el

4.4 Connection éblﬁz — Télﬂg

In Example 3.3.9 we claimed a connection of C- and 7¢-differentiability. Choosing
the norm defining set (7,} we show that they correspond. This result permits us
to apply the results gained for general 7o-differentiability in Chapter 3 for CN’I}—
differentiability. We will use these results to prove the Main Theorem.

We extend the claim of [SYW95, Propositon 1]:
Proposition 4.4.1 (__ 1Bk Clﬁk 0 ﬁfF)

Let k € Sol and denote zts local flow (cf Deﬁmtwn 4.2.1) by a:]—b,b[xE — E,
which satisfies D1a(0,x) = k(z) Vo € E. We define

fot) = v(a(t,-) = a(—t,v) Vt:|t| <b.
Then
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1. vis C‘l}-dz’ﬁ‘erentiable along the vector field k,
iff (fa () se—ppy is Tea-differentiable at t = 0 (i.e. v is Teqa-differentiable

along k) and £2(0) " < f2(0),

2. there exists the logarithmic deriwative 3y, iff Sélﬁf«? exists.
b b

In this case we have

Qv fy def dfs ( ) < Def. 3.8.7 »
Céﬁk : ﬁ Tdf(0) ( = Tégﬁk>'

Proof.
First of all we recall the setting in which we are working now (cf. Example 3.3.9):
The topology ue is generated by the bilinear product

Po(p) =< p, ¢ >:= /¢d,u, where ¢ € C} and u € M(E,B(E))
E

Now we prove that (M(E,B(E)),C}, <,>) is a dual pair, i.e.
1. Vp e M(E,B(E)\{0} 3¢ € C} : [ ¢du # 0, because Cf is norm defining.

2. V¢ € CI\{0} 3u € M(E,B(E)) : [, ¢du # 0, because Jy € E : ¢(y) # 0
and we choose p(A) = 14(y) for all A € B(E).

We prove: If v is Cl-differentiable, then f(t) is Tey-differentiable at ¢ = 0. This
means in our situation that

7(045s) — f2(0) _ f;/(())lTéé € M(E,B(E))

exists. For this end it is sufficient to show Vn € N, V¢4, ..., ¢, € C’bl, Ve > 0dsy €
R: Vs < So -

> po (BOZIE - ooy (122)

/

We define f(0) G = & By v, which is by Lemma 1.0.17 a signed measure, and
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B

!/

show that pe(f2(0) %) = lim,_o pe
polf2(0) ) / o(x) £2(0) % (da)

- / o) ( gy v) (dw) 227 / i) @)

(fg(S)—fg(O) ):

=a} (0,x)
x:é(o,x) _/ lim ¢oa(—s,x) _/(bOCL(Oax)V(dx)
E —5'—0 —S
[Bau01, Thm 19.1] v Y
Cor._4.3.3 hm ¢( )f o (s) — f2(0) (dx)
limit unique S
_ Lty (M) (4.23)
s— S

!/

Furthermore we have f(0) % < v = f“(0). Therefore 2@1 (5@ exists and
b

14
equals e Br.-

For the converse we define

— 0 afy
C‘;ﬁz T 761/6 Y

and obtain by p,(f~(0 ) ) = lim,_g p¢(M) and equation (4.23) the as-
sertion.

]

Remark 4.4.2.
By Definition 3.2.3 (and Definition 3.2.1) we have that each ¢ € C*'NC,y. There-
fore we have proved Proposition 4.4.1 for a smaller set (C’l}) than the biggest
possible set (C’l N Cy). We note that the assertion holds for every norm-defining
subset of ébl (cf. proof and Corollary 4.53.3). We formulated the assertion only
for C}, because we will only apply it for C}.

With this remark the omitted connection of the graphic in Section 3.4 is ob-
viously true for all norm-defining set C' C é'bl
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Chapter 5

A transformation rule for
measures

The aim of this chapter is to present the key results, which include the Main
Theorem and a transformation rule for measures.

In Section 5.1 we present the set of functions, for which the main theorem
can be applied. Furthermore we derive a few properties of this set, which we use
proving the Main Theorem.

Section 5.2 is reserved for the Key Proposition, which gives a formula for .3} .

In Section 5.3 we prove the Main Theorem. The core arguments of its proof
are the Key Proposition, the adapted Lebesgue Dominated Convergence Theorem
and Proposition 4.4.1.

Finally in Section 5.4 the transformation rule is presented.

We mainly follow the ideas of [SYW95], whereas we have weakened the condi-
tions given there, changed some of the notation to state clearly the dependence of
some parameters, given more details and state further conditions under which the
calculations hold. E.G. the proof of the Key Proposition is more detailed than
the one given in [SvW93, Proposition 8.2]and for technical reasons we assume
further assumptions, which were not postulated in [SYW95].

In this chapter we fix b € R™, by € Rt and [ :=]b;, by[> 0 an open intervall.

5.1 Preparations

First of all, in order to introduce a few abbreviations and to get familiar to the
notation, we state and prove properties, which we will use for the proof of the
Main Theorem.

69
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The next definition summarizes conditions needed to apply the main theorem.

Definition 5.1.1 (FSOI(Ey H))
Denote by Fsy(E,H) the set of mappings F': I x E — E such that

1. F(0,z) = z, F(t,-) : E — E is bijective and F(t,-) denotes the inverse
w.r.t. the second component.

2. F and F® : I x E — E and the Dy, Dy, D1Dy, DsD; derivative of F and
F® exist and are continuous, where (in this context) Dy means differen-
tiable w.r.t. I and Dy means differentiable w.r.t. (H, | ||g) and (H, | ||g)-
Furthermore ¥t € I, © € E DF(t,xz) : R x H — H, where D denotes the
derwative w.r.t. I x H. Moreover Vt € I DyF(t,x)(H) =H Vz € E and

dMy < oo ||[DoF(t,2)h|y < May|lh|lg Ve eEVheH

36, >0, M, € L'(v) : sup ||DiFO(t+ &, 2)||y < My(z) Vo € E.
£€[—6¢,6t)

M, < oo ||DaFO(t,a)hl|, < M||h|ly Vo€ EVheH
The first and second partial derivatives are denoted by F|, Fy, F" 1.
3. Fi(t,-) e Sol Vt eI

Remark 5.1.2.

Let F,F° be twice continuously Fréchet differentiable w.r.t. (R x H, || |lgyg)
and (R x H,|| ||gyg) with bounded derivative. Assume that Vt € R,z € E
DyF(t,z)(H) C H and 3M < oo : Vh € H ||DoF (t,z)h||g < M ||h|ly,

Do F(t,2)h|lg < M ||hllg, [|[D2FO(t,z)h| < M||h|| and [|DiF(t, )| < M.
Then assumption 3 holds, because Theorem 4.2.11 is applicable.

For this chapter fix F' € Fg,(E,H) (cf. Definition 5.1.1) and define ~£(z) :=
F(t,F~Y(r,z)) Vt,T € I,x € E.

Similar to [SYW95, Lemma 1] we postulate that

Lemma 5.1.3.
Fizt € I. Define a vector field ky : E — H by the implicit equation ki(F(t,x)) =
Fl(t,z) and write v (x) := F(t, F¢(r,2)) . Then for every x € E we obtain
t _
i 2 =T oy

=t T —1

Remark 5.1.4.

The lemma postulates that we define for every t € I a vector field k, : E — H,
which is well defined, because F' € Fs,(E,H) is bijective. Differing from [SvW95]
we write ky instead of k. If ky = k ¥t € I and F(ty + tg,-) = F(t1, F(t2,"))
Vi, ty € I ity + 1ty € I, then F(t,x) is a local flow for k (cf. Definition 4.2.1).
In general (e.g. F(t,z) =z +th(z), h(z) € C%) k; is not independent of t.
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Proof of Lemma 5.1.5.
The proof is done by the chain rule: For z € E, 7 € I we have

t()
limM = iF(t, FO(T, x)) = DQF(f,FO(T, I))DlFO(T,l’)
T—1 T—1 dr =t T=t
= DyF(t, FO(t,2)) D1 F(t, x) (5.1)

Now we will calculate the last derivative:
F(t,-) bijective
Taking the derivative of F(t, F(t,x)) (b biective  wrt. ¢ we obtain by the

chain rule, which is applicable, because F(t,-) C E = domF(t,-):
DiF(t, FC(t,z)) + DoF(t, F¥(t,2)) D FC(t,z) = 0

Thus we gain (Fj(t,z)(H) = H D F{(t,x) Vo € E, cf. Definition 5.1.1 no. 2):
D FO(t,x) = —(DoF(t, FO(t,2))) ' D F(t, FO(t, x))

Therefore using this result in (5.1) yields:

hmM = DyF(t, FO(t,2))(—(DoF(t, FO(t,x))) ' D F(t, FO(t, 2)))

t=s T —1

= —D,Ft,FO(t,z)) " "L _fy(2)

The following Lemma summarizes a few properties of L.

Lemma 5.1.5.
We have Vt,t+s e l,x € E:

1. k/(F(t,x)) = F'a(t,x) o (Fy(t, z)) "

2. F(t,r) = ~§(z) and FO(t,z) = +?(x)

t+s _ _t+s

86 =G and s = Ve

Proof.

First of all, we know k;(F(t,z)) = F|(t,z). Thus applying the chain rule we

obtain k:t(F( x)) o (Fy(t,x)) = F"5(t, ). Secondly, F(t,z) = F(t, F¢(0,z)) =
(

Vi(x) and 79(z) = F(0,FC(t,z)) = F¥(t,x). Last, but not least v\ (z) 2
F(t + 5, F°(0,2)) ‘

P =1 by s B, P(1, )
F(0,)) =id s Def s
= AT(F,FO0,2) = Ai(x) and A7y,

x 2P0, FO(t + s,2)) =
F(O, Fo(t7F<t7F<><t7 .I')))) = 7t 7t+s [
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Corollary 5.1.6.
Let ¢ € Cf. We have 36 >0 and IM € L'(v), such that V |s| < 6 and Vx € E:

‘¢07?+s(:r) —¢o(@)]| _ M(z)

S

Proof.
We use Theorem 4.3.2 for ¢ and 7 = FO(t,-):

¢ o~} is differentiable in ¢. By Definition 5.1.1 no. 2 &; > 0, M; € L'(v) such
that for || < &, Vx € E

2 e

_— = sup |[[DIFO(t+ & )|, < Mi(x)

H £€[—0¢,0¢]

5.2 Key Proposition

After having familiarized with the properties of F g, (IE, H) we state and prove the
Key Proposition. For this section we fix h : E — H. Since we cannot guarantee
the existence of the logarithmic gradient for arbitrary vector fields h, i.e. the
existence of 0G5 (h(+))(+), we assume its existence (cf. Definition 2.6.6).

Similar to the core idea of [SYW95, Proposition 2] we have

Proposition 5.2.1 (Key Proposition).
Suppose that

1. h € Sol

2. the linear operator Cgﬁﬂ”ﬂ :H — L*(v) is continuous and z Oy (h,id) ezists
b
(cf. Definition 2.6.6),

3. for every x € E the restriction of the operator h'(x) to H exists and is a
trace class operator in H.

4. there exists an orthonormal basis {e;}ien of H such that Ve; ||h||y is I/(;Z-C;—
integrable , ||hy, (-)||lz, [[h()|lg and ||h(-)||e are v-integrable
and 3My < oo : [5 3. |(h(x), e;)ulv(dr) < M.

Then v is (Ty,-)differentiable along h and

arBr(@) = & 0" (h(z), x) + trhi(z) (5.2)
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Proof.

Since h € Sol (cf. assumption 1) we know that there exists v;(x) := a(t,z) ,
which is the unique differentiable mapping from the definition of differentiable
along h (cf. Definition 3.3.7). We define for any [ € Sol with associated flow a; :
I, x E — E such that ‘! := q;(—t,v), i.e. W(B) :=v(a(t,)(B)) = v(alt,B)).
If we prove that "' is 7,-differentiable, we obtain (by Definition 3.3.7) that v
is 7y,-differentiable along h.

We may apply Theorem 3.5.5, i.e. if the assumptions

1. hytis 7o-differentiable at 0 and "0 % < M0 =y
2. poy, € CLVtE Iy, Vo € C} and C} is norm defining

are fulfilled we gain that "u! is 7,-differentiable on I,. The second assumption
is given by Proposition 4.1.6, Definition 4.2.1 no. 5 and Theorem 4.1.15. Thus it
remains to prove the first assumption.

h,,s h,,0
v- — 1% 'T 1
EITCJ — hm —_— = hVO b
b h—0 S

which means that the following limit exists for each ¢ € C}

t/¢hy¢@;:£%&/¢d(fki§_ﬁf)__y%8§/¢d &/¢dhﬁw

that is in our case

lim © /¢ s, v(dz) /¢ —0, v(dx))))

s—0 8§
Cor, 4.3.3 /liné ¢oa(—s ) - ¢oa(=0 (d:z:)
chain:rule /qb/(a((), I)) (Dla((], q;)) (—1)1/(d[)3)
Def._4.2. 1h(a(0 2))eH

-/ as;(x)(x —— [ diaw (5.3)

The last integral exists, because for the fixed ¢ € C’bl exists My < oo, H C E
continuous (cf. Section 2.1) and by assumption 4 IM;, € L'(v) : Ve € E :

| Ohiwy ()] < My [[h(2)|lg < MyMy(z) € L'(v) (5.4)
Thus we know

V¥ =a(—s,v) is Tea-differentiable at 0

o IO / ¢d M0 = / Shoy ()(d) (5.5)
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We denote:
¢@h:=¢()h(-)  and ¢ @h:=¢/()h()

In the last equation the derivative is meant w.r.t. to H.

By the definition of C-differentiability (Definition 3.2.3) suitable by assumption 2

(3 &1 B1(h, id), and cf. Remark 3.2.4 and Definition 2.6.1) the following functions
b

are pointwise, i.e. for every h € H, equal (use Theorem 4.4.1):

/ (6 ® h)w(de) = — / (6® k) ¥ (dz) (5.6)
- =:¢pQh’' Qv ()

Furthermore Leibnitz’ formula (e.g. [Wer05, p.239]), which is here indeed just
the formula for differentiation of a product of two Fréchet-differentiable functions
and is proved by adding a 0 (having in mind that R ®g R = R),

(p@h) =g @h+¢RH (5.7)

yield

/¢{®h®l/(d$) 20 —/qﬁ@h{@u(dz)—/qﬁ@h@ 'VO/Tég(dx) (5.8)
E E E

(5.7)

We know
tr(¢(z) @ h(z)) = (¢(x), h(z))

because for the orthogonal basis {e; };en C H we obtain

r (QZ%(%) ® h(x)) [Lax02, 10.2, Thm 3] Z(@,(@ 2 h(m))(ei), 61')H

(- €i) lin. Def. 1.0.20
3(.11) Z O (x)(h(@), ei)u = d)/Ze.(h(x),ei)ei (z)
(0. W i
G R €R
well-defined!
[Wer05, Satz V.4.9] bilin. and cont
= hw(@) = (), h(x)) (5.9)

Using (5.9) in (5.5) we gain

/¢ ) 0 HMCI /¢h
(1:9 /Z (h®¢')(es), &) dv 2 — /Z Jv(dz) (5.10)

We can apply Fubini, because

/Z| ), €)udy, (z)|v(dx) (54 /Z| ), € H|Mﬂ_€\zﬂ_@y(dx)

=1
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by 4
< M/Z| ), eulv(dr) < MM, < co. (5.11)

Using

assumption
(5.4) 4
/ 16, (@) Ih(@) g v(de) < M, / M| & oo
E E

in [PRO7, A.2.1] the Bochner integral exists and can be interchanged with (-, ¢;),
because we use [Coh80, Proposition E.11, p.256] or [PR07, A.2.2] and that (-, ¢;)
is linear and continuous. Thus (5.10) equals

~X ([t
Def. @ _; ((/Ed@h@du) (el-),ei> Def. tr —tr/Egbf@h@dy

@y / o(x) @ h(z) @ v(da) +tr /E¢<x>h<:c>® v () (5.12)

Jig $(@)trh! () dv(dz) = Jfoo@) ., B (h(x)2)w(dx)

(5 13) (5.14) ' e

Thus it remains to prove the indicated equalities:

tr/¢ )@ W (x ((/d) )@ hl(x u(d:c)) (ei),ei>

/ o 5 [0 0@ v G

=trh!(x)

where

1. the Bochner integral exists, because using [PR07, A.2.1]

qu
/E @) |1 (@), v(dx) <

2. and, by [PRO7, A.2.2] and (-, e;) being linear and continuous, we may in-
terchange the Bochner integral with the inner product and justify Fubini

[ 60 0.0

< M, sup > |(B, (2), gn )v(de) <
E {fu}{gn} ONBs

assump

My [ Ol £ o

b

J/

[Lax02, p.332 (6)] ||h{( ), € L' (v)
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We obtain for the last summand in (5.12)

tr [ otahta) s v dn) = 32 [ olaihta) 0 (do), e

3 Bochner integral by 4

NS [ ota)hla),es) o o

- /E ¢(x)<;(h(x),ei) 97 (dz) )

Bri(e) (@)v(dz)

Tél
b

[ o)y Bitta) @i (5.14)

2, Reg 3.3.6
Prop 4.4.1

Hence the r.h.s. of (5.12) gives a measure "0 %

= (1t 4 oy (h(). ) v

Here the trace is meant w.r.t. H and is taken in the argument marked by e.
Therefore

L Bi@) = () + - 3 (h(x), )
b b
All in all we gain that "2! is Tég—differentiable at 0 (cf. Definition 3.3.7), iff
EITélﬁlfl(x) = trh!(z) + égﬁ”(h(x), z)ae Ve el
b

But this exists, because h'(x) exists and its restriction on H is of trace class (cf.
assumption 3). 1 3”(h(z), z) exists by assumption (cf. assumption 2 and Remark
b

3.3.6). Thus we have shown the first assumption, because "0 "% = o L7
b

Hence we may apply Theorem 3.5.5 (respectively Remark 3.5.6) and "0 is 7,

differentiable on [, and we are done (using Proposition 4.4.1). O

In the last theorem the assumption |[¢(z)| < M|z| would not be sufficient,
as the following example shows:

Example 5.2.2.
The assumptions ¢ : R — R, |p(x)| < M|x| and ¢'(xz) < M are not sufficient.
(The same is true for h(z)!). We have that the following measure v is finite

/R 1(dz) = /R ﬂ[_l,l}c(as)%)\(dw) 9
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and ¢(x) = id is bounded by |x| and its derivative by 1 in the above sense. But
choosing h(x) = id, then h!(x) = id and we obtain

/R|¢(IE)||h/ei($)|Rl/(dI) > /100 x%dx = 0.

Thus the two conditions mentioned above are not sufficient to show the existence
of the Bochner integral in the last theorem (cf.(5.13)).

5.3 Main Theorem

So far we have prepared a lot of technical details and therefore it is high time
that we treat the Main Theorem (similar to [SYW95, Theorem 1]).

Theorem 5.3.1 (First Main Theorem).
Let v € M(E,B(E)) (cf. Section 2.1). Fort € I we set k,(z) := F|(t, FO(t,z))
Vo € E. Then k/(x) = F,(t, FO(t,2)) o (EFy(t, FO(t,2)))" (), where ki is the
Gauteaux-derivative in direction -. Suppose that
1. the logarithmic gradient (cf. Definition 2.6.1) By : H — L*(v) is contin-
b
uous and égﬁ]’;ﬂ (Fi(t, FO(t,-)))(:) exists.

2. F:1XxEw~— E belongs to the class Fs,(E, H).

3. Vo € E the restriction of the operator ki (z) : E — H to H exists and is of
trace class in H and ||k ()], € L'(v).

4. Fi{(t,):E—-HCE

5. ki(z) € Sol and there exists an orthonormal base {e;}ien : Ve; ||killy €
L), il € L), kL), € L), Yer « i, (Vs € Li(v) and
IM; < oo [ 3. [(ki(x), e)ulv(de) < M; < occ.

Then the measure valued map

fi:R — M(E,B(E))
s — v i=F9s,v):=voF(s-)

1S Ty -differentiable at t in H with logarithmic derivative

dpt' ™

L) = F— (@)

e B (Fi(t,2)) (F(t,2)) + tr(Fy(t,x) o (Fy(t,2)) ") (5.15)
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Proof.

In Lemma 5.1.3 we set ky(x) := Fl(t, FO(t,x)). ' % exists as a Tey-derivative

iff (by Definition 3.3.2) Yo € G} py(v %) = limy_o py(

lim — / od( Vt+s -t )

s—0 §

t+s__t . . .
Y——=") exists, which is

vo(v9, )" VO(%?)

def. lim/ ¢o 'Vt %+s —id) dy
s—0 S
! Leb:65gue /hm ¢ o r)/? o (,-y;_’_s _ ’yf)dy (516)
Thm. 4.3.2 s—0 S
chain rule ¢ ot
" et enty o i =T ay
S— S
Lemma 5.1.3
s [ 6 00(x) Y (— (@) (de)
——
€ C} by Def. 5.1.1 no. 2 and Prop 4.1.6
3 Prop 5.2.1
Def. 3.2.3 v
assuip- 1 /((b © f}/’?) égﬂkt() dV

———
€L1(v) Def. 3.2.3

rreeet / (6 09)(@)( g (k@) () + tr b (2))v(dz) — (5.17)

Applying the Key Proposition(Proposition 5.2.1) is justified by assumptions 1, 2,
3,4 and 5. This yields

Lemr:;?af.&l.f) / QZS(FO(t, ZL‘))( ééﬁ;ﬂ(Fll(t F<>(t’ ZL‘)), fL’)
Htr Fo(t, FO(t ) o (Fy(t, FO(t,2))) v (dx)
L [ o) (9 (10020, 0, 20) 4 0,2 (e, ) ) )

It remains to prove that we can apply Theorem 4.3.2 in (5.16): ¢ o4 C C} (cf.
Proposition 4.1.6, Definition 5.1.1 no. 2), ¢po~y,, is differentiable (cf. Proposition
5.1.6), and by Definition 5.1.1 no. 2 there exist §(t) > 0 and M;(t) < L'(v), such
that Vz € E:

d
awp || Lot @)
ce[-5,5) 11AT  Im=t+¢ H
= sup ||D:.F(t, FO(t+ & 2))DFO(t+ €, x) ”H
£e[-4,6)
< sup Ms(t) |DiEC(t+ & )|y < Ma(t) My (t)(2) = Mi(t)(z)  (5.18)
56[_676}

]
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5.4 A transformation rule for measures

After having shown a condition for a measure to be C}-differentiable in the last
b
section, we derive a "nice” representation for the transformation from one mea-

sure to another one. The idea of the measure transformation has been done in
[Bel90).

Differing from [SvW95], we assume more conditions:

Theorem 5.4.1 (Transformation rule for measures).
Let v € M(E,B(E)) (cf. Section 2.1) and F € Fsu(E,H). In addition to the
assumptions of Theorem 5.3.1 being fulfilled for allt € I, we assume Vx € E

1. For each t € I Fi(t,x) is positive, i.e. (Fi(t,x)h,h)g > 0 Vh € H, t
In Fj(t,z) |g is a continuously differentiable map from I into the Banach
space of trace class operators on H equipped with the trace norm,

2. det Fy(t,x) exists Vt € I,

3. there exist an orthonormal base {e;}ien of eigenvectors of Fy(t, x) such that

e}

det Fy(t,x) = H(Fé(t, x)(ei), e),

i=1
4. Choose 0 < T € I:
T
/0 éblﬁﬁ(Fl'(s,x), F(s,z))ds < oo v' + v-a.e. and
5. 0,T] xE > (t,x) — ||k(2)|l,, € L'(A x v) and
T
[ st di< o

Then for each t € [0,T] the measure v' = f¥%(t) is equivalent to v and the
Radon-Nikodym density is given by
dv't
dv?

Remark 5.4.2.

1. If Fy(t,z) —id is of trace class, det Fi(t,x) is defined (cf. [Laz02, 30.4,
p.342] or [Sim05, p.33]).

() = det Fy(t, ) exp{/o égﬁ”(F{(s, x), F(s,x))ds}  (5.19)

2. If F(t, ) is compact and selfadjoint, then there exists an orthonormal base
of eigenvectors (cf. Spectral Theorem [Wer05, p.265]).
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3. If k' is independent of t, then the first part of assumption 5 is fulfilled by
assumption 3 of Theorem 5.3.1. If k; is independent of t, then assumption

5 1s fulfilled by Definition 2.6.6, i.e.

T
N PECORI
C.8. 1 T . Def. 2.6.6
S D SR CTORS A 0) (RS
0 |le,oNB L2(v)

This is e.g. the case if F(t,xz) = x +th (cf. Chapter 6).

Proof of Theorem 5.4.1.
First we apply Theorem 3.5.4 and then use Theorem 5.3.1 and other properties

to rewrite the exponential factor to obtain (5.19).

We will check its assumptions: da,b € I :

1. (V')ier is differentiable for 7¢,

2. [7 v (|| dt < 0o

3.
d ¢'Te
(t,2) =, 161/*(@ is B(I) ® B-measurable where ©_ 3% = det ’

T4 1
Cb S

/| g+ (z)|dt < oo V] + |V°] — a.e.
in order to gain
t . th s L
v a <t <b, are equivalent and Joa = 6XP 5. 87 (x)ds ).
ve o

We prove the assumptions:
1. By Theorem 5.3.1 (v');e; is differentiable for 73, and thus (c¢f. Remark
3.3.10) for e

r 1 Def. 332 r
e v
147 |t 15, B7F V! [t
0 0 0

T
Lemma 1.0.18 v
Thm. 5.3.1 /0 /]E ‘ CgﬁH<F1 (t,x), F(t,z))
+te(Fy(t, @) o (Fy(t,2))™)|d |v'] dt
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A T
< //\élﬂW{(t,FO(t,x)),xM
[Bau0l, Thm 19.1] Jo JE °  “—~——

=k ()
+[tr(F(t, FO(t,)) o (Fy(t, FO(t,2)))7h)|d |v] dt

-~

=k¢!(z)
A T T ’ assu. b
< / / | B4 (k) @) d |v] dt + / / Ik @), d vl de % oo
0 E 0 E

3. We know by Theorem 5.3.1 that

/7,@1
t T _ dyt b
"

= & Bu(F{(t,2), F(t,2)) + tr(Fy(t, ) o (F3(t,2)) ") (5.20)

Since D1 Dy F(t, x) exists and is continuous (cf. Definition 5.1.1 no. 2) we
have that F' itself, DoF(t,x) and DDy F(t,x) are continuous w.r.t. ¢ and
x. Thus they are B(I x E)-measurable, where

B(I xE) := {A; x Ag | ¥ A; € B(I), Az € B(E)} .

We know that for a linear operator T being continuous is equivalent to
|Tx| < M ||z|| (cf. [Lax02, Theorem 1, p.160]). Hence we obtain that ¢r is
a continuous operator, because by definition (cf. [Wer05, Definition VI.5.7,
p.289]) it is linear and by [Lax02, Theorem 4, p.333] it is bounded. Thus

1

tr(F5(t, ) o (F3(t,x))"') € R is continuous w.r.t. (t,z) € I X E and thus
B(I x E) measurable.

We know

(a) I x E is separable, because E and I are separable (cf. Section 2.1).

(b) (t,x) = & Bu(Fi(t,x),-) is continuous, because
b

IxE — H — L'(v)
(t,ZL‘) = F{(t,{t) = égﬁﬂlfH(Fll(tvx)>()
and by assumption 1 of Theorem 5.3.1, we know that
Bt (L[| lg) — (L2(0), || [l2(,)) s continuous and [[vp < oo,

(c) (t',2') — éblﬁﬁ(Fl’(t,x),F(t’,x’)) is B(I x E) measurable.

Claim: Then (t,2) — & 85(Fi(t,x), F(t,)) is B(/ x E) measurable
b

Proof.
A sequence of measurable function will be constructed, whose pointwise
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limit is the function above and thus the Claim will be proved (cf. [Réc05a,
Satz 5.9, p.34] or [Mal95, 2.5.1 Theorem]). Let (¢,),eny C I, (z7)7en C E be
countable sequences, which are separating. Choose

" 101
(t,l’) = égﬁH(Fl/(tnvxn>?F<tax))
where
1 1 1
tn =1, [t, — <Eand |t —t| > -
\V/l < D, tp7tl € (t’F>776N

1 1 1
Tn =X pr — :UH]E < ; and Hxl - m”E > E

VI < p,xp, 21 € (25)ren
These functions converge in L*(v) for n — oo to 5,0y by the continuity
b

in the first argument, and thus (by Riesz-Fisher) v-a.e for a subsequence.
W.lo.g. we choose this subsequence and define for the points (¢,z) € N €
B(I x E), where it does not converge, égﬁz(t,x) = égﬁ”(Fl’(t, x), F(t,x)).
Thus the sequence converges pointwise everywhere.

The next step is to show the measurability of the functions. Let A be an
arbitrary element of the generator of B(E). We abbreviate for ' € I,2' € E

1

Bn(t') = {t el|jt—t|< %} € B(I)
B (2) = {:L' €E||lz — ||y < %} € B(E)
At 2! = {(t,:c) €l xE| égﬁﬁ(F{(t',x'),F(t,x)) € A} (? B(I x E)

Nt a') = {(t,2) € N| oy Bu(F{(t ), F(t,)) € A} €B(I x B)

The last set is a subset of the nullset N and thus measurable, because we
assumed B(/) and B(E) to be complete w.r.t. Lebesgue measure respec-
tively v (cf. Definition 1.0.2 respectively Section 2.1). By the separability
of I x E we obtain

(8271 (A) = U B7(t,) x B (2) N A(t, 2) U N (t, 7,)

Hence the whole set is in B(/ x E). Moreover this is true for any set A

of the generator and therefore (adding a theorem of measure theory (cf.

[R6c05a, Theorem 4.3, p.25] or [Mal95, 2.3.4 Proposition])) each 5 (3, is
b

measurable.
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4. The fourth assumption is fulfilled by the assumption 4 and the fact that
0, 7] € t = tr(F,(t,x) o (Fj(t,x))™') € R is a continuous map from a
compact set and thus bounded.

Therefore Theorem 3.5.4 implies the equivalence of the measures ' and v with
Radon-Nikodym derivative

dvt ¢ ,
T = el 5%
TS aep ] /0 t tr(F"15(s, @) o (Fi(s, )" )ds}
<exp [ oy T(Fi(s,2), F(s,2))ds)
0

The second step is to justify that we can rewrite the first factor

exp{/0 tr(F"12(s,2) o (Fy(s,2)) " (-)ds}

[

expl |t Py, a) (Fy(s.) (s}

e

expl [ tr(in(Fy(s.a))())ds)

exp{tr In(F3(t, z)(-))}
det Fy(t, x)(+). (5.21)

[

to finally obtain
dvt
dv®

We conclude

det Fi(t, 2)(-) exp} / o (Fi(s,z), F(s,z))ds).

1. By the continuity of the derivative F|,(s,x) = Fy (s, ).
2. By Definition 5.1.1 no. 2 3M € L'(v) :
Vh e H: ||F5(t,x)h|y < M(z) ||h]ly Yz € E.

By assumption 1 the following is well-defined and holds v-a.e.

%ln(Fé(s, 7)) = % 52 nl”(i‘j @) 15 ) — M) id)”

_ d Z (n —DI(=D)" Y (M(z)id)™ (Fi(s, 2) — M(z)id)"

n!
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= Fy(s,@) Y (=1)" (M (2)id)"(Fy(s,x) — M(x)id)"!
n=1
= Fy (s,2)(Fy(s,2))”"
and we identify the radius of convergence

1 1

SI@O T 37

lim sup

Therefore the In exists for all positive bounded operators.

3. For any orthonormal base (abbr. ONB) {/;};eny we have (cf. [Lax02, Theo-
rem 3, p.333])

/0 ttrdiiln Fy(s,z)ds “=" / tz ((d;‘iln Fg(s,x)> (ei),ei> ds
| Fubini Z/ <<_1nF’ s x)) (e:), e )ds

(-, €4) linear

and cont. /
s E / (In Fy(s a:')) (€:), €:)ds

RHR

_ Z(lnFé(t,x}(ei),ez) €LY I F(, 2)

€

where we used

(a) the boundedness for Fubini

o > /Z‘( lnF’sx))(ei),eZ)
< [ s S E e, s

{ei} {fi}ONB .~

(. s

ds

[Lax02, p.332 (6) <L In F) (s,2)]|er

Since the argument is continuous (cf. assumption 1), we know by an

compactness argument that the last term is even uniformly bounded.
Thus we obtain

t
d
/ |—In F5(s, x)||wds < tM(z) < 00
o ds
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(b) for every differentiable function f:E — R, we have

(%f(s),ei) _ (’1112% f(s+h) - f(),ei)
3lim lim( (S+h) f())el)

>

h—0
ln o (f(8+h)> ei) = (f(s). €) aet d A
= lim . = - (f(s),e)

4. For a better readability we abbreviate f = In Fi(t, z). Using that e; being an
eigenvector of Fj(t,z) implies that it is as well an eigenvector of In Fj (¢, x)
and that In F}(t, x) is of trace class (assumption 1), we obtain

exp cont. .
exp(te f) =" Tim [T exp (F(ei), 1))
T €r
def._exp o (f(ez>a ei)n
=0 I =
i=1 n=1
f(e:) */\1@2 ﬁi (fn(ei)7€i)
- |
i=1 n=1 n
cont. of 00 0o
(i) H Z fr(es) e
= L1 — ! s €4
i= n=

I
| [

SRS det FY(t, )
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Chapter 6

Examples

In this chapter we calculate as an example the case of the Gaussian (Section
6.1) and Wiener measure (Section 6.2). We examine the assertion of Theorem
5.4.1(Transformation rule for measures) for these measures and we recover in
the first case Ramer’s formula and in the second for an adapted integrand the
Maruyama-Girsanov-Cameron-Martin formula.

Along the calculations we give explicit conditions for the existence of the
mentioned operators. In order to calculate the Volterra operator, we use the
theory of Carleman operators to obtain an integral representation.

Then we consider the adapted case. Inspired by a claim in [SYW95] and the
structure of the Carleman operators we give a condition, under which the Carle-
man operator turns out to have only the eigenvalue zero and in particular trace
0 (Theorem 6.2.7). Using this property we recognize that Theorem 5.4.1 is the
Maruyama-Girsanov-Cameron-Martin-formula(Remark 6.2.11).

In [SYWO5] neither the explicit conditions for the existence of the operators,
nor a remark about how to obtain the different representations were given.

Suppose that [0,1] C I and h: E — H is a vector field, such that the function
F:IxE—E, (t,z) — x+th(z)

fulfills all assumptions needed to apply Theorem 5.4.1. Then Fj(1,x) = id+h'(x)
and F(t,x) = h(x) for all t € I.

6.1 Gaussian measure

In particular, let (E,H, v) be an abstract Wiener space, i.e. (cf. [MR92, p.57])
E a separable real Banach space, H a separable real Hilbert space continuously
and densely embedded into E, i.e.

E' c H' = H C E continuously and densely

87
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and v a Gaussian measure on B(EE) with covariance <, >p.

Lemma 6.1.1.
B (h,y) is v-a.s. linear iny and égﬁ”(h(:v), h(z)) = —||h(z)||%

Proof.

By [MR92, Example 11.3 ¢), p.57] we know that [ — g < [,- >, € E' is an

isometry, which extends uniquely to an isometry h — Xj, h € H. From [MR92,

Theorem I1.3.11, p.58] we deduce that this is exactly — = 3"(h,-).  They are
b

v-a.e. pointwise the same, thus

B(h(x), h(x)) = = 3=, (h(z), e:)aXe, (h(x)) = —(h(z), h(z))m. O
Applying Lemma 6.1.1 and choosing t = 1, we deduct
Lemma 6.1.1

/0 B(Fi(r, ), F(r,a))dr 2 gv(n() 2) + / 73 (h(x), h(x))dr
G o e

Thus Theorem 5.4.1 yields Ramer’s formula (cf. [Ram74, p.167] or [Bel90]):

Theorem

dvt AL et FU(t, @) exp{/t BY(Fy(r, @), F(r,r))dr}
0

ﬁ(x)

= det(id+'(z)) eXp(—%Hh(fE) I + 5" (h(x), x))

6.2 Wiener measure
We remind ourselves of (cf. e.g. [DiB02, p.179])

Definition 6.2.1 (f absolutely continuous).

A function f : [a,b] — R is absolutely continuous if for every e > 0, there exists
d > 0 such that for every finite collection of disjoint intervals (a;,b;) C |a,b],j =
1,...n of total length not exceeding 9,

Z]f flaj)| <€ (Zb —a]>. (6.1)

The Cameron-Martin space is defined as

H :={f | f absolutely continuous, f(0) = 0,f€e L*([0,1], M)},
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where A denotes the Lebesgue measure, and is densely and continuously embed-
ded in E = {f € C[0,1]|f(0) = 0}. Now let v be the Wiener measure and h be

given by

h(z) = /0 gl t)dt. (6.2)

where g € L*(E x [0,1], x A) and
ElDlg(x7 ) H— L2<[07 1]7)‘) p dM <oo: HDlg<x7 )f“L2 <M ||fHL2 (63)

The operator A/(z) on the Cameron-Martin space H induces an integral
operator K, on L*([0,1],\):
This we show in three steps:

1. We calculate h/(x) : H — H:

(@) = i ) 20D
gy [t tfT) —g(T)
t—0 0 t
L / Dig(x,7) fdr, (6.4)
0
where
lim / et =61
t—0 0 t H
def. 1. /1 gla+tf,7) —glx,7) sz P i |9 ) —g(2, )
150 0 t =0 t L2

(6.3)

9 | Dagla, ) e H [ Digtemisar

H

Clearly, W' (z)(f) € H, because (k' (z)(f)) = Dig(x,-)f € L*([0,1],\). Further-

more

assump.
=[Dwg(x, ) fll . < Ml
H

KWl = [ Drate.r)sar

and we calculate that for f € H using Cauchy-Schwarz (C.S.)

C.S

A t )
171l < 1l < sup / Fldr =1, S 1
tef0,1] Jo

[NIES

1/ e = Al (6.5)

Therefore [[1/(x)(f)ll < M -
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2. We define K, : L*([0,1],\) — L*([0,1], \):
Let f € L*([0,1]), then f is integrable, because A |jg17 is finite. Therefore

F(z) = / f(r)dr +0
0
is well defined and we have

FeHcC([0,1]) = {f € C([0,1])| f(0) = 0},

2
because checking the definition of absolutely continuous with 6 = ( EH > we

obtain for a; <b;,> ", |b; — a;] < d and Ulgz‘gn]ai7 b;[C [a, b] that

n b 1
d I o d
;|/@ flx)dz| < /0 szl[wb]}(x)|f(x)| x

Cs. 1 3
( /0 ﬂuyl[aﬁbA(m)dw) £ 2

" £
(ij—ay) [ F |l < W”F”H26'
=1 H

IA

[NIES

We have:

K(f)0) = W @)F)r)

cH

= i/ Dyg(z,r)Fdr
dr J,

T="-

= Dig(x, )F (6.6)

T="

3. Finally we show that K, is an integral operator:

We show that it is a Carleman operator (cf. [Wei80, p.141,(6.5)]). Then we use
that each Carleman Operator starting in L? has an integral representation.

Definition 6.2.2 (Carleman operator).

A Carleman operator is a linear operator T' from a Hilbert space H into L*(M, \),
where M C R, measurable and for which exists a function k : M — H such that
forall f € D(T) :={f € H|Tf is defined}

Tf(x)=<k(z),f>g ae in M.

A condition to check that an operator is Carleman (cf. [Wei80, Theorem 6.16,
p.144]) is
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Theorem 6.2.3.

An operator K from a separable Hilbert space H into L*([0,T], ) is a Carleman
operator iff Kf™(s) — 0 A-a.e. in [0,T] for every null-sequence (f™)men from
D(K).

Since (L?([0,1], \), <, >72) is a separable Hilbert space, we check the assump-
tion: For any f,, of a null-sequence (f™),en in L?([0,1]), defining F,(t) :=
Jo fm(T)dT € H YVt € [0,1], we have

e %</| () |ds)

(6.6) 63
= [|Dig(z, ) Fn HL2[01] S M || Enl[ 12

/0 (Ko () (3)ds

=)

(6.5)
€ M Fully = Ml =0
whence K, is a Carleman operator from L?([0, 1], \) to L*([0, 1], \).

By [Wei80, Theorem 6.17, p.146] we gain the integral representation of K,:

Theorem 6.2.4.

An operator K, from L*([0,T],\) into L*([0,T),)) is a Carleman operator iff
there exists a measurable function ky : [0,T] x [0,T] — C such that

ko(s,-) € L*([0,T],\) A-a.e. in [0,T] and

Ko f(s) = / (s, 7)f(7)dr

A-a.e. in [0,T], f € D(K,).

6.2.1 Wiener measure with an adapted integrand

From now on we assume that the integrand ¢ is adapted (or non-anticipating) to
a filtration (Fy):>o, i.e. g(-, ) is Fy-measurable, where Fy is complete, i.e.

Fo=0(FoU{NCE|3N eB(E): N C N, »y(N') =0}

and denoting by X; : E — R, w + w(t) we consider the usual filtration
Foi=0({X;:0<s<t}).
We show that K, is a Volterra operator.

Definition 6.2.5 (Volterra operator).

(K. (f)(T) = /0 k(T,7)f(r)dr, where k(T,7) =0 for T < 7.
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If we assume a further condition (cf. Theorem 6.2.7), we derive that all powers
of K, have only the zero eigenvalue and in particular trace 0.

Lemma 6.2.6.
If g 1s adapted, then the operator K, is a Volterra operator in the above sense.

Proof.
Let T € [0,1]. First of all we know that then D;g(x,T)- is Fr-measurable, i.e.

because the L?-lim exists and thus the pointwise limit exists for v-a.e. point.
For the pointwise derivative we know by the construction and properties of mea-
sure theory (i.e. that the limit of measurable functions is measurable) that

Dugla, Ty = iy S0 TN =00 T)

is Fp-measurable. But of course, this property holds for the L2-limit, because it
is equal the pointwise v-a.e. and all subsets of null sets are already contained in
Fy. Therefore, if we consider K,(f)(- AT) instead of K,(f)(-) whenever ¢t < T,
we obtain

K, : L*([0,T],\) — L*([0, T], \).

We restrict K,(f) to the interval [0, 7] and, denoting this operator by K, [ ]( f)
0,7
we obtain by the following calculation that it is even a Carleman operator from

[0, 7] to [0, T]: Since L*([0,1],\) is a separable Hilbert space, we check the as-
sumptlon of Theorem 6.2.3: For any f,, of a null-sequence (f,,)men in L*([0,1])

and F,( fo fm(T)dT ¥t € [0,1] we have:
T S(Cjﬁzlvca};i,z l %
JREEIEE T} ( WP )
3
def. Kz T3 ( |Dyg(z, 7)Fy| dT)
(6 6)

Dig(z,T)-

is Fr- measurable % ( |Dlg z, 7_ F ( A T)|2d7'>
T=M

N|=

||fm||L2 [0,T] _>OOO

whence K, o is a Carleman operator from L*([0,T7],\) to L*([0,T7], \).
0,7
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By Theorem 6.2.4 we know that there exists a measurable function k! :
[0, 7] x [0,T] — C such that kT(s,-) € L*([0,T],\) A-a.e. in [0,T] and Vs € [0, T]

| ks = KD = 1| (06 = [ s (67

(0,71

M-a.e. in [0,T), Vf € D(K,) = L*([0,1],\). Hence, taking any linear functional
L and using (6.7) we have by the properties of the Lebesgue integral

/OL(kx(S,T)f(T))dT:/O L(kf(s,T)f(T))dT.

Since the set of all linear functionals is point separating and L?([0,T], \) as well,
we obtain
kL(s,7) = ko(s,7) A —a.e¥s,7 < T VT € [0,1].

Thus k. (T,7) =0, if T < 7. O
Theorem 6.2.7.

Let there exist a measurable function k, : [0,T] x [0,T] — C such that k,(z,-) €
L3([0,T],\) a.e. in [0,T] and
1
Ko ()T) = | ka(T,7)f(7)dr
0

a.e. in[0,T], f € D(K,), where k,(T,s) =0, if T < s.
If we assume in addition

([

then all powers of K, have only the zero eigenvalue and in particular trace 0.

t
/ oo (2, 7) 2dr
0

2 2
dt) < C < oo, (6.8)

Remark 6.2.8.
In the example of an Volterra operator given in [Wer05] the kernel was assumed
to be continuous.

Thus the given condition is a reasonable one, because under the mentioned as-
sumption about the kernel (of the Volterra operator), the condition for the kernel
(of the Carleman operator) is satisfied.

Proof of Theorem 6.2.7.
We will show that

) n L
nh_{go 1" ()72 = 0. (6.9)
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Once deducted this equation we know, using the Gelfand Theorem (cf. [Lax02,
Theorem 4, p.195]), that the spectral radius is 0 and, because the spectrum is
nonempty, it only has the 0 eigenvalue.

Using the inequality of Cauchy-Schwartz for ¢ € [0,1] (a, A € L*(\))

/0 ')A < < /0 ta(s)2d3> ( /0 tA(s)st> (6.10)

we prepare the induction, which we will apply to prove (6.9). Let n € N, ¢, €
[0, 1] fixed:

) Bgor, .y = ( [ Kx”<f><tn>12dtn)

- (/ " /nkx(t”’tn1)Kzn_1(f)(tn1)dtnl
0 0

(6.10) tni1 tn 5 tn 1 2
S / </ | km(tnvtn—1)| dtn—l) </ | K:pni (f)(tn—l)‘ dtn—l) dtn
0 0 0
1
(6.10) tnt1 tn . ) 2 2
S O / (/ ‘ Kxn_ (f)(tn—l)‘ dtn—l) dtn
(68) 0 0
tn+1 2 %
- o] )
0

tnt1 %
e ( / ||K$”—1<f>||‘z2<[o,tnbdtn) (6.11)

Repeating this procedure we obtain

tn+1
1" (P 220,600 < € (/O ||Kxn_1(f>||4L2([O,tn])dtn)

tnt1 tn t1
= () (/ (/ / ||K2(f)||4L2({o,t1])dto-~-dtn—1)dtn)
0 0 0
2 4 ft1 h
< C*|| 122 o)) (/0 /0 1dt0...dtn)

2

dt,

1" (O 20,

n 1 n+1
< c? ||f||4i2([o,1})—(nJr 1)!<tn+1) i
tnt+1 € [0, 1} " ]_
< C? ”fH4L2([0,1})—<n+ ! (6.12)

and from this we obtain (6.9). O

Corollary 6.2.9.
If all powers of K, have only the eigenvalue 0, then so have all powers of h'(x)-
and their traces are 0 as well.
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" OJJ:E H be an eigenvector of (W'(x))", such that (h'(x))"(f) = Af, then
wrdr = (a(ww[ew)e| )
o (4 (v [ fa9) 0] )
ﬁgi;%«MuWVMﬂT. &%ﬂﬂT:Af

Lidski

which using in addition that trh'(x) [Lax02, 334, 80.5] > Aj(W(x)), where A; are the

eigenvalues of h/(x), implies the first part. ]

Lemma 6.2.10.
The logarithmic derivative along the vector field h : E — H is the (Skorokhod or
Ito) stochastic integral ([ gdW) (z)

Proof.

We know by [Nua06, Proposition 1.3.4] that if g is adapted that then the Ito- and
Skorokhod-integral coincide. By [NZ86, p.266] and [GT82, Theorem 2, p.236] or
Bismut’s integration by parts formula ([Nua06, p.35, (1.41)]) we deduce that for
every g € L*(Ex I,u x \), ¢ € él} we have, denoting the Malliavin derivative by
D

)

¢/ DAW) = B(< Dé,g >raoua)

[Nua06, p.25]

= B0 ) (6.13)

Using this fact and ¢rh/(x) = 0, we conclude with Proposition 5.2.1

([ow) @ = oot

= @B (@), 7) +trh (@) = o (h(z),7)  (6.14)
Furthermore, choosing any eigenvector f,, of h'(x) we have

(n F4 (1 2)) () = (0nfid 1) ()
(Z = >) ()
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=0

$= )

n

n=1

Thus by Lidski we obtain trln Fj(¢, ) = 0, and that the determinant in equation
(5.19) in Theorem 5.4.1 is 1.

Since tr A’(x) = 0 and since there exists an orthonormal base of eigenvectors of
h'(z) (implied by the assumption that exists an orthonormal base of eigenvectors
of Fj(t,x), i.e. in this case each orthonormal base is an orthonormal base of
eigenvectors of h'(z) = 0), we know that h(z) = h € H constant. Furthermore

h=h(z) = (/gdW) (z) = </gdW> = (/01 h(t)th>

Therefore (5.19) in Theorem 5.4.1 is the classical formula of Maruyama-Girsanov-
Cameron-Martin (e.g. [R6c07, Theorem 4.3.6, p.74] or [Mal97, VII 8.3 Theorem]):

—d@(wii * Q). ( /0 Ctyaw, - - /0 1(h(s)>2d8>

Remark 6.2.11.
In general, for the Maruyama-Girsanov-Cameron-Martin formula one only as-
sumes that g is measurable, adapted and square integrable.

Throughout this paper we have demanded a lot of conditions for F(t,z) in
order to apply the transformation rule (Theorem 5.4.1). But then this formula is
only a special case of Theorem 5.4.1 for the Wiener measure and our assumptions
seem to be stronger.

We take a closer look at the assumptions in the case that the vector field
1s constant. By Lemma 6.1.1 we know that the measure is differentiable along
the constant vector field. We see that all other additional assumptions of the
used theorems (Theorem 5.3.1, Theorem 5.4.1 and Theorem 6.2.7) are obviously
fulfilled, e.g. we use that (by definition) K, = 0 and find that the constant in
Theorem 6.2.7 equals 0. Thus the proposed assumptions are the same as the usual
ones.



Bibliography

[Ama90] Herbert Amann. Ordinary Differential Equations-An Introduction to

[ASFT71]

[Bau01]

[Bel90]

[Bog9g]

[CMA49]

[Coh80]

[DiB02]

[DJUT7]

[DS57]

[Gro60]

[GT82]

Nonlinear Analysis. Walter de Gruyter Berlin New York, 1990.

V.I. Averbukh, O.G. Smolyanov, and S. V. Fomin. Generalized func-
tions and differential equations in linear spaces. i. differentiable mea-
sure. Transa. of the Moscow Math. Soc., 24(3):140-184, 1971.

Heinz Bauer. Measure and Integration Theory. Walter de Gruyter,
2001.

Denis Bell. Transformations of measures on an infinite dimensional vec-
tor space. Seminar on stochastic process, Vancouver 1990, Birkhduser,
pages 15-25, 1990.

Vladimir I. Bogachev. Gaussian Measures. American Mathematical
Society, 1998.

R. H. Cameron and W. T. Martin. The transformation of wiener in-
tegrals by nonlinear transformation. Trans. American Mathematical
Society, 66:253-283, 1949.

Donald L. Cohn. Measure Theory. Birkhauser, 1980.

Emmanuele DiBenedetto. Real Analysis. Birkhauser Advanced Texts,
2002.

J. Diestel and jr. J.J. Uhl. Vector measures. American Math. Soc.,
Providence, RI, 1977.

N. Dunford and J.T. Schwartz. Linear operators. Part I, volume 7.
Interscience, New York, 1957.

L. Gross. Integration and non-linear transformations in hilbert spaces.
Trans. American Mathematical Society, 94:404—440, 1960.

Bernard Gaveau and Philip Traubner. L’intégrale stochastique comme
opérateur de divergence dans l’espace fonctionnel. Journal of Func-
tional Analysis, 46:230-238, 1982.

97



98

[Kue68]

[Kus82]

[Kus03]

[Lan93]
[Lax02]
[Mal95]
[Mal97]
[MR92]

[Nev65]

[Nua06]

[NZ36]

[Pat67]

[PRO7]

[Pro04]

[PZ92]

[Ram74]

BIBLIOGRAPHY

J.D. Kuelbs. A cameron-martin translation theorem for a gaussian
measure on c(y). Proceeding of the American Mathematical Society,
19(1):109-114, 1968.

Shigeo Kusuoka. The nonlinear transformation of gaussian measure on
banach space and its absolute continuity (i). J. of Faculty of Science,
Univ. Tokyo, Sec. 1A, 29:567-598, 1982.

Shigeo Kusuoka. Nonlinear fransformation containing rotation and
gaussian measure. J. Math. Sci. Univ. Tokyo, 10:1-40, 2003.

Serge Lang. Real and Functional Analysis. Springer, 1993.
Peter D. Lax. Functional Analysis. Wiley, 2002.

Paul Malliavin. Integration and Probability. Springer, 1995.
Paul Malliavin. Stochastic Analysis. Springer, 1997.

Zhi-Ming Ma and Michael Rockner. Introduction to the Theory of (Non-
Symmetric) Dirichlet Forms. Springer, 1992.

Jacques Neveu. Mathematical Foundations of The Calculus of Proba-
bility. Holden-Daz, Inc., San Francisco, London, Amsterdam, 1965.

David Nualart. The Malliavin Calculus and Related Topics. Springer,
2006.

David Nualart and Moshe Zakai. Generalized stochastic integrals and
the malliavin calculus. Probability Theory and Related Fields, 73:255—
280, 1986.

K.R. Pathasarathy. Probalistic measures on metric spaces. New York-
London: Academic Press, 1967.

Claudia Claudia Prévot and Michael Rockner. A concise course on
stochastic partial differential equations. Springer, 2007.

Philip E. Protter. Stochastic Integration and Differential Equations: A
New Approach. Springer, 2004.

Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite
dimensions. Cambridge Univ. Pr., 1992.

Roald Ramer. On nonlinear transformations of gaussian measures.
Journal of Functional Analysis, 15:166-187, 1974.

[R6c05a] Michael Rockner. Maftheorie. lecture notes, SS 2005.



BIBLIOGRAPHY 99

[R6c05b] Michael Rockner. Wahrscheinlichkeitstheorie. lecture notes, WS 2005.

[R6¢07]
[Sak64]

[Sie00]
[Sim05]

[SvW93|

[SYW95]

[UZ00]

[WeiS0]

[Wer05]
[Zei98]

2792]

Michael Rockner. Stochastic analysis. lecture notes, SS 2007.

Stanislaw Saks. Theory of the integral, 2nd rev. ed. Dover Publication,
Inc., 1964.

Waclaw Sierpinski. General topology. Dover Publications, 2000.

Barry Simon. Trace Ideals and Their Applications. American Mathe-
matical Society, 2005.

0O.G. Smolyanov and H. von Weizsacker. Differentiable families of mea-
sures. Journal of Functional Analysis, 118:454-476, 1993.

0O.G. Smolyanov and H. von Weizsacker. Change of smooth measures.
Compt. Rend. De L’aca. des sciences, 321:103-108, 1995.

A.S. Ustiinel and M. Zakai. Transformation of Measure on Wiener
Space. Springer, 2000.

Joachim Weidmann. Linear Operators in Hilbert Spaces. Springer,
1980.

Dirk Werner. Funktionalanalysis. Springer, 2005.

Zeidler. Nonlinear functional analysis and its applications, volume 1.
Springer, 1998.

M. Zakai and O. Zeitouni. When does the ramer formula look like the
girsanov formula? The Annals of Probability, 20(3):1436-1440, 1992.



Index

<, 3 F, 70

H ”tva HSHthv 2 fll;7 r

VA, 14 fh D

& 1 V2 (z), 70

Al H, 8

B(E), 1 id, 1

B(E), 8 k(z), 65

3 LP L[> 2
B, 32 M(E,B(E)), 3, 8
Fﬁ;}b 26 v, 8
Fﬁ”, 10 v-a.e., 2
Tﬁﬁl) 34 V+,V77 2
G734 Vin, 6
v, 33 v
/35, 34 Y9
oy, 31 Vs gi
t el VhT,

c ol 40 hyt, 34
CY(F,G; Fy, Gy), 47 Sol, 54
CL 6 T
6,1}7 48 7-limit, 33
CHF), CL(F; Fyy), 48 705 35
ég(F,G;FH,GH), 48 785 35
1, 47 Tivs 35
SC:, 6 vect(U,H), vect(U), 1

SC% , 6 absolutely continuous, 3, 88
§Cy , 50 w.r.t., 3

C(U, F), Gp(U, F), 6 adapted, 91

D(EF, | 1o s B Fano s 1 1)

58 Bochner
D(E,F), 58 Calculus, 41
Dy, Dy, 1 integral, 40
E, 8 Lebesgue Diff. Theorem, 42

El ET(0),E, E~(v),ETE", 8 Borel
Fgsu(E,H), 70 o-algebra, 1

100



INDEX

invariant w.r.t. H, 2
space, 50

countably generated, 50

separable, 50

Cameron-Martin space, 88
Carleman operator, 90
connections
Ts- implies 7o-diff., 37
B e . 01, 65

b
[ oo and [ f| 1, 4

differentiable
C-, 31
semi-(3 w.r.t. subspace, 17
£ w.r.t. subspace, 17
T-differentiable
along h € H, 34
along Hl, 34
along a vector field h, 34
at t, 33
bounded , 18
Fomin, 9
Frechet, 5
Gauteaux, 5
w.rt. (Fu, | ||z), 48
dominate, 3
dual pair, 66

General framework, 8

Graphic
(-, C- and Fomin-diff., 32
connection of diff. notion, 36

integrable
stably v-integrable w.r.t. h, 29

key proposition, 72

Lindelof property, 50

linear
v-quasi-linear, 26
toplinear, 56

linear topological subspace, 18

101

Lipschitz continuous, 55
local flow, 54
logarithmic derivative, 10

measure space, 2

norm-defining, 30
CL, C}, 3C} are, 50
null-set, 2

properties
B 1s v-quasi-linear, 26
v E linear, 24
v,” has dominating measure, 37
Fomin-derivative, 10
Fomin-differentiable on R"™, 20

Radon-Nikodym, 3
density, 3
for signed measure, 3
respects null sets, 27

signed o-additive measure, 2
stochastically continuous, 39

Theorem
Implicit Mapping Theorem, 58
Inverse Mapping Theorem, 56
Lebesgue Dom. Conv. Theorem, 64
Lebesgue Dom. Convergence, 63
Lindelof property iff space sepera-
ble, 50
Mean-Value-Theorem
Fomin-differentiable, 16
Gauteaux-differentiable, 5
Parthasarathy, 50
total variation norm, 2
transformation rule for §-diff.; 18

vector field, 1
finitely based, 27
Volterra operator, 91



