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Zwara’s Degeneration Theory.

Reference: G. Zwara: A degeneration-like order for modules. Arch. Math. 71 (1998), 437-
444.

Definition: Call Y a degeneration of X provided there is an exact sequence of the
form 0 - U — X ®U — Y — 0 (such a sequence should be called a Riedtmann-Zwara
sequence). The map U — U is called a corresponding steering map.

Some preliminary definitions and results. A commutative square

X#Yl

[ b

Yo —— Z
f/

is said to be ezact provided it is both a pushout and a pullback, thus if and only if the
sequence
"
0-X “Lviav, Lz 0
is exact.

(1) The composition of two exact squares

X Y1 Z1
| | |
Yo Z A

yields an exact square
X —— 7

I

Y, — A

(2) For any map a: U — V| and any module X , the following diagram is exact:
u ——— Vv

bl o]

UpX —— VX
adlx



(3) Let

x I .y

ol

Yo — Z
Vi

be exact. Then [’ is split mono.
(4) Assume we have the following exact square

Uu —2 5V

Ll

W —— X

and b is a split monomorphism, then the sequence

[

(b a']
s

0—U VeWw X —0

splits.

Proofs. (1) and (2): Well-known (and obvious). (3): Since [g] is injective, f: X — Y3
is injective. Let @ be the cokernel of f. We obtain the map f’ by forming the induced

exact sequence of 0 — X 4, Y1 — @ — 0, using the zero map X — Y;. But such an
induced exact sequence splits. (4) Assume pb = 1y. Then [0 p] [, ] = 1v.

Lemma. (There is always a nilpotent steering map.) If there is an exact
sequence 0 — U — X ®U — Y — 0, then there is an exact sequence 0 — U’ —
XU —Y — 0 such that the map U’ — U’ is nilpotent.

Proof: We can decompose U = Uy U, = U] @ U, such that the given map f: U — U
maps Up into Uy, Uy into U) and such that the induced maps f;: Uy — U{ belongs to
the radical of the category, whereas the induced map fo: Us — UJ, is an isomorphism. We
obtain the following pair of exact squares

)

Ul - UlEBUQ — X

s sl |

U — — UlaelU, —— Y
1
0

(the left square is exact according to (2)). The composition of the squares is the desired
exact square (note that Uj is isomorphic to Uy).



The relationship between degenerations and iterating self-extensions.

We say that Y [oo] = (Y[oo], %) is a Priifer module, provided 1 is a surjective, locally
nilpotent endomorphism of the module Y[oo] with kernel Y. Given such a module, let
Y[n] be the kernel of ™.

Theorem (Zwara). Assume Y is a degeneration of X , steered by a nilpotent map
¢ with ¢' = 0. Then there is a Priifer module Y [oo] such that Y[t + 1] ~ Y [t] & X.

Corollary. Assume Y is a degeneration of X and Ext'(Y,Y) =0. Then X and Y
are isomorphic.

Proof of Corollary: The theorem asserts that Y[t 4+ 1] ~ Y[t] ® X . If Ext’(Y,Y) = 0,
then Y[n] ~ Y™ for all n. Thus Y™ ~Y?® X, thus ¥ ~ X.

Converse of Theorem: Assume there is a Priifer module Y [oo| such that Y[t+1] ~
Y[t] & X. We get the following two exact sequences

0— Y[t] — Y[t + 1] — Y[l] — 0,

0—-Y[1]—-Y[t+1] = Y][t] -0,
in the first, the map Y[t + 1] — Y[1] is given by applying ¢, in the second the map
Y[t + 1] — YT[t] is given by applying ?. In both sequences, we can replace Y[t + 1] by
Y[t] @ X. Thus we obtain as first sequence a new Riedtmann-Zwara sequence, and as
second sequence a dual Riedtmann-Zwara sequence:

0—=Y[t]-Y[t|ldX -Y — 0,
0—-Y->Y[tje X —-Y[t] -0,

note that both use the same steering module, namely Y'[¢]. Thus:

Reformulation. The module Y is a degeneration of X if and only if there is a Priifer
module Y[oo| such that Y[t + 1] =~ Y[t| ® X for some t.

Also: The module Y 1is a degeneration of X if and only if there exists a module V
and an exact sequence 0 - Y -V & X — V — 0 (A co-Riedtmann-Zwara sequence).

Proof of Theorem: Assume a monomorphism w = {?} : U — U @ X with cokernel

Y and ¢! = 0 is given. Consider also the canonical embedding v = l(ﬂ U —-U&X and

form the towers for this pair of monomorphisms M;(w,v) and the quotients R;(w,v) =
M;(w,v)/My(w,v). The latter modules are just the modules Y[i] = R;(m,v) we are
looking for. As we know, there is a Priifer module (Y [0o], ) with Y[i] being the kernel of

P
We construct the maps w,, v, explicitly as follows:
¢ w
wy, = |g :{ ]:U@X”—%U@X)@X”
Lyn 1xn



and

Vp = {1U%Xn] U X" U X"® X,

using the recipe (2). Thus we obtain the following sequence of exact squares:
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In particular, we have M, = M, (w,v) =U & X".

¢ ¢
1 1
1 1

1

¢n

n

Note that the composition w,_1---wg: U — U & X" is of the form [

gn: U — X"
We also have the following sequence of exact squares:

} for some

U: MO —>w0 M1 —>w1 MQ w2 M3 ws

! l | |

0 —— Y]] 22— VY[ —=2— Y[3 —=

where the vertical maps are of the form

[hn Qn]
-

M,=U®®X" Yn].

The composition of these exact squares yields an exact square

Wy 1 Wo

U Ue X"
J J[hn qn]
0 ——  Yin|

Here we may insert the following observation: This sequence shows that the module Y [n]
1 a degeneration of the module X" .

Since the composition w,,_1---wp: U — U & X™ is of the form [ggb } , and ¢! =0,

it follows that h; is a split monomorphism, see (3).



Also, we can consider the following two exact squares, with w = [(q U -V =

U @ X (the upper square is exact, according to (2)):

u — Vv
BIREA
Uo Xt Q VeXt

[he Qt]l l[ht+1 qr+1]
Y[t] —— Y[t+1]

The vertical composition on the left is h;, thus, as we have shown, a split monomorphism.
This shows that the exact sequence corresponding to the composed square splits (4): This

yields
UaY[i+l])~=Y[t{|laV=Y[tjloUo X.

Cancellation of U gives the desired isomorphism:

Y[t+1] = Y[t & X.

Remark to the proof. Given the Riedtmann-Zwara sequence
H
0—>UL>U@X—>Y—>O,

we have considered the following pair of monomorphisms
w = [1],10': [;ﬂ U —-UdX.

The corresponding Priifer modules are X () and Y[oo], respectively. And U, (w,w’) =
U@ X". As we know, we can assume that ¢ is nilpotent. Then all the linear combinations

w+ 2w’ = [H’\ﬂ

g

with A € k are also split monomorphisms (with retraction [ 0], where n = (1 + A¢)~1).

Transitivity of the degeneration relation.

Lemma. Assume that there are exact sequences

0O-Y—-XpU—-U—0, 0-Z—-YBV -V —=0.



and such that the steering map ¢: V — V is nilpotent, say ¢* = 0. Then there is an exact
sequence
0—-Z—-XpeW->W -0

where W has a filtration with factors of the form U and V .

Proof. Denote by f: Y — V the map used in the second exact sequence. The first
exact sequence yields the following induced exact sequence:

0 Y XoU U 0
1| | |
0 y = Vi U 0

We compose the left square with the exact square given by the second given Riedtmann-
Zwara sequence:

Z Y XoU
L |
VeV W

and obtain by composition and reflection an exact square of the form

z — V

() | s

XoU —— V1.

Now we form the tower for the pair vg,vg¢p: V' — Vi. It is of the form

v oLy, s Ly
o ol | l
Vi —2— Vo —2 s — s Vi

Since ¢! = 0, we know that the inclusion v;: V; — V41 splits, see the following lemma.
Note that the cokernels of all the maps v;: V; — V;11 are equal, and the cokernel of v is
U . Thus we see

Vimi=V,oU.

Composing the exact square (%) with the all the squares (*x), we obtain an exact
sequence
0—-Z—-Vie XU — V1 —0.

Thus W =V,11 =V, ® U is the desired module.



Remark. We can analyse the module W = U & V; more carefully: V; has V as
submodule and V;/V is a t-fold iterated self-extension of U.

Lemma. Let wy: Uy — Uy be a monomorphism. Let ~v: Uy — Uy be a nilpotent
endomorphism, say with v* = 0.. Form the tower U; = U;(wo;woy) with i > 0 and
inclusion maps w;: U; — U;y1. Then wy: Uy — Ugyq splits. (If W is the cokernel of wy,
then the cokernel of w; is also isomorphic to W, thus U1 ~ U @ W)

Proof: The towers is formed by the following exact squares:

Using induction, one shows that
/ / o n
Wy _q "W WeY = Wp—1 " W1WY -

The assertion is true for n = 1 (namely wyy = wgy). Assume it is true for some n > 1.
Then

/ / / / n n
W, W, 1 W WY = Wy, Wn—1 " WIWQY = WpWp—1 " W1WQY 7Y

(the first equality sign is by induction, the second uses the commutativity of the squares).
Thus, we see that w]_; - - - wjwyy = 0.
But we obtain w,, by forming the induced exact sequence

0 Uy —=2 U, U 0
wnil---wllwo’yJ/ J/w/ wy H
0 Uy —=— Upyq U 0

(now we arrange the squares of the tower vertically, and not horizontally).
Since wj_q - - wjwey = 0, we see that w; is a split monomorphism.

We assume now that we deal with modules over an artin algebra A, say a module-

finite k-algebra, where k is an artinian commutative ring. By | — | we denote the length
over the ground ring k.

Proposition. Assume there is an exact sequence 0 - U - U ® X Y — 0. Then
|End(X)| < |Hom(Y, X)| < |End(Y)| and |End(X)|<|Hom(X,Y)| <|End(Y)|.
If X,Y are not isomorphic, then the sequence does not split, and we have both

|Hom(Y, X)| < |End(Y)| and |Hom(X,Y)| < |End(Y)|,



and thus also |End(X)| < | End(Y)].
Proof (I learnt it from Smalg): Apply Hom(Y, —), we get

0= (V,U) — (V,U)a (Y, X) 22 (v,v),

thus [(Y,X)| < [(Y,Y)|. Also, apply Hom(—, X), we get
0— (Y,X) = (U X)a (X, X) — (U, X),
thus |(Y, X)| > [(X, X)|. Altogether, we have
(X, X[ < [(V, X)[ < [(V, V).

This yields the first assertion.

If |(Y,X)]=|(Y,Y)], then it follows that (Y, g) is surjective, thus 1y can be lifted:
there isamap f: Y — U & X with gf = 1y, that means: g splits. But if g splits, then
U @ X is isomorphic to U @Y, and thus X and Y are isomorphic. This (and the dual)
yield the second assertion.

Example 1. Let A be a submodule of B. Then B degenerates to A @& B/A with
Riedtmann-Zwara sequence

o]

0-A-2BaA24 B/Aag A,

where u: A — B is the inclusion map, p: B — B/A the canonical projection.

Example 2. Consider the algebra with an arrow 1 — 2 and a loop a: 2 — 2 with
a? = 0. There are two indecomposable modules P(1) and M with composion factors
1,2,2, with top M = 1®2, and M being a degeneration of P(1). There is a corresponding
Riedtmann-Zwara sequence

0— P(2) — P(1)® P(2) —» M — 0.

Thus M is a degeneration of P(1). Note that both P(1) and M are indecomposable.

Further reference. For the construction and the properties of the tower of a pair of
maps w,v: Uy — U; with w being a monomorphism, see Ringel: Degenerations of modules
(in preparation). In particular, such a pair w, v gives rise to a Priifer module Woo], where
W is the cokernel of w.



