Deligne-Lusztig characters

These notes are meant to be a — very brief — introduction to Deligne-Lusztig characters. As an appli-
cation, the generic character table of G L,(q) will be constructed. A proper treatment should contain
Lusztig induction as well. However, I did not want to introduce Levi subgroups and parabolic sub-
groups, so this is not done. Also, only the general linear group is considered, although everything
holds for any finite reductive group. For this, and for proofs, see [DMO91]].

Let F = E be an algebraic closure of the field with ¢ elements, let G := GL,(F), and let F
be the endomorphism of G which takes every matrix component to its g™ power. Then G¥, the
group of fixed points of G, is GL,(q). A (closed) subgroup of G is called rational iff it is F-stable.
Clearly, T, the group of diagonal matrices is rational, and so is the group B, of upper triangular
matrices. Any conjugate of T is called a maximal torus of G, and any conjugate of B; is called a
Borel subgroup of G. Let N be the normaliser of T; in G. Then N = T; x W, where W is the
subgroup of permutation matrices. In particular, W = N/T is independent of g. The group W is
called the Weyl group of G; it is isomorphic to the symmetric group on n letters. A maximal torus
8T, is rational iff g~'F(g) € N. If g7 F(g)T; = wT;, the torus 8T is said to have type w € W.
A torus of type w is denoted by T,,. Using the theorem of Lang-Steinberg, one can show that two
rational tori T, and T,, are G’ -conjugate iff v and w are W—conjugateﬂ In particular, T,, is unique
up to G -conjugacy.

Let B,, be a Borel subgroup that contains T,,. Then B,, has a unique normal complement to T,,,
which will be denoted by Uw In general, Uy, and hence B,, = T, x U, are not rational. In fact,
one can choose a rational Borel subgroup B,, iff w = 1. The variety

Yr,c, = {gU, € G/U, | g'F(g) € U,F(U,)} € G/U,

is called a Deligne-Lusztig variety associated to T,,. It is a pure smooth variety whose dimension
is equal to the length of w. Obviously, G acts on Y1,cp, on the left by translations. Also, T/
acts on the right via (gU,).t := gtU,,. Let £ be a prime not dividing g. Then Hj(YngBw, @,@) is a
G’-T! -bimodule.

Definition 1
Let T, < G be a rational torus of type w, and let B,, be a Borel subgroup that contains T,,. For
an irreducible character ¢ of Tg, the virtual character R%“ (v), which is afforded by the virtual

G"-module @, (—1)' H}(Yr,cB, Q) ®g, U, is called a Deligne-Lusztig character. O

The Borel subgroup B,, does not appear in the notation, since Deligne-Lusztig characters do not
depend on the chosen Borel subgroup. If w = 1 and B, is the group of upper triangular matrices, it
is easy to see that Y1,cp, = GFU;/U; = GF/UL. Thus R% : Irr(TY) — Ko(GF) coincides with
inflating to B! and inducing to G This is also called Harish-Chandra inductionﬂ

Recall that there is a scalar product (-, -) on the space C(G') of class functions on G, for which
the irreducible characters form an orthonormal basis. An irreducible character x is said to be a
constituent of a virtual character v, if (x, ¥) # 0.

In general, the Frobenius endomorphism does not act trivially on the Weyl group, and one has to take F-conjugation in
W.

2y, is the unipotent radical of By,. It is the maximal closed connected normal unipotent subgroup of By,.

3Harish-Chandra induction can be defined for any rational Levi subgroup which is a Levi complement of a rational
parabolic subgroup. There is also a generalisation of this for all rational Levi subgroups. It is called Lusztig induction.



Theorem 2
Every irreducible character of G is a constituent of some Deligne-Lusztig character. |

The constituents of the Deligne-Lusztig characters Rﬁvl are called unipotent characters. They
have the remarkable property that they do not depend on g. They depend only on the rational type
of G. In particular, knowledge of the Weyl group W and the action of the Frobenius endomorphism
F on W completely determines the unipotent characters.

Theorem 3
Let T and T’ be rational maximal tori of G, and let % and ' be characters of T¥ and (T')¥, respec-
tively. Then
{x € G |*T =T and *v = v}
ITF|

(RS®, RS =

Corollary 4

|Cw(w)| w, v conjugate in
0

(RS 1,RS 1) = _
v v otherwise

Proof: The scalar product can only be non-zero, if T,, and T, are G’ -conjugate, which is equivalent
to w and v being conjugate in W. Thus we may assume w = v. Then the scalar product is equal to
ITE|=! - ING(T,)"|. The action of F on Ng(T,,) can be identified with the action of ¥ F on Ng(T),
where w acts by conjugation. Now the claim follows easily. O

Let T be a rational maximal torus of G, let u € G* be unipotent, and define Q(T}(u) = (R% D(u).
The function Q(T} is called a Green function. Knowledge of the values of the Green function suffices
to compute the values of all Deligne-Lusztig characters, as the next theorem shows.

Theorem 5 (The character formula)
Let T < G be a rational maximal torus, and let ¥ be an irreducible character of T¥. Let g = su be
the Jordan decomposition of g € G*', where s is semisimple and u is unipotent. Then

1 :
(R§D)Q) = —F7 D xl‘/‘(S)QfTG(”(u)

Ce()F
Cals) |xeGF,se~"TF

Corollary 6
(R%z?)(u) = Q‘T;(u) is independent of ¥ if u is unipotent. Ol

4If F acts non-trivially on W, the elements w and v have to be F-conjugate, and Cy (w) is replaced by w"F.
3In general, Cg (s) has to be replaced by its connected component C ?; (5).



Unipotent characters of the general linear group

Although I have stated everything only for the general linear group, the results hold for all finite re-
ductive groups. This will change now: I will describe the unipotent characters of GL,(g), following
Lusztig and Srinivasan. This method fails in general, because usually not all unipotent characters
are linear combinations of Deligne-Lusztig characters.

For w € W, let w, be the class function on W defined by m,(v) = |Cw(w)], if w and v are
conjugate in W, and m,(v) = O otherwise. Also, let R,, := ngl. By corollary 4, the map
C(W) — C(GF) which is defined by the linear extension of m, — R, is an isometryF_’-] Since

X = ﬁ Y wew X (w)m, for every irreducible character x of W, the set {R, | x € Irr(W)}, where

R, = ﬁ Y wew X (W) Ry, is orthonormal.

Theorem 7
The unipotent characters of G are {R, | x € Irr(W)}.

Sketch of proof: One can show that the R, are virtual characters, i.e. integral linear combinations of
characters. Since (R,, R,) = 1, each R, is an irreducible character up to a sign. These characters
are unipotent by definition. By the second orthogonality relation, R,, = Y cetwy X (W) Ry, hence
every unipotent character appears in some R,. To prove the claim, it remains to show that the
R, are actual characters. But, as mentioned above, R = Indl(;’,lfl is an actual character. Using a
similar — but simpler — argument as in the proof that the R, are virtual characters, one can show that
Ri =" cinowy X (D Ry. Since all x (1) are greater then 0, the claim follows. 0

The unipotent characters are a model for all characters: there is a partition of the irreducible char-
acters into rational series, Irr(G") = [ [, €(G*, 5), where s runs through the semisimple conjugacy
classes of G''[’| The unipotent characters are the elements of (G, 1). For any s, there is a bi-
jection from &(G”, s) to €(Cg(s)”, 1). For the general linear group over F,, each centraliser of a
semisimple element is a direct product of general linear groups over some extension fields of [, .

The characters of GL;(g)

Let G = GL,(IF). Then W = {1, s} is the symmetric group on two letters. Thus R% 1 =:1gr + St
has two constituents, which are the unipotent characters of G. The character Stg is called the
Steinberg character. Let ¢ be an irreducible character of IF;. Then (¢ o det).1gr and (9 o det).Stg
are irreducible characters of G*.

The finite rational tori are Tf = IE‘; X IF; and Tf = TiF = {diag(A, A7) | A € F;z} = F:z. Let
(91, ) be an irreducible character of TlF . By theorern the Deligne-Lusztig character R% (91, 92)
is irreducible iff ¢¥; # . For ¢ € Irr(IF;), one can show that R% @, =>0o det).R% 1.
Now let ¥ be an irreducible character of IFq*z. Then R%ﬁ is irreducible iff 99 # . Otherwise,
P =790 N[qu /E, for some character 9 of [F;. As above, one can show R% =00 det).R%_ 1 in this

case. Also, the R% (91, ¥,) are actual characters, and so are the —R%ﬁ‘.
In summary, the irreducible characters of G L,(q) are:

(i) (¥ odet).1gr and (¥ o det).Stg, where ¥ € Irr(F;),

61t is not onto, of course.
"In general, s runs through the semisimple classes of the dual group.



(i1) R% (¥, ¥,), where (91, ¥,) runs through the unordered pairs of distinct irreducible characters
of IF;, and

(iii) —R% ¥, where ¥ runs the irreducible characters of Fq*z up to ¥ ~ 99 with 991 £ 1.

Using the rational series mentioned above, one can easily show that the characters in this list are
all distinct. Also, it is not hard to compute the conjugacy classes. One can show that the Green
functions are Q(T}l = lgr + Stg and Q(T}S = lgr — Stg, and the Steinberg character vanishes on
non-semisimple elements. Using the character formula and the — known — values of the Steinberg
character, one can compute the values of characters just constructed. The generic character table of
GLy(q) is:

(59), (59) (6 row )> (54)
classes 0 < abeFhazb|aec F.a # F(a) 0
# of classes qg—1 —("_1)2("_2) —"(q2_1) g-1
size of class 1 qglg+1) qlq—1) q° —
(¥ odet).1gr ¥ (a?) ¥ (ab) ¥ (aF(a)) ¥ (a?)
(ﬁGo det).Stg g0 (@ 9 (ab) —9(@aF(a)) 0
gfl;r(éﬁz;’ziz)lrr(]F*) @+ V@@ | z;f?;i;z(l();) 0 21(@)Da(a)

q

—RY ¥
0170 eln@y | @7V 0 —9(@) - 9(F@) | —d@
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