Gewohnliche Differentialgleichungen 25, June, 2024

Aufgabe 1. Berechne die Matrixexponentialfunktion fiir Vielfache von Jordanblocken .J,,, (),
d.h., berechne:

(A 1 0 - 0]
A1 .0
exp(tJn(N) =exp | t :
1
(0 oo e A

Im Skript findet sich eine Darstellung als Matrixprodukt. In dieser Aufgabe sollen die
Matrixeintrage von exp(tJ,,(A)) explizit bestimmt werden.

Losung: For an expository purpose, I would like to give a somewhat brutal computation.
(You may find a more fancy way of finding the explicit form!) We first consider the matrix
J2(A), with m = 2. By an inductive argument, one can show that

{)\ 1]’“_ {)\’“ feAR=1

0 A 0 Ak}’kzz

Indeed, the case k = 2 is obvious, and assume that the above identity holds for some £k’ > 2.
Then

PN e DU OV N DU Y I PUS SN (S SO U
VP N R S B (Y R AR+

Now we consider the matrix J3(\) with m = 3. As the case m = 2, we obtain the similar
result as follows:

k

A1 0 NeC RN T
0O X 1| =10 PUBEN'D U
0 0 A 0 0 AE

Here, for the term T}, one can obtain the recursion formula given by
T = kN Ny, k> 2,
and Ty = 0, 77 = 1. Then we have

1
T, — %A’H, k>l

Now we consider the matrix Jy(A) with m = 4. Then we have

k

A1 00 LA L Th_1 Sk_1
0A 1 o0l |0 AN kT
00 X 1 0 0 N AR
0 0 0 A 0 0 0 AF
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where Sy satisfies the following recursion formula:
Sk =Tip—1 + ASk—1, k >4,

with §; = 53 =0 and S3 = 1. Now we write the matrix for a general m > 3:

A 1 0 - 01"
A 1 .0
= I:JT];(A)}zj—l m
1
L0 : Al
We get
k(k—1
L]y, = X, [AO] = XL (O], = Ty = EE s
and [J,’fm()\)} " j =4,---,m satisfiy the recursion formula

[T (] = [ (M=) + AL ()],

with [J5 (N)]; = 0, for k= 0,1,2,---,5 — 3, and [JE(N)]y; = 1, for k = j — 2. In order to
obtain the explicit formula, we put A = 1 and we simply write [J¥ (X = 1)];; = [J¥]1;. Then
we see that

k(k—1
I8 ha — ke = Dy = 21,
and hence
[ J1ia — [Jo]1a = 0,
(3] — [Jp]1a =0,
k(k -1
5 e — b = X2

which gives

Similarly, we obtain

[

GGG +D  k(k— Dk +1)(k+2)
:Z 6 24
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In general, we have
(k—Dk(k+1)---(k+j—3)

JT]CIL+1 j . ) 23,
| ha -1
or equivalently,
k—VDk(k+1)---(k+J) .
[T 1]1(j+3) = ( L )2 j); J=0.

(7 +2)!

Hence we see that

i (k4 1) k) e

[exp(tJm(A))]1G+3) = (k—=2)!(j + 2)!

k=j+1
For 7 > 2, we obtain the explicit components via an obvious symmetry of the matrix. Then
we use the power series formula: e” =), %7, for all z € R to obtain the explicit formula
of the matrix exp(tJ,,(A)). For example, if i = j =1,--- ,m, then

[e.e]

exp (Ol = D 130 =

k=0
If ¢ > j then we have [exp(tJ;,,()A))];; = 0. If j —i =1, then
0 tk}\k—l

|
lexp(tJn :Z:;k— kAFL = Zk'kt’“)\kl Z<k_1>!

k=1

If j —i =2, then

If j —i =3, then

T e e P
00 tk+2(k+3) .
=2

(o9}

ot oot’f(k+3 Pk 3
"6 k! E:E' ;:E

k=0 k=

(=]

t2

6@A+$
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In this way, one can obtain the explicit formula of the matrix. O

Aufgabe 2. Zeige, dass fiir Blockdiagonalmatrizen gilt

Ay eXP(Al)

A,y €xp (A2)
exp . =

Ay exp(Ay)

A 01" [a* 0

0 B| |0 B>
where A and B are block matrices. By inductive argument, it is enough to show the above
identity for k = 2. We first consider A =a € R and B € M,,(R), and put

uls )

Them [M]U =Mmy; = a for ¢ :j = 1, my; = My = 0 for Z,j Z 2, and mg; = [B](Z;l)(jfl) =
bi—1y(j—1), for i,7 =2,...,n+ 1. Now we compute M?. We see that

Losung: It suffices to show that

n+1
21 o 2
[M ]11 = Zmlimil =mpymy; = a,
i=1
n+1

[M2 Zmlkmk] =mumy; =0, j>2,
k=1
n+1

[Mz]il = Zmikmkl =mymqy1 =0, 7 > 2,
k=1

n+1 n+1

n
MQ]z] Z mipMp; = Z mipMp; = Z b(z‘—l)kbks(j—l) = [32]@'—1)(;’—1),
k=2 k=1

and hence

2

2 a 0
M= {o B?] '

Now we consider the general case A € M,,x,(R) and B € M, (R). We put

A 0

=[5 5]

where [M];; = m;; = a;; for 1 < 4,5 < n, and my; = b;; fori,j =n+1,--- ,n+m. We

compute M?. We see that for 1 <i,5 <n

n+m

n n
2
= E MMy = E MMy = E Ak ALy = [A ]ija
k=1 k=1 k=1
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and forn+1<1,7 <n+m,

ntm ntm ntm
[M?); Z MMy = Z MMy = Z birbr; = [B?);j,
k=n+1 k=n+1
which shows that
2
M? = l/(l) 392] .
0
Aufgabe 3. Trage die notigen Rechtfertigungen fiir die Rechnung
exp(PAP™') = Pexp(A)P!
nach.
Lésung: At least ||Al| should be bounded. O

Aufgabe 4. Berechne

-1 3 =3
explt] 3 0 2
3 -2 —4

Gib auch die allgemeine Losung der homogenen linearen DGL

' (t) -1 3 =3| [=(t)
y@ =13 0 2] |y
2'(t) 3 =2 —4] |z(t)

all.

Losung: We first note the diagonalization of the given matrix:

-1

-1 3 -3 -1 0 1| (-1 0 Of (-1 0 1
3 0 21=11 11 0 21 1 11
3 -2 -4 1 1 0 0 0 2 1 10
Then we see that
-1 3 -3 1.0 1 —10 0]\ [-1 0 17"
exp|t]| 3 0 2 =1 1 1fexp|t| 0 2 1 1 11
3 -2 —4 1 10 0 0 2 1 10
By the previous problems, we see that
—1 0 01" (=1 0 o0
0 2 1| = 0 ok k=l
0 0 2 0 0o 2F
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and hence
-1 3 -3 10 1]fet 0 0][-10 177"
exp|t|3 0 2 =1 11 0 e te* 1 11
3 -2 —4 1 10/ ]o 0 |1 10
[—1 0 1] et O O] [-1 1 -1
=11 11 0 e te* 1 -1 2
1 10/ [0 0 e]|0o 1 -1
[—1 0 1] [—et et —e !
=11 11 et (t—1)e*t (2 —t)e*
|1 1 0[] 0 e?t et
B e—t th _ e—t e t €2t
= |e® — et te?t 4+ et (1—t)e* —et
e —et (t—1)e* —et (2—t)e* —et

Now we solve the DGL. We put

u(t) —1 0 177 [z()
vit)l =1 1 1 y(t)
w(t) 1 10 z(t)
Then we have
u'(t) -1 0 0 [u(t)
V() =10 2 1| |v(?)
w'(t) 0 0 2| |w(t)
Then the solutions are easily given by
u(t) et
v(t) | = |(at + b)e*
w(t) (ct + d)e*
Finally we obtain
z(t) -1 0 1] [u(®) -1 01 et
yt)| =11 1 1| |v@®)|=1]1 1 1] |(at+b)e*
2(t) 1 1 0] |w(?) L 1 0| [(ct+d)e*



