Gewohnliche Differentialgleichungen

2, Juli, 2024

Aufgabe 1. Beweise folgende Verallgemeinerung des Lemma von Gronwald. Fiir die steti-

gen Funktionnen f,h : [0,a] — R und die reelle Zahl a € R mége gelten:
1. h(t) > 0 fir alle ¢.
2. f) <a+ fot h(s)f(s)ds fur alle t.

Dann ist fur alle ¢
ft) < aell®

mit H(t) = fot h(s) ds.

Losung: We put

and
F(t)
(t)
G(t)
Since G > 0, the function I' is well-defined. Note that
o
roy=—-—=1
0)="1

We also have

where the inequality holds due to the assumption f(¢)
is non-increasing, from which we deduce that F(t) <
Gronwall’s lemma.

< F(t), and hence the function I'(?)
G(t), which completes the proof of

Remark. In the proof, any specific condition of a € R is not used, and hence we can put

the interval simply [0, c0).
Aufgabe 2. Lose die folgenden Anfangswertproblem:

y'=6y+y, y0)=1
y'= -3y +4y, y(0)=0,

0
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which can be rewritten as a first order system:

=l b)

where we put X (¢) = y(t) and Y (t) = ¢/(t). We diagonalize the matrix and get

L=l bl

where
-1 1 4 11=31
=2 ss
We put
ul o1 | X
LN
and get

u| =2 0f |u
o0 3] |v]’
from which we deduce that u(t) = C1e=% and v(t) = Cye®. Then we have
y(t) = —Cre ™ + Cye™.

The initial condition y(0) = 1, ¥/(0) = 0 gives

-C1+ 0y =1,
2C7 +3C5, =0,

which yields Cy = =L, Cp = 2.
Now we consider the initial value problem

y'= -3y +4y, y(0)=0, y'(0) =1,

b1l

which is via diagonalization rewritten as

IR el ]

or equivalently
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4 1 5

-1 1 11
WhereS—[ },S = i1

[_1 1}. We put

and get
b=
v’ 0 1f|v|’
from which we deduce that u(t) = Cie ™ and v(t) = Cye’. Then we have
y(t) = —Cie' + Coe™.

The initial condition y(0) =0, ¥/(0) = 1 gives

—Cy 4 Cy =0,
AC, + Cy =1,

which yields C = é, Cy=—=.
Aufgabe 3. Welche Losungskurve der DGL

' — 4y +4y =0
hat im Punkt x =0, y = % einen Extremwert?

Lésung:  The solution requires the initial condition y(0) = 3, 3'(0) = 0, and hence we can
rewrite the above initial value problems as follows:

X7 [o 1][x
Y'| =4 4| |Y |’
where X =y and Y = ¢/, which can be diagonalized as
X/ 2 1] ., [X
pl=slials bl
for some square matrix S. Then we have the solution y(¢) = (at+b)e*. The initial conditions
giveb:%anda:—l. O

Aufgabe 4. Bestimme die allgemeine Losung der DGL

y" + 9" + 27y + 27y = 0.
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Losung: As the previous problems, we rewrite the above differential equation as the first
order system via a process of diagonalization:

X' -3 1 0 X
Y'|=8|0 -3 1]|St|Y]|,
VA 0 0 -3 Z

where we put X =y, Y =9/, Z =9" and

1 2 3 0 0 3
S=1]-3 -1 —3|, 8 '=|-3 -3 -2
10 0 9 6 1

Then we have the solution X = (at? + bt + c¢)e3!. Since the solution y is merely a linear
combination of X,Y,Z, the general solutions y is given by y(t) = (at® + bt + c)e™. O



