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(11) (a) Let V € L*R") + L*°(R") (that is, V = V| + Vs, with V; € L*(R") and
Vo € L (R™)) be real-valued. Show that the multiplication operator My defines
a symmetric operator in L*(R").

Hint: Here a possible choice for D(My) is C.(R").
(b) Show that the Laplacian A is symmetric in the Sobolev space D(—A) = H*(R™) C
LA(R™).
(2+2 Points)

(12) (a) Use the result in Problem (7) and the characterisation of elements of the spec-

trum via the spectral family {E(t)} to show that, with D(—=A) = H*(R") C

L?*(R™), one has

o(=A) =o.(—A) =[0,00).
Hint: Fourier transformation and Theorem 1.18 in the lecture notes.

(b) Using the characterisation via singular sequences, show that o(—A) = g.(—A).
Hint: Consider the sequence {u,,} with

1 T ik-x : —~ n —mlk—
um<l’) = W/um(k)ek dz, with um(kz) — (27Tm) /2e |k—ko|?

where \ := |ko|?.

(3+3 Points)

(13) Prove Theorem 1.28 in the lecture notes.
(2 Points)
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