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Exercise Sheet 5

(14) Show that the following are equivalent:

(i) There exist constants a, b ⩾ 0 such that

∥V x∥ ⩽ a∥x∥+ b∥Tx∥ for all x ∈ D(T ) ⊂ D(V ).

(ii) For every ε > 0, there exists a, b ⩾ 0 such that

∥V x∥2 ⩽ a(1 + ε−2)∥x∥2 + b(1 + ε2)∥Tx∥2 for all x ∈ D(T ) ⊂ D(V ).

(2 Points)

(15) Show that the condition E(t) = E(t−) is crucial in Theorem 2.27(i) by considering

the Hilbert space X = C2 and the sequence {An} of (symmetric) matrices, with

An =
1

n

(
1 0

0 −1

)
.

(3 Points)

(16) Let X = ℓ2 be the space of square-summable sequences in R, i.e.,

ℓ2 =
{
(xn)n∈N : xn ∈ R and

∞∑
n=1

x2
n < ∞

}
.

Let Tn be the orthogonal projection onto the subspace spanned by the first n com-

ponents, and let En and E be the spectral projection corresponding to Tn and I,

respectively. Show that the following holds.

(a) Tn
s→ I and En(t)

s→ E(t) for all t ∈ R.
(b) σ(Tn) ̸→ σ(I) and σe(Tn) ̸→ σe(I).

(4 Points)

(17) Let T be a positive, self-adjoint operator. Suppose S is a symmetric operator with

D(T ) ⊂ D(S) and ∥Sx∥ ⩽ ∥Tx∥, for all x ∈ D(T ). Show that

| ⟨x, Sx⟩ | ⩽ ⟨x, Tx⟩ , for all x ∈ D(T ).

(Here, T : positive means ⟨x, Tx⟩ ⩾ 0, for all x ∈ D(T ).)

Hint: Consider V := αS with α ∈ (−1, 1) and apply Theorem 2.10. (2 Points)
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